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Summary. The microstructure of a geomaterial plays a significant role in deter-
mining its macroscale properties. Most clay rocks have an anisotropic microstruc-
ture due to preferential orientation of the pores and mineral grains, which re-
sults in transverely isotropic mechanical properties. Their anisotropic microstruc-
ture is complex and spans multiple orders of magnitudes. The interactions between
anisotropy at different scales in these rocks can give rise to emerging properties
such as saturation-dependent elastic anisotropy. In this study, we develop a homog-
enization model with three-levels of upscaling to capture the multiscale interactions
of elastic anisotropy in unsaturated clay rocks. The model provides an enriched
description of the elastic behavior of clay rocks during changes in the degree of sat-
uration by bridging the nano-, micro- and macroscale microstructures. Stress-point
simulations are presented to demonstrate the interactions between anisotropy at dif-
ferent spatial scales that result in the elastic behavior of clay rocks observed in the
literature, including constant anisotropy, evolving anisotropy and a rotation of the
principal orientation of anisotropy. The results highlight that constant and evolving
elastic anisotropy can originate from the same microstructural features that either
neutralize or enhance one another. Overall, the proposed model offers a quantita-
tive link between anisotropy at multiple scales in clay rocks and its macroscopic
anisotropic stiffness.

Keywords. Anisotropy, elasticity, micromechanics, unsaturated rock me-
chanics

1 Introduction

Clay rocks, such as mudstones and shale, have a multitude of applications
including as the main cap rock of geological formations being considered for
anthropogenic CO4 sequestration [36], as potential host rocks for radioactivate
waste repositories [69] and as source rocks of low-carbon fuels [50]. These rocks
exhibit structural heterogenities over many orders of magnitude, ranging from
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a few nanometers to several meters [55]. The multiscale microstructure of clay
rocks have a significant impact on their hydraulic, chemical and mechanical
properties [58]. For example, the distribution of nano-pores impacts the gas
transport and adsorption/desoprtion behavior [57], while mesoscale pores can
include non-Darcy flow and surface diffusion which affects fluid transport
behavior [39]. In order to accurately evaluate and predict the behavior of clay
rocks in these applications, it is important for models to incorporate their
multi-scale and multi-physics microstructure.

The mechanical properties of clay rocks and many other geomaterials are
influenced by its microstructure [37, 128]. Clay rocks often exhibit transverse
isotropy due to a preferred orientation of pores, cracks and grains along dis-
tinct bedding planes arising from deposition, compaction and lithification
processes. The elastic properties of these rocks are symmetric about the
bedding plane and anisotropic in the bedding normal direction. A number
of studies have investigated the anisotropic elastic properties of clay rocks
[2, 40, 63, 71, 95, 98, 118] and their incorporation into constitutive models
[8, 18, 20, 72, 85, 116, 124, 127] and poro-mechanical responses [123, 125, 126].
Simultaneously, clay rocks can be partially saturated, in which the pores
are filled with both air and water. Changes in the degree of saturation can
cause the clay rock microstructure to evolve and affect its elastic properties
[9, 22, 34, 104, 113]. For example, water-weakening of the Young’s modulus
has been observed in various shales during hydration [3, 112, 113]. Further-
more, interactions between the degree of saturation and anisotropy can result
in saturation-dependent elastic anisotropy and strain anisotropy. The Young’s
modulus in the bedding parallel direction has been observed to be more sen-
sitive to changes in the degree of saturation [27, 42, 98, 119, 121]. As a result,
stiffness anisotropy generally becomes more pronounced upon desaturation of
clay rocks [27, 64, 82, 98, 118, 121]. Several authors have also reported strain
anisotropy during drying tests of geomaterials [67, 80], which generally also
increases with dehydration.

Several micromechanisms that contribute to saturation-dependent elastic
anisotropy have been proposed. Clay particles stiffen during dehydration due
to thinning of the water film and chemical hardening [118]. Yurikov et al.
found that these clay particles were strongly aligned along the bedding plane
and suggested that the orientation caused a preferential strengthening of the
shale in the bedding parallel direction. The evolution of the pore microstruc-
ture could also contribute to evolving anisotropy. The closing of microcracks
and bedding planes as suction increases could cause the shale to stiffen in a
preferential direction [119]. Suction could also change the pore shape and pore
aspect ratio. Yurikov et al. highlighted that the pores in Opalinus clay were be-
coming stiffer in the tangential direction upon dehydration [118]. Nonetheless,
there is a lack of in-depth understanding into the physics and their interac-
tions between multiple scales that contribute to evolving anisotropy in clay
rocks.
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Hydromechanical frameworks have been developed for modeling saturation-
dependent elastic anisotropy and strength anisotropy [44, 45]. These models
use constitutive models based on empirical relationships obtained from mea-
sured data between stiffness/strength properties and saturation. However,
empirical models overlook the interactions between the various physics in-
volved and lack insight into the micromechanics that gives rise to evolving
anisotropy at the macroscale. On the other hand, homogenization models can
embed information from multiple microstructural levels and provide a deeper
understanding of the multi-scale physics interactions that give rise to emerg-
ing properties. Homogenization approaches are based on the concept of the
Representative Elementary Volume (REV), which differentiates between the
space scales, and is the volume of heterogeneous material that is sufficiently
large to be statistically representative of the upper space scale. Within the
REV, geomaterials can be idealised as a composite material comprising inclu-
sions (with varying shapes, orientations and material properties) embedded
in a host matrix. The average-field theory can then be utilized to derive the
effective mechanical properties of the REV.

The multiscale nature of shales has been widely explored in the literature
through the use of homogenization models [5, 10, 16, 19, 41, 52, 74, 75, 83, 87—
89, 101, 122]. Hornby [41] and Sayers [83] both adopted a homogenization
model with a clay-particle orientation distribution function to characterize
anisotropic elastic wave velocity measurements. Recently, Zhang et al. devel-
oped a model considering the depositional layering tendency of inclusion min-
erals in shale [122]. Homogenization models for unsaturated materials with
porosities at multiple scales have also been developed [14, 15, 24-26, 28].
These models generally focused on isotropic porous materials. Mainka et al.
[61] formulated a multiscale stress description of clay particles with micro-
pores and partial saturation using a homogenization method for a periodic
microstructure. Chateau & Dormieux tackled the micromechanics of unsatu-
rated materials and accounted for the effects of surface tension [14]. Cariou et
al. addressed the multi-scale microstructure of unsaturated Callovo-Oxfordian
shale using a three-level homogenization model [10]. However, the interactions
between anisotropy and partial saturation across multiple scales has rarely
been considered [10, 28].

Several microstuctural levels have been identified as relevant to the me-
chanical and unsaturated behaviors in clay rocks [5, 10, 86, 97]. In order of
increasing magnitude, these include (1) the scale of elementary clay platelets,
(2) the scale of elementary clay platelets stacked together to form clay par-
ticles, (3) the submicrometer scale of an assembly of clay particles forming
a clay matrix, (4) the submillimeter scale in which the clay matrix is inter-
mixed with detrital grains (mainly quartz and calcite) and (5) the scale of
alternating clay-rich and detrital layers resulting of depositional layering.

In this study, we propose a three-step homogenization model that focuses
on scales (2) through (4). The model employs volume averaging techniques
to bridge the nano-, micro- and macroscale microstructures of clay rocks and
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Fig. 1. Three-step homogenization model incorporating the microstructure of clay
rocks. (a) Nanoscale: clay particle comprising clay platelets and nanopores; (b) Mi-
croscale: Assembly of clay particles and micropores; (c) Macroscale: Clay matrix
surrounding inclusions and microcracks

it provides an enriched constitutive relationship for the elastic behavior of
clay rocks. We conduct stress-point simulations of drying tests on several
clay rocks, including Callovo-Oxfordian shale, Opalinus clay and Tage tuff, to
highlight its ability to capture constant anisotropy, evolving anisotropy and
a rotation of the principal orientation of anisotropy. The model gives insight
into the roles of evolving microstructure at various scales on the macroscopic
elastic properties of clay rocks.

2 Theory

This section presents a three-step upscaling scheme, detailed in Figure 1, to
capture the effects of shale microstructure at multiple scaless on its anisotropic
elastic properties. At the nanoscale, we consider the REV to be a clay particle,
which comprises clay platelets stacked on top of one another with the inter-
layer space saturated with water. At the microscale, the REV is the porous
clay matrix consisting of clay particles arranged in a preferred orientation
pattern and micropores. Finally, at the macroscale, the porous clay matrix
surrounds inclusions such as quartz and calcite, as well as microcracks which
open and close with changes in the degree of saturation. In the following sec-
tions, the superscripts n, u, M are used to refer to the nanoscale, microscale
and macroscale, respectively, and the superscripts [, g, p are used to represent
the liquid phase, gaseous phase and pore space, respectively. We note that
the proposed model assumes that the pore fluids at all scales are in equilib-
rium (ie. no fluid flow between pores of different scales) and that there are no
interactions between the nano- and micro-porosities.

2.1 Nanoscale

A clay particle can be idealised as multiple layers of parallel clay platelets with
interlayer spaces in between each platelet (Figure 1a). In the following sec-
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tions, the platelet (solid) phase is denoted by superscript s and the interlayer
(fluid) space is denoted by superscript f.

The interlayer space is filled with interlayer water and exchangeable
cations. As a result, in addition to mechanical and hydraulic forces, there are
electrochemical forces present at the nanoscale. These electrochemical forces
can be significant due to the small distance (on the order of nanometers)
between clay platelets. We assume the interlayer water can be modeled as a
continuous liquid (as compared to discrete water molecules) and the inter-
layer space is always saturated with fluid. The interlayer distance, h, can be
obtained from the (Eulerian) nanoporosity, ¢™, through the following rela-
tionship [23, 117]

n
h= (1)
pSSA(1— ¢7)
where p, is the solid density of the clay platelets (assumed to be 2.6 g/cm?)
and SSA is the specific surface area.

Interlayer water

The surfaces of clay minerals are generally negatively charged and will interact
with the exchangeable cations in the pore fluid, giving rise to an electrical
potential distribution around the clay platelet which can be described by
the Gouy-Chapman theory [13, 68]. Overlapping of the electrical potential
distributions as two clay platelets approach each other results in a repulsive
double layer force in the interlayer space. The repulsive force depends on the
interlayer distance, the ionic concentration and the ionic valence. Previous
studies have derived the double layer force per unit area between two parallel
clay platelets as [46, 49, 68|

PPt = 2nkT (cosh(u) — 1), (2)

where

u = 8tanh ™! (GXP(_“h)tanh(Z)) ’

\/W
NPT 3)
2 = 2sinh ™! (SSEJS@> ’

CEC is the cation exchange capacity, SSA is the specific surface of the clay
platelet, ¢ is the static permittivity of the water solution, n is the ion concen-
tration in the pore water, k is the Boltzmann constant (1.38 x 10723 J/°K),
T is the absolute temperature (assumed to be 293.15°K), €’ is the electric
charge (1.602 x 1071? C) and v is the ionic valence. In this study, we assume
constant values of v = 1, CEC = 0.732 mEq/g and € = 7.083 x 10710 C2/(J
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-m) [41, 49]. We also note that the ionic concentration is assumed to remain
constant throughout the drying process and geochemically-induced shrinkage
is not considered in this work.

In addition to the double layer forces, it is well known that attractive
van der Waals forces exist between two molecules in close distance to each
other. Similar to the double layer force, this attractive force increases with
decreasing interlayer distance. The van der Waals force for two parallel layers
[12, 49] was derived from London’s theory for the attractive stress between
two molecules [54] and is given by

A 1 1 2
ﬂ,VDW — 7h( + _ ) , (4)
247 \(h/2)3 ~ (h/2+1¢)3 (h/2+1/2)3
where t is the thickness of the clay mineral crystals, which we assume to be
0.96 nm, and A, is the Hamaker constant which has a value of 2.2 x 102!
J for montmorillonite from theoretical analysis of coagulation measurements
[73].
Since the interlayer space remains fully saturated, the stress in the in-
terlayer water can be described by a liquid pressure p! and an overpressure
(nPPL — 7VDW) acting in the normal direction to the clay platelets n:

O'f — _pll _ (ﬂ_DDL _ 7T_VDVV)n Qn. (5)

Using a first-order Taylor’s series expansion and defining the fluid strain
as €/ = dh/hon ® n, we can write a constitutive law for the interlayer water
as

Uf:(Cf:ef—Fag, (6)

where
Cf=—hK'nogneonon,

a,/TDDL a'/TVDW

oh |ne  Oh

K =

ho’ (7)

0'1): _ _pll _ (ﬂ_DDL’hO _ FVDW’hO)n®n7

and hg is the interlayer distance in the initial configuration.

Clay particle
The stress tensor at the nanoscale (in the clay particle) can be written as
0" = Cla): € +ol(a), (8)

(O n 0 in Q°
C= { oy = { 9)

crg in Qf

in which
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C is the nanoscale stiffness tensor, o} is the nanoscale prestress tensor (also
known as the eigenstress), €" is the nanoscale strain tensor and x is the
position vector in the REV domain €. We assume the clay platelets are in-
compressible (v — 0.5).

Levin theorem [51] allows us to obtain a continuous representation of the
stress field at the nanoscale by the following equation

Z=C":E"+ 3", (10)

where the homogenized nanoscale stiffness tensor C* = C : A, the homog-
enized nanoscale prestress tensor Z’Z = o,: A, X" is the homogenized
nanoscale stress tensor, E" is the homogenized nanoscale strain tensor, A
is the strain concentration tensor, and (-) represents the volume average. We
also adopt a Mori-Tanaka homogenization scheme [38], where the averaged

concentration tensors in phase p (p = s, f) can be expressed as:

AP = (I+P:(CP—C*) ' :A+P:(C_CopT ', (11)

where P is the Hill tensor that depends on the matrix properties and the shape
and orientation of the inclusions.

The interlayer spaces are idealised as oblate spheroids with small aspect
ratio, £, that tends to 0 (¢ — 0). Using the results of [28], the homogenized
(symmetric) stiffness matrix of the clay particle can then be written as

-Cl C3 C4 0 0 0_
C1 C4 0 0 0
cac 0 0 O
[C"] = , (12)
265 0 O
265 0
i 2¢6 |
where
1_¢n n f n n
o= (1 =¢™) K +3¢" 1) +2(1 — ¢")u,
Kf
02:%7
€= (1=¢")K" +3¢"u) —2(1 - ¢")p, (13)
1— "
Cy = ¢n¢ Kf7
05:0,

C6 = 2(1 - ¢n)/”"
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Fig. 2. Variation of Young’s moduli in the normal (E,) and parallel (E)) directions
with degree of saturation for a single clay particle.

w1 is the shear modulus of the clay platelets and ¢™ is the porosity at the
nanoscale. We note that the shear stiffness of the clay particle in the parallel
direction is 0 since the platelets can slide over each other. The prestress of the
clay particle can be expressed as

n l
0¥, =—4p1

(14)
- (57TDDL - (57rVDW>(1 —¢"(1—-nen)).

To illustrate the anisotropic elastic properties of a single clay particle,
Figure 2 presents the Young’s moduli in the directions normal and parallel to
an illite platelet. The following material parameters are assumed: saturated
nanoporosity of ¢” = 0.08, SSA = 83 m?/g, n = 20 mol/m3 and p = 10
GPa. The value of SSA was estimated by Macht et al. [60] from atomic force
microscopy tests; n was taken from the values used in Komine and Ogata
[49]; and p was taken from Hornby et al. [41] based on their back-calculation
from a Greenhorn shale whose clay fraction comprises mainly of illite and
smectite. We observe water-weakening of the clay particle. Upon drying, the
interlayer distance shrinks, which results in stiffening of the interlayer water
and the entire clay particle. The stiffening of the interlayer water also causes a
decrease in the elastic anisotropy upon drying, unlike the observed behavior of
clay rock samples. The decrease in the elastic anisotropy ratio during drying is
corroborated by molecular dynamic simulations of clay particles with varying
water content [11].

2.2 Microscale

The REV at the microscale is an assembly of clay particles and a network of
interparticle pores, herein referred to as micropores. The micropore network
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is assumed to be partially saturated by the same pore fluid as the nanopores.
We assume that the pore fluids at multiple scales are in equilibrium with one
another, and so the pore pressures are the same at all scales. Several authors
have highlighted that the micropores geometry in shales can be approximated
with oblate spheroids of varying aspect ratios ranging from less than 0.05 to
between 0.5 and 1 [92, 101, 102]. Furthermore, the clay particles are typi-
cally preferentially oriented along the bedding plane [21, 41, 56, 88, 103, 108].
Hence, we model the clay matrix as an aggregate formed by preferentially
oriented clay particles and spheroidal micropores aligned with the bedding
plane.

Several models have been developed to describe the preferential orientation
of clay platelets with respect to the bedding plane [1, 47, 62, 76, 83]. In this
study, we adopt the Owens-March orientation distribution function (ODF)
[56]

MPD
[cos?(6) + MPD sin2(6)]*5

where 6 is the angle between the clay particle normal direction and the bedding
plane normal and the maximum pole density (MPD) is a parameter measured
in logarithmic scale from 1.0 to co. MPD = 1.0 for a random distribution of
clay particles and MPD = oo for perfectly aligned clay particles.

The effective stiffness and effective prestress of the clay particles aligned
with respect to the bedding plane can be obtained from the following integral

ODF(6) = (15)

av __ 1 2m 27 pm N .
© _8?/0 /0 /O ODF(0)C"(6, 1, ¢) sin(6) df dy do ,

200 =~ 1 - (@ - )1 - 6 (16)
1 27 2w T
vy /O /0 /O ODF(0)n & nusin(0) df dvde|

where 6, ¢ and ¢ are Euler angles [77].

We consider the micropore geometry to be oblate spheroids with an aspect
ratio & = lin/lmae, Where I, and lye, are the minimum and maximum
principal radii, respectively. The micropores are also assumed to be perfectly
aligned along the bedding plane.

At this scale, the micropores are filled with both water and air. The forces
contributing to the prestress include the water and air pressures, p' and p?
and the surface tensions at the interfaces, v*°, where a,b = s,1, g represent
the solid, liquid and gas phases.

The membrane stress tensor can be expressed as

w?® =~"®(1-nen), (17)

where 71 is the unit normal vector at a point on the interface between two
phases [14].
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The state equation of the clay matrix can be then written as

Cav o.anatriw + EZU in Qmatrix
©) —p'1 in Q!
C= . or= 7 o ENGE)
@) P —pJ1 in Q8
@) W in I'?P

where O is a fourth-order null tensor, o§'®"® is the initial prestress in the
matrix, and I' represents the surfaces in the domain between two different
phases.

The homogenized macroscopic stiffness and prestress of the clay matrix
can again be obtained using Levin theorem [51] as

CH =C* — ¢*C*™ : AP,
O = — oL ; AP (19)
+ (1= ¢")oXy" « A™ 4 dwab : AP,

where p = ¢!p! +1¢9p9, AP and A™ are the strain concentration tensors repre-
senting the micropore phase and the clay particle matrix phase, respectively.
Appendix A.1 presents the Hill tensor for oblate spheroidal inclusions aligned
along the bedding plane in a transversely isotropic host matrix.

Water retention curve

In the unsaturated regime, a water retention law is needed to characterize the
relationship between the degree of saturation and the suction. To differentiate
between water in the interlayer space and water in the micropores, we adopt
a water retention model that includes the effect of bound and capillary water.
To this end, we consider the work of Revil & Lu (2013) [81], who described
the water content as the sum of bound and trapped water, 6, and capillary
water, 0., both of which are functions of suction, s.

0(s) = 0.(8) + 0a(s) . (20)

The capillary water content is modeled with the van Genuchten retention
model [99], while the adsorbed water is modeled with the Freundlich sorption
isotherm [32]

esa - 0(1
0(!(5) = : n 1—1/TI, b
max MU l/mads
bals) = 0a [eXp<_ RTS>] ’

where « is the inverse of the scaling suction, n is a van Genuchten parameter,
Mads 1s a Freundlich adsorption isoterm coefficient representing the adsorption
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Fig. 3. Adsorbed, capillary, and total water retention curves.

strength, 02'* is the maximum adsorbed water content, 0,,: is the saturated
volumetric water content, M, is the molar volume of water, R is the universal
gas constant and T is the absolute temperature. The degree of saturation can

then be expressed as
w 0.(s)+0,(s
1}[} (S) (‘( )6 t a( ) .

Figure 3 presents an example water retention curve of the model adopted
in this study with the following parameters: 05, = 0.15, 82 = 0.05, oo = 40
MPa, n = 1.5, mags = 3.

(22)

Contribution of surface tension

The effect of surface tension on the mechanical behavior of the REV is diffi-
cult to quantify as it requires knowledge of porous network and the interface
geometry. Thus, we use a simplified method to quantify the surface tension
term and highlight that its contribution to the prestress is small.

The pore network has been previously idealised as a set of spheres in the
literature [10]. In such a porous network, the pores can be divided into two
sets: pores fully filled with either water or air. The delineation between these
two sets is governed by Laplace relation and the radius of the pore. At a given
suction, small pores would be filled with water, while water in large pores
would have drained and they would be filled with air. The threshold radius
can be calculated from the Laplace equation of capillarity as [114]

*

lg
o 2 cos(@).

23
. (23)
where O is the contact angle.

Since the pores in the proposed model are oblate spheroids, we use the

equivalent minimum harmonic mean radius, 7, = (0.5(1;;L + (Elpaz) 1)) 7!
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to obtain a relationship between the set of pores filled with air and the suction
[114, 115]. The pore size distribution function (PSD) can be deduced from the
capillary water retention curve. An example PSD obtained from the water
retention curve in Figure 3 is presented in Figure 4a, assuming the surface
tension between the air and water phases to be 49 = 72.5 mN/m and £ = 0.05.

Following the derivation of Chateau & Dormieux [14], the surface tension
term can then be expressed as

/ (1-n®n): APdl, (24)
Ir
where p°? is the equivalent pressure in the micropores, defined as

peq:/ ’ DY (7eq)PSD(req)dreq , (25)

Tmin

Tmin and Ty, are the minimum and maximum pore radii, respectively, and
PSD is the pore size distribution function, which can be obtained from the
water retention curve and

275l Te Teg < T°
pv (Teq) = / ! ! . (26)
279 [T eq Teq > 17*

We note that as the pores are spheroidal, analytical integration of the expres-
sion for 72 ® 71 is complicated and the surface tension is obtained by numerical
integration.

We simulated a shrinkage test of a fully saturated sample to 20% saturation
to elucidate the contribution of the surface tension term. The water retention
curve and PSD function in Figures 3 and 4 are used in the simulation. The

0.25

0.20 [~

Frequency, 1/nm

0.05 |-

0.00 L L
0 20 40 60 80 100

Imaz, DM

Fig. 4. Pore size distribution function deduced from the capillary water retention
curve (Figure 3).
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Fig. 5. Contribution of the surface tension term in the bed-parallel and bed-normal
directions as a percentage of the total prestress.

solid phase was assumed to be perfectly wetting (i.e., v*' = 0) and the sur-
face tension between the solid and gas phases and the liquid and gas phases
are assumed to be equivalent (i.e., v°9 = 49 = 72.5 mN/m). The material
parameters are selected as SSA = 20 m? /g, n = 50 mol/m?, y = 10 GPa and
MPD = 2 [41, 49]. Figure 5 presents the surface tension term in the bedding
normal and bedding parallel directions as a percentage of the prestress. We
observe that the surface tension contribution has a large anisotropy between
the bedding normal and bedding parallel directions. This is due to the small
aspect ratio of the pores and the pores being aligned with the bedding plane,
which results in much larger surface tension in the bedding parallel direction.
The bedding normal surface tension is negligible while the bedding parallel
surface tension is generally small.

2.3 Macroscale

At the microscale, the proposed constitutive model represents a clay matrix.
However, it still lacks important features of clay rocks such as shale, namely,
the presence of inclusions such as quartz and calcite, as well as microcracks. At
this scale, the volume fraction of the matrix, inclusions and the microcracks
must sum to one:

¢M + ¢inc + ¢matrir,p =1. (27)

Many have proposed that hydration facilitates the propagation of micro-
cracks in shale [34, 53, 78, 100, 104, 106, 113], which can give rise to water-
weakening behavior [113]. We consider the microcracks to exhibit an oblate
spheroidal shape with a low aspect ratio (£ = 0.01) and that they are randomly
distributed in the shale sample. These microcracks are assumed to close upon
drainage and as such, there is no surface tension term at the macroscale. As



14 Sabrina C.Y. Ip' - Ronaldo I. Borja'*

quantitative information on these microcracks is generally lacking, we assume
that the volume fraction of microcracks in the sample (¢M) varies linearly
with the degree of saturation and the sample has no microcracks when fully
dry (oM =0).

The state equation of the shale can be written in a similar manner to that
of the clay matrix in the previous homogenization step:

cH oo+ XY in (Qmatrix
C = Cine | o)l =< o in Qinc | (28)
@) —p'1 in O

where C¥"¢ is the elasticity tensor for the inclusion phase, o is the initial
stress in the shale under conditions of no strain and no suction.

Levin theorem once again gives the homogenized macroscopic stiffness and
pre-stress of the shale:

(CM —=CH — (bMC,U, - AP 4 (binc((cinc _ (CH) :Ainc,
63 =—oMsp'1 : AP (29)
+ (1 =M — g™ sz AT,

where AP, A"¢ and A™ are the strain concentration tensors representing the
microcrack phase, inclusion phase and the clay matrix phase, respectively. Ap-
pendix A.2 presents the Hill tensor for oblate spheroidal inclusions randomly
distributed in a transversely isotropic host matrix.

The proposed constitutive model can be integrated into numerical simu-
lation codes to solve coupled initial boundary value problems for anisotropic
porous media [42, 44]. The model only needs the degree of saturation at a
material point to determine a relation between macroscopic stress and macro-
scopic strain in the material that considers the influence of heterogeneous
features at lower scales. The degree of saturation at each node can be ob-
tained by solving for the pore pressure in a coupled boundary value problem
and using the water retention curve. Along with constraints on the stresses
and/or strains at the boundaries, the boundary value problem can then be
solved to obtain the local fields of macroscopic stress and strain. We note that
the Mori-Tanaka homogenization scheme adopted in the proposed model has
been shown to provide consistent results regardless of the type of boundary
condition applied (uniform stress or uniform strain) [70].

3 Evolving microstructure
The behavior of various clay rocks during drying tests have been reported

in the literature [43, 59, 80, 93, 98]. In this section, we simulate a series of
drying tests at the stress-point level to demonstrate the capability of the
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proposed model in capturing the behavior of clay rocks during drying tests,
including constant anisotropy [79], evolving anisotropy [118] and a rotation of
the principal orientation of anisotropy [95].

3.1 Influence of micropore aspect ratio

We elucidate the effect of an evolving microstructure at the microscale in the
form of varying pore aspect ratio during drying. Suction has been observed
to change the pore size distribution function and the pore shape [9, 22, 84,
90, 94]. After drainage of a pore, its aspect ratio may decrease. We simulated
a shrinkage test of a fully saturated clay sample to 40% saturation consider
two cases: (1) no evolution in the pore aspect ratio and (2) a decrease in the
pore aspect ratio by 50%. The water retention curve in Figure 3 was used in
the simulation. The following material parameters were also used: SSA = 50
m? /g, n = 40 mol/m3, u = 10 GPa, £ = 0.05. In the case with evolving aspect
ratio, the pore aspect ratio would decrease to & = 0.025 after drainage of a
pore.

Figure 6 presents variations in the Young’s moduli and the elastic
anisotropy ratio with the degree of saturation for both cases. We observe
that the Young’s modulus in the bedding parallel direction is similar in both
cases, while the bedding normal Young’s modulus differ as the saturation de-
creases. This is due to the micropores being aligned with the bedding plane,
so changes in the aspect ratio have a strong influence on the bedding nor-
mal compliance, but have little effect in the bedding parallel direction. In the
bedding normal direction, the sample with evolving microstructure exhibits
a decrease in Young’s modulus upon desaturation. We note that while clay
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Fig. 6. Effect of evolving micropore aspect ratio on Young’s moduli (left) and elastic
anisotropy (right) during a drying test.
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rocks generally exhibit water-weakening, the opposite behavior has also been
recorded in the literature [27].

In the case of constant microstructure, the elastic anisotropy ratio remains
relatively stable with a slight decreasing trend. This can be attributed to the
decrease in anisotropy at the nanoscale as the interlayer water stiffness in-
creases. On the contrary, the sample with evolving microstructure shows an
increase in the elastic anisotropy ratio upon desaturation. The effect of evolv-
ing pore aspect ratio dominates the effect of stiffening interlayer water and
results in an increase in elastic anisotropy ratio. We highlight that interac-
tions between micromechanisms at the nano- and micro-scale can give rise to
evolving anisotropy with the degree of saturation.

3.2 Influence of MPD

In this section, we present a case of rotation of the orientation of anisotropy
with the degree of saturation. Illankoon & Okada [43] and Togashi et al.
[95] performed ultrasonic velocity tests and uniaxial compression tests, re-
spectively, on samples of Tage tuff. Both studies found that the direction of
maximum Young’s moduli changes from the bedding normal direction at high
saturations to the bedding parallel direction at low saturations. The rotation
occurs at around 70% saturation. Togashi et al. suggested that this behavior
is caused by the evolution of the micropore microstructure [95]. One possible
explanation for the change in anisotropy orientation could be an evolution
of the preferred orientation of clay particles in the rock sample during de-
hydration [107]. We performed numerical simulations of drying of Tage tuff
incorporating an evolving MPD.

Tage tuff is a soft sedimentary rock consisting of compacted and welded
volcanic ash and dust [4]. Its composition includes clinoptilolite (zeolite),
quartz, anorthite (feldspar) and smectite [33]. The constitutive parameters
for Tage tuff are presented in Table 1 [91, 96]. We assumed that the sample
has no microcracks. Since there is no data of how the preferred orientation of
clay particles in Tage tuff evolves with saturation, we assume a simple linear
relationship between MPD and saturation:

MPD(4") = 1.4 — 0.8¢" . (30)

The predicted Young’s moduli in the bedding normal and bedding parallel
directions are presented in Figure 7. The proposed model can approximately
capture the evolution of Young’s moduli for Tage tuff. We note that an evolv-
ing MPD with saturation can simulate the rotation of the principal orien-
tation of anisotropy, where the direction of large Young’s modulus changes
from the bedding normal to the bedding parallel direction upon drying. The
two Young’s moduli are approximately equal at around 70% saturation. Fur-
thermore, the evolution of Young’s moduli are not monotonic with drying, In
the bedding normal direction, the Young’s modulus first decrease when the
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Table 1. Constitutive parameters for Tage tuff used in shrinkage tests [33, 91, 96]

Parameter [Value

Nanoscale
SSA (m?/g)[20
n (mol/m) |50

" 0.10

u (GPa) 4
Microscale

13 1

" 0.66
Macroscale

o™ 0

pime 0.42

K™ (GPa) |38
u'e (GPa) |44
Water retention curve

Osat 0.4
gmax 0.02
o (MPa)  {0.33
n 1.8
Mads 0.02

sample is initially dried, before increasing significantly below a saturation of
around 30%. The initial decrease in Young’s modulus can be attributed to
the rotation of clay particles in the clay matrix, while the increase in Young’s
modulus at lower saturations can be caused by hardening of the clay parti-
cles as the interlayer distance decreases and interlayer forces dominate the
macroscopic behavior.

On the other hand, the proposed model does not capture the slight decrease
the bedding parallel Young’s modulus between saturations of 60 — 100%. It is
possible that there are other micro-mechanisms that our model neglects that
results in a decrease in both bedding parallel and bedding normal Young’s
moduli. For example, the formation of dessication cracks could reduce the
elastic moduli [91, 110].

3.3 Constant anisotropy

Several authors have reported constant strain anisotropy during drying tests
of shales such as Opalinus clay [66] and Callovo-Oxfordian shale [79]. Previ-
ously, this has been attributed to a random distribution of the clay particles,
resulting in isotropic elastic properties [10, 28]. However, examination of the
microstructure of these shales show a strong alignment of the clay particles
[109], which suggests that constant anisotropy at the macroscale is a conse-
quence of micromechanisms at multiple scales negating each other. We present
a drying test of Callovo-Oxfordian shale to highlight the interactions between



18 Sabrina C.Y. Ip' - Ronaldo I. Borja'*

4.8
© Experimental
e ©F, OE.
- 40|
[al}
&)
R 3.6 [~
32
28

Deggee of saturation

Fig. 7. Variation of Young’s moduli with degree of saturation for Tage tuff taken
from Illankoon & Osada [43] where a rotation of the direction of maximum Young’s
moduli occurs. Ticks are data points calculated from ultrasonic velocity measure-
ments; solid and dashed curves are model predictions.

evolving shale microstructure at different scales that give rise to constant
strain anisotropy. Numerical simulations of a drying test were performed be-
tween the range of saturation from 98% down to 32% saturation. Table 2
presents the constitutive parameters for Callovo-Oxfordian shale used in the
drying test [79, 101, 109].

Figure 8 presents the Young’s moduli in the bedding normal and bedding
parallel directions predicted by the proposed model. Pham et al. [79] measured
the bedding normal Young’s modulus of their samples at different saturation
levels through uniaxial compression tests, which we have also included for
comparison. We observe a close match between the bedding normal Young’s
moduli from experimental data and our model at low saturation levels. Near
full saturation, the experimental Young’s modulus is lower than that predicted
by the model.

The anisotropic strains and strain anisotropy ratio are also presented in
Figure 9. Pham et al. measured the strains in the bedding normal and bed-
ding parallel directions [79]. We have presented the measured strains and the
calculated strain anisotropy ratio in Figure 9. Our model underestimates the
strain in both the bedding normal and bedding parallel directions at high
saturation levels. On the other hand, it overestimates the strain in both direc-
tions at low saturation levels (around < 50%). Still, the trend in the predicted
strain anisotropy ratio follows that of the experimental data. There is little
variation in the strain anisotropy ratio with the degree of saturation, as ob-
served in drying tests [79]. We highlight that the material properties used are
still strongly anisotropic. The micromechanisms and evolving microstructures
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Table 2. Constitutive parameters for Callovo-Oxfordian shale used in shrinkage
tests [79, 109]

Parameter [Value
Nanoscale
SSA (m?/g) 20
n (mol/m) 50
" 0.10
u (GPa) 13
Microscale
MPD 3.2
I3 0.2
o+ 0.19
Macroscale
oM 0.015
¢inc _ ¢quartz 4 d)calcite 051
d)quartz 026
<bcalcite 0.25
J(auartz (GPa) 38
pdt (GPa) 44
Kcalcite (GPa) 70
Mcalcite (GP&) 32
Water retention curve
Osat 0.13
0;1%* 0.04
a (MPa) 32.7
n 1.98
Mads 2

at different scales are interacting with one another and negate one another’s
effects at the macroscale. This gives rise to constant anisotropy.

3.4 Evolving anisotropy

In this section, we investigate the applicability of the proposed homogeniza-
tion model by comparing against experimental data of evolving anisotropy in
Opalinus clay [118]. Yurikov et al. [118] reported the variation of Opalinus
clay elastic properties with hydration. Numerical simulations of a shrinkage
test were performed between the range of saturation from 100% down to 20%
saturation. The constitutive parameters for Opalinus clay at full saturation
were estimated from experimental data in the literature and are summarised
in Table 3 [30, 48, 101, 109].We also assume an evolving microstructure of
the clay matrix, where the aspect ratio of a pore decreases by 10% upon its
drainage.

The model-predicted elastic properites of Opalinus clay is presented and
compared to the experimental data from ultrasonic velocities in Figure 10.
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Fig. 9. Predicted anisotropic strains (left) and strain anisotropy ratio (right) in-
duced by desaturation in Callovo-Oxfordian shale. Ticks are data points from Pham
et al. [79]; solid and dashed curves are model predictions.

The Young’s moduli and shear moduli predicted with the proposed model
match well with the experimental data. However, the predicted Poisson’s mod-
uli differ significantly from the ultrasonic velocity data. The model predicts
generally increasing Poisson’s ratios in both the bedding normal and bedding
parallel directions during drying. However, the experimental data Poisson’s
ratio is decreasing in the bedding parallel direction. Furthermore, the bed-
ding normal Poisson’s ratio is negative at high saturation (¥* = 0.95), while
our model does not capture this behavior. This may suggest that there are
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Table 3. Constitutive parameters for Opalinus clay used in shrinkage tests [30, 48,
101, 109]

Parameter [Value
Nanoscale
SSA (m?/g) 20
n (mol/m) 20
" 0.077
u (GPa) 20
Microscale
MPD 2
I3 0.05
o+ 0.13
Macroscale
oM 0.015
¢inc _ ¢quartz 4 d)calcite 025
d)quartz 015
<bcalcite 0.10
J(auartz (GPa) 38
pdt (GPa) 44
Kcalcite (GPa) 70
Mcalcite (GP&) 32
Water retention curve
Osat 0.15
0;1%* 0.05
a (MPa) 38.6
n 1.88
Mads 2

microstructural features that significantly influence the elastic behavior of
Opalinus clay that our model does not yet consider.

Notably, there is significant water-weakening of the Opalinus clay sample
as bedding parallel Young’s moduli doubles between the most saturated state
and the driest state. In the proposed model, this is attributed to the closing
of microcracks at the macroscale as moisture leaves the sample.

Figure 11 presents the evolution of in-plane and out-of-plane strains dur-
ing shrinkage. The model predicts anisotropic strains in the sample, with an
anisotropy ratio ranging from around 5 at high saturations to around 3.5 at
low saturations. This indicates that the proposed homogenization model can
capture the evolution in strain anisotropy observed in the literature [67, 80].
We also highlight that the total in-plane strain after desaturation is close to
the measured strain of 1.8% [118].
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4 Conclusion

In this study, we have developed a constitutive model for unsaturated clay
rocks using a three-level homogenization procedure to account for the mi-
cromechanisms occurring at the nano-, micro- and macro-scales. The clay
rocks are assumed to comsist of clay platelets and interlayer water at the
nanoscale, preferentially distributed clay particles and micropores at the mi-
croscale, and quartz/calcite inclusions and microcracks at the macroscale.
Drying tests of Callovo-Oxfordian shale, Opalinus clay and Tuff tage were
simulated using the proposed model to demonstrate its ability to capture the
varied drying responses of clay rocks observed in the literature. The results
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Fig. 11. Predicted anisotropic strains (left) and strain anisotropy ratio (right) in-
duced by desaturation in Opalinus clay.

highlight that the proposed model can capture constant anisotropy, evolving
anisotropy and water-weakening of clay rocks.

The proposed homogenization model provides a quantitative link between
the evolving microstructure of clay rocks at multiple scales and its macro-
scopic elastic parameters. With the model, we can begin to quantitatively
understand the origin of evolving anisotropy with saturation in clay rocks.
Our results highlight that observations in the literature of constant and evolv-
ing elastic anisotropy can be attributed to the same interactions between the
evolving microstructures of the clay particle and clay matrix. The effects of
these micromechanisms on anisotropy at the macroscale can either neutralize
each other to give constant anisotropy, or enhance each other to give evolving
anisotropy depending on the properties of individual clay rocks. On the other
hand, the water-weakening behavior of clay rocks can be attributed to the
opening or closing of microcracks at the macroscale upon changes in the de-
gree of saturation. Integrating the proposed model into numerical simulations
of applications of clayey rocks, such as tunnel construction [65], underground
storage of nuclear waste [31] and anthropogenic CO2 sequestration [105], may
provide a deeper and more realistic understanding of the macroscopic me-
chanical behavior of clayey rocks.

We note that the proposed constitutive model does not consider fluid mi-
gration between the pores at different scales. During drying or wetting of the
material, the pore fluid is assumed to instantly flow from nanopores out of
the rock (drying) or from outside the rock into nanopores (wetting). Further
work is underway to incorporate fluid flow between the pore spaces in clay
rocks during hydration/dehydration at multiple scales [6, 7, 17, 120] and im-
plement the proposed constitutive model into a numerical simulation code for
anisotropic porous media to analyze drying and wetting tests [42, 44].
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Appendix A. Hill’s tensor

The expression of the Hill’s tensor P for aligned oblate spheroid inclusions
and randomly distributed oblate spheroid inclusions used in the proposed
homogenization model are presented below. The Hill’s tensor characterizes the
interaction between the inclusions and the host matrix. It is dependent on the
stiffness of the host matrix, the shape of the inclusions and in a transversely
isotropic matrix, the orientation of the inclusions in the host matrix.

A1l. Aligned oblate spheroidal inclusions

The Eshelby tensor S for an oblate spheroid aligned along the bedding plane
in a transversely isotropic host medium was derived by Withers [111].

2
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DCegg I
o PCosli(vs)
2
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 DCh()
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Saz =2 Z((Cl?) — Caskiv )V} ki Ail2(vi)
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A2. Aligned oblate spheroidal inclusions

The Hill tensor for randomly oriented oblate spheroids in a transversely
isotropic host medium is more complex and requires the use of numerical
integration to compute [35]. The dilute concentration tensor Ay can be ob-
tained from the following integration on a unit sphere

2 2
Li=p [ [ hat00)000 (34)
T Jyp=0Jo=0

where ¥ and 6 are spherical coordinates and
Ag=(I+PO,y): (CP-C*)" (35)

The Hill tensor can be expressed as an integration over the spherical co-
ordinates ¢ and ¢

27 27
Pk =/ / (P1grij + D1Gkji
! o Jo ’ ! (36)

+ Prgiij + Prgiji) sin(p)d¢de

with the following components [29, 35, 75, 111]
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32 — 2+ V203

= cos(() sin(yp) (40)
Iy = sin(¢) sin(p)
I3 = cos(yp)
Vimn = V212

and the remaining variables are the same as in Appendix Al.
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