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In this paper we explore the existing tensions in the local cosmological expansion rate, H0, and
amplitude of the clustering of large-scale structure at 8h−1Mpc, σ8, as well as models that claim to
alleviate these tensions. We consider seven models: evolving dark energy (wCDM), extra radiation
(Neff), massive neutrinos, curvature, primordial magnetic fields (PMF), self-interacting neutrino
models, and early dark energy (EDE). We test these models against three datasets that span the
full range of measurable cosmological epochs, have significant precision, and are well-tested against
systematic effects: the Planck 2018 cosmic microwave background data, the Sloan Digital Sky Survey
baryon acoustic oscillation scale measurements, and the Pantheon catalog of type Ia supernovae.
We use the recent SH0ES H0 measurement and several measures of σ8 (and its related parameter

S8 = σ8

√

Ωm/0.3). We find that four models are above the “strong” threshold in Bayesian model
selection, wCDM, Neff , PMF, and EDE. However, only EDE also relieves the H0 tension in the full
datasets to below 2σ. We discuss how the S8/σ8 tension is reduced in recent observations. However,
even when adopting a strong tension dataset, no model alleviates the S8/σ8 tension, nor does better
than ΛCDM in the combined case of both H0 and S8/σ8 tensions.

I. INTRODUCTION

So far, the best-fitting scenario for describing our Uni-
verse on large scales is the standard model of cosmology,
also known as ΛCDM. Its success in simultaneously ex-
plaining cosmological observables at low and high red-
shift is undeniable [1]; nevertheless, in this framework
several tensions in different datasets, e.g., between the
cosmic microwave background (CMB) and observations
at low redshift including the distance ladder and large-
scale structure (LSS), have emerged. One of these dis-
crepancies is the “H0 tension”, which is a mismatch be-
tween the present expansion rate of the Universe, i.e.,
the Hubble constant H0, inferred from the distance lad-
der built from Cepheid variables and Type Ia supernovae
(SN Ia), and H0 inferred from the angular power spec-
tra of the CMB, given a Friedmann ΛCDM cosmology
evolution to today.
Recently, this conflict has grown to a level of approxi-

mately ∼5σ provided that H0 = 67.36± 0.54 km/s/Mpc
from Planck CMB data, within the ΛCDM model [2],
largely deviates from H0 = 73.04 ± 1.04 km/s/Mpc, re-
ported by the SH0ES collaboration using the Cepheid-
based distance ladder [3]. Another anomaly arises when
measuring σ8, which is the value of the root-mean-square
fluctuation of density perturbations calculated with a
top-hat window function of k = 8h−1 Mpc. The value
σ8 is often combined with the parameter it is most de-
generate with in the combination S8 ≡ σ8

√

Ωm/0.3, with
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Ωm being the matter density parameter. The value of S8

inferred from Planck CMB data within the ΛCDM frame-
work, S8 = 0.832±0.013 [2], and low-redshift probes such
as weak gravitational lensing and galaxy clustering [4–12]
do not agree with the value inferred from the CMB at a
statistical level from approximately 2σ to 4σ [13].

These cosmological inconsistencies may originate from
unaccounted systematic errors in the local distance lad-
der measurements and/or in the Planck observations.
Extended experimental work has been carried out to de-
termine if unknown systematics are the main reason for
this mismatch. For instance, errors in SN Ia dust extinc-
tion modeling and intrinsic variations [14–16], Cepheid
metallicity correction [17] and different types of SN Ia
populations are potential candidates for these systematic
effects; see [18] for a complete review. Additional meth-
ods of calibrating the distance ladder, such as using the
J-region asymptotic giant branch [19], or calibration via
gravitational-wave “standard siren” [20] may provide an
independent measure and test of the tension present in
local to high-redshift determinations of H0. In the mean-
time, it is of value to explore in detail the nature of new
physics beyond ΛCDM that can be a robust solution to
the H0 tension, as well as models that aim to solve the
S8 tension, independently or in concert with H0. That is
what we explore here.

Depending on the cosmic period that the new physics
takes effect, proposed models can be categorized into
late-time and early-time solutions. The first cate-
gory changes expansion history of the Universe at low
redshift, while the latter modifies the physics of the
early Universe before recombination; see [21] for a re-
cent review. Late-time solutions include, for example,
wCDM [2], w0waCDM [2] or an interacting dark energy
model [22, 23]. However, given tight constraints on cos-
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mic expansion history at low redshift, late-time solutions
are in general highly disfavored as solutions to H0 ten-
sion [24, 25]. On the other hand, early-time solutions,
e.g., early dark energy (EDE) [26–28], a modified neu-
trino sector [29–47], baryon inhomogeneity sourced from
primordial magnetic fields [48] and extra dark radiation
before recombination (e.g., Ref. [49]), are seen as better
candidates in alleviating the tension by keeping ΛCDM’s
successes in the late Universe intact. We also consider
nonzero neutrino mass as the solution to the S8 ten-
sion [50–54], both on its own and in tandem with other
new physics related to both tensions.
Based on established statistical methods for model re-

jection, we explore a collection of new physics models
proposed to alleviate the tensions. Many existing and
new theoretical proposals in the literature only judge a
new model relative to standard ΛCDM, and sometimes
by only comparing the inferred central values of H0 or
S8 between ΛCDM and the new model. Furthermore,
the effects of new models on several other robust cos-
mological datasets go unaddressed, including the baryon
acoustic oscillation (BAO) feature and detailed acceler-
ated expansion history at low redshifts, measured by SN
Ia. Meanwhile, new results in observational cosmology
often explore only one or two example excursions from
ΛCDM. In our work we combine a large set of proposed
tension-reduction models with the latest robust observa-
tional cosmological data in order to assess which models
may successfully resolve the tension while being consis-
tent with the available hallmark data. Along these lines,
we consider and evaluate, in detail, the specific statistical
significance of any remaining H0 and S8 tensions in pro-
posed models, separately and in concert. In summary,
the objective of this work is finding the best model, or
models, proposed so far that agree with measurements
that indicate these anomalies.
This paper is organized as follows: in Sec. II, we list the

beyond ΛCDM models studied in this work and discuss
the way that they reduce cosmic tensions. In Sec. III,
we give details of and motivations for the datasets in-
cluded in our calculations and the statistical strategies
and computational tools employed for deriving statisti-
cal significance. We present and discuss the results of the
tests made in Sec. IV. In Sec. V, we analyze the results
and discuss the physics of cosmological parameters’ shift
for different models and tension datasets, relative to the
ΛCDM fit to the CMB. Finally, we summarize the main
conclusions of this work in Sec. VI.

II. BEYOND ΛCDM MODELS

In this section, we discuss the beyond ΛCDM models
considered in this work. We briefly sketch the physics
of each model that alleviate the cosmic tensions and we
refer readers to Appendix A for details of the models.

• wCDM: In the dark energy domination era, phan-
tom dark energy with equation of state w < −1

can further accelerate the expansion of the Universe
compared to the standard w = −1 case. There-
fore, theH0 inferred from CMB experiments can be
reconciled with the H0 measured from local mea-
surements [49, 55–57]; see also [58, 59] for different
parametrizations of w. The evolution of dark en-
ergy density via a nonstandard equation of state w
also alters the growth of structure [60–62], which
can alleviate or exacerbate the S8 tension.

• nontrivial neutrino mass, Σmν > 0.06 eV: a lower
amplitude of clustering at smaller scales, and there-
fore smaller σ8 or S8, can be achieved by increasing
the neutrino mass and its contribution to the total
matter density [63]. Several papers have suggested
an indication of nonzero active neutrino masses, or
combinations of extra mass eigenstates and neu-
trino masses because of low-σ8 measurements, e.g.,
Refs. [51–53, 64, 65].

• ΛCDM+Neff : A correlation exists between the
Hubble parameter inferred from CMB measure-
ments and the radiation energy budget in the early
Universe. The latter can be parametrized by the
effective number of relativistic degrees of freedom
Neff . Therefore, extra relativistic species beyond
the standard model neutrinos, such as dark radia-
tion, can effectively reduce the sound horizon, i.e.,
increase H0. Additional relativistic energy density
affects the position of the acoustic peaks of the
CMB relative to the photon damping scale, both of
which are well constrained by measurements of the
CMB. Extra (sterile) neutrino mass eigenstates can
mimic relativistic degrees of freedom at early times
and contribute to Σmν at late times, and therefore
may combine the effects of Σmν and Neff . See, e.g.,
a review in Ref. [47].

• Nonzero curvature: The size of angular diameter
distance, which is measured in low-redshift mea-
surements such as BAO and SNe, is closely related
to the curvature of Universe. Therefore, allowing a
nonflat Universe, i.e., making the density parame-
ter of curvature Ωk a free parameter, offers an addi-
tional degree of freedom to modify the low-redshift
spacetime geometry. Nonzero curvature also alters
the growth of structure, potentially alleviating the
S8 tension. A nonzero curvature can be integrated
into models that modify the early Universe to bet-
ter fit low-redshift measurements; see Refs. [66–
68] for example. Models that modify the electron
mass [69] along with added curvature are highly
constrained by primordial nucleosynthesis [70], so
we do not consider them here.

• Early dark energy: A potential solution of H0-
tension is early dark energy (EDE) [26–28], which
behaves like a cosmological constant with an equa-
tion of state −1 and makes up a non-negligible frac-
tion of the energy budget before a critical redshift
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zc. At z < zc, the energy density of EDE dilutes
faster than radiation. By requiring zc being larger
than the redshift of recombination, the expansion
rate is boosted at z > zc while leaving the cosmol-
ogy at z < zc intact. Therefore, the sound hori-
zon is reduced such that the inferred value of H0 is
larger which reconciles the result from early- and
late-time observations. In our work, we adopt the
EDE model of Smith et al. [28] as it can provide a
better fit to the high-ℓ Cℓ of Planck 2018.

• Self-interacting neutrinos (SIν): In the standard
cosmology, it is well known that neutrinos free-
stream after the decoupling from the Standard
Model (SM) thermal bath, damping the perturba-
tions below the corresponding free-streaming scale.
It has been proposed that increasing the rela-
tivistic degrees of freedom and/or introducing a
nonzero neutrino mass can help in alleviating the
Hubble tension; however, these kinds of scenar-
ios also result in a stronger suppression on per-
turbations due to the free-streaming of neutrinos
and relativistic particles. To counteract the damp-
ing effect, one can consider including nonstan-
dard interactions of the relativistic species, which
delay the self-decoupling and the ensuing free-
streaming [29–46]. In this model, alleviation comes
from self-interaction of the neutrinos plus extra rel-
ativistic neutrinos that are introduced by the self-
interacting mechanism itself, e.g., with seclusion of
the mediating particle, its becoming nonrelativistic,
and its recoupling by transfer of its energy density
to the neutrinos [31]. Specifically, the moderate in-
teraction level has been shown to be preferred by
the data [38–40, 43], which we confirmed in our
analysis. Therefore, our baseline model for SIν is
enhanced neutrino self-interactions at the moderate
level, plus Neff .

• Primordial magnetic fields (PMF) & baryon inho-
mogeneity: The existence of primordial magnetic
fields can introduce baryon inhomogeneities in the
early Universe, which enhances the hydrogen re-
combination rate compared to the standard sce-
nario [48]. As a result, CMB photon decoupling
happens earlier and the sound horizon is reduced.
Assuming the late-time evolution of the Universe
is unchanged, the inferred value of H0 from CMB
becomes closer to that of late-universe measure-
ments [71].

III. METHODOLOGY

A. Datasets

Here, we briefly describe the cosmological datasets in-
cluded in this work, and our motivation for their inclu-
sion. The first three observational datasets compose our

baseline case for testing new physics. We choose these
three as they are robust and broad: first, they are large
datasets that have small to minimum-possible statisti-
cal errors; second, they have been tested extensively for
systematic errors, as summarized below; and, third, are
measures of cosmological parameters across the broad-
est possible range of cosmological history, from the last
scattering surface to low-redshift:

• Planck 2018 CMB data (P18): for all of the cal-
culations in this work, we use the CMB tem-
perature and polarization angular power spec-
tra TT,TE,EE+lowl+lowE from the Planck 2018
legacy final release release [2]. The tension between
the Planck mission’s measurement of the amount of
lensing existing in the temperature power spectra
data have been widely studied in the last years [72–
74]. In order to isolate the effect of low-redshift
clustering measurements and their corresponding
potential tension, we decided not to include the
Planck CMB lensing measurements in our analy-
sis.

• BAO DR16 (BAO16): we include BAO data from
the Sloan Digital Sky Survey (SDSS) lineage of ex-
periments in the large-scale structure, composed of
data from SDSS, SDSS-II, BOSS, and eBOSS [75]
(combining data from BOSS DR12 [76] and eBOSS
DR16). These cosmological measurements of the
positions and redshifts of galaxies provide their cor-
relation function, which gives a tight constraint on
the product of the sound-horizon scale andH0. The
sample consists of galaxies, quasars and Lyman-α
forest samples’ measurement of the BAO sound-
horizon scale, making this combination the largest
and most constraining of its kind. We included
the first 2 redshift bins of the BOSS DR12 lumi-
nous red galaxy (LRG) likelihoods in the redshift
range 0.2 < z < 0.6, as well as the eBOSS DR16
LRG, quasar, Lyman-α forest, and Lyman-α forest-
quasar cross correlation likelihoods in the redshift
range 0.6 < z < 2.2. These BAO datasets have
been extensively tested with mock catalogs in their
determination of the correlation function measure-
ment of the BAO scale with respect to systematic
theoretical uncertainties, including fiducial cosmol-
ogy, satellite galaxy kinematics, dynamics, associ-
ated redshift space distortions, and methodological
uncertainties, including clustering estimators, ran-
dom catalogues, fitting templates, and covariance
matrices [77–81].

• Pantheon Sample (SN): we include the Pantheon
2018 SN Ia sample from Ref. [82], which combines
SDSS, SNLS, and low-redshift and Hubble Space
Telescope samples to form the largest sample of SN
Ia. In total, the sample consists of 1048 SN Ia in
the redshift interval 0.01 ≤ z ≤ 2.3. Moreover, this
sample includes improvements, such as corrections
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for expected biases in light-curve fit parameters and
their errors, which have substantially reduced the
systematic uncertainties related to photometric cal-
ibration.

Next, we use the latest SH0ES measurement of the local
Hubble constant:

• SHOES H0 measurement (R21): we include a
Gaussian likelihood of the Hubble constant inferred
by the measurements obtained by the SH0ES col-
laboration in [3], H0 = 73.04± 1.04 km/s/Mpc.

For the possible tension with clustering on small scales,
we explore a range of cluster and lensing data:

• X-ray Clusters (V09): we include constraints on the
cosmological parameters from the Viklinin (2009)
[5] measurement on the galaxy cluster mass func-
tion in the redshift interval z = [0, 0.9]. The
observations of 86 x-ray clusters led to a deter-
mination of stringent constraints on the cosmo-
logical parameters, thanks to the higher statisti-
cal accuracy and smaller systematic errors than
these datasets had ever reached. We use the con-
straints presented in Table I in Ref. [5], Ωmh =
0.184±0.024 , σ8(Ωm/0.25)

0.47 = 0.813±0.013 and
Ωm = 0.34 ± 0.08. This dataset constraint is a
high-precision determination of these parameters,
and sets into place one of the biggest tensions on
the cosmological parameter σ8. Due to its high
precision, tension, and use in previous studies to
indicate new physics, as well as our desire test if
any candidate model can alleviate both inconsis-
tencies simultaneously, we include this dataset as a
key determinant of the S8 problem.

• SZ Clusters (SZ21): we include results from the
2021 release of the SPT-SZ survey which show
that within ΛCDM, the SPT-SZ cluster sample
prefers σ8

√

Ωm/0.3 = 0.794 ± 0.049, without the
Planck power spectrum measurement considered in
Ref. [7], as we consider P18 separately. The sample
of 513 clusters from an SPT SZ sample combined
with other analyzed x-ray and weak lensing samples
have made this catalog one of the largest, with sev-
eral methods of determining the cluster observable-
mass relation.

• Dark Energy Survey Year 3 results (DES): we in-
clude results from the most recent DES Y3 survey.
The photometric redshift calibration methodology
they use is the first of its kind, able to recover the
true cosmology in simulated surveys, encompassing
information from photometry, spectroscopy, clus-
tering cross-correlations and galaxy–galaxy lens-
ing ratios. It employed a combination of 18 syn-
thetic galaxy catalogs designed for the validation
of combined clustering and lensing analyses. We
use the cosmological constraints S8 = 0.813+0.023

−0.025

and Ωm = 0.290+0.039
−0.063 obtained from their analy-

sis [11].

We note that not all of these datasets are used for
all of the statistical tests and cosmological parameters
space analyses demonstrated in Sec. IV. Therefore, to
avoid confusion we will denote the datasets used for each
figure and for more extensive model studies presented
later.

B. Statistical and cosmological software

In our analysis, we use two different statistical tests in
order, first, to quantify the success of each ΛCDM exten-
sion, and second, to measure the tension with respect to
the S8 and H0 measurements. The two aforementioned
strategies are explained in the following. For the datasets
P18, P18+BAO16 and P18+BAO16+SN, alone and also
adding the H0 and S8 (V09, DES, SZ21) constraints, we
compute the change in the effective minimal chi-square
χ2
min = −2 lnL where L represents the maximum likeli-

hood for the considered model M. The ∆χ2
M relative to

ΛCDM is then derived as

∆χ2
M ≡ χ2

min,M − χ2
min,ΛCDM . (1)

The χ2 value of a dataset can be used determine if a trend
in the data is happening due to chance or due to a new
model component, and can also be used to test a model’s
“goodness of fit” [83]. However, the ∆χ2

M test does not
take into account the complexity of each model, i.e., num-
ber of parameters it has. Thus, we also adopt the Akaike
information criterion (AIC) that allows fair comparison
between models with a different number of parameters.
In order to assess the extent to which the fit is improved,
for each model we compute the AIC value [84] defined as
AIC = −2 lnL+ 2k, with k being the number of param-
eters of the model. A model is more preferred, relative
to a different model, if it decreases the AIC. To compare
with ΛCDM, we calculate the AIC of M relative to that
of ΛCDM, defined as

∆AIC ≡ ∆χ2
M + 2(NM −NΛCDM) , (2)

where NM and NΛCDM represent the number of free pa-
rameters ofM and ΛCDM, respectively. It is worth high-
lighting that this method penalizes models which intro-
duce new parameters that do not improve the fit; there-
fore, a model with a lower AIC value is more success-
ful theoretically and statistically than one with a higher
AIC value. To judge the success of each model, we in-
terpret our AIC values against the Jeffreys’ scale [85].
This is an empirically calibrated scale with variation in
adjectival description of the evidence limits. We choose
a categorically “strong” threshold of p−1 = 103/2, or 30:1
odds. This is the same criteria used in other recent works
found in the literature, e.g., [21]. Our choice for a pre-
ferred model M over ΛCDM places it “strong” on the
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mined mass estimates. Their ensuing S8 constraint is
σ8

√

Ωm/0.3 = 0.792 ± 0.049. As can be seen in this
figure, the tension is relaxed both by P18 shifting lower
than P15 and by the updated X-ray cluster constraints
shifting higher.1 For SZ clusters, we show the constraint
derived from the sample of 189 galaxy clusters from the
Planck SZ catalog (SZ13) [6]. We compare SZ13 with
recent results from the SPT-SZ collaboration (SZ21) [7].
Similar to X-ray clusters, the tension in SZ cluster sam-
ples is relaxed both by P18 shifting lower than P15 and
by the newer SZ cluster constraints shifting higher in this
parameter space. Optically selected cluster samples also
determine a higher value for σ8, consistent with nonclus-
ter probes [99].
For lensing measurements, we compare results from the

tomographic weak lensing analysis of the Canada-France-
Hawaii Telescope Lensing Survey (CFHTLenS) [9], cos-
mic shear analysis of the fourth data release of the Kilo-
Degree Survey (KiDS-1000) [10] and the most recent
results from the combined galaxy clustering and lens-
ing measurement of DES Year 3 [11]. As discussed in
Sec. III A, DES has robust photometric redshift calibra-
tion methods able to recover results obtained from sim-
ulated surveys. Due to the size of the dataset, the errors
on the cosmological parameters are also reduced relative
to previous datasets.
The tension from V09 is clear, with an approximately

3.59σ deviation with Planck, cf. Table I. Recall we
adopted this as a benchmark dataset in order to intro-
duce high-tension and therefore potentially infer the most
likely ΛCDM model extension. However, updated mea-
surements such as SR17 and SZ21 yield a larger value
of σ8 which is consistent with P18. On the other hand,
lensing measurements largely agree with each other.
The lack of a preference for a nonzero neutrino mass

when including low-S8/σ8 datasets with P18 is due to
the shift in the CMB optical depth and scalar amplitude
parameters to be significantly lower with P18’s updated
polarization anisotropy measurements, relative to earlier
Planck data, along with slight shifts in the other param-
eters. Overall, as discussed in Sec. IV, the S8 tension is
no longer indicative of a possible non-minimal neutrino
mass. As we have seen in the evolution of the X-ray and
SZ cluster data, the tension with those datasets has been
alleviated. This leaves the weak-lensing based inferences
of S8. For the case of DES, the tension with ΛCDM is
mild, at ∼2.44σ (see Table I).
Most importantly, we find that none of the new mod-

els considered alleviate the S8/σ8 tension at the same
time as the H0 tension (c.f. Table II). When including
R21, the value of S8/σ8 is reduced even in the case of
ΛCDM. All of the models considered drive σ8 higher, as
shown in Table II, a feature prevalent in many models

1 P18 shifts in this parameter space with respect to P15 due to
the change in the determination of the optical depth given the
updated CMB polarization measurements of P18 [2].

trying to alleviate both tensions [100]. The values for S8

are also higher for all models, except for the ΛCDM+Ωk

model, and only for the case of considering P18 data
plus R21 alone. None of these new models alleviate the
S8/σ8 tension better than ΛCDM when including our
full dataset. Therefore, when considering if a new model
does better than ΛCDM in alleviating the S8 problem si-
multaneously with the H0 problem, one should compare
to ΛCDM+R21’s own alleviation of S8, and not ΛCDM
without H0 information.

VI. CONCLUSION

In this paper, we have investigated how well
seven models—wCDM, ΛCDM+Neff , ΛCDM+

∑

mν ,
ΛCDM+Ωk, PMF, SIν and EDE—explain or fail to ex-
plain the H0 and S8 tensions. We do this by calculating
both the change in the AIC and the change in the to-
tal χ2 for the models and datasets. We find that EDE,
wCDM, PMF, and ΛCDM+Neff pass the threshold of the
“strong” preference criterion of ∆AIC < −6.91. How-
ever, each of these models still has a residual tension
with the R21 H0 constraint of greater than 3σ except for
EDE, which has a residual tension of less than 2σ. Inclu-
sion of more model parameters corresponding to greater
details of the SIν, EDE and PMF models could lead to
a poorer indication for their preference by ∆AIC, but
an exploration of those extensions is beyond the scope
of this work [101, 102]. Therefore, of the seven mod-
els, EDE satisfies both in having an overall better fit to
all the data, including H0 as well as having almost no re-
maining tension with the single measurement of H0. The
better fit of EDE largely comes from its consistency with
periodic features the high-ℓ Cℓ measurements of Planck
2018 [28], which will probed well by upcoming CMB ex-
periments [103–105].
For the case of the S8/σ8 tension, we adopted a strong-

tension dataset (V09), but our conclusions do not change
with other S8 datasets. Only in the case of Planck 2018
CMB data plus V09, are evolving dark energy w > −1
and Ωk not disfavored relative to ΛCDM. However, with
the BAO16+SN data, no model alleviates the S8 ten-
sion, due to those constraints on the expansion history.
We discussed how the S8 tension has been alleviated to
the ∼2σ level both by shifts in the Planck 2015 to 2018
analyzes, as well as shifts in structure formation mea-
sures of S8/σ8, whether by x-ray clusters, SZ clusters,
or weak lensing. Importantly, we show that a nontrivial
neutrino mass (Σmν > 0.06 eV), does not alleviate the
S8/σ8 tension.
Significantly, we showed that adding the H0 measure-

ment of R21 to all of the datasets we considered sub-
stantially lowers S8/σ8 for ΛCDM due to a shift to a
larger ΩΛ, and therefore a commensurate suppression in
the growth of the large scale structure. Importantly, no
model considered here lowers the best-fit value of S8/σ8

better than ΛCDM when including the H0 (R21) ten-
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sion. Therefore, claims in other work of models alleviat-
ing both H0 and S8 tensions should be sure to compare
with ΛCDM’s own S8 alleviation when including H0, and
not compare to ΛCDM without the H0 constraint.

In the context of Bayesian model selection, via the
AIC, the observation of the H0 tension updates our be-
lief such that the EDE model is best. Given the fact
that the values of the S8/σ8 parameters become higher
for all models when the R21 observation is included, the
observation of the S8/σ8 tension does not update the
data’s preference for the EDE model. For the kinds of
models still allowed by the joint P18+BAO16+SN+R21
datasets, the H0 and S8/σ8 tensions will pull the models
in different directions.

Future tests of an EDE epoch could come from high-
ℓ CMB measurements, as discussed earlier, or from the
turn over in the matter power spectrum at very large
scales, which should constrain θeq, the angular size of the
sound horizon at matter-radiation equality that could be
constrained by large-scale structure surveys. And, maybe
most importantly, future independent determinations of
the local expansion history H0 may reaffirm its tension
or relax it.
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Appendix A: Details of considered models

1. Early dark energy

The phenomenology of EDE can be realized by, e.g.,
a scalar field φ with a potential V (φ) ∝ [1− cos(φ/f)]

n

such that φ is frozen at z < zc with wφ = −1 and starts
to oscillate at z = zc and can be effectively described
as a fluid with wφ = wn = (n − 1)/(n + 1), or, slow-
roll of φ down a potential that V (φ) ∝ φ at z < zc and
V (φ) → 0 at late time; see [26–28, 106, 107] for further
details. Note that whether EDE works does not depend
much on the details of potential, as long as the typical
evolution of energy density is fulfilled.

Taking the scalar potential V (φ) ∝ [1− cos(φ/f)]
n
as

the benchmark model, in the fluid approximation the evo-

lution of density parameter of φ reads [26]

Ωφ(a) =
2Ωφ(ac)

(a/ac)3(wn+1) + 1
, (A1)

where a is the scale factor of the Universe and ac = (1+
zc)

−1. The equation of state is

wφ(a) =
1 + wn

1 + (ac/a)3(1+wn)
− 1 , (A2)

such that the energy density of φ can dilutes faster than
radiation at z < zc for n ≥ 3; in this work, we focus
on the case that n = 3. Following the literature [28],
we define fzc ≡ Ωφ(ac)/Ωtot(ac) with Ωtot(ac) being the
density parameter of the total energy density at z = zc
and Θ ≡ φ/f being the renormalized field variable which
determines the effective sound speed. In our analysis, we
set zc, fzc and the initial value of the renormalized field
variable Θi as free parameters.

2. Self-interacting neutrinos

We focus on the particle model where the self-
interaction of neutrinos is mediated by a massive scalar φ
with mass mφ; the coupling strength of φνν is gν . When
the neutrino temperature Tν ≪ mφ, the scalar parti-
cle can be integrated out and the interaction can be de-
scribed by the effective field theory (EFT). In the EFT
framework, the self-interaction νν → νν is analogous to
the 4-Fermi interaction with a constant Geff ≡ g2ν/m

2
φ.

2 In the limit that neutrinos are relativistic, i.e., Tν ≫
mν , the thermal-averaged cross section of self-interaction
reads

〈σv〉 ∼ G2
effT

2
ν . (A3)

The interaction rate can be written as Γ = nν〈σv〉 ∼
G2

effT
5
ν as nν ∝ T 3

ν . We focus on the strongly interacting

regime Geff ≫ GF ≃ 1.2 × 10−5 GeV−2 with GF be-
ing the Fermi constant, such that the self-interaction can
drastically delay the SM neutrino decoupling and affect
the CMB angular power spectra.
To consistently solve for the CMB angular power spec-

tra in the SIν scenario, when evolving the perturbations,
we need to augment the usual Boltzmann hierarchy of
neutrinos in the cosmological perturbation theory with
additional damping terms. The phase-space distribution
function of neutrinos reads f = f0(1 + Ψ) with f0 be-
ing the unperturbed one. The perturbation Ψ can be
expanded into a Legendre series; for each multipole ℓ,
the corresponding amplitude is Ψℓ. Therefore, instead
of solving the Boltzmann equation in terms of Ψ, we can

2 Note that Geff defined here is equivalent to Gν defined in
Refs. [108, 109].
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Models wCDM EDE ΛCDM+Neff PMF

Parameters 68% limits 68% limits 68% limits 68% limits

Ωbh
2 . . . . . . . . . . . 0.02242± 0.00014 0.02284± 0.00027 0.02282+0.00013

−0.00014 0.02261± 0.00015

Ωch
2 . . . . . . . . . . 0.1197± 0.0011 0.1298± 0.0034 0.1252± 0.0023 0.1226+0.0017

−0.0015

100θMC . . . . . . . . 1.04098± 0.00030 1.04057± 0.00033 1.04042± 0.00037 1.0518+0.0030
−0.0024

τ . . . . . . . . . . . . . 0.0553± 0.0078 0.0587+0.084
−0.010 0.0621± 0.0081 0.0550+0.0069

−0.0078

ln(1010As) . . . . . . 3.046± 0.016 3.072+0.017
−0.021 3.074± 0.018 3.074± 0.015

ns . . . . . . . . . . . . . 0.9660± 0.0039 0.9848± 0.0056 0.9843± 0.0057 0.9602± 0.0039

H0 [km s−1 Mpc−1] 70.36± 0.64 71.31± 0.83 70.77+0.82
−0.72 70.33± 0.64

Ωm . . . . . . . . . . . . 0.2886± 0.0057 0.3014± 0.0062 0.2969± 0.0048 0.2950± 0.0052

σ8 . . . . . . . . . . . . . 0.838± 0.011 0.840+0.011
−0.012 0.831± 0.011 0.8294± 0.0098

extra param. . . . . w = −1.094± 0.026 fzc = 0.096+0.023
−0.027 Neff = 3.48± 0.12 b = 0.57± 0.19

. . . . . . . . . . . . . . . zc = 3090± 38

. . . . . . . . . . . . . . . Θi = 1.9+1.0
−1.8

TABLE III. Best-fit values and 68% intervals of parameters for the preferred candidate models from P18+BAO16+SN+R21.
The first six rows are the baseline parameters of ΛCDM, which are sampled in the MCMC analysis with flat priors. The next
three rows are the derived parameters H0, Ωm and σ8. The last row represents model parameters in addition to ΛCDM.

evolve the Boltzmann hierarchy in Ψℓ. Following the con-
vention in Ma and Bertschinger [110], in the synchronous
gauge the Boltzmann hierarchy of massive neutrino can
be written as

Ψ̇0 = −
qk

ǫ
Ψ1 +

ḣ

6

d ln f0
d ln q

, (A4)

Ψ̇1 =
qk

3ǫ
Ψ0 − 2Ψ2 , (A5)

Ψ̇2 =
qk

5ǫ
(2Ψ1 − 3Ψ3)−

(

ḣ

15
+

2η̇

5

)

d ln f0
d ln q

+ Cdamp
2 ,

(A6)

Ψ̇ℓ≥3 =
qk

(2ℓ+ 1)ǫ
(ℓΨℓ−1 − (ℓ+ 1)Ψℓ+1) + Cdamp

ℓ≥3 ,

(A7)

where overdot stands for derivative with respect to the
conformal time, k is the comoving wave number, q and
ǫ are the comoving momentum and energy, h and η are
fields describing the metric perturbation. Note that col-
lision terms stemmed from the self-interaction does not
affect ℓ = 0 and ℓ = 1 since number density and energy
density are conserved.

The complete formulas of damping terms Cdamp
ℓ de-

rived from the integral of collision terms can be found
in [38, 111]. In this work we adopt the relaxation time
approximation [112, 113] or the separable ansatz [108]

which gives

Cdamp
ℓ = αℓτ̇νΨℓ , (A8)

where αℓ is the numerical factor from the integration
over momentum and τ̇ν = −aΓ is the rate of change of
the neutrino opacity with a being the cosmological scale
factor. This approximation is shown to be an adequate
description of a system without dissipative process [114]
and numerically agrees with the full treatment of self-
interaction if the correct αℓ is taken for each ℓ [38].3

We modify CAMB to include the effect of SIν; see [43] for
existing codes. At the early time, we approximate neutri-
nos as a perfect fluid to avoid a numerically stiff problem.
A perfect fluid has no stress; therefore, if Γ ≫ H is met,
we set Ψℓ≥2 = 0 in the initial condition and only evolve
Ψℓ=0,1. As the Universe expands, eventually Γ drops
below H and we start to solve for the full Boltzmann
hierarchy once it is numerically solvable.
The nonstandard interaction of SM neutrinos faces

constraints in aspects of particle model, cosmology, as-
trophysics and laboratory experiments. Theoretically,
the validity of perturbative calculations requires gν ≤
4π. The thermal population of neutrinos and φ can

3 To avoid confusion, we note that in [108, 109], Geff ≡
√
αℓGν =

√
αℓg

2
ν/m

2
φ
.
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and J. De-Santiago, (2022), arXiv:2202.09310 [astro-
ph.CO].

[46] J. M. Berryman et al., in 2022 Snowmass Summer Study

(2022) arXiv:2203.01955 [hep-ph].
[47] K. N. Abazajian, Phys. Rept. 711-712, 1 (2017),

arXiv:1705.01837 [hep-ph].
[48] K. Jedamzik and A. Saveliev, Phys. Rev. Lett. 123,

021301 (2019), arXiv:1804.06115 [astro-ph.CO].
[49] S. Vagnozzi, Phys. Rev. D 102, 023518 (2020),

arXiv:1907.07569 [astro-ph.CO].
[50] C. Moskowitz, Nature (2014), 10.1038/na-

ture.2014.14752.
[51] R. A. Battye and A. Moss, Phys. Rev. Lett. 112, 051303

(2014), arXiv:1308.5870 [astro-ph.CO].
[52] M. Wyman, D. H. Rudd, R. A. Vanderveld, and W. Hu,

Phys. Rev. Lett. 112, 051302 (2014), arXiv:1307.7715
[astro-ph.CO].

[53] F. Beutler et al. (BOSS), Mon. Not. Roy. Astron. Soc.
444, 3501 (2014), arXiv:1403.4599 [astro-ph.CO].

[54] I. G. Mccarthy, S. Bird, J. Schaye, J. Harnois-Deraps,
A. S. Font, and L. Van Waerbeke, Mon. Not. Roy. As-
tron. Soc. 476, 2999 (2018), arXiv:1712.02411 [astro-
ph.CO].

[55] E. Di Valentino, A. Melchiorri, and J. Silk, Phys. Lett.
B 761, 242 (2016), arXiv:1606.00634 [astro-ph.CO].

[56] K. J. Ludwick, Mod. Phys. Lett. A 32, 1730025 (2017),
arXiv:1708.06981 [astro-ph.CO].

[57] G. Alestas, L. Kazantzidis, and L. Perivolaropoulos,
Phys. Rev. D 101, 123516 (2020), arXiv:2004.08363
[astro-ph.CO].

[58] E. Di Valentino, A. Melchiorri, E. V. Linder,
and J. Silk, Phys. Rev. D 96, 023523 (2017),
arXiv:1704.00762 [astro-ph.CO].

[59] W. Yang, S. Pan, E. Di Valentino, E. N. Saridakis,
and S. Chakraborty, Phys. Rev. D 99, 043543 (2019),
arXiv:1810.05141 [astro-ph.CO].

[60] K. N. Abazajian and S. Dodelson, Phys. Rev. Lett. 91,
041301 (2003), arXiv:astro-ph/0212216.

[61] S. Joudaki, M. Kaplinghat, R. Keeley, and D. Kirkby,
Phys. Rev. D 97, 123501 (2018), arXiv:1710.04236
[astro-ph.CO].

[62] R. E. Keeley, S. Joudaki, M. Kaplinghat, and
D. Kirkby, JCAP 12, 035 (2019), arXiv:1905.10198
[astro-ph.CO].

[63] W. Hu, D. J. Eisenstein, and M. Tegmark, Phys. Rev.
Lett. 80, 5255 (1998), arXiv:astro-ph/9712057.

[64] S. Joudaki, K. N. Abazajian, and M. Kaplinghat,
Phys. Rev. D 87, 065003 (2013), arXiv:1208.4354 [astro-
ph.CO].

[65] C. Dvorkin, M. Wyman, D. H. Rudd, and W. Hu,
Phys. Rev. D 90, 083503 (2014), arXiv:1403.8049 [astro-
ph.CO].

[66] J. Ryan, S. Doshi, and B. Ratra, Mon. Not. Roy.
Astron. Soc. 480, 759 (2018), arXiv:1805.06408 [astro-
ph.CO].

[67] W. Handley, Phys. Rev. D 103, L041301 (2021),
arXiv:1908.09139 [astro-ph.CO].

[68] E. Di Valentino, A. Melchiorri, and J. Silk, Nature
Astron. 4, 196 (2019), arXiv:1911.02087 [astro-ph.CO].

[69] T. Sekiguchi and T. Takahashi, Phys. Rev. D 103,
083507 (2021), arXiv:2007.03381 [astro-ph.CO].

[70] O. Seto and Y. Toda, (2022), arXiv:2206.13209 [astro-
ph.CO].

[71] K. Jedamzik and L. Pogosian, Phys. Rev. Lett. 125,
181302 (2020), arXiv:2004.09487 [astro-ph.CO].

[72] P. A. R. Ade et al. (Planck), Astron. Astrophys. 571,
A16 (2014), arXiv:1303.5076 [astro-ph.CO].

[73] N. Aghanim et al. (Planck), Astron. Astrophys. 607,
A95 (2017), arXiv:1608.02487 [astro-ph.CO].

[74] P. Motloch and W. Hu, Phys. Rev. D 97, 103536 (2018),
arXiv:1803.11526 [astro-ph.CO].

[75] S. Alam et al. (eBOSS), Phys. Rev. D 103, 083533
(2021), arXiv:2007.08991 [astro-ph.CO].

[76] S. Alam et al. (BOSS), Mon. Not. Roy. Astron. Soc.
470, 2617 (2017), arXiv:1607.03155 [astro-ph.CO].

[77] S. Alam et al., (2020), 10.1093/mnras/stab1150,
arXiv:2007.09004 [astro-ph.CO].

[78] S. Avila et al., Mon. Not. Roy. Astron. Soc. 499, 5486
(2020), arXiv:2007.09012 [astro-ph.CO].

[79] M. Vargas-Magaña et al., Mon. Not. Roy. Astron. Soc.
477, 1153 (2018), arXiv:1610.03506 [astro-ph.CO].

[80] G. Rossi et al., Mon. Not. Roy. Astron. Soc. 505, 377
(2021), arXiv:2007.09002 [astro-ph.CO].

[81] A. Smith et al., Mon. Not. Roy. Astron. Soc. 499, 269
(2020), arXiv:2007.09003 [astro-ph.CO].

[82] D. M. Scolnic et al. (Pan-STARRS1), Astrophys. J. 859,
101 (2018), arXiv:1710.00845 [astro-ph.CO].

[83] R. L. Plackett, International Statistical Review / Revue
Internationale de Statistique 51, 59 (1983).

[84] H. Akaike, IEEE Transactions on Automatic Control
19, 716 (1974).

[85] H. Jeffreys, The theory of probability (OUP Oxford,
1998).

[86] J. Torrado and A. Lewis, JCAP 05, 057 (2021),
arXiv:2005.05290 [astro-ph.IM].

[87] A. Lewis and S. Bridle, Phys. Rev. D 66, 103511 (2002),
arXiv:astro-ph/0205436.

[88] A. Lewis, Phys. Rev. D 87, 103529 (2013),
arXiv:1304.4473 [astro-ph.CO].

[89] R. M. Neal, arXiv Mathematics e-prints , math/0502099
(2005), arXiv:math/0502099 [math.ST].

[90] C. Cartis, J. Fiala, B. Marteau, and L. Roberts, arXiv
e-prints , arXiv:1804.00154 (2018), arXiv:1804.00154
[math.OC].

[91] C. Cartis, L. Roberts, and O. Sheridan-Methven, arXiv
e-prints , arXiv:1812.11343 (2018), arXiv:1812.11343
[math.OC].

[92] M. Powell, Technical Report, Department of Applied
Mathematics and Theoretical Physics (2009).

[93] G. Efstathiou, Mon. Not. Roy. Astron. Soc. 505, 3866
(2021), arXiv:2103.08723 [astro-ph.CO].

[94] D. Camarena and V. Marra, Mon. Not. Roy. Astron.
Soc. 504, 5164 (2021), arXiv:2101.08641 [astro-ph.CO].

[95] A. Klypin, V. Poulin, F. Prada, J. Primack,
M. Kamionkowski, V. Avila-Reese, A. Rodriguez-
Puebla, P. Behroozi, D. Hellinger, and T. L.
Smith, Mon. Not. Roy. Astron. Soc. 504, 769 (2021),
arXiv:2006.14910 [astro-ph.CO].

[96] M. Castellano et al., arXiv e-prints , arXiv:2207.09436
(2022), arXiv:2207.09436 [astro-ph.GA].

[97] S. L. Finkelstein et al., arXiv e-prints , arXiv:2207.12474



17

(2022), arXiv:2207.12474 [astro-ph.GA].
[98] P. A. R. Ade et al. (Planck), Astron. Astrophys. 594,

A13 (2016), arXiv:1502.01589 [astro-ph.CO].
[99] M. H. Abdullah, A. Klypin, and G. Wilson, Astrophys.

J. 901, 90 (2020), arXiv:2002.11907 [astro-ph.CO].
[100] K. Jedamzik, L. Pogosian, and G.-B. Zhao, Commun.

in Phys. 4, 123 (2021), arXiv:2010.04158 [astro-ph.CO].
[101] M. Rashkovetskyi, J. B. Muñoz, D. J. Eisenstein,
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