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Anomalous Josephson effect in planar noncentrosymmetric superconducting devices
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In two-dimensional electron systems with broken inversion and time-reversal symmetries, a Josephson junc-
tion reveals an anomalous response: the supercurrent is nonzero even at zero phase difference between two
superconductors. We consider details of this peculiar phenomenon in the planar double-barrier configurations
of hybrid circuits, where the noncentrosymmetric normal region is described in terms of the paradigmatic
Rashba model of spin-orbit coupling. We analyze this anomalous Josephson effect by means of both the
Ginzburg-Landau formalism and the microscopic Green’s functions approach in the clean limit. The magnitude
of the critical current is calculated for an arbitrary in-plane magnetic field orientation, and anomalous phase
shifts in the Josephson current-phase relation are determined in terms of the parameters of the model in several

limiting cases.
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I. INTRODUCTION

In Josephson junctions (JJ) of conventional s-wave super-
conductors, the supercurrent-phase relation j(¢) is expected
to obey rather general properties that depend neither on the
junction’s geometry nor on the scattering processes taking
place in the junction region, in other words, they apply to
tunnel, ballistic, and diffusive junctions [1]. (i) The first basic
property follows from the 27 periodicity of the superconduct-
ing order parameter, which implies that j(¢) = j(¢ + 27).
(ii)) The second property reflects the fact that changing the
direction of the phase gradient applied across the junction
reverses the direction of the superflow, j(¢) = —j(—¢), and
therefore the supercurrent-phase relation is an odd function.
(iii)) The current must vanish at all integer phases modulo
27, namely, j(2rn) = 0 for n € Z. This condition states an
obvious thermodynamic requirement that a finite supercurrent
is induced only by a nonzero phase gradient, so it vanishes
for ¢ = 0, and then by virtue of periodicity must vanish at
other phases multiple of 2. (iv) The combination of the first
two properties dictates that j(wn) = 0 for n € Z; therefore it
is sufficient to consider j(¢) only in the interval 0 < ¢ < 7.
Additionally, it should be noted that in general, symmetries of
the full Hamiltonian describing a Josephson junction, or their
absence, can be related to the particular features in the pattern
of the supercurrent-phase relation.

The anomalous Josephson effect (AJE), where the above-
formulated properties of the supercurrent-phase relation are
altered, can be realized in superconductors with broken time-
reversal symmetry, leading to spontaneous currents. There
are two kinds of systems where these effects have been
discussed: (i) JJs between magnetic superconductors with
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unconventional pairing symmetry [2-5]; (ii) superconductor-
ferromagnet-superconductor (SFS) junctions and their more
complex hybrids with additional noncollinear ferromagnetic
layers and insulating barriers [6—-11]. In particular, in the
original work of Geshkenbein and Larkin [2] devoted to
JJs based on heavy-fermion superconductors, the following
current-phase relation was predicted:

J(@) = jising + jrcos¢p = jcsin(¢ + o), ey

where j.=,/j?+ j3 is the critical current, and ¢y =
arctan(j/j;) is the anomalous phase shift, whose micro-
scopic form depends on the system under consideration and
specific model assumptions. In general, the current-phase re-
lation is not simply sinusoidal. Indeed, the contribution of
higher-order harmonics may be non-negligible, which is often
the case at temperatures much lower than the critical. There-
fore the generalized form of Eq. (1) can be presented as the
Fourier series,

J(@) = _Ljnsin(ng) + ja, cos(ng)l, ©))

n>1

and contributions with j,, are typically present as long as
time-reversal symmetry is broken.

A different kind of AJE was proposed later in
Refs. [12,13]; see also important preceding works [14,15].
The key insight of those works is that current-phase rela-
tion of the type Eq. (2) can be realized even in junctions
of conventional superconductors when the normal layer be-
tween them is a noncentrosymmetric metal, i.e., with broken
inversion symmetry. As a guiding example, calculations were
presented for a weak link with Rashba-type spin-orbit cou-
pling [16], and Eq. (1) was derived microscopically in the
quasi-one-dimensional geometry. To separate this anomalous
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Josephson effect from that in unconventional JJs, the term “¢
junction” was introduced [12].

In recent years we received compelling experimental veri-
fication of these anomalous Josephson phenomena in various
heterojunctions [17-25]. These devices represent a diverse
class of systems that differ from each other by material com-
ponents, dimensionality, quality of contacts, and purity of
interlayers between superconducting banks, thus reflecting the
prevalence and robustness of the aforementioned effects. The-
oretical studies address a broad spectrum of questions related
but not limited to (i) types of spin-orbit interaction, includ-
ing spin-active interfaces; (ii) effects of impurities; and (iii)
electronic band structure, in particular topological properties.
There are a number of notable theoretical contributions to this
topic, and we can highlight studies of the AJE in quantum dots
[26,27], semiconducting nanowires [28—34], and topological
[35-42] and nontopological systems [43-57] that involve a
combination of unconventional superconductors, topological
surface or edge states, and ferromagnets.

The continuous improvement in the quality of materials,
where the electron mean free path is comparable to or even
may exceed the dimensions of the junction, call for the inves-
tigation of AJE in the clean limit, which thus far has received
very limited theoretical attention. This task is accomplished
in the present work, and the rest of the paper is organized
as follows. In Sec. II we apply Ginzburg-Landau (GL) phe-
nomenology to address the anomalous Josephson effect in
the two-dimensional electron gas (2DEG) with Rashba-type
spin-orbit coupling. Even though the GL formalism has its
limitations, it gives us an opportunity to fully analytically
investigate the field dependence of the critical current and the
phase shift in the two-dimensional geometry. The principal
results of this work are presented in Sec. III, where we de-
velop a microscopic theory of the AJE based on the Gor’kov
equations for two complementary junction geometries. This
analysis expands previous considerations of the AJE that ex-
ploited semiclassical approximations for ballistic (Eilenberger
limit) and diffusive (Usadel limit) systems. In Sec. IV we
provide summary of our findings in comparison to earlier
related works.

II. GINZBURG-LANDAU FORMALISM

To elucidate the unusual properties of the AJE, we start
with the simple Ginzburg-Landau (GL) model before delving
into the microscopic calculation. The geometry that we con-
sider is depicted schematically in Fig. 1 in which a normal
region of two-dimensional electron gas (2DEG) of length L
and width d is flanked by two conventional s-wave super-
conducting banks. Let us consider the situation where the
time reversal symmetry (TRS) in the system is broken by
an in-plane magnetic field 2 and the space inversion sym-
metry in the normal region is broken by the presence of a
Rashba-type spin-orbit coupling (SOC) term [16] given by
afo x p] - n. Here o is the Pauli spin matrix-vector, p is the
particle momentum, n is the unit vector along the direction
of the asymmetric potential gradient, and the parameter «
denotes the strength of the spin-orbit interaction, which has
units of velocity.

R [
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FIG. 1. Geometry of a planar SINIS Josephson junction with
Rashba-type 2DEG as the normal region. The in-plane magnetic field
h is directed arbitrarily in the x — y plane and the vector n is along the
z axis. The total length of the normal region is L and its total width
is d. The complex superconducting order parameter in the leads is
[Yo|e*/? so that ¢ is the total phase difference across the junction.

In the presence of SOC, the GL free energy 2 was derived
by Edelstein [58] (see also related works Refs. [59-62]):

b 1
QW y*) = /dr[a|w|2+ 5|w|“+ . |ay |?
m

h2
—€[n xh]-{Y @) + ¢y @y)} + g}
3

where 1 (r) is the spatially inhomogeneous superconducting
order parameter, h = V x A, where A is the vector potential,
and d = —iV — 2eA is the gauge invariant derivative. Here
and in what follows, we work in the units 7 = kg =c = 1.
This form of the GL functional applies to both clean and dis-
ordered superconductors. The difference is in the dependence
of the expansion coefficients a, b, €, and also the gradient
term, on the strength of spin-orbit «, critical temperature 7,
of a superconductor, and elastic scattering time t induced by
disorder potential. The conventional part of the GL functional,
namely, the first three terms in Eq. (3), weakly depends on the
SOC. In contrast, the coefficient € = L, T.t), with
vr and pp being the Fermi velocity and the Fermi momen-
tum, respectively, depends sensitively on «. The asymptotic
form of the function f; is established for two- and three-
dimensional superconductors in various limiting cases, see
Refs. [58,61,62] for details. Both parameters apr /T, and T.t
can be of the order of unity in materials.

The free energy functional in Eq. (3) must be minimized
with respect to the order parameter v * and the vector potential
A to get the equilibrium GL equations. Therefore, varying (3)
with respect to ¥* and A and setting that variation equal to
zero for arbitrary variations §¢¥* and SA, the two GL equa-
tions are obtained in the form

—azwr) - —Q V(1) + ay (r) + bly (DY (r) =
@

J = 5 @) + U @v)) — deely @ x h)
— e curl[n x {Y(dY)* + ¥*(9y)}], &)
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with the boundary condition

(@ —Q)]-n,=0. (6)

The unit vector n;, is the normal vector at the system bound-
ary. The wave vector Q = 4me[n x h] represents an emergent
scale for this GL theory with Rashba SOC and Zeeman field.
Its presence induces a spatially modulated helical supercon-
ducting phase given by ¥ o /2", We recall that the boundary
conditions [Eq. (6)] on these equations are obtained from the
condition that the surface integrals in the variation §2 are
zero. As a result of this condition, the normal component of
the supercurrent density (5) at the boundary of the supercon-
ductor with vacuum is j - n;, = 0.

This framework was used in the original work [12] to
derive the anomalous Josephson current in a quasi-one-
dimensional geometry with rigid boundary conditions. Below
we extend these results to a full two-dimensional geometry
with an arbitrarily oriented field in the plane of the 2DEG and
also with more general boundary conditions:

1
[@-Q)]-ny = TV (N

Here /; is the extrapolation length to the point outside the
boundary at which the order parameter ¢ would vanish if it
maintained the slope it had at the surface [63]. The value of
l; depends on the nature of the material to which the interface
is made, approaching zero for a magnetic material or in the
case of a high density of defects in the interface (Dirichlet
boundary condition), and infinity for an insulator or vacuum
(Neumann boundary condition), with normal metals lying in
between.

To calculate the Josephson current in the geometry of
Fig. 1, we can neglect the orbital effect of the field. We can
also neglect the nonlinear term proportional to b in Eq. (4).
The solution for v (x, y) can be written as the series

¥ =) (A" + Be ) coslga(y +d/2)l, (8)

where
g =mn/d, &' =, [4ma— Q>+ ¢, ©)
with Q = /Q? + Q} = 4me [hi + hi = 4meh. The expan-

sion coefficients A, and B, are easily calculated by using
appropriate boundary conditions from Eq. (7) for the two SN

interfaces,
0
<_1/f —iQy 1//>

where, in the superconducting banks to the left and right
sides of the normal region, Y (x < —%,y) = |w0|e+’% and
v(x > L, y) = [Yole~™s. In this solution we require 4ma >

Q?, because the smallest value of |n| = 0. This is equivalent
to the condition Q& < 1, which means that the length scale
characterized by the inverse of the wave vector Q must be

greater than the superconducting coherence length & =,/ ﬁ.

1 .
= il—|¢0|€y%, (10)
t

L
=+3

FIG. 2. Normalized critical current density, j.(Q,)/j.(0), is plot-
ted as a function of the Zeeman field, Q, o h,, for several different
values of the sample width d, which is measured in the units of the
superconducting coherence length £ and for a fixed ratio L/§ = 5.

Equation (5) can now be used to find the current density:

0 o™ N
jx<y>=§<w*—‘”—w w> €0
mi

™ ™ . an

Since the current density is inhomogeneous, we are interested
in a current density averaged over the sample width d:

d) = —1 " dy = — E - A, — A
j = .x = - B; n ZB,, .

12)

This can be simplified to get the form of the anomalous
Josephson effect in the ¢y junction

J(@) = je(Qy) sin( + ¢o). 13)

In this model, the critical current density j. and the anomalous
phase shift ¢ are given by

Je(Qy) _ sin’(Q,d/2)
Je(0) (Q,d/2)
n Z 4(Qyd)*[1 — (1) CO;(Q\d)] &, sinh(L/&o)
p dez 2) &y sinh(L/&,)
(14)
and
¢o = QL = 4meh,L, (15)

where £, is given by Eq. (9). From Egs. (14) and (15) we
note that the Zeeman field & has dual effect: parallel to the SN
boundary component, Q, o hy, defines the anomalous phase
shift ¢y, while the perpendicular to the SN interface com-
ponent, Q, o h,, governs the current density j. modulation,
see Fig. 2 for the illustration. These results can be further
generalized to superconducting leads with Rashba coupling
and Zeeman field. In that case, the vector Q in the final
expressions should be replaced by the difference between the
corresponding vectors @ in the superconducting and normal
parts.
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The anomalous phase shift matches with the earlier re-
sult of Ref. [12]. The critical current can be also recovered
if we single out the n = 0 contribution from the sum over
n € Z in Eq. (14), take the d — 0 limit, and consider the

rigid boundary conditions, i.e., ¥ (x = —%, y) = |¢o|e+’% and

Y=L y) = [gole’.

III. MICROSCOPIC APPROACH

In the context of various possible Josephson microconstric-
tions, the example considered in the previous section cor-
responds to the case of SINIS junctions, where “I” denotes
an insulating tunnel barrier. The microscopic calculations of
supercurrent-phase relations in such devices were originally
carried out in several important works. In Ref. [64] a tun-
neling Hamiltonian was used, and the critical current was
calculated for the diffusive limit of transport. In Ref. [65]
boundary conditions were derived in the semiclassical limit,
and applications to the Josephson effect were given based on
the solution of Usadel equations. In Ref. [66], the general so-
lution for ballistic electronic transport through double-barrier
junctions was elaborated in the phase-coherent limit (see
also review Ref. [1] and additional references therein that
expand on the topic). Following these works, we consider
below planar SINIS junctions in a particular model of ex-
tended tunnel barriers with the focus on the anomalous phase
shifts.

A. Model Hamiltonian

The total Hamiltonian for the SINIS system under consid-
eration consists of three main parts:

H = Hs+ Hy + Vr. (16)

Here Hs = H, + Hg represents left-(L) and right-(R) con-
ventional s-wave superconducting electrodes described within
the BCS model with equal pairing gaps A; = |Ale/® and
Ag = |Ale®r, and overall phase difference ¢ = ¢; — ¢r [63].

The Hamiltonian of the normal layer, Hy, describes a two-
dimensional metal in the presence of a Zeeman field and with
a Rashba term:

A=Y [ drvf, o vy, a7
with
. P
hyor = — 8o +a[pxn]l-0+h-o. (18)
2m

This is exactly the same model as used in Sec. II that led to
an effective GL-free energy in Eq. (3). In accordance with the
usual convention, \IJ;,{, and Wy, in Eq. (17) describe electron
creation and annihilation field operators, and o is the spin
index. For the geometry of Fig. 1 with the z axis normal
to the plane of the metal, the unit vector » has only a z
component. Therefore if we consider a Zeeman field in the
xy plane, b = (hcos ¢, hsin ¢, 0), the single-particle operator
h in Eq. (18) can be written as the following matrix:

R Py p_f ap, +iap he™i®

h = 2m 2m Dy lOle + € . (19)

apy — iop, + he p‘ + 52 it

2m

The coupling between the electrodes and the normal region
is described by the tunneling part of the Hamiltonian. For the
model of an extended tunnel junction that is translationally
invariant along y we have

Vr = Xy + Xvg + XEN + X;IR (20)

with [67]

fin =13 / dr VL )3 - ). 1)

XNR —th drbz

The integrals are taken along the junction interfaces, and r,
is normal to the boundary. The normal derivatives have to be
understood as being taken from the side where the correspond-
ing function is defined. In momentum space, tunnel matrix
elements have the form #y o< tkok;8(k, — k;) In the normal

state, the tunnel conductance is given by g = 2% m?e*t? p3 Sa,
where S, is the total area of the interface. A snnllar model
without the normal derivatives would imply longitudinal
momentum independent tunneling matrix elements. The ra-
tionale for the extended model is discussed extensively in
Ref. [67].

In the calculations below, we work in perturbation theory
with respect to the Zeeman field and strength of spin-
orbit interaction as compared to the Fermi energy, namely,
{h, apr} < €. In particular, this enables us to neglect the
effect of the field on the suppression of the order parameter
in the leads. For the hierarchy of relevant length scales we ex-
plore various relations between the thermal length I = vg /T,
the superconducting coherence length &, the spin-orbit length
I, = 1/ma, and the distance L between the tunnel contacts.

a
"IJR(r (rp2). (21Db)

Ng (rbZ)

B. Josephson current

The operator of the current flowing from L to R is given by
a commutator through the equation of motion,

Ik = eﬁL = ie[Vr, N.], (22)

where N is the operator of the electron number in the left
lead. Therefore, [, g = —ie()?LN — }?LTN), and consequently,
the thermal average for the expectation value of the tunneling
current can be written as follows:

(fLr) = I—g = 2eIm(Xyy). (23)

To calculate this average, we use the interaction picture repre-
sentation [64]

Tr[ Ry ve PH—1Ngy
I g = 2¢Im r[Xive S 1(,3)], 24)
Tr{e=AHo=1N)Lf; ()}

where Hj denotes the system Hamiltonian without the tun-
neling part, and Z/Al](,B) = T.exp[— foﬁ VT(r)dt], where T,
denotes time-ordering in imaginary time.
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In the expression of Eq. (24), the first nonvanishing contribution to the current appears in fourth order in the tunneling matrix
element ¢. We thus expand the exponential in powers of V; and determine that the following combinations of X’s and X '’s

contribute to the current:

B
I gp=1=—e Im[/ dT1d1’2d1’3<TrXNR(Tl)XNR(Tz)XLN(T3)XLN(O)):|~ (25)

0

At this point we apply Wick’s theorem to contract field operators and express them in terms of the normal and anomalous

Gor’kov Green’s functions [68]: G,/ (r, 7', T — 1') = — (T VY, (r, t)\IJT >, 1)),

aa(r r,t—1) = (T ¥, (r, 1)V (', '),

and F:a,(r, r,t—1t)= (T, \Il; (r, r)\IJ;/(r’, 7’)). Further, passing to the Fourier transform in terms of Matsubara frequencies

we obtain

a
=21 Y [ [ arari annar,
b2

iw, 01,02

2 / . 2 /
0°Fy, o, (12, Fios iwy) 0 G—(Tl,—o'z(rbl’ l‘/bz,

2t / . 2 .
Ffo'l,a] (rb]1 Ip1, lwl’l) a G(Il,(fz(rbl » b2, lwn)

0x70x1

8x1 3)62

0x20x)

This expression can be further simplified in our geometry.
First, we introduce a more condensed notation for the Green’s
functions, i.e., F(r,r',t) = —F; | (r,r,t) = F 4, r, —1),
and similarly, Fi@r,r,v) = —FﬁT(r, r,t)= F{i(r’, r, 7).
Second, we take a partial momentum Fourier transform along
the direction parallel to the surface of the tunnel boundary. For
example, withr, = (x,ry) and r), = (x', r”)

Gx, X ky, iw,) = / d(ry —r)e MTTVGE, ¥, iw,).
27
As a result, in the mixed position-momentum representation,
Eq. (26) for the current density j(¢) = I/S, through the inter-
face with the area S; reduces to

L L
j(p) = —2et* Im[T / P< k ,la)n)
; i 2 2 Il
% 82F(2, 2,kH,lCl)n) 82F ( 5 %,k”,ia)n)
xox’ 8x8x/ ’

(28)

where the kernel function under the integral is defined by

9°Gt, 0°G-, _, 0°Gl_, 9°G_,, 5

- axdx’  9xox’ axdx’  oxox | (29)
Here we used a short-hand notation Gfa, =
Gy o (— 2, 2, +k, £iw,). We note that a similar formula

for the supercurrent appeared in Ref. [56]. The differences
are (i) the model for tunnel barriers, and (ii) effects of
SOC were then studied numerically. Equation (28) has a
transparent diagrammatic representation, which is depicted
in Fig. 3. Therefore the problem of finding the current-phase
relation and an anomalous phase shift is reduced to deriving
P(— 2, 2,k“, iwy,). This defines our next task, which is the
determination of the Green’s function in the normal region.

C. Green’s functions

For the planar 2D geometry, with the identification of k; —
ky, the Green’s function in the normal layer satisfies the matrix

/ /
0x;0x5

i )} . (26)

(

differential equation,

i, — 18 B _ po—it
< iw, — & —;— 2 927 aky —al hgz ) &
—aky + oy — he'® iy — &+ 357

= Is(x—x), (30)

where &, = kf, /2m — g, I is the 2 x 2 identity matrix, and

the 2 x 2 Green’s function matrix G in the spin space is given
by

G = <GM(x X', ky, iwy)

Gy (x, X', ky, iwy)
Gy (x, X', ky, iwy) ) G

G¢L(xv -x/7 k , ia)n)

The rigid boundary conditions are of the form

L L
Goo' | £=, X, ky, i, | = Gyor | x, 2=, ky, iw, | = 0. (32)
2 Y 27

For the finite-size system with —% < {x,x'} < L, the general
solution can be written down as a series expansmn in eigen-
functions

G(x, x', ky, iw,)

X, Gy e D MWL) when  x < X/ (33)
I DR Cf ,ew‘ L/)=N&+L/2)  when x> x.
S 1 N 1 o)

i ¢ &i
Aei¢L Ae ipr

Fz Fr

y D G Va

f vy N tA

T L

FIG. 3. Diagram representing the leading order in tunneling
contribution to the Josephson current j(¢) of an SINIS junction.
Superconducting leads marked by S are assumed to have equal gaps
A but different phases ¢ = ¢, — ¢g. Tunneling events at the insu-
lating interfaces I are marked by 7. G and F represent normal and
anomalous Green’s functions.
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Here each term satisfies Eq. (30) at x # x’, when its right-
hand side is zero. Therefore, A and A’ are the solutions of the
characteristic equation,

det® =0 (34)

Az — 2m(e, — iwy)

== <2mo¢(k — ky) — 2mhe®

—2ma(h + ky) — 2mhe™%
22— 2m(e, — iw,) ’

(35)

We first solve this equation exactly at 7 = 0. The solutions
come in pairs +A; and £A,, where we have chosen Rei, > 0
fory =1, 2:

A= —(ko — yma)’ +k;. (36)

Here we use the notation y = 1,2 when y is a subscript
and y =+ when y is a factor (i.e., we use y = 4+ for
y =1 and y =— for y =2). Above we have also de-
fined k3 = k2 + 2imw, with Rekg > 0, k2 = k2 + m*a?
and kr = /2merp being the Fermi momentum in the absence
of spin-orbit coupling. We then find linear in magnetic field
corrections. Labeling the solutions of Eq. (34) with the nota-
tion A,,, where y = 1,2 and 0 = 4, we obtain
N N imh, mkyh,
yo =0 V—H/k_o—HmW'
We further concentrate on the effect of 4, exclusively and put
hy = 0. From the example considered within GL approach
we saw that the impact of finite &, is to suppress the critical
current.

Using the eigenvalues A,,, the boundary conditions (32),
and the constraint imposed on the derivatives of the Green’s
function at x = x’, which is obtained by integrating Eq. (30)
and using the continuity of G, we can solve for the Green’s
function analytically. For the calculation of the Josephson
current, we will need the following derivative of the Green’s
function matrix in spin space:

P6(-4. b by ion)
dx0x’

37)

_ A4mkgy R(ky, iw,)

" D(ky, iw,) \—Q(—ky, iw,)
In the limit L > Iy a simplified form of these functions can
be taken:

O(ky, iwy)
Rik,. iwn)>' (%)

D = (MAy — ky — k§ + m*a?) et (39a)
R=—Xy(ky — ma)ef — A (ko + ma )P, (39b)
0 = o + kel — (ko + ke, (39¢)

with the notation B,, = A,,L. The general analytical
expressions for D(ky, iw,), R(ky,iw,), and Q(k,, iw,) are
cumbersome and thus not presented here for brevity.

D. Anomalous phase shift

We explore Eq. (28) in several limiting cases that can be
arranged in terms of relations between length or equivalently,
energy scales. One tractable limit corresponds to the situation
of a weak SOC and a high temperature, when Iy, > L > I7.

FIG. 4. Two complimentary geometries of the planar SINIS de-
vices: the left panel shows confined two-dimensional geometry, and
the right panel shows the extended geometry. Tunnel barriers are
marked by shaded regions.

An integration of the analytical expressions in Eq. (28) leads
to the supercurrent density of the form

2h,L o . (2h,L
+ — cos(¢p) sin )
F VF Vfr

i) = jo[Sin(¢)COS< U’"

(40)
which can be rewritten as Eq. (1) with the phase shift
o 2h,L 20thy L
¢o = arctan | — tan - N —, (41)
Vr Y2 Vg

provided that o <« v and Ay, < vp /L. The amplitude of the

current scales as jy o %e‘L/[T, and such an exponential

falloff is characteristic for the high-temperature regime [64].
At lower temperatures, T < vg/L < A, we find parametri-
cally the same phase shift, which differs from the expression
above only by a numerical factor. However, the temperature
dependence of the critical current changes significantly and
scales logarithmically with the system size jo o In(vg/LT).
This result, however, does not hold in the limit of 7 — 0.
The reason is that our oversimplified treatment of the tunnel-
ing at SIN boundaries misses the proximity-induced spectral
gap E,(¢) in the normal region. When temperature becomes
smaller than the so-galled minigap, T < E, the logarithmic
dependence is cut off. Furthermore, as the gap depends on
the phase across the junction, Eg o cos(¢/2), this leads to
a nonsinusoidal skewed current-phase relation near the gap
closure ¢ ~ m, namely, jo sin(¢)ln[g(/(f) | cos(¢p/2)]], see
Refs. [69-71]. These considerations suggest that unlike the
critical current, phase shift has weak temperature dependence,
although due to the limitations of the model we can’t access
the temperature regime below the minigap to make a definitive
statement in that limit.

Earlier works [54,55] demonstrated that a linear scaling of
¢o with the strength of the spin-orbit coupling and system size
at weak fields is not robust. It was shown that ¢ is extremely
sensitive to the boundary conditions in comparison to the
sensitivity to the type of scattering in the bulk of the normal
layer. Indeed, for transparent interfaces one finds ¢ oc L*.
This lead us to consider an alternative version of the model
that in-part mimics an extended (rather than rigid) system. For
that purpose we took an SINIS junction in which the size of
the normal layer in x direction is much larger than the distance
L between the two tunnel barriers, i.e., the superconducting
leads and the normal parts are in different planes, and the
tunneling occurs between those planes, see Fig. 4 for the illus-
tration. In this setting, the Green’s function is translationally
invariant, G, , (x — x', ky, iw,), which simplifies analytical
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calculations. The expression for the current can be derived for
this geometry, and it takes a form similar to Eq. (28), albeit
with the different kernel function under the integral, namely,

L L
j(¢)o<1m[TZ/ P<—5,§,ky,iwn)
iw, k-“

L L . . L L .
x F| =, =, ky,iw, |F'| ==, ==, ky, iw, | |,
22 2 2 -

(42)

where P = Tr[UyGJrayGi], with the notation Gi =
G(—L/2,L)2, *+k,, Xiw,) and with the superscript T
denoting matrix transposition. For simplicity, we took
the tunnel matrix elements to be independent of k,. In this
spatially extended model, we derived the following result for
the anomalous phase shift in the current-phase relation,

hy[ L 1
EF

¢o =

lso k[27 lT lso

bl 2Ly 43)
——|1—- J————cos| — ,
2L 1422 "\,

which is applicable in the long junction limit, L > Iy, and
Y ~ Iy /1. This expression enables us to consider additional
limiting cases. If [;, < Iy < L or wkp > T, the first contribu-
tion in Eq. (43) is clearly dominant and we again recover the
conventional results ¢y ~ oh,L/ v%. If instead I < [, K L,
the quartic-root term is of the order ~1 but the prefactor
is still suppressed, and again we find the standard relation
¢o o< L. Lastly, in the limit I7 <« L < [, the root term is still
of order unity, but the cosine term should be treated carefully
and expanded up to the fourth order to recover the leading
behavior, where we find

2 2 ah,L
Bo ~ §<kFL>2<1) (“5 ) 44)

Vf Vr

Interestingly, this reproduces the behavior known from the
context of ballistic junctions with transparent interfaces [55].
To generalize these results beyond the perturbation theory in
the Zeeman field, and in a broader range of parameters, one
has to rely on the numerical solution. In Fig. 5 we sketch
the characteristic dependence of the anomalous phase shift
at higher fields and at different spin-orbit to Fermi velocity
ratios.

IV. SUMMARY AND DISCUSSION

In this work we have studied planar SINIS Josephson
junctions using both phenomenological Ginzburg-Landau and
microscopic Green’s function formalisms in the clean limit.
To describe the normal layer, we took the model of a two-
dimensional electron gas with the Rashba spin-orbit coupling
and included an in-plane Zeeman field directed at an arbitrary
angle with respect to the SN interfaces. Two complimentary
device geometries were analyzed as depicted in Fig. 4. We
have shown that the supercurrent-phase relation in these sys-
tems acquires an additional anomalous phase shift ¢y whose
magnitude can be continuously tuned by the field component

L ——10.5
—— 0.1

0.5; 4h

1 2 3 4

FIG. 5. Dependence of the anomalous phase shift ¢y on the
strength of the Zeeman field and the length of the junction plotted for
two different ratios of spin-orbit to Fermi velocities o /vr = 0.1, 0.5.

directed along the interface, whereas the component along the
junction modulates the magnitude of the current. The main
results of this work are expressions of the current density
derived in the GL formalism Eq. (14), a formula for the
Josephson current in the Rashba model Eq. (28), and ex-
tracted asymptotic expressions of the anomalous phase shifts
Egs. (41) and (43) that describe the crossover regimes in the
field strength and system size as compared to other relevant
length scales in the problem.

As our calculations are limited to the clean limit, we find
it useful to contrast our findings with the complementary
results obtained in the opposite disordered limit. This gives a
broader perspective on the problem and helps us to place our
study in the context of existing earlier works. We limit such
comparative analysis only to the case of the Rashba model
of SINIS devices as other systems may introduce additional
features not discussed in our work. From Ref. [54] we deduce
that in the disordered limit and at temperatures 7 > A(T), the
anomalous phase shift takes the form

2
Kj, krL
~ 2 tanh(e,L)| —TE 1. 45
0% 5z tanhlk )[tanh(KTL) } 43)

Here k;, = «/2h/D, k7 = /27T /D, k4 = ta’m?/4, with T
being the elastic scattering time on the quenched short-range
disorder potential and D = v77/2 being the corresponding
diffusion constant. The plus/minus sign in Eq. (45) describes
different boundary conditions: plus stands for tunnel barriers
while minus for transparent interfaces. Equation (45) shows
that for long junctions, k7L > 1, the result for ¢ is the same
in both cases. This limit is simultaneously compatible with the
condition x,L < 1, and therefore the phase shift has an un-
usual length dependence, ¢ ~ (ahL/v2)/Ir JI(LL/12) o L?,
where | = vpt is the elastic mean free path. In contrast, for
short junctions, k7L < 1, the situation is different. In the case
of tunnel barriers, one finds ¢ ~ (ahL/v%)(llT/lfo) o« L. In-
stead, for transparent interfaces, one recovers the same result
as in the clean limit Eq. (44), as parameters of the disorder
surprisingly cancel out. The physical picture behind this co-
incidental result is not immediately obvious. The result only
suggests that in short junctions boundary conditions play a
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decisive role, and a finite barrier resistance of the SN contacts
enhances the value of ¢y.
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