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Abstract

Weakly interacting quasiparticles play a central role in the low-energy de-
scription of many phases of quantum matter. At higher energies, however,
quasiparticles cease to be well defined in generic many-body systems owing
to a proliferation of decay channels. In this review, we discuss the phe-
nomenon of quantum many-body scars, which can give rise to certain species
of stable quasiparticles throughout the energy spectrum. This goes along
with a set of unusual nonequilibrium phenomena including many-body re-
vivals and nonthermal stationary states. We provide a pedagogical exposition
of this physics via a simple yet comprehensive example, that of a spin-1 XY
model. We place our discussion in the broader context of symmetry-based
constructions of many-body scar states, projector embeddings, and Hilbert
space fragmentation. We conclude with a summary of experimental progress
and theoretical puzzles.
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1. INTRODUCTION

Interacting quantum matter can exhibit excitations—e.g., phonons in solids or magnons in
magnets—that involve the collective motion of many particles and yet, remarkably, act like a single
emergent entity. Such objects are dubbed quasiparticles. The emergence of long-lived quasipar-
ticles in very different types of condensed matter systems is so commonplace that one barely
registers just how remarkable a phenomenon it is.

There are various well-established mechanisms for stabilizing quasiparticles at low energies as
encoded, for instance, in Goldstone’s theorem for broken continuous symmetries, or in Ginzburg’s
kinematic argument for long-lived quasielectrons and quasiholes in Fermi liquids (1-3). In con-
trast, stabilizing quasiparticles at higher energies is a different issue altogether. It is commonly
believed that quasiparticles become unstable when they encounter the continuum of many-particle
excited states at high energies and decay swiftly when kinematically permitted.

The existence of long-lived quasiparticles at energies well above the single-quasiparticle band-
width should therefore register surprise. In fact, there exist various routes toward stabilizing
quasiparticles beyond the low-energy limit. Perhaps the most straightforward of these arises in
the case of noninteracting particles, where long lifetimes arise owing to the complete absence of
decay processes. This comprises rather important phenomena such as Anderson localization as
well as any noninteracting—e.g., topological—band structures, and includes spin systems related
to such models via Jordan—-Wigner transformations. More elaborate are interacting integrable
models, such as low-dimensional models soluble by the Bethe ansatz (4-7), where particles scatter
without decaying. The presence of certain symmetries can also guarantee the existence of infinitely
long-lived quasiparticles, as in the n-pairing eigenstates of the Fermi—-Hubbard model (8). Fur-
thermore, sufficiently strong interactions may actually impede, rather than promote, quasiparticle
decay in certain energy windows (9-11).

The subject of this review concerns a new mechanism for obtaining stable quasiparticles in
interacting systems, which goes under the heading of “quantum many-body scars.” This term
was coined in Reference 12 by analogy to the phenomenon of wave function scarring in single-
particle quantum mechanical systems arising from the quantization of a corresponding classical
model (13). In such systems, quantum mechanical wave functions exhibit regions of enhanced
probability, called scars, concentrated around unstable periodic trajectories of the classical system.
The analogy posited in Reference 12 defines quantum many-body scars as the existence of special
highly-excited eigenstates with atypically large weights on certain simple many-body states. The
dynamics of the many-body system, when prepared in one of these simple states, becomes strongly
nonthermal. For example, the system can exhibit finite-time revivals of the many-body wave
function, which generically occurs only at astronomically long times (associated with Poincaré
recurrence) in nonintegrable systems (14). Although a variety of mechanisms for quantum many-
body scars have been proposed, a ubiquitous one is the emergence of a small subset of stable
quasiparticles, out of which special many-particle states throughout the many-body spectrum can
be constructed (15-29). In idealized models, such quasiparticles have infinite lifetime, in contrast
to the naive expectation outlined above.

These phenomena represent a deviation from the expected behavior of generic (i.e., interact-
ing, nonintegrable) quantum many-body systems. The coherent quantum many-body dynamics
of such systems has been the subject of a separate thread of investigation of much current interest.
Noucleated by experimental developments—e.g., the advent of analog and digital quantum simu-
lation platforms with low levels of environmental decoherence (30-33)—one important question
has been the connection between microscopic quantum theory and macroscopic thermodynam-
ics (34, 35). The eigenstate thermalization hypothesis (ETH; 36-39) is a central concept in this
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context. It states that an eigenstate, |o), of a many-body Hamiltonian, H|a) = E,|«), exhibits the
same properties as the appropriate Gibbs ensemble at the energy density ¢, = E,/V to leading
order in the volume V of the system. For example, for any few-body operator O, the eigenstate ex-
pectation value («|O|a) is a smooth function of ¢,. Similarly, if one partitions the system into two
subregions 4 and B and calculates the reduced density matrix p4 = trp |a) (o[, the entanglement
entropy Sy = —tr(p4 In p4) scales extensively with the volume of 4 at any finite temperature with
the coefficient set by the thermal entropy density at the energy density ¢,. In other words, the
exponentially large amount of microscopic information encoded in the coefficients of the wave
function on Hilbert space appears to be largely superfluous when determining thermodynamic
observables.

A many-body eigenstate in which expectation values of few-body observables differ from the
thermodynamic values is thus at odds with eigenstate thermalization. In the aforementioned ex-
amples of noninteracting and interacting integrable systems, the ETH as stated above does not
apply and must be generalized to account for an extensive number of additional conserved quan-
tities (40). It is believed that the addition of a generic local perturbation of finite strength destroys
the special features associated with integrability and gives way to conventional thermalizing be-
havior (41-45). The one generic exception to the ETH is believed to be provided by many-body
localization (MBL) in strongly disordered yet interacting systems (46, 47), in which extensively
many local conserved degrees of freedom preclude thermalization (48-50). However, the existence
of such stable emergent integrability is still being debated (51-56).

Unlike systems with explicit or emergent integrability, systems with quantum many-body scars
exhibit features that contrast with the ETH, but only in a fraction of (excited) states that vanish in
the thermodynamic limit. The vast majority of eigenstates instead look thermal. The nonthermal
features may be broadly classified into the following three categories:

1. the existence of certain species of infinitely long-lived quasiparticles,

2. persistent many-body revivals at finite times in the dynamics, and

3. nonthermal stationary states (e.g., eigenstates or late-time states under time evolution) that
have atypically low (i.e., subthermal) entanglement and large weights on certain simple
states.

All of these features signal an absence of thermalization, touching on different aspects of the
phenomenon. We reiterate that these nonthermal features are found in special states sprinkled
throughout the many-body spectrum—i.e., at all temperatures, including infinite temperature—
and these special states coexist with typical thermal states at the same energy densities. The
nomenclature of scarring has variously been used in the literature to signify the presence of any
one of the above categories or of all three at the same time. In this review, we discuss quantum
many-body scars from a quasiparticle perspective, and draw comparisons and contrasts with other
perspectives on scarring and related phenomena. Two other recent reviews on quantum many-
body scars provide complementary perspectives to this one. The first, Reference 57, highlights
the connections to classical periodic orbits using semiclassics, whereas the second, Reference 58,
presents various exact results and matrix product state-based understanding.

The remainder of this review is organized as follows: For pedagogical simplicity and clar-
ity, we introduce quantum many-body scars in Section 2.1 via a particularly simple model that
exhibits the above nonthermal categories 1-3 in a physically transparent way. We then discuss
quasiparticle-based many-body scarring more generally, focusing on a descriptive formalism in
Section 2.2 and constructive principles for building models with scars in Section 2.3. In Section 3,
we explore other perspectives on scarring with the same emphasis on descriptive and constructive
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approaches. Finally, in Section 4, we describe experimental observations of quantum many-body
scars in various systems. We especially focus on the original experimental observation of scarring
in a Rydberg system presented in Reference 59 and highlight theoretical attempts to explain this
experiment via studies of the so-called PXP model and its deformations; again, we focus on various
manifestations of quasiparticles in these different accounts.

2. QUANTUM SCARS FROM STABLE QUASIPARTICLES
2.1. An Illustrative Solvable Example

In this section, we show how the three phenomena characteristic of quantum scarring emerge in a
simple model, the spin-1 XY model. We focus on this model for pedagogical clarity but note that
the phenomenon of quasiparticles emerging at finite energy density in a nonintegrable model was
first predicted in References 15 and 16 for the Affleck—Kennedy—Lieb—Tasaki (AKLT) chain (60).

We follow the approach in Reference 17 and discuss a one-dimensional version of the model to
simplify the presentation. However, many of the properties hold on the d-dimensional hypercubic
lattice or indeed any bipartite graph. The model is given by

H=JHxy +5hS5

=T (SESE, + SIS ) +h Z s

where 7 =1,..., L labels lattice sites. The operators S (¢ = «, y, z) are spin-1 operators, and we
choose a local basis |+,), |0,) whose eigenvalues under S? are +1 and 0, respectively. The model in
Equation 1 is nonintegrable, even in one dimension, and therefore is expected to obey the ETH
upon resolving all microscopic symmetries. This can be shown numerically by computing, e.g.,
the statistics of spacings between neighboring energy levels (61; see Figure 1a). Nevertheless,
the model supports a tower of exact many-body eigenstates with a simple structure and atypical
properties relative to other eigenstates at the same energy density. These scarred eigenstates have
an appealing interpretation in terms of many-particle states of bimagnon quasiparticles (i.e., bound
states of two magnons), whose scattering and decay are inhibited by a destructive interference
effect that is absent for other quasiparticle types, e.g., single magnons.

2.1.1. Exact (nonscarred) eigenstates dictated by symmetry. The model in Equation 1 has
two bands of exact single-magnon states in its spectrum owing to a symmetry. To see this, note
that the polarized states |Q2) = ®7L,:1 |—,) and |Q) = ®f:1 |+,) are annihilated by Hyy. Single-
magnon states can be built atop these polarized states using the spin raising and lowering operators
SE=84iS:

|+, k) = M SHIQ), 2a.

le

= k) = ¢Sy 1) 2b.

le

where k= ZXp (p=0,...,L — 1). These single-magnon states have energies E1 ; = Fh(L — 1) +
2J cos k. Their existence is guaranteed by the U(1) symmetry [H, $°] = 0, and by translation in-
variance. Indeed, the polarized states |2) and |Q’) must be eigenstates of H because they are
the unique states with $* = £L. There are 2L spin configurations with $* = £(L — 1); trans-
lation invariance organizes these states into the single-magnon plane waves of Equation 2, and
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Figure 1

Scars in the spin-1 XY model. (#) Distribution P(s) of nearest-neighbor energy level spacings s for the model defined in Equation 1 in
the presence of third-neighbor hopping terms (Equation 17). The energy-level spacings follow a Wigner—Dyson distribution (b/ze
curve), a strong indicator of nonintegrability. (b)) Low-energy spectrum of the spin-1 XY model as a function of momentum %, with

L = 10 and parameters chosen such that the polarized state |2) is the ground state. The scar states |S,) for = 0,1, and 2 are marked
with empty red circles, whereas the single-magnon states described in Section 2.1.1 are marked with filled red circles. Red crosses
denote the energy expectation values of single bimagnon states for different values of k; only the one with # = 7 is an exact eigenstate.
(¢) Half-chain entanglement entropy S, as a function of energy in the zero-magnetization sector for a chain with L = 10 sites. The scar
state in the zero magnetization sector is circled in red, and the inset demonstrates that the entanglement entropy of this state scales
logarithmically with L. The entanglement entropies of the scar states in other magnetization sectors are denoted by red points. The
dashed line denotes the value of the entanglement entropy for a random state, which obeys volume-law scaling (see 62). (d) Dynamics of
the Loschmidt echo, Equation 14, for the initial state, Equation 15 (b/ue), and L = 8. The dynamics for two other initial product states
(green, red) are shown for comparison. Panels #, ¢, and d adapted from Reference 17.

Figure 15 plots the low-energy spectrum of Equation 1 with an added third-neighbor exchange
term (see Equation 17) as a function of quasimomentum k, with parameters chosen such that
the fully polarized state |€2) is the ground state. The exact single-magnon eigenstates |&, Q) with
k=0,...,m are also represented.

Symmetry alone is not sufficient to guarantee the existence of eigenstates with more than one
magnon. Indeed, one readily finds that inserting additional magnons via multiple application of
the operators Sf = Y ¢*"S* does not yield exact eigenstates. (This can be seen, e.g., by calculating
the energy variance of these multimagnon states.) Physically, this arises because multimagnon
states are unstable to interaction effects (i.e., scattering processes) that open up various decay
channels. Thus, other effects must conspire to stabilize eigenstates with additional quasiparticles.
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2.1.2. Bimagnon tower of scar states. We now show that Equation 1 admits a tower of exact
bimagnon states,

|87z> = N(”)(J+)n €2), 3.
where n = ,L, Nn) = /& ,L. ensures normalization, and
| L
iTr Q)2
F:§Z€ S5 4.

r=1

The operator J* inserts a bimagnon with momentum 7 into the vacuum |2). The lowest-lying
bimagnon state |S;) is marked at # = 7 in Figure 15, as are the polarized state |Sp) = |€2) and
the state |S,). Single-bimagnon states at other momenta can also be constructed, and their energy
expectation values are marked in the same figure. However, these single-bimagnon states are not
generically eigenstates for £ # 7.

The infinite lifetime of bimagnon excitations at momentum 7 can be understood relatively
simply. Consider the one-bimagnon state, which we rewrite as

L
1) o Y (=1) | = =), 5.
r=1

where we suppress the site indices away from site 7 for compactness. Observe that the local XY
exchange term 5Y), | = SISt 4 S)S) | acts as

r7+1 | > I 7+1 |++> - 0 63_.

I7+1 |+ ) ; ;+1 | ) |00) . 6b

Equation 6b indicates that the XY exchange term dissociates the bimagnon excitation into two
magnons. From Equation 6, we deduce that 4}, | annihilates |S)) for all :

BXY IS o b e =) = B | = L) =0, 7.

This annihilation results from the destructive interference of the bimagnon dissociation pro-
cesses |[+—) — 00) and |—+) — |00), which arises owing to the alternating sign ¢ = (—1)" in
Equation 5. In fact, the above calculation can be applied to show that bM 1118, = 0 for all n.
Every spin configuration |L) ® |[+—) ® |R) in |S,) has a partner configuration |L) ® |—+) ® |R)
appearing with the opposite sign due to the fact that all of the bimagnons have momentum 7.
We therefore conclude that Hxy |S,) = 0, so that |S,) are eigenstates of Equation 1 with energy
E, = b(2n — L) set by the magnetic field.

An important feature of the states |S,) is that they form a spin-L/2 representation of an SU(2)
algebra generated by the raising and lowering operators J*:

U, J] =25, [F,J] = £, 8.

where J* = %ZL[ Sz = 18:. Note that the states |S,) are eigenstates of J, which is propor-
tional to the magnetization operator S* that couples to the magnetic field. Using the definition
Equation 3 of the scar states, one can show that

B(ﬁr +H.e) + (ﬁ)z] 1S,y = (G + 1) 1Sa) 9a.
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and

F1S) =i+ 1) = mm £ 1D)1S,01), 9.

where j = L/2 and m = n — L/2. The expressions in Equation 9 enable simple calculations of the
expectation values of certain operators.

As might be anticipated from their simple structure (see Equation 3) and physical interpre-
tation, the eigenstates |S,) exhibit properties that are atypical of eigenstates nearby in energy. In
particular, we should compare an eigenstate |S,) with #/L finite as L — oo to expectations based on
the ETH, which governs typical eigenstates at the same energy density. One property that clearly
demonstrates that the ETH does not hold in these eigenstates is the presence of off-diagonal
long-range order (63), as witnessed by the correlation function

2n — L)? 1
LSS = [1 - “Liz)] +O<Z>‘ 10.

This result is obtained by direct application of Equation 9. Notice that, unless » = 0 or L, the
right-hand side of the above equation is finite in the thermodynamic limit. This means that the
scarred eigenstates |S,) contain long-range connected correlations (note that (S,JE1S,) = 0). In
contrast, for a generic eigenstate in the middle of the energy spectrum, the expected value of this
correlation function based on ETH is given by the infinite-temperature average,

1 4 4

ﬁtr (LTJ J+> = i, 11.
which vanishes as L — oo. Another atypical feature of the eigenstates |S,) is their entanglement
entropy, which can be evaluated analytically using simple combinatorics (see Reference 17). The

scaling with L of the entanglement entropy of the state |S;;) as L — oo can be shown explicitly
via saddle point arguments to be

1 L
li =—(ln— +1 12.
fim 5= 7 (% +1).
where Sy = —tr(p4 In p4), where p4 = trp|Sy)2) (Si)2| and trp denotes the trace over sites 1,. . .,

L/2.1In contrast, the ETH predicts that finite-energy-density eigenstates of nonintegrable models
like Equation 1 obey the volume-law scaling S4 ~ L. Numerical results emphasizing the weakly
entangled nature of the scar states are shown in Figure 1c.

Further evidence of the atypical nature of these eigenstates can be revealed by considering the
dynamics from certain special initial states. In the presence of a finite magnetic field 5, any state

of the form
L
o) =Y cnlSy) 13.
n=0

experiences periodic revivals due to the equally spaced eigenenergies E,. This is easiest to see in
the so-called Loschmidt echo,

L
L@) = (Wole™ ™) = ¢ Y e, P 14.

n=0
Up to an unimportant global phase, £(¢) is a periodic function with period 7 /h. Numerical data
exhibiting these periodic revivals are shown in Figure 1d. This time-periodic behavior of the
Loschmidt echo should be contrasted with the expectation for quantum chaotic systems, where a
rapid decay is expected for typical initial states (64, 65). Remarkably, the family of initial states in
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Equation 13 includes product states that are readily accessible experimentally. Perhaps the simplest
of these is given by

o0 = Q| =, 15,

”

which is of the form of Equation 13 with ¢, = (—1)",/ (;) Zi, Physically, the state |¢,) corresponds
to the ground state of the Hamiltonian

Hy = %(J+ +J)
L2 | 16.
=3 Z;(—l)’ [ =]

formed from the quasiparticle creation and annihilation operators. Hy is nothing but the generator
J* of the SU(2) algebra (Equation 8). As such, the periodic dynamics observed in Equation 14
can be interpreted as resulting from the precession of a macroscopic spin-L/2 object under the
magnetic field term in Equation 1, which is proportional to J. This interpretation was put forward
as an approximate description of the periodic dynamics in the PXP model in Reference 66 (see
Section 4), but holds exactly in the case of the spin-1 XY model.

We conclude this section with a few comments regarding the model in Equation 1. First, we
note that, in one dimension, the spin-1 XY model possesses a hidden nonlocal SU(2) symmetry
when defined with open boundary conditions, and a twisted version thereof when defined with
periodic boundary conditions (22, 67). Thus, confirming the nonintegrability of this model in
one dimension requires resolving this additional unexpected symmetry. However, this symmetry
is not essential to the presence of the scars in this model. For example, as noted in Reference 17,
adding a third-neighbor XY exchange term of the form

Hy=J3 ) (588 +SIS).5) 17.
breaks the hidden SU(2) symmetry while preserving the scar states. Indeed, one readily verifies
that the destructive interference effect demonstrated in Equation 7 holds also for Hs, the key
commonality being that sites 7 and 7 + 3 belong to opposite sublattices, as do sites 7 and » + 1. In
fact, this reasoning can be extended to show that any odd-neighbor XY exchange term preserves
the scar tower. A variety of other terms can also be added to Equation 1 while preserving the
tower of scar states. For example, in Reference 17 it was noted that the single-site anisotropy term
3",.(S%)? preserves the tower, because the states |S,) are superpositions of tensor products of the
local states |+, ), which satisfy (S2)* |£,) = |&,). Reference 20 presented a systematic enumeration
of all nearest-neighbor terms that preserve the eigenstates |S,,).

2.2. Algebraic Descriptions

At a more abstract level, models with stable quasiparticles atop specific vacuum states have
simple algebraic descriptions. There are three equivalent algebraic descriptions in the lit-
erature: spectrum-generating algebras (SGAs) (19, 21), quasisymmetry groups (26, 68), and
group-invariant sectors (23-25). All three describe the scarred subspace using higher symmetries
than those of the Hamiltonian itself, but they provide different constructive principles for the
Hamiltonian and for the action of the symmetry on the scarred subspace (see Section 2.3). The
scar towers in the spin-1 XY chain discussed above, generalized Hubbard models with n-pairing
states (8, 20, 21, 69), the AKLT spin-1 chain (15), transverse field Ising ladders (70), a domain
wall conserving spin-1/2 model (18), models with multiple magnons (19, 27), and various chiral
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and nonchiral fermionic models (24, 71, 72) can be understood using at least one of the three
descriptions. As the SGA is most closely connected to the quasiparticle perspective, we describe
it below.

A quasiparticle creation operator Q* provides an SGA if its commutator with the Hamiltonian
Hyg satisfies

[Hsg, Q"] = wQ* 18.
for w # 0.1 If |4o) is an eigenstate of Hsg with eigenvalue Ey, then (Q*)” |yo) is also an eigenstate
with eigenvalue Ey + nw for any integer # > 0 (as long as (Q1)” |y) # 0). The SGA thus provides
multiple towers of equally spaced eigenstates.

Often, however, Equation 18 asks for too much and results in special towers of states for sym-
metry reasons. For example, consider the SU(2) algebra defined in Equation 8 that arises in the
description of the scar tower in the spin-1 XY model. Suppose that we define a Hamiltonian of
the form Hsg = Hym + wJ?, where Hyy, is J-SU(2) symmetric; i.e., it commutes with all of the
generators in Equation 8. (An example of such an Hyy,, was found in Reference 19; see Equation 22
below.) The J-SU(2) raising operator J* then defines an SGA as in Equation 18, with Qt = J*.
In this scenario, the tower |S,) in Equation 3 is not quantum many-body scarred, as each |S,)
has maximal J? eigenvalue and is the only state in its symmetry sector. It is precisely because the
Hamiltonian of the spin-1 XY Hamiltonian Hxy in Equation 1 is not J-SU(2) symmetric that the
tower of states |S,) qualify as bona fide many-body scar states.

It is therefore useful to define the notion of a restricted SGA, which requires only that
Equation 18 hold within the scarred subspace. That is, for a given vacuum state |), if

H |¥0) = Ey |0),
[H7 Q+] |1//n> = wQ+ Wn) Vst (Q+)n |1/,0> ?é 0,

then the states with z quasiparticles atop the vacuum state, |y,) = (Q1)” |o), are exact eigen-

19.

states of a Hamiltonian H with energies Ey + no. In practice, additional terms are added to SGA
Hamiltonians to deform them into Hamiltonians that only satisfy Equation 19. Equation 1
represents one such deformation for the spin-1 case.

It is often the case that the stationarity of a few quasiparticle states, |v,,) for 7z < M, guaran-
tees the stationarity of states with any number of quasiparticles atop the vacuum state, |1,). For
example, in the spin-1 XY chain, M = 1, whereas in the AKLT chain M = 2 (15). A rewriting of
the condition in Equation 19 in terms of nested commutators then becomes useful (21):

H |0) = Eo [¥0), 20a.
ado+ (H) [¥0) = —0Q" |¥), 20b.
adps (H) |40) =0, 2 <m < M, 20c.

adjy, (H)=0, ¥ m > M. 20d.

Above, adx(Y) = [X, Y]. Solving the operator equation for 7z > M is much simpler than solving
the restricted equation for 2 < 7 < M and provides valuable clues about the scarred states
and/or the Hamiltonian H. For example, Reference 27 constructed operator bases that satisfied
Equation 20d for a given Q" and M, whereas Reference 15 identified bimagnons as candidate
stable quasiparticles for AKLT spin-1 chains by solving Equation 20d for M = 2.

'Equation 18 has also been referred to in the literature as a dynamical symmetry (73-75).
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2.3. Constructive Principles

There are several constructive principles that provide restricted SGAs and, thus, scarred Hamil-
tonians with certain species of stable quasiparticles. We focus here on a principle that leverages
nonabelian symmetries and also discuss another mechanism based on particle confinement.

Nonabelian symmetries G furnish raising and lowering operators Q* that naturally satisfy an
SGA with (Cartan) generators Q* in any subspace. When coupled with G-symmetric Hamiltonians
and symmetric base states, we can construct large families of Hamiltonians with quasiparticle scar
states (23):

H = Hyy + Hso + Ha. 21,

We now describe each of these terms.

The first term Hyy, is G symmetric; that is, [Hym, Q*] = 0 and [Hym, Q%] = 0. (Note that,
in general, Hy,, = 0 is also allowed.) Suppose the base state is an eigenstate of Hgy,. Then, [1)
is labeled by its eigenvalue under the Casimir operator ? and the Cartan generator Q°. Fur-
thermore, |1,) is a degenerate eigenstate with the same value of Q* but a different value of Q=.
To guarantee that the base state is an eigenstate of Hyy, it is often chosen to be an element of a
unique irreducible representation (irrep) of the group G. For example, in the spin-1 XY model, the
scarred states span the unique maximum-spin representation of the SU(2) algebra in Equation 8,
to which the polarized state |2) belongs. The J-SU(2) symmetric part of the spin-1 XY exchange
Hamiltonian Hxy was found in Reference 20 to be given by

Hym =Y (14:0,11) (0,411 = 1=0,41) (0,—11] + Hee). 22,
The second term, Hyg, is a (linear combination of) generator(s) in the Cartan subalgebra of
G so that [Hsg, Q] = £wQ*. This term lifts the degenerate multiplets of Hy, into energetically
equidistant towers of states. In the spin-1 XY model, Hsg = 5S* = 2hJ* so that w = 25.
The final term in Equation 21 breaks the G symmetry but annihilates the scar states: Hy |,,) =
0. In the spin-1 XY model of Equation 1, it is given by H4 = J(Hxy — Hym), where Hyyp, is given
in Equation 22. Explicitly (19),

Hy = JZ [(|+7'_7‘+1> + |_r+r+1>) (Or'Or+1| + 2|—0,41) (07‘_r+1| + HC] . 23.
The symmetry-based formalism is powerful because of its generality. First, G can be any con-
tinuous nonabelian symmetry group or a ¢-deformed version thereof (23, 26). Indeed, there are
examples of scarred models in the literature in which G is SU(3) (23), g-deformed SU(2) (23), or
U(N) or SO(N), where N is the number of lattice sites (24), etc. Second, even when G is SU(2), it
need not be the spin-SU(2). Prominent examples include the Hirsch model with n-pairing states
as scarred states (20) and generalized AKL'T models (76). Third, the scar tower need not be an ir-
rep of G with maximal eigenvalue under the Casimir operators. In the SU(2) case, for example, the
base state could be a single-magnon state with zero quasimomentum and S =L/2 — 1 (27). Indeed,
the scar tower need not be an irrep of G at all if Hyp, is special and multiple irreps are degenerate.
The scarred bimagnon tower in the AKL'T model provides such an example (19). Fourth, the same
symmetry group G can provide multiple raising operators J* to embed scar pyramids (19, 27). For
example, with G = SU(2), single-magnon excitations with multiple momenta (k = 0 and k = &
for any k) can be infinitely long-lived excitations atop the fully polarized state.
There are a few examples of scarred models that do not obviously fit into the symmetry-based
formalism. For instance, in the domain-wall conserving model of Reference 18 the quasiparti-
cle creation operator Q" does not a have a clear connection to a root of a Lie algebra. Another
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example, surprisingly, arises in the spin-1 XY model, which hosts a second tower of so-called bond-
bimagnon states (17, 22). The quasiparticle creation operator for this tower of states is so far not
known. However, in both of these examples, the towers of states arise from the projection of an
auxiliary tower of states that transform as a representation of a Lie algebra (18, 22, 68).

An interesting application of the symmetry-based formalism is to deformations of integrable
points. Integrable points have extensively many continuous symmetries and, thus, provide exten-
sively many creation operators Q of distinct quasiparticles. A suitable deformation H4 could
preserve one or several of these quasiparticles as infinitely long-lived excitations. The deforma-
tion of integrable points thus provides a systematic way to construct large families of quantum
scarred models. An early study of a deformed PXP model suggested that this model is proximate
to integrability (77), which might explain the origin of scarring in it (see Section 4 for further dis-
cussion). Integrability also played an important role in scars that were experimentally obtained in
a 1D dysprosium quantum gas (78). Theoretically, the connection between scars and integrability
has been studied in References 23, 71, 76, and 79-81, but this is still largely unexplored territory.

How to construct the all-important Hy that breaks the global symmetry? There are several
methods discussed in the literature.

One method is to use local projectors that annihilate local patterns that appear in the scarred
tower. Such projectors can be constructed using the symmetry G itself. For example, References 26
and 68 construct the subspace generated by the action of G on the base state restricted to a small
number of sites; the complement of this subspace provides the required local projector. The result
is a frustration-free Hamiltonian, discussed further in Section 3.1.

Another method is to choose the group G so that the scarred subspace is a singlet of the
group (24, 25). In this case, any Hy = Y ,0,T,, where T, are the generators and O, are any op-
erators that make H4 Hermitian, annihilating the scarred subspace. Note that, in this case, Hym
need not be G-symmetric—it need only have the G singlets as eigenstates (see 24 and 25 for more
details).

Brute force computation in an operator basis is also useful. That is, we search for coefficients ¢,
of a set of translationally invariant operators O* = Y, 0% such that H4 = ) _,¢,0" annihilates all the
states in the scarred manifold. When the SGA is furnished by a symmetry, choosing the operators
O to be irreducible tensor representations sets several ¢, to zero on symmetry grounds (27). The
remaining ¢, satisfy simple linear relations, which can be solved analytically or numerically (23,
27, 82). The resulting H4 generically does not annihilate the scarred states term by term. Such
Hamiltonians are thus referred to as as-a-sum annihilators.

Other methods use the language of matrix product states and operators to construct nearest-
neighbor Hamiltonians with a quasiparticle tower of scars (68, 76). The starting point is to write
the states with » quasiparticles, |¥,) = (Q")" |¥¢), as matrix product states using two types of
matrices for each site depending on whether there is or is not a quasiparticle on that site. Enforcing
that the quasiparticles cannot sit on neighboring sites results in simple algebraic conditions on
parent Hamiltonians with the scarred tower |,,). This method was used to discover several AKL'T-
type models with bimagnon scars atop a spin liquid ground state (19, 76), perturbed Potts models
with trimagnon scars (76), and a two-dimensional model with topologically ordered states within
the scarred subspace (68).

As an aside, we note that none of the constructions described above guarantee that H4 exclu-
sively annihilates the scarred subspace. Indeed, determining the number of states annihilated by a
local Hamiltonian is in general intractable, although interesting lower bounds exist (83).

References 84 and 85 suggest that particle confinement leads to quantum many-body scars
at varying energy densities. Specifically, References 84 and 85 study the ordered phase of the
Ising model in transverse and longitudinal fields in one dimension. The longitudinal field leads to
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confinement of domain walls, so that a pair of domain walls forms a bound state (a meson) whose
energy grows with their separation. These single meson states persist as eigenstates well above the
two-meson threshold; they apparently persist even when the two domain walls are macroscopically
separated and the state has a finite energy density above the ground state. Whether the persistence
is only a finite-size effect in the lattice model and whether other continuum models that are in
confined phases exhibit scars are open questions.

3. GENERALIZED SCARS BEYOND QUASIPARTICLES

In this section, we broaden our scope beyond quasiparticles and return to the connection of scars
with the failure of thermalization mentioned in the Introduction. The purpose of this section is, in
part, to chart out the historical genesis of scars and also to provide an overview of the richness of
phenomena that have been associated with the term scar, but which at times refer to some rather
distinct types of underlying physics.

3.1. Scars from Projector Embeddings

Perhaps the earliest mention of the existence of a special eigenstate of a Hamiltonian that passes
robustly, with perfectly unavoided crossings, through other states as parameters of the Hamilto-
nian are varied was provided by Shastry & Sutherland (86). In their eponymous spin model, an
exactly dimerized state remains an eigenstate even when it ceases to be the ground state of the
model. This kind of scar state does not come with a tower of states at all—it is a priori just an
individual very special state that happens to escape eigenstate thermalization.

The Shastry—Sutherland model is an example of an important class of Hamiltonians known as
frustration-free Hamiltonians. Such Hamiltonians can be written (up to a constant energy shift)
as a sum of local projection operators P;,

Hyp =Y hiP, 24.

with real coefficients 4; > 0. The ground state or states of frustration-free Hamiltonians are states
[¥rr) that satisfy P [gr) = O for all i. Note that two projectors P; and P; in the Hamiltonian
Equation 24 need not commute with each other, so that Hpr may be nonintegrable. In addition
to the Shastry—Sutherland model, well-known examples include the AKL'T and Klein models (60,
87), the Rokhsar—Kivelson model (88) and its generalizations (89), the toric code (90), and other
parent (91-93) and uncle (94) Hamiltonians for matrix product states.

It is always possible to modify a frustration-free Hamiltonian such that a ground state of the
original model becomes an arbitrarily highly excited state of the modified model. For example,
in Equation 24, one can modify the coefficients #; to have both positive and negative signs, in
addition to varying magnitudes, or even promoting 5, to arbitrary local operators. The erstwhile
ground states |pr) then remain zero-energy states of the modified Hamiltonian.

The connection of these ideas to the ETH was first drawn by Shiraishi and Mori (SM) in
References 95 and 96. The SM construction again relies on the existence of an extensive set of
local projectors {P;}, and a target scarred subspace 7 spanned by states annihilated by the local
projectors: P;|y) = 0V i. The SM Hamiltonian is a sum of two terms: The first is a (modified)
frustration-free Hamiltonian H 4 that annihilates any state in the target subspace 7, and the second
term H' commutes with all the projectors P; ((H', P;] = 0):

Hsyi =) PbP+H, 25.
;\,_4

Hy
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where b, are arbitrary local Hamiltonians. The Hamiltonian is constructed to be block-diagonal
because H' does not mix states in 7 with those in its complement 7. Thus, Hgy can be diago-
nalized in 7 and 7 independently. The energy eigenvalues of the eigenstates {|y),} in T are set
entirely by H'. These could be interleaved anywhere within the spectrum of Hgy, including at
an energy density corresponding to infinite temperature. However, the other states at the same
energy density in 7 are expected to reproduce thermal expectation values, as H4 (and thus Hgy)
should be nonintegrable for generic Hermitian 4,. For example, the expectation value of the local
projector P; in any of these states should be proportional to tr(P;). The same expectation value in
a scarred eigenstate is exactly zero, at odds with the ETH.

It is useful to briefly discuss the embedded states in relation to possible symmetries of Hgyy.
The ETH holds only within individual symmetry sectors. SM presented their embedded states as
counterexamples to the ETH because Hsy generically does not have any obvious local symmetries,
and so the embedded target states need not live in a separate symmetry sector from the rest of the
spectrum. Crucially, the P;’s do not generically form a mutually commuting set and, hence, are not
a set of local symmetries for the Hamiltonian.?

An alternative perspective is to think of 7 and 7 as disconnected subspaces that do not couple
to each other under the action of Hgy. In other words, Hsy can be decomposed as

HSM — H;far o Ht?hermal' 26.

Several examples of embedded towers of states with quasiparticles lie within the SM construc-
tion. Remarkably, the spin-1 XY bimagnon scar tower also falls into this class, although the model
was not explicitly constructed using the SM formalism. The projection operators associated with
the embedding are given by

3 ~ 1 1
Bo= 1= 2SS0 + 5 (S S + He] - 1858, 27.

We refer the reader to Reference 17, appendix C, for a more detailed discussion. The SM method
has also been used to embed a macroscopic SU(2) spin (66), multiple towers of magnon states (27)
and magnon crystals (98, 99), as well as states with no quasiparticle interpretation, e.g., zero modes
in gauge theories (100, 101), topologically ordered states (102-104), and states in geometrically
frustrated systems (98, 105).

3.2. Hilbert Space Fragmentation

We now turn to a related but conceptually distinct mechanism for ergodicity breaking, which
does not rely on eigenstates or even time periodicity of the dynamics. This phenomenon is
variously described as “Hilbert space shattering” (106), “Hilbert space fragmentation” (107), or
“Krylov fracture” (108) and refers to the existence of an exponentially large number of dynami-
cally disconnected sectors of Hilbert space. This fragmentation of Hilbert space can be viewed as a
generalization of the emergence of dynamically disconnected subspaces discussed in the previous
section.

The most familiar way to obtain dynamically disconnected sectors is through the existence of
conservation laws, with different sectors labeled by the values of conserved quantities. Thermody-
namically, it is the sector with the lowest free energy that determines the physical behavior, but if
a system is initialized in a different symmetry sector, observables are determined by the statistical
properties of that sector.

*However, when the projectors do commute, the disconnected sectors can be interpreted as being
distinguished by symmetry (97).
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Figure 2

l

A mechanism for Hilbert space fragmentation. (#) Schematic of the block structure of the evolution operator in a system with Hilbert-
space fragmentation. The pink blocks denote different symmetry sectors, whereas the yellow blocks denote disconnected Krylov
subspaces. (b)) Example of a frozen state in a one-dimensional spin-1 chain with U(1) charge and dipole-moment conservation acted
upon by local gates with range at most £ = 3. Any gate acting on three consecutive sites (e.g., the shaded blue regions) cannot change
the state because the local configuration has either extremal charge (as in the leftmost block) or dipole moment (as in the middle and
rightmost blocks). (¢) Example of a two-dimensional Krylov subspace generated by an active region (red) embedded in a frozen
background (blue). The transition indicated by the black arrow is the only one allowed by charge and dipole conservation. Panel 4
adapted from Reference 106.
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By contrast, interesting examples of Hilbert space fragmentation involve the existence of dy-
namically disconnected sectors even after resolving all microscopic symmetries—i.e., states with
the same symmetry quantum numbers are still forbidden from mixing under the dynamics (106,
107; see Figure 2a). The unitary operator governing the time-evolution thus has a block diagonal
structure (in some simple basis), which reflects both the symmetries of the problem and further
fragmentation within symmetry sectors. Strikingly, for systems with one or a few symmetries, while
the number of symmetry sectors generally scales at most polynomially with system size, the num-
ber of dynamical sectors can scale exponentially with system size. The dimension of the individual
sectors can range from one (corresponding to a single frozen state) to exponential in system size.
A further distinction between strong and weak fragmentation can be made depending on whether
the ratio of the dimension of the largest dynamical sector to that of its symmetry sector tends to
zero or one in the thermodynamic limit, respectively (106, 107). In the former (strong) case, there
is an exponential number of dynamically disconnected sectors, which can lead to nonthermaliz-
ing dynamics even from typical initial states. The latter (weak) case is more generic and predicts
thermalization to the appropriate thermodynamic ensemble from most initial states.

Fragmented dynamics is considered scarred because of (#) a strong initial state dependence in
the dynamics, ranging from fully localized to typically thermal depending on the dynamical sector
in which one starts, and (4) anomalous or frozen dynamics from simple low-entanglement initial
states never thermalize to the equilibrium state appropriate to the symmetry quantum numbers
of the initial state.

The dynamical sectors are also referred to as Krylov sectors, following standard prescriptions
for constructing the Krylov subspace K of a state |) time-evolving under a Hamiltonian H:
The state ¢|yro) lives in the span of all vectors obtained by the repeated action of H on [yr),
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K = span{|o), H |¥0) , H? |0) , - - - }. In the cases of most interest, the states |yro) are simple ex-
perimentally preparable states (such as product states), and the dimension of K is a vanishing
fraction of the full Hilbert space dimension, leading to Krylov restricted thermalization within
K (108); in certain cases, the dynamics in K may be integrable even if the model as a whole is
not (108, 109). Recent works have constructed integrals of motion that label disjoint Krylov sub-
spaces. In systems with Hilbert space fragmentation, there are exponentially many such integrals
of motion that need not be sums of local operators (110, 111).

A transparent manifestation of Hilbert space fragmentation occurs in local systems that con-
serve both a global U(1) charge and its dipole moment (106, 107, 112). In a one-dimensional
spin system, these symmetries take the form Q = )" S% and P = ) «S?, where the sum is over
all lattice sites. These symmetries are characteristic of fracton topological phases (for reviews of
fractons, see 113 and 114), and their combination produces O(L*) symmetry sectors labeled by
(Q and P) quantum numbers in a system of size L. In contrast, these symmetries are provably suf-
ficient to produce exponentially many dynamical subsectors, including exponentially many strictly
frozen product states that live in dynamical subspaces of dimension exactly equal to one. In addi-
tion to the frozen states, there is a wide distribution of dimensions for the emergent subsectors,
leading to a strong initial state dependence in the dynamics. The fragmentation is robust to the
presence of both spatial and temporal randomness as long as the symmetries and locality are
maintained.

The existence of exponentially many strictly frozen states is readily verified by the following
simple argument (106). It is easiest to think of random unitary circuit models in which each unitary
gate has range ¢ and each gate locally conserves Q and P. Let us denote by +/— the maximum/
minimum local charges on a site, respectively; these could be the top and bottom states of a qudit
of spin S so that §* = £S. Now, note that any pattern that alternates between locally all plus and
locally all minus, with domain walls between all-plus and all-minus regions at least £ sites apart,
must be inert by local charge and dipole moment conservation. Figure 25 shows an example of
such a frozen configuration with S = 1 and £ = 3. A straightforward lower bound on the number
of such frozen states can be obtained by dividing up the L-site chain into blocks of size £. Because
all spins in each block must be either + or —, there must be at least 22/¢ such frozen states. This is
exponentially large in L for any finite £, but such frozen states still constitute a vanishing fraction
of the full Hilbert space. For a more precise counting, see, e.g., Reference 106.

Other sectors with dimension larger than one can be systematically built by embedding dy-
namically active blocks into sufficiently large frozen backgrounds so as to keep the active region
localized to a finite region of space; see Figure 2¢ for a simple example.

It is also easy to write down Hamiltonians with charge and dipole conservation, for instance,
Hamiltonians with coordinated pair hopping terms |1001) <> |0110). Such Hamiltonians arise
when considering models of the fractional quantum Hall effect in thin cylinders, i.e., in a quasi-1D
limit (108, 115-117). Such pair hopping terms could also emerge as the leading-order description
of systems placed in large electric fields (106, 108). Dipole moment couples directly to electric
field, so if the system is placed in a sufficiently large static electric field (or equivalently, a tilted
potential), then the Hilbert space will (approximately) split into symmetry sectors labeled by
dipole moment (equivalently, center of mass position), with states at different dipole moment
having sharply different energies. Equivalently, such systems can be viewed as possessing an
emergent prethermal conservation of dipole moment that disappears after an exponentially long
timescale (106, 118, 119). Much recent theoretical and experimental (120-122) work has focused
on such tilted systems, with claims that there may be a phase transition to a so-called Stark
MBL (123, 124) phase in which a disorder-free system becomes many-body localized above a
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critical value of the tilt strength. However, it has been argued that the numerical signatures of
Stark MBL may instead be finite-size and -time effects due to apparent Hilbert space fragmen-
tation from long-lived prethermal dipole conservation induced by the tilted potential (106). One
can also consider conservation of higher multipole moments in higher dimensions, which have
been shown to be associated with slow subdiffusive hydrodynamics (125-127).

Analogous physics has been studied in various other contexts including, e.g., interacting
fermion models (108, 128-130), models with kinetic constraints (including in classical set-
tings; 109, 131-136) and multicomponent Hilbert spaces (75, 137), and models with emergent
gauge fields such as frustrated magnets and dimer models (98, 138, 139). The existence of dynam-
ically disconnected sectors and the resulting danger of obtaining thermodynamically incorrect
results by getting trapped in an atypical sector have also been appreciated for a long time by the
numerical simulation community (138, 140)—this is the flip side of using Hilbert space fragmenta-
tion to obtain nonthermal behavior. This goes along with autonomously interesting investigations
of the sector structure of such models (see, e.g., 141). The possibility of obtaining disorder-free
glassy dynamics has also been discussed in this context (see, e.g., 131, 142-147). However, we note
although dynamics in these various other settings can be described by the existence of dynamically
disconnected subsectors, there is no understanding of general (i.e., constructive) conditions that
lead to Hilbert space fracture in these models and no principled way to examine the stability of
fracturing in these models to the addition of perturbations or noise. For example, the simplest
kinetically constrained models comprise spin-1/2 systems in which the spin on a site can flip if
certain conditions are obeyed by its neighbors, for instance, if both neighbors are down. However,
there is no unique or natural way to deform such models, for example, to include the effect of
further neighbor spins. Likewise, the dynamics in quantum dimer models come from certain flip-
pable plaquettes that are lattice dependent. Although allowing for longer flippable loops decreases
fracture (138, 140), there are no general results on how the number of disconnected sectors scales
with such perturbations. In contrast, the dipole-conserving models discussed here provide a robust
symmetry-based constructive mechanism for Hilbert space fracture.

4. EXPERIMENTS AND THE PUZZLES THEY INSPIRE

Much of the present interest in quantum many-body scars originates from an experiment re-
ported in Reference 59, which observed unexpected coherent oscillations in a system of interacting
Rydberg atoms when the array was prepared in a particular initial state. (Further systematic ex-
perimental analysis of this phenomenon was undertaken in Reference 148.) In this section, we
summarize this experiment and the theoretical attempts to understand it, making connections
and drawing contrasts with the quasiparticle-centric point of view adopted in this review. We
close this section with a summary of other experiments that have been performed in this domain.
Throughout, we emphasize the remaining theoretical puzzles.

4.1. Rydberg Atom Experiment and the PXP Model

In Reference 59, a system of rubidium atoms trapped in optical tweezers was used to perform
an analog quantum simulation of the one-dimensional Ising model in transverse and longitudinal
fields. The array of atoms is driven in such a way that each atom can be in either its ground state or
a highly excited Rydberg state. The resulting system can be viewed as an array of coupled two-level
systems, described by Pauli operators Z; and X;, with Hamiltonian

H:ZVijninj—AZn,-—l—%ZX,-. 28.

i<j
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Here, n; = (1 + Z;)/2 is the occupation of the Rydberg state of the ith atom, and X; couples the ith
atom’s ground and Rydberg states. The parameter 2 is the Rabi frequency of the driving laser, and
A is the detuning of the driving laser from the Rydberg state. The coupling V; > 0 originates from
van der Waals interactions between excited atoms and falls oft as Ri‘j6 with the distance R;; between
atoms 7 and j. When the nearest-neighbor interaction strength V"= V};,; is much stronger than
both V;;> and €, the system enters the so-called Rydberg-blockade regime in which nearest-
neighbor atoms cannot simultaneously be excited (149). The leading-order effective Hamiltonian
in this regime can be written as

He = X,: (% P XiPiy — Ani) ) 29.
where the projector P; = (1 — Z;)/2 ensures that the Rydberg-blockade constraint is satisfied
and where longer-range interaction terms Vj; with |i —j| > 1 have been neglected. This effective
model has a history dating at least as far back as Reference 150, and, when A = 0, is known as the
PXP model. The model is also relevant to U(1) lattice gauge theory in its quantum link (151) and
dimer model (152-154) formulations and to the fractional quantum Hall effect at v = 1/3 in the
thin-torus limit (117).

As an aside, the form of the model in Equation 29 reflects one of the central themes in the
physics of (especially topological) correlated quantum matter. Demanding that the largest term
in a Hamiltonian be satisfied requires the identification of, and projection onto, the resulting
physical subspace. This is the case here with the Rydberg blockade, and appears analogously in the
avoidance of double occupancy in high-temperature superconductors via a Gutzwiller projection
(155, 156), in enforcing the ice rules in spin ice, yielding an emergent magnetostatics (157), or in
minimizing kinetic energy in quantum Hall physics by projecting onto a partially filled Landau
level (158).

The experiment in Reference 59 prepared a Néel initial state, which can be expressed in the
Rydberg occupation basis as |Z,) = [101...), and evolved it with the Hamiltonian in Equation 28
with A = 0 in the Rydberg blockade regime. When A = 0, the average energy (Z,|H|Z;) lies
in the middle of the spectrum of the nonintegrable model H.g—i.e., |Z;) is effectively an infinite-
temperature state in the Rydberg-blockaded subspace. Thus, the expectation based on the ETH
is that the dynamics of this initial state should rapidly decohere, and local observables should
thermalize to their infinite temperature expectation value; nevertheless, coherent oscillations of
the occupation numbers #; were observed about a nonthermal value. Concurrent theoretical work
reported in Reference 59 found that the entanglement entropy following this quench from the
Néel state grows much more slowly than for other product states and also exhibits oscillations at
the same frequency.

Expanding the Néel state in the eigenbasis of Equation 29 shows that the unexpected oscilla-
tions can be traced back to a set of (L + 1) special low-entanglement eigenstates in the spectrum
of the PXP model for a chain of L sites. This set of eigenstates spans the entire many-body band-
width of the PXP model in the sector with no nearest-neighbor Rydberg excitations and includes
both the ground state and the highest-energy state. These eigenstates, which were termed quan-
tum many-body scar states in Reference 12, have anomalously high overlap with the |Z;) state and
are approximately equally spaced in energy, leading to coherent oscillatory dynamics of a variety
of quantities and periodic near-revivals in the Loschmidt echo L(¢) (see Equation 14). Follow-up
work in Reference 159 found that the scar states also have anomalously low entanglement relative
to other eigenstates of the PXP model at the same energy density, with half-chain entanglement
entropy scaling ~In L.
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4.2. Attempts to Understand Scars in the PXP Model

Although the existence of low-entanglement scarred eigenstates in the PXP model provides a de-
scriptive explanation of the experimental observations of Reference 59, a complete understanding
of why this model contains scars is still lacking. We now describe various attempts to understand
the origin of the scarred eigenstates in the PXP model.

One line of work originated by the authors of References 12 and 159, known as the forward
scattering approximation (FSA), constructs the scar states using a Krylov subspace approach. In
this approach, the PXP Hamiltonian, Hpxp = Y ;P; - 1X;P; ; 1, is broken up as

HPXP=H+—|—H7, 30a.
where
H* =3 Po; P+ ) Poao P, 30b.
7 odd ieven

and H* = (H")". The operators H* act as raising and lowering operators for the staggered
magnetization Z, = 1 Y (—=1)Z; i.e,

(Z,,H"] = £H*. 31.

The Néel state |Z,) is the minimum-eigenvalue eigenstate of Z,. For a chain of L sites, one
can therefore define a Krylov subspace K = {|0),|1),...,|L)} spanned by L + 1 states |k)
(H*)!)Zy), so that |0) = |Z,) and |L) = |Z,) = |010...). Approximations to the scar states are
then obtained by diagonalizing the projection of Hpxp into the subspace K, which is a matrix of
dimension L + 1. The FSA thus allows one to obtain approximations to the scarred eigenstates
of the PXP model at system sizes much larger than those accessible to exact diagonalization and,
as shown in Reference 159, produces eigenstates with entanglement entropy scaling as In L. More
recently, Reference 160 found a nonlocal interacting model for which the FSA becomes exact.
However, this model is not perturbatively connected to the PXP model.

Equation 31 is suggestive of an SU(2) algebra generated by H* and Z, and, thus, of an SGA.
However, as noted in Reference 66, this algebra is not closed, because

1 1
[H+’H7] = EZT[ + ZOZZZ’ 32.

where we have assumed periodic boundary conditions and defined Ozz7; = > (—1YZ; _1Z;Z; ;1.
We revisit the SGA connection below.

Subsequent work in Reference 161 unified the FSA approach with parallel works that described
the oscillatory scarred dynamics in the PXP model using the time-dependent variational principle
(TDVP; 162-164). The TDVP is a semiclassical approach that projects the quantum dynamics
of a system into a variational manifold of matrix product states (165), leading to a set of classical
equations of motion that can exhibit phenomena familiar from the theory of classical chaos. In
this way, the FSA can be brought into contact with the theory of quantum scars in single-particle
quantum mechanical systems arising as quantizations of classical dynamical systems (13). How-
ever, though the TDVP approach captures the scarred dynamics in the space of variational matrix
product states with low bond dimension (and hence low entanglement entropy), the periodic or-
bits may disappear on increasing the bond dimension (164). More work is thus required to sharpen
the connection to single-particle scars.

A parallel strand of works have taken inspiration from the tower-like structure of the scar states,
as evidenced by their nearly constant energy spacing and logarithmically scaling entanglement
entropy, to attempt to formulate a quasiparticle description of these states.
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One manner in which a quasiparticle description of the scar states can arise is through proximity
to an integrable model, where every eigenstate can be described in terms of quasiparticles (166).
The proximity to integrability further guarantees that the dynamical response of the integrable
model survives for a parametrically long time (167-173). The connection between the PXP model
and integrability was first pointed out in Reference 77, which found that adding

Hyy = bxy, Z P XiP1(Zioa + Ziy2) 33.

to Hpxp with a small coefficient hxz =~ —0.02 both strengthened the revivals and pushed the model
closer toward integrability (as measured by various diagnostics such as Poisson statistics in energy-
level spacings and fluctuations of eigenstate expectation values). Intriguingly, Hx7 and its longer-
range generalizations also enhance the accuracy of the FSA (66)—albeit with a different value
of hxz—and have a simple physical origin in complete bipartite graphs (174). However, whether
there exists an exact integrable point in the vicinity of Hpxp + Hyxy remains unknown.

Another possibility is that the PXP model is proximate to a nonintegrable model with a single
infinitely long-lived quasiparticle species atop a vacuum state, similar to the case of the spin-1 XY
model discussed in Section 2.1. (Of course, this tower may still be obtained by adding an appro-
priate H to a parent integrable/high-symmetry model as discussed in Section 2.3.) Reference 175
constructed an approximate tower of momentum-s magnon states atop the ground state of the
PXP model and showed that the scar states found in Reference 12 have high overlap with this
tower. The ground state, which we call |Ep), is known to be paramagnetic and has an efficient
variational representation given in Reference 176. The lowest-lying excitation atop this ground
state was shown numerically in Reference 175 to have high overlap with the state St |Ey), where

St =7, FiaVy: 34.

here, Z, is the staggered magnetization, ¥, = % Y .(=1)P_1Y;P41, and o ~ 2 is a constant de-
termined by numerical optimization. This excitation is naturally interpreted as a magnon with
momentum 7. Similar excitations can be created atop the highest excited state of the model,
|Emax), via S |Epax)- This observation motivates the definition of a variational subspace spanned
by 7 magnon states,

Ve = span{(SH)" 1Eo) , (S7)" | Emas) )2 35.

n,m=0?

in which the tower of scar states has substantial weight at finite system sizes. Furthermore, en-
larging the variational basis with states in which magnons have nontrivial relative momenta, e.g.,
(SH 28t St s |Eo), systematically increases the weight of the scar states in the variational
magnon subspace.
Let us now revisit the connection to SGAs. Setting « = 2 in Equation 34, one finds that (175)
[S7,S:1 =2 Hpxe,

36.
[Hpxp, St] = £S5 £ 0727,

where Ozzz is defined below Equation 32. Up to the extra Ozzz term in the second line, this is
an SU(2) algebra. Equation 36 can be viewed as analogous to Equations 31 and 32, except that
the roles of Z, and Hpxp have been interchanged. This point of view suggests a conceptual link
between the FSA and the quasiparticle picture of Reference 175.

One consequence of the algebra in Equation 36 is the prediction of off-diagonal long-range
order in the scar states (see the discussion around Equation 10). Such eigenstate order would
result in coherent oscillations of the two-time correlator Cy (t) = (Z,|Y, ()Y, (0)|Z,) /L? in the
thermodynamic limit (175, 177).
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Alternative quasiparticle descriptions of the scar states in the PXP model have also been pro-
posed. Reference 178 constructs a quasiparticle tower of states atop the ground state, similar to
Reference 175, except it starts from a variational approximation to the ground state developed in
Reference 179. In Reference 180, several exact matrix product state eigenstates of the PXP model
were found near the middle of the energy spectrum, including at zero energy, where the model
exhibits an exponentially large degeneracy (12, 181). Reference 180 constructed variational ap-
proximations to scar states near the middle of the spectrum by acting on the exact zero-energy
matrix product eigenstates with local operators determined by numerical optimization. Note that
this quasiparticle picture predicts that the scar states near the middle of the spectrum ultimately
have area-law entanglement, because acting with a local operator on a finite-bond-dimension
matrix product state can only increase the entanglement entropy by a finite amount in the thermo-
dynamic limit. This would contradict the numerical finding of Reference 159 that the scar states
have entanglement entropy ~In L.

More recently, another quasiparticle picture was proposed in Reference 29. In that work, the
PXP model is converted to an effective spin-1 chain using a mapping proposed in Reference 180. A
tower of states is then constructed by acting on the fully polarized state of the effective spin-1 chain
with an appropriate spin-1 lowering operator, followed by a projection operator that enforces the
Rydberg-blockade constraint. This tower of states has the appealing property that the Néel state
|Z;) can be written exactly as a superposition of the states in the tower, similar to the case of
the spin-1 XY model in which the initial state |¢) (Equation 13) can be written as a superposition
of scar states. This work found numerically that the scar states of the PXP model have high overlap
with this tower. Intriguingly, it also constructs a non-Hermitian extension of the PXP model for
which the states in this tower are exact eigenstates.

One common theme that has arisen throughout the works described in this section is the
hypothesis that the PXP model is proximate to a model with exact scars. The perturbation,
Equation 33, proposed in Reference 77 and its longer-range variants considered in References 66
and 182 enhance revivals that are characteristic of scarred dynamics. These terms also enhance
the accuracy of the FSA in Reference 12 and of the quasiparticle tower picture of Reference 175.
Furthermore, Reference 29 found that terms of this form naturally emerge when trying to make
their non-Hermitian model Hermitian. Reconciling these various perspectives where possible and
determining the relationship (if any) to the model with an exact FSA proposed in Reference 160
remain interesting research directions.

4.3. Other Experiments

A variety of other experiments have detected signatures of many-body scarring. First, several re-
cent experiments have realized the PXP model in other platforms. For example, Reference 183
used a Bose-Hubbard system in a tilted optical lattice to simulate the PXP model and measured
entanglement and fidelity dynamics. Reference 177 used superconducting-qubit processors from
IBM to realize the nearest-neighbor limit of the mixed-field Ising model, Equation 28, and probe
the dynamics in the scarred regime, including measurements of the nontrivial correlator Cy (¢).
Another extension of the work performed in Reference 59 is that of Reference 148, which studied
a periodically driven version of the PXP model and found intriguing subharmonic features in the
dynamics of the Néel state.

Scars have also been realized in experimental platforms simulating other models. For example,
in Reference 184 scarred dynamics were observed in a superconducting-qubit processor perform-
ing analog quantum simulation of a spin-1/2 XY model. In this work, the integrability of the
spin-1/2 XY model is broken by random longer-range cross-coupling terms arising due to ex-
perimental imperfections, and scarred dynamics are observed from certain special initial states.
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Reference 78 instead creates long-lived, highly excited but nonthermal states in a bosonic one-
dimensional quantum gas of dysprosium using a topological pumping mechanism. Starting from
the ground state, the authors cyclically vary the contact interaction strength; as the Hamiltonian
of the gas is close to an integrable one (the Lieb-Liniger model; 5, 185), this process maps one
eigenstate to another higher up in energy instead of heating up the gas.

5. CONCLUSION AND OUTLOOK

In this review, we have considered the phenomenon of quantum many-body scarring through the
lens of quasiparticles. We began by considering a relatively simple model of quantum many-body
scars, the spin-1 XY model, where the existence of rare, nonthermal eigenstates can be shown
analytically. The nonthermal eigenstates consist of a finite density of quasiparticles, known as bi-
magnons, with momentum 7, whose scattering and dissociation are prevented by a destructive
interference mechanism. We then moved on to consider more general settings for the realization
of such towers of quasiparticle states, which can be formally understood in terms of SGAs and asso-
ciated symmetry principles. We also reviewed a few constructive approaches to realize models with
towers of many-body scar states. Subsequently, we considered a range of other contexts in which
the nomenclature of scarring has been invoked, focusing in particular on projector Hamiltonians
and the more extreme phenomenon of Hilbert-space fragmentation. Although these mechanisms
for realizing nonthermal quantum many-body states have been associated with the phenomenon
of scarring, they need not be associated with a quasiparticle description. Finally, we discussed ex-
perimental realizations of many-body scars, focusing in particular on the Rydberg experiment of
Reference 59 and on the theoretical puzzles that it presents. Quasiparticles again appear in various
guises in theoretical works attempting to explain these experimental results, but are not common
to all theoretical descriptions that have been offered.

A variety of open questions remain. One of these concerns the stability of scarred many-body
eigenstates to perturbations, which is crucially important both theoretically and in efforts to re-
alize many-body scars in experiments. One way to phrase this question precisely is to ask, what is
the timescale for an exact scarred eigenstate |1/) of a nonintegrable Hamiltonian Hj to thermalize
under dynamics generated by Hy + AV, where Vis some local perturbation and 2 is a small parame-
ter? Reference 186 presented an analysis of this problem on general grounds using Lieb-Robinson
bounds and found that the thermalization time can be lower-bounded by #, ~ O,/ +9) where
d is the spatial dimension of the system. This lower bound is extremely general and is likely not
tight in many cases of interest. Whether tighter lower bounds can be obtained, and understanding
the mechanisms by which the thermalization time can exceed this bound in specific cases, is an
important question for future work.

Despite the large volume of theoretical work on the subject, another question that remains is
the need to understand the origin of many-body scarring in the PXP model that is relevant to
the original Rydberg experiment. Specifically, it would be desirable to understand whether there
is a model, integrable or otherwise, in which the scarred eigenstates can be written down exactly.
Even if such a model is found, however, there are other unusual features of the PXP model—for
example, there are other spin-density-wave-like states, such as |Z;) = [100100...), that exhibit
approximate revivals (159), and other eigenstates that have anomalously high overlap with the Néel
state |Z,) (187). Understanding these features of the model remains an outstanding challenge.

Although this review has focused on many-body scars in Hamiltonian systems, scars can also
occur in other contexts. For example, many-body scars can appear in periodically driven systems,
which do not conserve energy and are therefore expected to heat up to infinite temperature at late
times (188, 189). There have been various studies of how such a heat death may be avoided, at least
on long timescales (118, 119, 190). A variety of works, including the experiment in Reference 148,
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have studied periodically driven variants of the PXP model (191-197) and found both exact and
approximate scarring. Notably, for a particular choice of periodic driving, the PXP model can be
fine-tuned to integrability (195-197). References 148 and 194 propose an intriguing connection
between scarring and discrete time crystals (198-201) that deserves further exploration. Quantum
scarring in the single-particle context can also occur in non-Hermitian systems (202), which
motivates considering the possibility of many-body scars in this setting (73). Although there
has been some initial progress in this direction (25, 29, 177), it would be interesting to consider
more broadly the possibility of many-body scarring in open quantum systems. The notion of
inverse scars, where thermal states are embedded in a nonthermal spectrum (203), may also be an
interesting subject.

Finally, another important question concerns the range of systems in which many-body scars
can be realized experimentally. So far, the vast majority of experimental efforts have focused on
realizing the PXP model in different contexts. Only recently have experiments turned their at-
tention to other models; for example, Reference 204 realized long-lived spin-helical states in a
lithium atom system simulating anisotropic Heisenberg chains, and Reference 78 obtained scars
in a dysprosium gas via topological pumping. However, whether scars stemming from other mod-
els and mechanisms could be observed in other experimental platforms is largely unexplored.
The question of experimental realization is closely related to the exploration of potential appli-
cations for systems realizing quantum many-body scars. For example, References 205 and 206
show that systems with many-body scars can be useful in quantum sensing and metrology. Find-
ing other potential applications of this fascinating phenomenon in quantum information science
and technology is another worthy direction for future exploration.
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