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ABSTRACT

Multigrid methods, algebraic or geometric, commonly suffer from high fre-
quency residuals after prolongation. This paper develops a stable approach
to remove high frequency residuals for geometric multigrid methods for
solving nonlinear advection–diffusion problems with degenerate coeffi-
cients. Here, a local problem is treated by optimization on subdomains
with mesh refinements. Newton’s method is utilized in the procedure and
the iteration is completed when the residual in the subdomain is reduced
to the given magnitude, usually set to be the average of residuals in the
non-high-frequency domains. An oversampling technique is employed to
further improve the stability by providing a definite flow path in regions
where coefficients have high contrast and complex structures. Removing
high frequency residuals before continuing the global Newton iteration
improves global convergence behavior.
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1. Introduction

Models describing complex phenomena involvingmultiple physical processes are often computation-
ally prohibitive, due to significant nonlinearities and problem size. The geometric multigrid method
improves the computational efficiency of such problems by providingmore effective iteration updates
[1,2] and reducing problem sizes [3] if multiscale adaptivity is introduced. Early multigrid methods
mainly focused on spatial dimensions while Falgout et al. [4] recently extended such methods to
include the time dimension. Examples of space-time multigrid methods involving adaptivity include
elastodynamics [5], poroelasticity [6] and nonlinear multiphase flow in porous media [7].

Although providing substantial computational speedup, multigridmethods often suffer from high
frequency residuals. After grid refinement, the prolongation process uses linear interpolation to pro-
vide an update for the unknowns on the finer mesh, which is insufficient for nonlinear problems
with rough coefficients. The coarse solution used to produce the linear prolongation is acquired
using upscaled coefficients calculated by numerical homogenization, which assumes the coefficient
smoothness to be at least C1. Consequently, such upscaling algorithm is inadequate to capture the
complex structures of rough coefficients in the coarse resolution. An example is shown in Figure 1.
Here a multiphase flow in porous media with channelized permeability coefficients is presented.
The high contrast of permeability at the channel boundary causes the saturation solution to be dis-
continuous, leading to inaccurate linear interpolation. Here we observe high frequency residuals
appearing sporadically but mostly along the channel boundary. As the Newton method resumes, the
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Figure 1. High frequency residual after linear interpolation of the multigrid method for rough coefficient cases.

first few iterations focus on reducing such high frequency residuals while little effort is devoted to the
remaining system, resulting in suboptimal convergence behavior.

In this paper, we introduce a stable local residual minimization approach to enhance the prolon-
gation process which provides an opportunity for improving the numerical homogenization. We use
themultiphase flow in a porousmediamodel for demonstration, while the idea is generally applicable
to other time-dependent nonlinear problems. In Section 2, we present a model problem followed by a
smoothing algorithm in Section 3. Results fromnumerical experiments using the proposed algorithm
are discussed in Section 4. The summary of our findings follows in Section 5.

2. Flowmodel problem

We consider the following two-phase flow in the porous media model. The phase mass conservation,
constitutive equations, boundary and initial conditions are as follows:

∂(φραsα)

∂t
+ ∇ · uα = qα in � × J, (1)

uα = −Kρα

krα

µα

(∇pα − ραg) in � × J, (2)

uα · ν = 0 on ∂� × J, (3)
{

pα = p0α

sα = s0α

at � × {t = 0}, (4)

for α = nw,w. J = (0,T] is the time domain of interest, while � is the spatial domain. Here, φ is
porosity and K is permeability. ρα , sα , uα and qα are density, saturation, velocity and source/sink,
respectively, for each phase. The phase densities are defined by Equation (5) for slightly compressible
fluid

ρα = ρα,ref · ecα(pα−pα,ref ), (5)

with cα being the fluid compressibility and ρα,ref being the reference density at reference pressure
pα,ref . In addition, krα , µα and pα are the relative permeability, viscosity and pressure for each phase.
The relative permeability, often being the degenerate coefficient, is a function of saturation. Pressure
differs between a wetting phase and non-wetting phase in the presence of capillary pressure, which is
also a function of saturation:

krα = f (sα), (6)

pc = g(sα) = pnw − pw. (7)

The saturation of all phases obeys the following constraint:
∑

α

sα = 1. (8)

We now provide the weak variational form in space-time setting, which is also valid for tradi-
tional time-stepping schemes with uniform timesteps. We solve the system with a mixed finite
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element method. Let V = H(div;�),W = L2(�) with Vh and Wh being their respective finite-
dimensional subspaces. Let Jn = (tn, tn+1] be the nth partition of the time domain of interest. Then
for each space-time slab Jn × �, we define velocity and pressure/saturation spaces as, for any element
Ei = Ti × Fi,

Vn
h =

{

v ∈ L2 (Jn;H(div;�)) : v(·, x)
∣

∣

Fi ∈ Vh, v(t, ·)
∣

∣

Ti
=

l
∑

a=1

vat
a & va ∈ Vh

}

,

Wn
h =

{

w ∈ L2
(

Jn; L
2(�)

)

: w(·, x)
∣

∣

Fi ∈ Wh,w(t, ·)
∣

∣

Ti
=

l
∑

a=1

wat
a & wa ∈ Wh

}

.

Functions in Vn
h and Wn

h along the time dimension are represented by polynomials with degrees
up to l. We formulate the space-time variational formulation as follows: find un

α,h ∈ Vn
h, ũ

n
α,h ∈ Vn

h,
sn
α,h ∈ Wn

h , p
n
α,h ∈ Wn

h such that

∫

Jn

∫

�

∂t
(

φρn
α,hs

n
α,h

)

w +

∫

Jn

∫

�

(

∇ · unup,α,h

)

w =

∫

Jn

∫

�

qαw ∀ w ∈ Wn
h , (9)

∫

Jn

∫

�

K−1ũnα,h · v =

∫

Jn

∫

�

pnα,h∇ · v ∀ v ∈ Vn
h, (10)

∫

Jn

∫

�

unα,h · v =

∫

Jn

∫

�

λαũ
n
α,h · v ∀ v ∈ Vn

h. (11)

The mobility ratio in λα is given as

λα =
krαρα

µα

, (12)

and the upwind velocity is calculated by

∫

Jn

∫

�

unup,α,h · v =

∫

Jn

∫

�

λ∗
αũ

n
α,h · v ∀ v ∈ Vn

h. (13)

The additional auxiliary phase fluxes ũnα,h are used to avoid inverting zero phase relative permeability
[8]. λ∗

α denotes the upwind mobility ratio and its calculation is done by using saturations from the
grid cell on the upwind direction of the pressure gradient.

3. Local residual minimization

Previous work regarding residual smoothingmainly involved linear problemswith rough coefficients.
In [9], an energy minimization method was introduced, which solves for a coarse basis function
that minimizes the energy functional on the fine grid. However, the direct application of such an
approach on nonlinear transport is problematic since no energy functional can be constructed due
to the degenerate coefficients. Therefore, the local residual minimization approach is formulated.

Consider T n
H as a coarse partition of Jn × � with elements Ei,H being refined into a finer partition

T
n
h with elements Ej,h.We define the linear interpolation of any piecewise constant function (pressure
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Figure 2. Four-point stencil on the coarse grid for boundary interpolation nodes (right plot).

and saturation) in space as fζ . Then the local problem is constructed as follow:

∫

Ei,H

(

∂t
(

φρn
α,hs

n
α,h

)

+ ∇ · unup,α,h − qα

)

w = 0 ∀ w ∈ Wn
h , ∀ Ei,H =

⋃

Ej,h�Ei,H

Ej,h, (14)

subject to
{

pα = pα,ζ

sα = sα,ζ
on ∂Ei,H . (15)

Figure 2 demonstrates the two partitions and boundary interpolation nodes necessary to solve
the local problem. If the interpolated pressure and saturation on the boundary are exact, then
Equation (14) is well posed and provides a unique solution that matches the global solution on the
local subdomain. However, providing exact boundary conditions by linear interpolation of the coarse
solution is hardly achievable in nonlinear transport, and thus, the local problem tends to be ill-posed.
Regarding the situation, we reformulate Equation (14) into a minimization problem as follows:

min
pα,h,sα,h

{

∥

∥

∥

∥

∫

Ei,H

(

∂t
(

φρn
α,hs

n
α,h

)

+ ∇ · unup,α,h − qα

)

w

∥

∥

∥

∥

∞

}

∀w ∈ Wn
h , ∀Ei,H =

⋃

Ej,h�Ei,H

Ej,h. (16)

Similar to solving the global problem, we use Newton’s method for such optimization process. Note
that the residual functional for a nonlinear transport equation is non-convex. Therefore, to prevent
over-working the local problem and cause divergence issues on the global solution process after-
wards, the iteration is stopped once reaching the average background residual instead of the absolute
minimum.

Previous work [10] has shown promising results that the local residual minimization approach is
effective, even for complex models, in reducing high frequency residuals caused by inadequate sat-
uration interpolation. However, such an approach is suboptimal for regions with complex channel
structures. Due to the limited number of coefficients in the subdomain, the local problem can-
not determine a definite flow path, resulting in limited improvement on the initial guess, or even
optimization failure for more complicated models.

Oversampling techniques have been widely applied in numerical homogenization [11] to upscale
channelized permeability whilemaintaining proper inter-cell connectivity.We enhance this approach
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Figure 3. Nine-point stencil on the coarse grid for extended boundary interpolation nodes (right plot).

to local residualminimization as demonstrated in Figure 3.Here, the local problemhas been extended
from Ei,H to E+

i,H by an extra layer of fine elements. To accurately interpolate nodes on the extended
boundary, a 9-point stencil including diagonal direction gradients is necessary. Although increas-
ing the size of the local problem, this extra layer is essential for forming a definite flow path, which
facilitates optimization and prevents failure.

4. Numerical results

Weuse the space-time geometricmultigrid algorithm introduced in [7] to solve the described system.
The procedure starts by solving the global problem at its coarsest resolution in the space-time domain
and then sequentially refines certain regions to its finest resolution. The coarsest time step is chosen
such that the numerical convergence is guaranteed on the coarsest spatial grid. During the sequential
refinement process, the solver first keeps the spatial mesh static at its coarsest level and searches for
regions to refine in time. Once the last level of temporal refinement is implemented, the temporal
discretization is finalized and the solver refines the mesh in space until reaching the finest resolution.
Afterward, the grid is restored to the coarsest resolution, the solver marches forward in time with the
coarsest time step and the whole process reiterates. The complete algorithm is illustrated in Figure 4.
As shown in the flowchart, the local residual minimization step follows local mesh refinement and
initial guess interpolation.

We apply the SPE10 dataset [12] bottom layer to conduct our numerical experiments. Figure 5
demonstrates the petrophysical properties. The fine-scale dimension is 56 × 216 elements of size
1 ft × 1 ft × 1 ft. The coarsest and finest timestep size is 10 and 1.25 days, respectively. The simulation
continues for 600 days (water breakthrough). There are three levels of the coarse spatial grid with a
refinement ratio of 2 between them. The coarse scale properties are calculated by numerical homog-
enization introduced in [13]. For nonlinear advection, we use the Brooks–Corey model illustrated in
Figure 6 for both relative permeability and capillary pressure, which is described by

⎧

⎪

⎪

⎨

⎪

⎪

⎩

krw = k0rw

(

sw − swirr

1 − sor − swirr

)nw

,

kro = k0ro

(

so − sor

1 − sor − swirr

)no

,

(17)
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Figure 4. Solution algorithm for sequential local mesh refinement solver with separate temporal and spatial adaptivity.

Figure 5. Fine-scale permeability and porosity of the numerical experiment.

pc(sw) = Pen,cow

(

1 − swirr

sw − swirr

)lcow

. (18)

The model parameter values are sor = swirr = 0.2, k0ro = k0rw = 1.0, nw = no = 2, Pen,cow = 10 psi
and lcow = 0.2. The fluid data are listed in Table 1. We place a water injection well with a rate of
1 ft3/day at the bottom left corner and a production well with the production pressure of 1000 psi at
the upper right corner. The initial pressure and saturation are set to be 1000 psi and 0.2, respectively.

We first present two snapshots generated during the simulation. As demonstrated in Figure 7,
the difference between the saturation initial guess and true solution is quantified. For initial guess
provided by direct linear interpolation (top plots), we observe a significant mismatch along the chan-
nel boundary and around low permeability spots inside the main channel. The notable variation of
permeability in such regions causes the saturation solution to be discontinuous, a behavior that is
not perceivable by linear interpolation. We then apply local residual minimization without oversam-
pling (middle plots) and as illustrated, the over-estimation of saturation in low permeability regions
is eliminated. However, there is still a noticeable mismatch, mainly in regions with complex channel
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Figure 6. Relative permeability (left) and capillary pressure (right) curve for the numerical experiment.

Table 1. Fluid data for the numerical experiment.

Parameter Value Unit

Oil compressibility (co) 1.0 × 10−4 psi−1

Water compressibility (cw ) 3.0 × 10−6 psi−1

Oil viscosity (µo) 3.0 cp
Water viscosity (µw ) 1.0 cp
Oil standard density (ρo,std) 53 lb/ft3

Water standard density (ρw,std) 64 lb/ft3

Figure 7. Saturation contrast between initial guess and true solutionwithout local smoothing (top), with local smoothing (middle)
and with oversample local smoothing (bottom).

structures such as sharp corners and thin conduits. The results with oversampling (bottom plots)
show significant improvement. The complex structures possess less obstacles to the optimization
process. Therefore, most of the mismatch has been removed.

We now compare the computational behavior of the two local minimization methods. Figure 8
demonstrates the optimization iteration taken in each timestep and the cumulative CPU time to fin-
ish all the local problems. The iteration number increases for both methods during early timesteps,
due to the expanding saturation front which results in more refinement subdomains.With additional
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Figure 8. Stepwise iteration count and cumulative CPU time for a local residual minimization problem.

Figure 9. Cumulative iteration count and CPU time for a global problem.

data provided by oversampling, the local systemgainsmore constraints during the optimization. Con-
sequently, such an approach requires more iterations than the local problem without oversampling.
Also due to the increased problem sizes, the total CPU time to solve the oversampled problems is
increased by approximately 50%.

Regarding the computational behavior of the global problem, Figure 9 illustrates the cumulative
global iterations and the total CPU time to finish the simulation. Note that such cumulative time also
includes those spent on local residualminimization.Weobserve that the smoothingwithout oversam-
pling provides a slight improvement on theNewton convergence of the global problem.However, such
improvement is not substantial enough to counteract the additional time spent on local smoothing.
Consequently, there is very limited speedup on the total simulation time. On the other hand, the local
residual minimization with oversampling reduces the global iteration by approximately 25%. There-
fore, despite the increased computational load on the local problem, such approach still provides a
15% speedup on the total computing time.

5. Conclusions

In this paper, we present a stable local residual minimization algorithm for the geometric multigrid
method to remove high frequency residuals caused by the prolongation step. The minimization is
achieved by solving the global system restricted to each refinement subdomain with boundary con-
ditions provided by linear interpolation of the coarse solution. The local problem is solved in the sense
of optimization by Newton’s method and the iteration is terminated once reaching the background
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residual, to prevent over-working the ill-posed local problem. To improve algorithm stability and
minimization outcome, oversampling is applied by adding an extra layer of fine elements to the orig-
inal subdomain. Results from the numerical experiment using the two-phase slightly compressible
flow model with rough coefficients are presented. We observe that the local smoothing with over-
sampling erased the majority of the difference between the saturation initial guess and true solution,
regardless of coefficient structure complexity. The number of global iterations required for conver-
gence is reduced by 25% and the total CPU time is diminished by 15%. Considering the slightly
compressible immiscible system is fairly stable and the adaptive method already providing tremen-
dous computational speedup, there is naturally not much room for improving the computational
efficiency. However, based on the result, we do expect local residual minimization to be majorly ben-
eficial towards more complicated and chaotic systems, where an inadequate initial guess can easily
lead to convergence failure. And also towards uniformly high-resolution simulations, wheremultigrid
refinement occurs globally. Preliminary results indicate that oversampling is particularly advanta-
geous to local problems on complex models that include compressible phase, such as the black-oil
model, to prevent optimization failure.
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