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ABSTRACT

Multiserver jobs, which are jobs that occupy multiple servers si-
multaneously during service, are prevalent in today’s computing
clusters. But little is known about the delay performance of systems
with multiserver jobs. We consider queueing models for multiserver
jobs in a scaling regime where the system load becomes heavy and
meanwhile the total number of servers in the system and the num-
ber of servers that a job needs become large. Prior work has derived
upper bounds on the queueing probability in this scaling regime.
However, without proper lower bounds, the existing results cannot
be used to differentiate between policies. In this paper, we study
the delay performance by establishing sharp bounds on the mean
waiting time of multiserver jobs, where the waiting time of a job is
the time spent in queueing rather than in service. We first consider
the commonly used First-Come-First-Serve (FCFS) policy and char-
acterize the exact order of its mean waiting time. We then prove a
lower bound on the mean waiting time of all policies, and demon-
strate that there is an order gap between this lower bound and the
mean waiting time under FCFS. We finally complement the lower
bound with an achievability result: we show that under a priority
policy that we call P-Priority, the mean waiting time achieves the
order of the lower bound. This achievability result implies the tight-
ness of the lower bound, the asymptotic optimality of P-Priority,
and the strict suboptimality of FCFS.
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1 INTRODUCTION

In today’s large-scale computing clusters behind cloud platforms,
multiserver jobs have become increasingly prevalent, where a multi-
server job is a job that demands to occupy multiple “servers” (which
can be multiple physical servers, multiple CPU cores, etc.) simul-
taneously during its runtime [2, 20, 31, 34]. For example, cloud
platforms allow users to specify the number of CPU cores in their
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virtual machines or containers, and this information can be utilized
by centralized schedulers to make scheduling decisions (see, for
example, [1, 34]). Moreover, the number of “servers” that a multi-
server job requests, which we refer to as the server need, is becoming
increasingly large. This trend is driven by machine learning jobs
from applications like TensorFlow [2], where the jobs are highly
parallel and require synchronization. According to the statistics
from Google’s Borg Scheduler [34], the server needs in Borg can
vary across six orders of magnitudes.

In this paper, we study the impact of multiserver jobs on the de-
lay performance of large-scale computing systems using queueing
models. Queueing models with multiserver jobs have been studied
in the literature, but quantifying the delay performance is noto-
riously hard. Exact steady-state distributions can only be derived
in highly simplified settings with two servers [10, 13], while the
majority of prior work has focused on characterizing stability con-
ditions [3, 14, 27, 29]. However, even for stability, exact conditions
are known only for the special cases where all jobs have the same
service rates or where there are two job classes.

A recent advance in understanding the delay of multiserver jobs
is a characterization of the queueing probability in a large system by
Wang et al. [36], where the queueing probability is the probability
that an arriving job has to queue rather than entering service im-
mediately. Specifically, Wang et al. [36] consider a multiserver job
system with n servers, and study the asymptotic scaling regimes
where n becomes large. The scaling regimes allow different job
types to have different arrival rates, server needs and service rates.
Among those parameters, server needs and arrival rates can scale
up with n. Such scaling regimes capture the trend that different
multiserver jobs can be highly heterogeneous, especially in terms
of server needs. Wang et al. [36] establish an upper bound on the
queueing probability, based on which they give a sufficient condi-
tion for the queueing probability to diminish as n goes to infinity.

Although the work [36] identifies when the queueing probability
diminishes in large systems, which is a much desirable operating
scenario, it does not provide much insight for differentiating be-
tween scheduling policies. In particular, the queueing probability
upper bound in [36] holds for any scheduling policy that is rea-
sonably work-conserving (although the bound is presented only
for the First-Come-First-Serve policy in [36]). Moreover, queueing
probability does not directly translate to delay of jobs.

In this paper, we focus on the waiting time of jobs, which is
the time a job spends waiting in the queue (not receiving any
service), under various scheduling policies. The waiting time is a
performance metric that is directly related to job delay. Our goal is
to establish bounds on the mean waiting time that are order-wise
tight as the number of servers, n, scales. Such tight bounds will
enable us to differentiate between policies based on their delay
performance. We comment that there has been a line of work in the
literature [21-24, 32, 37, 38] that focuses on quantifying when the
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Figure 1: A multiserver-job system with two types of jobs.
Type 1 jobs have arrival rate 1;, service rate p;, and server
need ¢; = 2. Type 2 jobs have arrival rate A,, service rate yy,
and server need £, = 3.

mean waiting time diminishes in large systems for various queueing
models. However, little is known on how fast the mean waiting time
diminishes due to the lack of lower bounds. Our results provide the
rate of diminishing when the mean waiting time does diminish, but
our tight bounds on the mean waiting time are not limited to the
“diminishing” scenario.

Since the First-Come-First-Serve (FCFS) policy is widely used as
a default policy in practice and also it receives the most attention
from theoretical studies of multiserver jobs [3, 10, 13, 14, 27, 29], we
will first examine FCFS and understand the exact order of the mean
waiting time under it. Then a natural question that arises is: can
any policy outperform FCFS in terms of the mean waiting time? More
generally, we aim to answer the following fundamental questions:

e What is the optimal order of the mean waiting time as the
system scales?
e Which policy achieves the optimal order?

1.1 Model and performance metric

We consider a system that consists of n servers and I types of jobs.
An example is illustrated in Figure 1. Suppose type i jobs needs the
simultaneous service of ¢ servers. We sort the job types so that
their server needs ¢;’s satisfy £1 < £» < ... {y. Let the maximal server
need fmax to be fmax = maXx;e (12, 1y ti = {1, and we call type I jobs
the maximal-need jobs.

The dynamics of the system are as follows. Foreachi = 1,2,...,],
type i jobs arrive to the system following a Poisson process with
arrival rate A;. Upon arrival, a job either starts service immediately
or waits in a centralized queue. When the type i job starts service,
it leaves the queue and makes exclusive use of #; servers. The job
leaves the system after receiving enough service. The service time of
a type i job follows an exponential distribution with service rate y;.
The service times and arrival events are independent.

During the operation of the system, a scheduling policy is used
to determine which set of jobs to serve at each time. The scheduling
policy is allowed to be preemptive, i.e., we can put a job in service
back to the queue and resume its service later.

We measure the performance of our scheduling policy based on
mean waiting time as defined below: let T,"(c0) denote the waiting
time of type i jobs in steady-state, then the mean waiting time is
defined as the steady-state expected waiting time averaged over all
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Figure 2: Scaling regimes under the special parameterization
with slack capacity § = n* and maximum server need £, =
n¥. The traffic is heavier as we move to the upper left. The
three triangles are partitioned by lines y =« and a = HTY.

job types, i.e.,
1 d
w w
E[T¥()] = ;; (7" ()],
where 1 = Zle Ai is the total arrival rate.

1.2 Scaling regimes

We study job delay in scaling regimes where the number of servers,
n, goes to infinity. Specifically, we consider a sequence of sys-
tems with parameters scaling up jointly with n, and analyze the
growth/decrease rate of mean waiting times. In the considered scal-
ing regimes, the arrival rates A; and server needs #; are allowed
to scale with n, while the service rate y; and the number of job
types I stay constant. One key parameter for specifying a scaling
regime is the slack capacity 6, defined as § = n— Zl 1 AF[‘
the expected number of idle servers in steady state. Slack capacity
is used to specify the heaviness of traffic, which is alternatively
specified by load p given by p = Zl 1 fl[’

For expositional purposes, here we parameterize the scaling
regimes in the following way: fmax = n¥, § = n® for some exponents
0 < @,y < 1. We assume that the total arrival rate A = ©(n). Note
that the scaling regimes we study in this paper are more general,
and we refer the readers to Section 2 for full details. We aggregate
all scaling regimes with the same («, y) pair into one point and plot
out all such points, as shown in Figure 2. We partition the set of
exponent pairs (a, y) € [0,1)? into three triangles, using the lines

which is

in literature.

a=yanda = 1%/ The corresponding scaling regimes to the upper
left are in general “heavier” than the scaling regimes to the lower
right, since the former regimes have larger work variability and
smaller slack capacity. We comment that the point («, y) = (%, 0) is
analogous to the celebrated Halfin-Whitt regime [15] and (a,y) =
(0, 0) is analogous to the Non-Degenerate Slowdown (NDS) regime
[7] in traditional multiclass M/M/n models.

We focus on the scaling regimes where y < o < 2Y’ marked in
blue in Figure 2. The scaling regimes satisfying the condition are
not too light; the lighter regimes marked in white, studied in [36],
can be shown to have both queueing probability and mean waiting
time diminish at a rate faster than any polynomial in n under any
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reasonably work-conserving policy. Meanwhile, the regimes under
study are not too heavy either; the system still enjoys diminishing
mean waiting time together with high system utilization.

1.3 Results

We present our main results here in the specialized scaling regimes
for exposition purposes. General forms with fully specified assump-
tions are presented in Sections 2 and 3.

Our results and analysis heavily use the asymptotic notation. !

e Mean waiting time under FCFS. The exact order of the mean
waiting time under FCFS is given by

E[TY(00)]" ™ = 0(n~9). )

e Mean waiting time lower bound. Under any policy, the mean
waiting time is lower bounded as

E[Tw(oo)] =Q(n™%), (2)

e Order-wise optimal policy. Consider a static priority policy
that we call the P-Priority policy, which preemptively prioritizes
the jobs with smaller server needs. Then the mean waiting time
under P-Priority achieves the lower bound in (2), i.e.,

E [TW(OO)]P»Priority _ @(I’l_a) ) (3)

Therefore, the P-Priority policy is order-wise optimal in the mean

waiting time.

Comparing the mean waiting time under FCFS and under P-
Priority, we can see that FCFS is strictly suboptimal, and P-Priority
improves upon FCFS by a factor of ©(nY).

A key to proving the mean waiting time results above is the
order-wise tight bounds on the expected workload we establish
(Lemma 1 and Lemma 2). In addition, although we consider the
system under the traffic regime where y < a < HTY we still need
to analyze “subsystems” that are in the lighter traffic regime. In this
lighter regime, we show that the total server need decays faster
than any polynomial (Lemma 6). All these lemmas hold under a
very general class of policies, so they could be potentially relevant
when we study policies other than FCFS and P-Priority.

Results on queueing probability. As a by-product to our analy-
sis, we further derive an upper bound on the queueing probability
under a work-conserving policy, presented in Corollary 2, which
significantly improves upon the queueing probability upper bound
in [36] in a slightly more constrained traffic regime.

Simulation experiments. The P-Priority policy we consider in
our analysis is a preemptive policy, but preemption is usually not
preferable in practice. Therefore, we use simulation experiments to
explore a non-preemptive version of the priority policy, which we
call the N-Priority policy. N-Priority serves a job with the smallest
server need in the queue when enough number of servers free up.
Our simulation experiments compare the mean waiting time under
FCFS, P-Priority, and N-Priority. The simulation results, presented
in Section 9, show that N-Priority has comparable performance
!We use the standard Bachmann-Landau notation. Consider two sequences a(n) and

b(n) (or simply a and b), where b(n) is positive for large enough n. Then a = O(b)

if limsup,,_, ., I%\ < ooya=o0(b)iflimyse § =0;a=Q(b) ifliminf,, e § >0,

which is equivalent to b = O(a); a = w(b) if lim,—e0 % = oo, which is equivalent

to b =o0(a); a=0O(b) if a satisfies both a = O(b) and a = Q(b).
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with P-Priority, and demonstrate the performance gap between
FCFS and P-Priority/N-Priority.

1.4 Technical challenges

The main technical challenges in analyzing the considered multi-
server-job system are rooted in the heterogeneity among job types in
both their service rates and their server needs. Such heterogeneity
makes the system dynamics multidimensional: neither the total
number of jobs in service nor the total number of busy servers
determines the current job departure rate. We comment that even
for a classical multi-class M/M/n system, where there are multiple
job types with different service rates but all job types have a server
need of 1, finding an optimal scheduling policy is known to be a hard
problem, and solutions are available mostly in the so-called Halfin-
Whitt heavy-traffic regime through the diffusion control problem
[6, 8, 17]. Compared with the classical multi-class M/M/n system,
our multiserver-job system has an additional layer of intricacy due
to the heterogeneous server needs, which makes it possible for the
system to have servers idling while there are jobs in the queue.
To address the challenges due to heterogeneity, our analysis
relies on various state-space concentration results. State-space con-
centration is a phenomenon where the state concentrates around
a subset of the state space in steady state, observed in queueing
systems in heavy-traffic or large-system regimes [21-24, 35, 38]. In
the multiserver-job system we consider, state-space concentration
results are crucial for analyzing the system dynamics when the
queue is nonempty. The scenario when the queue is nonempty is
especially important to our scaling regimes since the queueing prob-
ability may not be diminishing even when the mean waiting time
is diminishing. This contrasts with the analysis in prior work [36],
which focuses on diminishing queueing probability. Furthermore,
our performance goal is to achieve the optimal order of the mean
waiting time in large systems, which deviates from the traditional
performance goal of minimizing delay or certain long-run cost.

1.5 Additional related work

We provide some additional references to models that are related to
the multiserver-job model we consider. One model is the dropping
model [4, 9, 19, 30, 33, 39], which is a lossy version of our model. The
dropping model considers a system that drops the incoming jobs
when there are no available servers, with the goal of minimizing
the dropping rate. The virtual machine (VM) scheduling problem
studied in [25, 28, 40] considers a system with multiple servers,
each with a certain units of resources. A VM job requests multiple
units of resources and can only be placed on a single server. Most
existing work for VM scheduling focuses on stability and only
limited results are available for delay. Another class of models
consider jobs consisting of multiple tasks that can run on multiple
servers but do not require simultaneous execution. Examples of
such models include the parallel task model (also called the fork-
join model; see, e.g., [37, 41]) and the batch arrival model (see, e.g.,

(11]).
2 MODEL

A basic description of the system parameters and dynamics has
been given in the introduction. In this section, we provide formal
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descriptions of the scheduling policies, the system states, the scaling
regimes, and the concept of subsystems used in our analysis.

Scheduling policies. A scheduling policy decides which jobs to
put into service at any moment of time. We are interested in the
following two policies:

e First-Come-First-Serve (FCFS): Jobs are placed onto servers in a
First-Come-First-Serve fashion until either the next job in queue
does not fit or all the jobs are in service.

e Preemptive Priority (P-Priority): Recall that the job types are in-
dexed in a way such that #; < ¢, < --- < £7. We assign priorities
to job types such that a smaller index has a higher priority. When-
ever there is a job arrival or departure, P-Priority preempts all
the jobs in service and determines a new schedule from scratch.
P-Priority starts from job type 1 and places as many type 1 jobs
as possible onto servers. After this, if there are still servers avail-
able, P-Priority goes to the next priority level, type 2, and places
as many type 2 jobs as possible onto servers. This procedure
continues until no more jobs in the queue can fit into the servers.

System state. Under FCFS or P-Priority, a Markovian representa-
tion of the system state can be described as follows. The state u of
the Markov chain is an ordered list of the jobs in the system, sorted
in their order of arrival, and each entry of u describes the type of
the corresponding job and whether the job is in service or not. Let
the state space be denoted as U. Although the state space is infinite
dimensional, in our analysis, we typically only need to focus on
three I-dimensional vectors defined below.

For any time ¢ and each job type i, let X; () denote the number of
type i jobs in the system, Z;(t) denote the number of type i jobs in
service, and Q; (t) = X;(t) — Z;(t) denote the number of type i jobs
waiting in the queue. Note that since the total number of servers in
use cannot exceed n, and we cannot serve more jobs than there are
in the system, we have the following constraints:

I
t;Zi(t) <n forallt >0,
; 141 (4)

Zi(t) < X;(t) forallt >0,i€ [I],

where [I] denotes the index set {1,2,...,I}.

Let X;(o0), Z;j(o0), and Q;(c0) be random variables that follow
the corresponding steady-state distributions when they exist. We
sometimes use vector representations of these quantities for conve-
nience. For example, we write X (¢) = (X;(t), X2(2), ..., X;(t)). We
define the vectors Z(t), Q(t), X(o0), Z(0), and Q(co) in a similar
way. Note that these random elements correspond to the n server
system and thus their distributions depend on n. Throughout this
paper, for conciseness, we often omit the (o) in the steady-state
random elements except in theorem or lemma statements.

Recall that our performance metric is the mean waiting time
E[T" ()], given by

1
E[TY(c0)] :%Z E[T" ()],
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where T} (c0) is the waiting time of type i jobs in steady-state. Note
that by Little’s law, the mean waiting time can be written as

1
ET(e] = 7 L ErQi(e).

Therefore, bounding the mean waiting time reduces to bounding
the expected total queue length.

Scaling regimes. Recall that we consider scaling regimes where
number of servers, n, goes to infinity, and the arrival rates A; and
server needs f; are allowed to scale with n, while the service rate
i and the number of job types I stay constant. The scaling regimes
i1 /1”[’ the maximal
server need fmax = max;e(r) i = t’; and another parameter called

are specified by the slack capacity § £ n — 3!

the work variability: c® Z —~. Work variability reflects the

variability of the * Work” caused by job arrivals in terms of server—
time product, which is = in expectation for each type i job. To help

later presentation, we also define the load brought by type i jobs p;

Ait;
as pj = n_llz .
We state our assumptions below. Note that throughout this paper,

log n denotes natural logarithm.

AssuMPTION 1 (HEAVY TRAFFIC ASSUMPTION). The slack capacity
& is small compared with Vo?:

5:0(‘/"_2). )

logn

ASSUMPTION 2 (MAXIMAL SERVER NEED ASSUMPTION). There ex-
ists a constant €y with 0 < €y < 1 such that

fmax < 605. (6)

AssuMPTION 3 (COMMONNESS ASSUMPTION). The load brought
by the maximal-need jobs is not too small:

™)

. Arfr ( Sdlogn  fmax )
pr=—=w . logn .

Ny Vo?

Assumption 1 guarantees that the traffic is not too light, while
Assumption 2 guarantees that the system is stable under FCFS and
P-Priority. In the simplified setting of Section 1 where #max = n¥ and
& = n%, the first two assumptions correspond to & < HTY anda >y,
which exclude the white and grey parts in Figure 2, respectively.
Assumption 3 states that the load brought by the maximal-need
jobs are not too small. To understand the right hand side expres-
sion in Assumption 3, note that it is automatically satisfied when

pr = w(\/fmax/nlog n) For example, when fnax = ©(Vn), then

it suffices to have py = w(n_1/4 log n). However, when the traffic

. . Slogn .
becomes heavier, i.e., when \/52 becomes smaller, Assumption 3
o

in (7) can be much weaker than py = w(\ﬂ’max/n log n).

To have an intuitive view of the magnitudes of the parameters, we
give the following asymptotics: 62 = O(nfmax), & = o(n/(logn)?),
and fpax < €8 = o(n/(log n)z). They can be verified using the
definitions and assumptions.
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Subsystems. In our analysis, we frequently use the concept of the
i-th subsystem, which is the system that has all type j jobs in the
original system with j < i and removes all type k jobs with k > i.In
. i At
the i-th subsystem, the slack capacity becomes §; = n — }:1 l’l—j’,
. A
and the work variability becomes 01.2 = ;'=1 # Note that § = d;
i
and 0'12 = 0. The maximal server need in the i-th system is ¢ since
O <l <-4
As i increases, the load of the i-th subsystem gets heavier since
&; becomes smaller. There is a critical index i* such that

2
i

i*=mindi€[I] |6 =0

raa |1 (8)

i.e., the i*th subsystem is the smallest subsystem whose traffic
regime is as heavy as that of the original system. Because of the as-

r

logn

sumption that § = o( ) the set in (8) contains at least the index
I and i* is well-defined. Note that §; is monotonically decreasing
while O'iz is monotonically increasing. Thus the index i* serves as

i

0.2
a division point: for any i with i* < i < I, we have §; = o( )

logn |

resulting in a lighter traffic regime; and for any i with 1 < i < i¥,
2

we have §; = log -

), resulting in a heavier traffic regime.

3 MAIN RESULTS

In this section, we first present our main results under the scaling
regimes we specify in Section 2 as Theorems 1, 2, and 3. Then, to
demonstrate our results in a more intuitive fashion, we consider the
parameterized scaling regimes defined in Section 1.2 as a special
case, and present the specialized form of our results as Corollary 1.

THEOREM 1 (MEAN WAITING TIME UNDER FCFS). Consider the
multiserver-job system with n servers satisfying Assumptions 1 and 2.
Under the FCFS policy, for each i € [I], the expected waiting time of
type i jobs satisfies

2

E[Tiw(oo)]FCFS 2 W -(1-0(1)), ©)
2

E[Tiw(oo)]FCFS < # - (1+0(1)). (10)

Consequently,
2 2
FCFS g FCFS o
E[T" ()] :@)(_né)’ E[1"(c0)] :G(ﬁ)' (11)

THEOREM 2 (MEAN WAITING TIME LOWER BOUND). Consider the
multiserver-job system with n servers satisfying Assumptions 1 and 2.
Under any policy, the mean waiting time is lower bounded as

1 Hmin0, 1

w -
E[T"(c0)]| 2 Ry ~(1-0(1))
—of ma 1% "
B i*nslelpscl A6 |

where i* is the critical index defined in (8) and jimin = min;e[r) i,
and the expression represented by o(1) is independent of the policies.
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THEOREM 3 (MEAN WAITING TIME UNDER P-PRIORITY). Consider
the multiserver-job system with n servers satisfying Assumptions 1, 2,
and 3. Under the P-Priority policy, the mean waiting time satisfies

[TW( )]P Pnorlty Z Hmax0, 1
- /1

XA -(1+0(1))

(13)
=0

2

i
max ——|,
i*<i<I A €;0;

where i* is the critical index defined in (8) and pimax = maX;e(r] i
Consequently, the P-Priority policy achieves the optimal order of the
mean waiting time.

We have a more general bound for P-Priority policy that holds
without Assumption 3. Interested readers can refer to the appen-
dices of our technical report [18].

Below we state the results appearing in Section 1 as direct con-
sequences to the above theorems.

COROLLARY 1 (MEAN WAITING TIMES IN THE PARAMETERIZED
SCALING REGIMES). Consider the multiserver-job system with n servers
satisfying Assumptions 1, 2 and 3. Suppose the maximal server need
fmax = 1V and the slack capacity § = n%, then the assumptions sim-
plifyto0 <y <a< HTY < 1, pr = ©(1). We further assume that

the total arrival rate A = ©(n). Then we have the following results:

(a) Under the FCFS policy, for each i € [I], the expected waiting
time of type i jobs satisfies

E[T"(e0)]"" = ©(n"~®), (14)

and the mean waiting time over all job types also satisfies
E[T"(c0)]"™ = 0(n' ). (15)
(b) Under any policy, the mean waiting time is lower bounded as
E[TW(oo)] = Q(n_a), (16)

where the expression represented by Q(n~%) is independent of
the policies.
(c) The mean waiting time under the P-Priority policy satisfies

E[TW(OO)]P-Priority _ ®(n—a)‘ (17)

4 PROOF ROADMAP AND DRIFT METHOD
PRELIMINARIES

We organize our proofs of the main results as follows: we first
prove two important bounds for a quantity called workload given by
Z 4 Q,, in Lemma 1 and Lemma 2, respectively. Then we convert
the workload bounds to the waiting time bounds in Theorem 1 and
Theorem 2 using properties of FCFS and a linear programming re-
laxation. For Theorem 3, we analyze P-Priority by considering each
i-th subsystems for i € [I]. Some subsystems only need Lemma 1
and 2, while others require an additional Lemma 6.

Our proof approach is closely related to the recently developed
drift method [12, 26]. The drift method allows us to extract informa-
tion from a continuous-time Markov chain {S(#) };>¢ in state space
S by computing the drift of different test functions. Specifically, let
f S — Rbe any function from the state space S to real numbers.
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Because S(t) is a Markov chain with countable state space and
bounded transition rates, we can define drift of the function f as

Gf“)é}E%Eanoi—f@>

$(0) = s]. (18)

We call the operator G the generator of the Markov chain.

For a multiserver-job system, let I-dimensional real vectors x, z €
R! be possible realizations of state descriptors X (t) and Z(t), where
recall that X(t) is the vector of the number of jobs in the system
at time ¢, and Z(t) is the vector of the number of jobs in service at
time ¢. We focus on f that only depends on x, i.e., f : ZL — R.

I 1
Gf(x2) = ) Ai(f(x+e) = f(x)) + ) mizi(f(x = e) = £ (),

i=1 i=1
(19)
where e; € R is the vector whose i-th entry is 1 and all other entries
are 0. Note that although f and Gf are functions of the system state
u, we write f(x) and Gf(x, z) to highlight the variables that affect
their values.
We frequently use the following relation regarding the drift

E[Gf(X,Z)] =o. (20)

Heuristically, this is because when X (0) and Z(0) follow the sta-
tionary distribution, X (¢) and Z(t) also follow the stationary distri-
bution, so f(X(t)) and f(X(0)) have the same expectation. Rigor-
ously speaking, this relation only holds for well behaved functions
and Markov processes. The conditions under which the relation
holds are discussed in detail in our technical report [18]. Through-
out the paper, we assume (20) holds for all f that we consider.

5 WORKLOAD BOUNDS

In this section, we prove two bounds for a quantity called workload
given by 3! i=1 7 Q, These bounds are fundamental to the proofs
of the main theorems. In Lemma 1, we give a lower bound on
the expected workload applicable to any policy. In Lemma 2, we
give upper bounds on the expected workload under any §"-work-
conserving policy, a class of policies defined in Definition 1. The
proof sketches of Lemma 1 and Lemma 2 are given in this section,
and the complete proofs are provided in the appendices of [18].

LEMMA 1 (WORKLOAD LOWER BOUND). Consider the multiserver-
Jjob system with n servers satisfying Assumptions 1 and 2. Under any
policy, the expected workload is lower bounded as

e[S 00
= Hi '

where the expression represented by o(1) is independent of the policies.

2
> — - (1-o(1), (21)

DEFINITION 1. We call a policy 8’-work-conserving, if the follow-
ing equation holds

I 1
Z 6Zi(t) > min(z 6Xi(t),n - 5’) Vi>0.  (22)
i=1 i=1

Here Zle
while Z{zl £:X;(t), which we call the total server need, is the po-
tential number of busy servers if we can put all jobs at time ¢ into
service. Therefore, under a §’-work-conserving policy, either all

£;Z;(t) is equal to the number of busy servers at time ¢,
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jobs are in service, or there are at most §” idling servers. Under
any fmax-work-conserving policy, one can show that the system
is stable when #max < €9d (Assumption 2) holds. In particular, the
system is stable under both FCFS and P-Priority.

LEMMA 2 (WORKLOAD UPPER BOUND). Consider the multiserver-
job system with n servers under a §’-work-conserving policy with
&’ < €d, where gy € (0,1) is the parameter in Assumption 2. Then

when 6 = o(lg),

2
Z wm]ay<um» of5)

when § = Q(l‘o/;l)

[i-oo
E;Ew)

Remark. When Assumption 1 is satisfied, i.e., when § = o(

= o(«/? log n). (24)

Vo? )

logn )°
the workload upper bound in Lemma 2 coincides with the work-
load lower bound in Lemma 1 order-wise, which implies that the
expected workload E[Z, 17 —l ,(oo)] (; ) Note that in this
case, although the expected Workload under all §’-work-conserving
policies has the same order, the mean waiting time can vary among
policies, as shown for FCFS and P-Priority in Theorems 1 and 3.

Preliminaries for proving Lemma 1 and Lemma 2. Our proofs
focus on bounding the normalized work, defined as

I
o N b _
EDY (= 5)
i=1

where we write x; = % for notational simplicity. We claim that
normalized work has the same expectation as the workload, i.e.,
E[W] = [Zl 1 ”’ ] To see this, recall that Q; = X; — Z;. Now
consider the drift of Xj, given by GX; = A; — p1;Z;. One can verify
that X; satisfies E[GX;] = 0, and thus E[Z;] = Z£. Therefore, the

expected workload can be written as:

o G o Sl _
. Z/,TiQi -E ZE(Xi—Zi) =E Z;j(xi—x;')

i=1 i=1 i=1

E|

= E[W].

(25)

Therefore, bounding the expected workload is equivalent to bound-
ing the steady-state expectation of the normalized work E[W].
We break E[W] into three terms:

E[W]=7+E[(W-»']-E[(W-7)"], (26)

where 7 € R is up to our choice; (W —7)* £ max{W —,0} denotes

the positive part, and (W — 7)~ 2 —min{W — 7,0} denotes the

negative part.

The major difficulty during the proofs is bounding the expecta-
tion of the positive part E[(W — 7)*]. This relies on the relation
E[Gf(X, Z)] = 0 introduced in Section 4. In our proofs, we choose
f to be piecewise quadratic functions to get bounds on the term

1
E| Y t(zi—%)- (W-7)
i=1
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Since Z{:l t;(Z; —x3) = Zle t;Z; —n+ 98, we will be able to bound
E[(W—7)*] if we are able to give an accurate estimate of the number
of busy servers Z{zl t;Z; when the normalized work W > 7. To
get a precise estimate, we exploit the state-space concentration
result that says for each i € [I], X; cannot be much smaller than x;,
ie., (X; — x;)~ is small with high probability. Formally, this state-
space concentration is established by Lemma 3, whose proof uses a
sample-path coupling argument and is given in [18].

LEMMA 3. Consider the multiserver-job system with n servers. For
any nonnegative vector ¢ = (c1,...,cr) € RL independent of n, let
Cmax = MaX;e[] Ci, fimax = MaX;e[1] fi and let

I
o= Z city(Xi(o0) — %;),
i=1

where X; = IAI_i Then we have the three bounds below.

(a) ForanyK >0,

P(® < -K) < exp(—K—z). (27)

2
CmaxHmax 0’ 2

(b) For any @ > 0 and B > 0 such that aff > c2 .y limax0® and
anyj >0,

P(@®<-a-pj)<e. (28)
(c) Let &~ = max{—®, 0} to be the negative part of . Then

E[®7] < +/cEaxtimax0?. (29)

Next, we give the proof sketches of Lemma 1 and Lemma 2.

Proof sketch of Lemma 1 (workload lower bound). Recall that
E[W] = 71 +E[(W = 1)*] —E[(W — 1) 7], for some scalar 7; to be
specified later. To bound the positive part, we invoke the relation
E[Gf (X, Z)] = 0 for a carefully constructed function f(x) and get

E

I
Zfi(Zi - %) (W-r)*

— 4
> O'Z—O(nt’max)P(W <r+ max).
i=1

Hmin

o (30)
According to Lemma 3 (a) with ® = W, we can choose some 7; =
—O(\/ﬁlog n+ t’max) such that the probability on the right hand

side is bounded by # Moreover, observe that 211.:1 6i(Zi —xi) <
n— (n—98) = 6. Therefore,

2
o
— (1-o(1). (1)

By Lemma 3 (c), we can immediately get that because 71 < 0, the
negative part satisfies

E[(W - 7)7] < E[(W)] = 0(Vo?).

E[(W-7)*] 2

Combining the bounds on E [(W - f1)+] and E[(W—=71)7] gives

W) = % - (1 0(1) OV log -+ ) = % - (1= o(1),

where the last equality follows from Assumption 1 and 2, that is,
6= o(\/ﬁ/log n) and fmax < €o0.
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Proof sketch of Lemma 2 (workload upper bound). Observe
that E[W] < 7y + E[(W — 72)*], for some 7, to be specified later.
To bound the positive part E[(W — 7)*], we apply the relation
E[Gf (X, Z)] = 0 to a carefully constructed function f(x) and get

E

I
Zf’i(Zi - %) (W- 72)+] <’ (32)
i=1
In addition, we claim that there exists some y > 0 such that

I
vELW - 72)*] sE[Zei(zi—x»-(W—rzr +o(1). (33)

i=1

To prove this, we observe that both of the terms E[(W - 7)*] and
E 25:1 6(Zi —xi) - (W - f2)+] are non-zero only when

[.
L(X; - %) = 7. (34)
= Hi

I
i=1

By Lemma 3 (b) with ¢; = Iﬁ - l%’ we also have the following

inequality with probability at least 1 — #

Lp1ooa

( - —)l’i(Xi - %i) = —Ks. (35)
i=1 Hmin Hi

for some K3 = O( Vo2 log n) Adding up the two inequalities above

and applying §’-work-conserving property, we get

1
> 6(Zi = %) = min(jumin(72 - Kz), 6 = ).
i=1

After handling the low probability event that (35) does not hold,
we can show (33) with y = min(pmin (72 — K2), 8 — 8’). Therefore,
E[W] <A +E[(W - 7)"]

o2
min(fmin (72 = K2), 6 — 8%)
The upper bounds (23) and (24) in Lemma 2 follow once we choose
a suitable 75. When § = o(\/p/log n), choosing 73 = Kz + (8 —
8 imin yields E[W] < 5% - (1+0(1)). When § = Q(‘/a_z/log n),

choosing 7, = Kz + O(\/ojlog n) yields E[W] < O(\/ﬁlog n)

<ry+

+o0(1).

6 PROOF SKETCH OF THEOREM 1 (WAITING
TIMES UNDER FCFS)

The full proof of Theorem 1 is presented in our technical report [18].
Here we give a proof sketch. The proof is based on the intuition that,
under FCFS, the number of type i jobs in the queue is approximately
proportional to its arrival rate 4;, i.e.

Ai
A
where Qy = ZLI Qi is the total queue length. Therefore, we can
easily convert from the expected workload to mean waiting time:

E[Qi] ~ —E[Qs], (36)

I 1

ti N Aiti 1 B ~ w
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where the second equality is due to Little’s law and the fact that

Ai [1 —
Zl 1 = d.
This intuition is formalized by considering a Modified-FCFS pol-

icy, under which EModified-FCFS [0i] = % EModified-FCFS [Os]. Using
the Modified-FCFS, we then construct an upper bounding system
and a lower bounding system for the original FCFS system, such that
the queue lengths of the original system are sandwiched between

the queue lengths of the two modified systems.

7 PROOF OF THEOREM 2 (MEAN WAITING
TIME LOWER BOUND)

ProOF. Recall that by Little’s law, E[TW] = % Zle E[Q;]. There-
fore, it suffices to show a lower bound on the total queue length.
We fix a policy in the original system. For any i with i* < i < I,
we consider the i-th subsystem by ignoring all job types with
index greater than i. In the i-th subsystem, it is always possi-
ble to achieve the same E[Q;]’s for j < i by imitating the ser-
vice dec1510ns taken by the original system. Therefore, we have

] 1 ,u E[Qj] = - (1 -0(1)), where the right hand side expres-
sion is the workload lower bound of the i-th subsystem according to

Lemma 1. Then the expected waiting time E[T"] is lower-bounded
by the optimal value of the following linear programming problem:

min
tajetny AL
i 2
I3 o7
subjectto " Lg;> L. (1-0(1) i <i<I
=M i

q; =20 Vjelll,

where g corresponds to E[Q;].

1
1 1 Pimin tj /Jmlnz
— P> = > 1-o0(1 38
Aqu_/lt’i Equ]_ ~(1-0(1), (38)

for any i* < i < I, where in the first inequality we have used the
fact that p1; > pimiy and ¢ < ¢; for any j < i. Note that when g; is
zero for each j with j # i, the first inequality becomes an equality
up to constant order factors in terms of y; and . Because the
choice of i with i* < i < I is arbitrary, we have that the optimal
value is no less than

Hmin0;
1-o0(1 39
P s o) 39)
Therefore, E[TW] > max;<j<J ”/'1"{:“(;7 - (1 —0(1)). This completes

the proof. O

Remark. The proof of the lower bound provides some intuitions
for choosing the P-Priority policy. We consider the simple case
where i* = I. By (38), the total queue length orderwise achieves the
lower bound when the queue consists of jobs with the largest server
needs, which suggests us to give low priorities to those jobs. This is
in a similar spirit to SRPT, which leaves jobs with large remaining
service times in the queue (See, e.g., [16]).
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8 PROOF OF THEOREM 3 (MEAN WAITING
TIME UNDER P-PRIORITY)

To understand the behavior under P-Priority policy, one key obser-

vation is that for each i € [I], the type i jobs are unaffected by type j

jobs with j > i. As a result, we can learn about the original system

by analyzing each i-th subsystem, which is obtained by removing

all jobs of type j with j > i. Some subsystems are under relatively
2

heavier traffic, or more precisely, subject to §; = o| ogn , while

some subsystems are under lighter traffic. For those subsystems
under relatively heavier traffic, Lemma 1 and Lemma 2 are enough
for use; for those subsystems under lighter traffic, we sometimes
use Lemma 6, which is a more refined bound on the expected total
server need E [21{:1 t’,-X,-], proved based on the two tail bounds in
Lemma 4 and Lemma 5. The proofs of these Lemmas are in the
appendices of [18].

LEMMA 4. Consider the multiserver-job system with n servers sat-
isfying fmax < €00 (Assumption 2). Letting X; = fTi under any
fmax-work-conserving policy, the normalized work has the follow-
ing tail bound: for any € such that 0 < € < €, there exists a1 =

268 @(% log n) and p1 = ("fg‘“) such that for any j > 0,

Hmin

I
P(Z—(X:(oo) %) 2 ar+fr )<e I @)
P

LEmMA 5. Consider the multiserver-job system with n servers sat-
isfying fmax < €od (Assumption 2). Letting X; = ;%, under any
fmax-work-conserving policy, the total server need has the following
tail bound: there exists oy and P2 with oy = g + @(%?“X logn) and

P2 = @(%) such that for any j > 0,

T
P(Z £;(Xi(o0) = X;) 2 a2 + B2 'J) <e . (41)
=1

The proof technique of the two lemmas is using state space con-
centration successively: Lemma 4 relies on the state-space concen-
tration implied by Lemma 3, while Lemma 5 relies on the state-space
concentration implied by Lemma 3 and Lemma 4.

As a consequence of the first two lemmas, we can give a bound on
the expectation of the total server need E[Z{Zl £;X;], in a different
traffic regime than what is assumed in Assumption 1. This is useful
for analyzing the dynamics of subsystems under P-Priority.

LEMMA 6 (TOTAL SERVER NEED UPPER BOUND UNDER A LIGHTER
TRAFFIC). Consider the multiserver-job system with n servers satis-
fying tmax < €08 (Assumption 2), and § = w(Vnlmax log n). Letting
Xi = /1—’:, under any fmax-work-conserving policy, the expected total

server need has the following upper bound:

= eXp(—Q(anaX)). (42)

As a quick digression, with Lemma 5, we can prove an upper
bound on the queueing probability in Corollary 2. We comment
that this queueing probability bound significantly improves on the
bound in [36] in a slightly more constrained traffic regime.

I
E| ). t(Xi(e0) - %)
i=1
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COROLLARY 2 (QUEUEING PROBABILITY). Consider the multiserver-
Jjob system with n servers satisfying fmax < €00 (Assumption 2), and
8 = w(Vnlmax log n). Then the probability that a job arrival in steady-
state experiencing queueing has the following upper bound:

I 52
P(Z £ X (c0) > n) = exp(—Q( )) (43)
i=1

Némax

Now we are ready to prove Theorem 3.

Proor oF THEOREM 3. Recall that by Little’s Law, we have that
E[TY] = % Zle E[Q;], and thus it suffices to bound E[Q;]’s. We
bound E[Q;] separately for each i € [I] as follows:

[Z@QJ]<— [Z[j —xJ] (44)

where we have used the fact that Q;’s are non-negative, Q; = X;-Z;
and E[Z;] = /1]_ = Xj. Observe that under P-Priority, the dynamics
of the first i types of jobs are unaffected by the rest of the jobs.
Therefore, the expectation E [25:1 (X -
the expected total server need in the i-th subsystem, which has
slack capacity §;, maximal server need #;, and work variability O'iz.

We discuss the bound on E[Q;] in three cases based on different
relationships of é;, £; and ol.z.

JEJ-)] can be viewed as

o?

logn

Case 1: §; = o( . Applying Lemma 2 to the i-th subsystem,

we have

< umaxE[Zi] ﬁ(Xj —fj)]

=

E[Zi:f’j(xj—fj)

Jj=1

< Hmax0, l

oi —

~(1+0(1)).

BmsOl (1 4 0(1)).

Therefore, E[Qi] < 77575

Case 2: §; = and ¢; = (MOgn{’max) Applying Lemma 2

Vo?

to the i-th subsystem, we have

E[ij(xj—xj)

S,umaXE[i—

xj)] :O(\/:izlogn).
\F"g") —of% 4

Therefore, E[Q;]

W ) where the equal-

ity is due to & = (6\175" t’max) and 0'1.2 < o2,
O'

0.2
Case 3: 6; = (() and ¢; = (61°gnt’max) We first show that

log Vo?
N -
Togn implies

= w(\/nl’i log n). To see this, observe that §; = Q

i<I so0d;> % = npj. By Assumption 3, we have

/510 n
di = npy = w( \/0;52 - nfmax log n) = w(\/n_{’ilog n). (45)
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N~ £ N~
0.00 % 0.00 =
26 28 o0 iz Hia i >is 26 28 oo L2 Hia i Zis

number of servers n number of servers n

(a) Mean waiting time under the Param- (b) Mean waiting time under the Param-
eter Set One. There are three job types, eter Set Two. There are three job types,
with service rates and server needs given with the same service rates, server needs
by p1 = 0.25, 6 = 1; gz = 0.5, £, = and slack capacity as the Parameter Set
llog, n]; p3 = 1, &5 = |Vn]; slack ca- One. The loads are given by p; = p; =
pacity 8 = 2| y/n]; arrival rates A;’s are %’;’0’7, p3 = n~%3. The arrival rates
chosen so that loads p; = p2 = p3 = };’s are chosen according to loads, ser-

n;;é . vice rates and server needs.

Figure 3: The mean waiting times of FCFS, P-Priority, and
N-Priority under two sets of parameters.

Therefore, we can apply Lemma 6 to the i-th subsystem to get:

[fo j = %) =exp(—Q(:—i))Sexp(—Q((logn)z)),

where we have used §; = w (\/ nt; log n) in the inequality. Therefore,
E[Qi] < exp(-Q((logn)?)), decaying faster than any polynomial.
Combining the three cases, we get

- ———— - (1+0(1)),

A =i [i(5t )

where we have used the fact that E[TY] = %25:1 E[Qi]. The
summation is taken from i* to I because Case 1 corresponds to
* <i <1, and the E[Q;] of another two cases are of lower orders.
Finally, because I and pimax are independent of n, and £ < fax <

2
€00 < €yd; for some €9 < 1, we have E[T"] = O(maxi*sig %{0_(13)

9 SIMULATION RESULTS

We perform simulation experiments to demonstrate the mean wait-
ing time under FCFS, P-Priority and N-Priority, where N-Priority is
the non-preemptive variant of P-Priority that serves a job with the
smallest server need in the queue when enough servers free up.

We run the simulation experiment under two sets of parameters.
The Parameter Set One satisfies all three assumptions, while the
Parameter Set Two does not satisfy Assumption 3. The parameters
are specified in the caption of Figure 3.

We plot the mean waiting time against the number of servers n
under the three policies, as shown in Figure 3. The parameter n takes
value in {26, 28,210, 212 214 216 918\ For each data point, we run a
long trajectory to estimate the mean and the confidence interval.
The confidence interval is estimated through batch means method
[5], which divides the trajectory into 20 batches, and calculates the
variance of the means of each batch. It turns out that the confidence
intervals of most data points in the plots are too small to be visible.

We have the following observations from the experiments. First,
there is a large performance gap between FCFS and P-Priority for
systems with finite number of servers n, which complements our
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asymptotic results. Note that although in the Parameter Set Two,
the absolute different between FCFS and P-Priority seems to close
up as n gets large, their ratio is always greater than 3 when n > 210,
and it gets to as large as 40.0 under Parameter Set One, and 54.4
under Parameter Set Two. Second, N-Priority performs comparably
with P-Priority, and sometimes even performs slightly better.

10 CONCLUSION AND FUTURE WORK

In this paper, we have established order-wise sharp bounds on the
mean waiting times of multiserver jobs under FCFS and P-Priority.
We have also proved a lower bound of mean waiting time applica-
ble to any policy. Those bounds imply the optimality of P-Priority
and the strict sub-optimality of FCFS. Apart from the theoretical
analysis, we have also demonstrated through simulations the per-
formance improvement of P-Priority compared with FCES in finite
systems, and the fact that N-Priority, which is the non-preemptive
variant of P-Priority, has comparable performance with P-Priority.

There are several interesting directions for future work: (i) De-
rive a tighter bound on the mean waiting time under P-Priority
when the commonness assumption is violated. (ii) Analyze the
performance of N-Priority. (iii) Relax the maximal server need as-
sumption (Assumption 2), which may require new policy designs
to ensure stability while keeping the mean waiting time small.
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