
1.  Introduction
Soil hydraulic properties are essential for a variety of applications including modeling and estimation of vadose 
zone hydrology, groundwater flow and solute transport, and monitoring and prediction of contaminant transport 
and aquifer recharge (Jury & Horton, 2004; Tindall et al., 1999). Soil unsaturated hydraulic conductivity (K), 
which is a function of matric potential (ψ) and volumetric water content (θ), varies by orders of magnitude over 
relatively small spatial scales due to variations in soil properties such as soil texture and density (Assouline, 2006). 
Under field conditions, K also varies temporally as θ and matric potential (ψ) change. Such variability in K, there-
fore, requires the characterization of the K(θ, ψ) curves for unsaturated zone soils.

In general, K can be measured with steady state methods (Ankeny et al., 1991; Cui et al., 2008; Fujimaki & 
Inoue, 2003; Meerdink et al., 1996) or transient methods (Durner & Iden, 2011; Eching et al., 1994; Kool & 
Parker, 1987; van Dam et al., 1994; Wildenschild et al., 1997). Many of the methods for measuring K, either in the 
laboratory or in the field, are time consuming, difficult to perform accurately, and only provide local measurements 
on limited sampling sites, while the unsaturated zone is usually heterogeneous (Haverkamp et al., 1998). To be 
applicable in modeling processes, a continuous and smooth form of K function is required and thus several analyt-
ical K(θ) or K(ψ) expressions have consequently been proposed (Assouline, 2001; Campbell, 1974; Kosugi, 1999; 
Mualem, 1976, 1978; van Genuchten, 1980). To use these models, their parameters are generally obtained by 
fitting the models to discrete data sets or estimating from other soils properties using pedo-transfer functions 
(PTFs) from more readily available soil properties such as soil texture, bulk density, and/or organic matter content 
(OM) (Børgesen et al., 2008; Schaap & Leij, 1998; Schaap et al., 2001; Vereecken, 1995; Vereecken et al., 1990; 
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Weynants et  al.,  2009; Wösten et  al.,  1999). The reliability of PTF esti-
mates, however, depends heavily on the data set used for their development 
(Vereecken et al., 2010).

Both fluid flow and electrical current transmission are governed by similar 
macroscopic laws (i.e., Hagen-Poiseuille's law and Ohm's law) that describe 
the proportionality between a driving force and the resulting flow. Rooted 
on these similarities, there has been considerable practical interest in the 
relationship between K (or permeability, k) and soil electrical conductivity 
(σ) for rocks, soils, catalysts, ceramic filters, and concrete. Various models 
based on critical path analysis (Banavar & Johnson,  1987; David,  1993; 
Friedman & Seaton, 1998; Ghanbarian, 2020; Ghanbarian et al., 2016, 2017; 
Katz & Thompson, 1986; Skaggs, 2011), effective medium theory (David 
et  al.,  1990; Doyen,  1988), and bundles of capillary tubes (Mualem & 
Friedman, 1991) have been developed to relate K (or k) with σ. Investigators 
have attempted to estimate the K of unsaturated soils from σ measurements 
(Doussan & Ruy, 2009; Niu et al., 2015). However, joint measurements of 
soil hydraulic and electrical properties are scarce. As θ is one of the key 
contributors to soil σ (Robinson et al., 2008), it may ease of use if one can 
convert the K-σ relationship into K(θ) functions using the electrical conduc-
tivity models describing the σ-θ relationships.

Thus, the main objective of this study is to develop and test a new K model by integrating the capillary bundle 
model, the Brooks and Corey (1964) model and Waxman and Smits model. To calibrate the new K model, we 
selected data from the UNSODA database (Nemes et al., 2001) representing 150 soils with various textures. The 
calibration produced the best fitting values of the two model fitting parameters for four designated textural group-
ings. K values representing another 49 soils in the UNSODA database and 23 additional soils from the literature 
were used to test the new K model. In addition, we compared the performance of the new K(θ, ψ) model to the 
performance of the Mualem-van Genuchten (MVG) model and two extensively used PTFs.

2.  Model Development
2.1.  Capillary Bundle Model of Hydraulic and Electrical Conductivity for Soils

In this study, we assume a soil that can be represented as a bundle of capillary tubes with length l and area A 
(Figure 1). All capillary tubes have the same orientation, and there are no intersections between them. The sche-
matic diagram of this soil can be found in Jackson (2008). We also assume that the pore radii (r) are assigned 
from a given pore size distribution (f(r)) and the pore length (lc) is fixed, an assumption common to other studies 
(Banavar & Johnson, 1987; Friedman & Seaton, 1998; Le Doussal, 1989; Skaggs, 2011). The conductance in 
each pore is one-dimensional and parallel to the direction of the capillary axis.

According to the Hagen-Poiseuille equation for viscous laminar flow, the hydraulic conductance 𝐴𝐴 𝐴𝐴h

c of each cylin-
drical tube is described as,

𝑔𝑔h

c =
𝜋𝜋𝜋𝜋4

8𝜇𝜇𝜇𝜇c
� (1)

where μ is the dynamic viscosity of water (1.0016 × 10 −3 N s m −2).

As the soil consists of a bundle of capillary tubes with variable cross-sectional area (πr 2), the total hydraulic 
conductance (𝐴𝐴 𝐴𝐴h

t
 ) of the soil is a sum of the 𝐴𝐴 𝐴𝐴h

c through all the individual capillary tubes. Integrating Equation 1 
over all capillary tubes yields,

𝑔𝑔h

t
=

𝜋𝜋 ∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟4𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

8𝜇𝜇𝜇𝜇c
� (2)

where rmin and rmax represent the lower and upper bounds of pore radius associated with capillary pressure in the 
context of the capillary bundle model.

Figure 1.  Schematic diagram of a soil comprised of bundle of capillary tubes 
(after Pfannkuch (1972) and Jackson (2008)).
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Thus, the permeability k (m 2) of the soil is,

𝑘𝑘 = 𝑔𝑔h

t

𝜇𝜇𝜇𝜇

𝐴𝐴
=

𝜋𝜋 ∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟4𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

8𝜏𝜏𝜏𝜏
� (3)

where τ = lc/l is the tortuosity of the capillary tubes (τ ≥ 1).

The transfer of electrical current in each cylindrical tube obeys Ohm's law. The electrical conductance (𝐴𝐴 𝐴𝐴e

c ) of each 
cylindrical pore depends on the ionic conductance in the pore water (𝐴𝐴 𝐴𝐴c

pore ) and the surface conductance from the 
adsorbed ions within the electrical double layer (𝐴𝐴 𝐴𝐴c

surface
 ) (Banavar & Johnson, 1987),

𝑔𝑔e

c = 𝑔𝑔
pore
c + 𝑔𝑔surface

c =
𝜋𝜋𝜋𝜋w𝑟𝑟

2

𝑙𝑙c
+

2𝜋𝜋Σs𝑟𝑟

𝑙𝑙c
� (4)

where σw is the electrical conductivity of the water occupying the cylindrical tube and Σs is the specific surface 
conductance representing the “anomalous” conduction in the electrical double layer (Revil & Glover, 1998).

2.2.  k (θ, ψ) Model for Soils With Negligible Surface Conduction

In the following, we will first consider clay-free soils or soils with high salinity where electrical conduction 
occurs predominantly via pore space rather than surface area. Under this condition, surface conduction is negligi-
ble (i.e., Σs ≈ 0) thus only the first term in Equation 4 is kept and used in the following derivation. Then an analog 
expression of Equation 3 can be derived for the electrical conductivity σ (S m −1) of the soil as,

𝜎𝜎 =

𝜋𝜋𝜋𝜋w ∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟2𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

𝜏𝜏𝜏𝜏
� (5)

Substituting τA in Equation 5 into Equation 3, a k-σ relationship is obtained,

𝑘𝑘 =
1

8

∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟4𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟2𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

𝜎𝜎

𝜎𝜎𝑤𝑤

� (6)

which is equivalent to

𝑘𝑘 =
1

8

∫
𝜓𝜓max

𝜓𝜓min

(

1.49×10−5

𝜓𝜓

)4

𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

∫
𝜓𝜓max

𝜓𝜓min

(

1.49×10−5

𝜓𝜓

)2

𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

𝜎𝜎

𝜎𝜎𝑤𝑤

� (7)

with r ≈ 1.49 × 10 −5/|ψ| at 20°C by the Young-Laplace equation if ψ is expressed in unit of m of H2O and the 
contact angle of water on the solid phase is assumed to be 0 (Jury & Horton, 2004), and ψmax and ψmin are the 
matric potentials corresponding to rmax and rmin.

The term f(r)dr in Equation 7 represents the contribution to θ of the water-filled pores with radii between r and 
r + dr (Mualem, 1976), which can be expressed as,

𝑑𝑑𝑑𝑑 = 𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑� (8)

Inserting Equation 8 into Equation 7 gives,

𝑘𝑘 =

(

1.49 × 10
−5
)2

8

∫
𝜓𝜓max

𝜓𝜓min

1

𝜓𝜓4
𝑑𝑑𝑑𝑑

∫
𝜓𝜓max

𝜓𝜓min

1

𝜓𝜓2
𝑑𝑑𝑑𝑑

𝜎𝜎

𝜎𝜎𝑤𝑤

� (9)

A correspondence between a real soil and the capillary bundle model can be established by using the soil water 
retention curve (SWRC) (i.e., the ψ and θ relationship). Here we use the Brooks and Corey (1964) model,

𝑆𝑆e =
𝜃𝜃 − 𝜃𝜃r

𝜃𝜃s − 𝜃𝜃r
=

(

𝜓𝜓b

𝜓𝜓

)𝜆𝜆

for 𝜓𝜓 𝜓 𝜓𝜓b� (10a)
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𝑆𝑆e = 1 for 𝜓𝜓 𝜓 𝜓𝜓b < 0� (10b)

where Se is effective saturation, θs and θr are the saturated and residual water contents, respectively; λ (>0) is a 
shape parameter related to pore size distribution, and ψb is the air-entry pressure at which the saturated soil starts 
to drain and air begins to replace water in the void spaces. In practice, ψb is associated with the rmax (ψmax) since 
it defines the threshold at which the largest pores begin to drain. When ψ = ψmin, the soil reaches the residual 
moisture condition and θ = θr.

The first-order derivative of Equation 10 is,

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= (𝜃𝜃r − 𝜃𝜃s)𝜆𝜆(𝜓𝜓b)

𝜆𝜆
𝜓𝜓 (−𝜆𝜆−1)� (11)

For values of ψ ≥ ψb, the soil pores are completely filled with water, if macropore flow near saturation is ignored, 
the soil permeability can be considered approximately equal to the saturated permeability (ksat). The following k-σ 
relationship for the saturated soil is obtained by combining Equations 9 and 11,

𝑘𝑘sat =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

[

𝜓𝜓𝜆𝜆+2
]𝜓𝜓b

𝜓𝜓min

[

𝜓𝜓𝜆𝜆+4
]𝜓𝜓b

𝜓𝜓min

𝜎𝜎sat

𝜎𝜎𝑤𝑤

=

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2

b

𝜎𝜎sat

𝜎𝜎𝑤𝑤

� (12)

where σsat is the electrical conductivity of fully saturated soil. Interestingly, if we recast Equation 12 with the 
Young-Laplace equation, it becomes

𝑘𝑘sat =
1

8

(

√

𝜆𝜆 + 2

𝜆𝜆 + 4
𝑟𝑟max

)2

𝜎𝜎sat

𝜎𝜎𝑤𝑤

� (13)

Equation  13 is similar in form to the k-σ relationship introduced by Friedman and Seaton  (1998) (i.e., 
ksat = (1/8) × 𝐴𝐴 𝐴𝐴satc

2  × (σsat/σw) in which 𝐴𝐴 𝐴𝐴satc  is the critical pore radius for saturated soils). Friedman and Seaton (1998) 
related ksat to σsat through their conductance of the critical pore, which is only affected by 𝐴𝐴 𝐴𝐴satc  .

Johnson et al. (1986) also introduced a similar k-σ relationship in the high salinity limit as Equation 6,

𝑘𝑘sat =
1

8
Λ

2

sat

𝜎𝜎sat

𝜎𝜎𝑤𝑤

� (14)

where Λsat is the dynamic pore radius, which is defined as a weighted pore volume (V) to surface area (S) ratio 
weighted by the normalized potential (▽Γ) in the absence of surface conduction,

2

Λsat

=
∫ |∇Γ|

2
𝑑𝑑𝑑𝑑

∫ |∇Γ|
2
𝑑𝑑𝑑𝑑

� (15)

For a soil comprised of capillary tubes, if we assume a weighted pore radius of this soil (〈r〉) and constant electric 
field everywhere, Λsat = 2V/S = 2(π〈r〉 2lc)/(2π〈r〉lc) = 〈r〉. Therefore, we identify the following equality between 
Equations 13 and 14 and the Friedman and Seaton (1998) relationship,

Λsat = ⟨𝑟𝑟⟩ = 𝑟𝑟satc =

√

𝜆𝜆 + 2

𝜆𝜆 + 4
𝑟𝑟max� (16)

This equation provides an explanation for the 𝐴𝐴
√

(𝜆𝜆 + 2)∕(𝜆𝜆 + 4)𝑟𝑟max in Equation 13 and shows a linear relationship 
between 〈r〉 and rmax under fully saturated conditions where the coefficient is related to the pore size distribution. 
Ghanbarian-Alavijeh and Hunt  (2012), Ghanbarian et al.  (2017) derived a similar expression to Equation 16, 
which related the critical pore radius (rc) to rmax with pore-solid fractal parameters (D). It is not a coincidence 
as Le Doussal (1989) also reported that Λsat ∝ rc in the porous media (fixed l and variable r) we describe here.

For the unsaturated soil, combining Equations 9 and 11 yields,

𝑘𝑘u =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

[

𝜓𝜓𝜆𝜆+2
]𝜓𝜓

𝜓𝜓min

[

𝜓𝜓𝜆𝜆+4
]𝜓𝜓

𝜓𝜓min

𝜎𝜎u

𝜎𝜎𝑤𝑤

=

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2

𝜎𝜎u

𝜎𝜎𝑤𝑤

� (17)
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where ku and σu are the permeability and electrical conductivity of unsaturated soil, respectively.

An analogous expression to Equation 16 can thus be derived for unsaturated soil:

Λu = 𝑟𝑟uc =

√

𝜆𝜆 + 2

𝜆𝜆 + 4
𝑟𝑟� (18)

where 𝐴𝐴 𝐴𝐴uc and Λu are the critical radius and length scale for unsaturated soil, respectively.

Equations 16 and 18 then give Λu = ΛsatSe 1/λ. Revil et al. (2014) assumed two models for the dependence of Λ 
on the degree of saturation (Sw): (1) Λu = ΛsatSw; (b) 𝐴𝐴 Λu = Λsat𝑆𝑆

𝑛𝑛
w in which n is Archie's saturation exponent. 

This means both models that Revil et al. (2014) assumed can be regarded as the special cases (i.e., (a) θr = 0 and 
λ = 1; (b) θr = 0 and λ = n) of our model. It is noteworthy that Ghanbarian et al. (2017) derived a more general 
framework between Λu and Λsat, which reduces to our proposed model (i.e., Λu = ΛsatSe 1/λ) when the critical water 
content (θc), β and 3-D in their model are equal to θr, θs − θr and λ, respectively. Details can be found in Equa-
tions 12 and 13 in Ghanbarian et al. (2017).

To apply Equation 17 in a more general case, the electrical conductivity in these equations must be rewritten 
because joint measurements of hydraulic properties and electrical properties are scarce for most soils. The elec-
trical conductivity of unsaturated soils can be defined using Waxman and Smits (1968) model:

𝜎𝜎u = 𝜙𝜙𝑚𝑚𝑆𝑆𝑛𝑛
w

(

𝜎𝜎w +
𝜎𝜎EDL

𝑆𝑆w

)

� (19)

where σEDL is the electrical conductivity of the electrical double layer (EDL) which is caused by the conduc-
tion via ions at the mineral-water interface within the EDL. Because we ignore the contribution of surface 
conduction, the electrical conductivity variables (i.e., σsat and σu) in Equations 12 and 17 only consider the ionic 
conduction through the pore space. Then Equation 19 reduces to the Archie's first and second law, and it can be 
expressed as:

𝜎𝜎u = 𝜎𝜎sat𝑆𝑆
𝑛𝑛
w = 𝜎𝜎w𝜙𝜙

𝑚𝑚𝑆𝑆𝑛𝑛
w� (20)

where ϕ is porosity, and m is a cementation exponent. Friedman (2005) reviewed the m values of various porous 
media and reported a typical range from 1.2 to 4.0. Gorman and Kelly (1990) obtained a best fitting value of m 
(1.30) for Ottawa sand mixtures of various grain sizes.

Inserting Equation 20 into Equation 17 leads to

𝑘𝑘u =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2
𝜙𝜙𝑚𝑚−𝑛𝑛𝜃𝜃𝑛𝑛� (21)

When deriving the k and σ of the soil (Equations 3 and 5), we assume the same length of the pathways (lc), and 
thus tortuosity (τ =  lc/l), for water flow and electrical current. This assumption is valid only for two extreme 
cases: a homogenous porous media with mono-sized pores or a highly heterogeneous porous media with a broad 
distribution of pore size (Ghanbarian et al., 2013). In a three-dimensional random porous media, model simula-
tion results at a microscopic level show that the pathway for water flow is more tortuous than that for electrical 
current at a porosity of 0.50, and that this difference is more abrupt for a lower porosity of 0.35 (X. Zhang & 
Knackstedt, 1995). Additionally, Martys and Garboczi (1992) report that even at high porosity, there are more 
stagnant areas (with little or no flow) for water flow than for electrical current. Ghanbarian et al. (2013) reviewed 
the tortuosity models for unsaturated porous media and reported that most of them are power functions of θ (e.g., 
Coleman & Vassilicos, 2008; Millington & Quirk, 1961). Thus, we add a saturation-dependent tortuosity term θ β 
into Equation 21 to account for differences between hydraulic and electrical tortuosity,

𝑘𝑘u =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2
𝜙𝜙𝑚𝑚−𝑛𝑛𝜃𝜃𝑛𝑛

+𝛽𝛽� (22)

where β is correction factor for tortuosity.

An expression for saturated soil also can be obtained by adding ϕ β into Equation 12,
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𝑘𝑘sat =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2

b

𝜙𝜙𝑚𝑚+𝛽𝛽� (23)

Dividing Equation 22 by Equation 23 gives the relative permeability kr,

𝑘𝑘r = 𝑆𝑆

2

𝜆𝜆
e 𝑆𝑆

𝛽𝛽+𝑛𝑛
w ≈ 𝑆𝑆

2

𝜆𝜆
+𝑛𝑛+𝛽𝛽

e

� (24)

It is recognized that Archie's saturation exponent (n) is typically close to 2 (Ewing & Hunt, 2006; Friedman, 2005; 
Fu et al., 2021; Rhoades et al., 1976). Mualem and Friedman (1991) used a semi-empirical hydraulic conductivity 
model to derive n (2.5) for coarse-textured soils. If we fix n as 2, then Equation 24 reduces to the kr function 
proposed by Mualem (1976) and the tortuosity factor β in Equation 24 is identical to the empirical tortuosity 
parameter in the Mualem-Brooks and Corey model. For the specific case of β = 1, n = 2 and θr = 0, Equation 24 
reduces to the kr relationship in Campbell (1974).

2.3.  k(θ, ψ) Model for Soil With Significant Surface Conduction

We next consider a low salinity limit at which surface conduction via electrical double layer is dominant compared 
to pore water conductivity (σw/Σs → 0). The electrical conductance of each capillary tube thus depends on the 
surface conduction only. Then Equation 4 becomes,

𝑔𝑔e

c = 𝑔𝑔surface

c =
2𝜋𝜋Σs𝑟𝑟

𝑙𝑙c
� (25)

Σs can be related to the σEDL in each capillary tube as (see details in Equation 5.5 in O’Konski (1960)):

𝜎𝜎EDL =
2Σs

𝑟𝑟
� (26)

Then we obtain the electrical conductivity σ (S m −1) of the soil at low salinity limit,

𝜎𝜎 =

𝜋𝜋𝜋𝜋EDL ∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟2𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

𝜏𝜏𝜏𝜏
� (27)

Note that Equation 27 assumes that the electric current transported via counterions in the electrical double layer 
travels along the same tortuous path as the current transported via the pore electrolyte which was also assumed in 
the Waxman and Smits (1968) model. More discussion about this assumption can be found in Section 2.2.4.2 in 
Binley and Slater (2020) and Section 2.4 in Revil et al. (2018).

Combining Equations 5 and 27 yields a k-σ relationship slightly different from Equation 6,

𝑘𝑘 =
1

8

∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟4𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

∫
𝑟𝑟max

𝑟𝑟min

𝑟𝑟2𝑓𝑓 (𝑟𝑟)𝑑𝑑𝑑𝑑

𝜎𝜎

𝜎𝜎EDL

� (28)

At the same condition (σw/Σs → 0), Equation 19 reduces to,

𝜎𝜎u = 𝜙𝜙𝑚𝑚𝑆𝑆𝑛𝑛−1
w 𝜎𝜎EDL� (29)

For Equation  28, surface conduction via the pore surface area is dominant. With increasing specific surface 
area (∝1/r for each capillary tube by assuming a constant particle density), σsat increases but ksat decreases with 
decreasing r as σsat/σEDL (=ϕ m), which is defined by Glover (2009) as the connectedness of pore space, holds 
constant. Thus Equation 28 predicts a negative correlation between ksat and σsat which is consistent with the find-
ings of Purvance and Andricevic (2000).

Following the same derivation steps above, we arrive at expressions similar to Equations 22 and 23 for unsatu-
rated and saturated soils, respectively:

𝑘𝑘u =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2
𝜙𝜙𝑚𝑚−𝑛𝑛+1𝜃𝜃𝑛𝑛+𝛽𝛽−1� (30)
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𝑘𝑘sat =

(

1.49 × 10
−5
)2

8

𝜆𝜆 + 2

𝜆𝜆 + 4

1

𝜓𝜓2

b

𝜙𝜙𝑚𝑚+𝛽𝛽� (31)

Dividing Equation 30 by Equation 31 gives the relative permeability kr,

𝑘𝑘r = 𝑆𝑆

2

𝜆𝜆
e 𝑆𝑆

𝛽𝛽+𝑛𝑛−1
w ≈ 𝑆𝑆

2

𝜆𝜆
+𝑛𝑛+𝛽𝛽−1

e

� (32)

Again, if we fix n as 2, Equation 32 reduces to the Burdine-Brooks-Corey model and the tortuosity factor β in 
Equation 32 is identical to the empirical tortuosity parameter in the Burdine (1953) model.

2.4.  The General Expression of K(θ, ψ) Model for Unsaturated Soils

In the previous sections, we derive k(θ, ψ) functions at two extreme limits (high and low salinity). Both of them 
have a term (λ + 2)/(λ + 4), which relates to the pore size distribution parameter λ. Nasta et al. (2013) summarized 
the statistical λ results based on 62 soils from the GRIZZLY Database (Haverkamp et al., 1997) and 197 soils 
from the HYPRES Database (Wösten et al., 1999). They reported average λ values of 0.43 (ranging from 0.06 to 
2.59) for the GRIZZLY Database and 0.63 (ranging from 0.05 to 3.84) for the HYPRES Database, which resulted 
in a limited range of 0.51–0.74 for the term (λ + 2)/(λ + 4).

For most soils, both ionic conduction and surface conduction contribute to the bulk electrical conduction. Thus, 
by unifying Equations 22 and 30, we obtain the following general expression of the k(θ, ψ) function for unsatu-
rated soils based on the capillary bundle model, Brooks-Corey model and Waxman and Smits equation,

𝑘𝑘u =

(

1.49 × 10
−5
)2

8
𝑐𝑐
1

𝜓𝜓2
𝜃𝜃𝛾𝛾� (33)

where c is an empirical parameter that accounts for the variation of the term (λ + 2)/(λ + 4), ϕ and the term m − n. 
γ ranges from n + β − 1 to n + β.

Then hydraulic conductivity K (m s −1) is related to the permeability ku (m 2) in Equation 33 with a scale factor 
ρwg/μ (9.77 × 10 6 m −1 s −1) as,

𝐾𝐾 =
𝜌𝜌w𝑔𝑔

𝜇𝜇
𝑘𝑘u = 2.71 × 10

−4 𝑐𝑐

𝜓𝜓2
𝜃𝜃𝛾𝛾� (34)

where ρw is the density of water (1 Mg m −3 at 20°C) and g is the local acceleration due to gravity (9.81 m s −2). 
Besides, Equation 34 predicts a relatively sharp increase in K near saturation when ψ approaches 0. Thus, we 
use Ksat as the upper limit of Equation 34 to avoid unreasonable fitted K values (i.e., K > Ksat) and impose the 
following constraint during the optimization,

𝐾𝐾 = 2.71 × 10
−4 𝑐𝑐

𝜓𝜓2
𝜃𝜃𝛾𝛾 if𝐾𝐾 𝐾 𝐾𝐾sat

𝐾𝐾 = 𝐾𝐾sat if𝐾𝐾 ≥ 𝐾𝐾sat

� (35)

2.5.  Physical Constraints of Parameters

As increasing K with decreasing θ (or ψ) is physically impossible, parameter constraints must be applied to 
prevent such inconsistencies. That means the K(θ) or K(ψ) function must be strictly monotonic, that is, the first 
derivative of Equation 34 >0:

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
≈ 2.71 × 10

−4
𝑐𝑐

(

2

𝜆𝜆
+ 𝛾𝛾

)

𝜃𝜃

2

𝜆𝜆
+𝛾𝛾−1

𝜃𝜃

2

𝜆𝜆
s 𝜓𝜓2

b

> 0� (36)

With the condition θ > 0, Equation 36 yields the general constraint for γ:

𝛾𝛾 𝛾 −
2

𝜆𝜆
� (37)
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It is also noteworthy that Equation 34 is only valid when ψ < ψb. When ψ ≈ ψb and θ ≈ θs, Equation 34 provides a 
theoretical maximum value as Kmax = 2.71 × 10 −4 c(θs) γ/(ψb) 2. Theoretically, Kmax must be smaller than Ksat, thus 
parameter c is thus subject to the following upper constraint,

𝑐𝑐 𝑐
𝐾𝐾sat𝜓𝜓

2

b

2.71 × 10
−4
𝜃𝜃
𝛾𝛾
s

� (38)

3.  Materials and Methods
3.1.  Data Sets

SWRC and unsaturated hydraulic conductivity curve (HCC) data (UNSODA version 2.0) (Nemes et al., 2001) 
were used to evaluate the new hydraulic conductivity model (Equation 35). For each selected soil, the data included 
measured values of at least seven data points for both water retention curve (θ(ψ)) and HCC (K(ψ)). In addition, we 
used all the data from the database when K(ψ) and θ(ψ) were available at the same ψ values or K(θ) and ψ(θ) were 
available at the same θ values resulting in 199 soils and about 4,000 K(θ, ψ) data points covering  a wide range of 
texture, bulk density, organic OM and cation exchange capacity. Complete sand, silt, and clay percentages (USDA 
systems) were available for 104 soils. All 199 soils were grouped with their UNSODA codes, then soils with order 
numbers of multiplier of four were assigned as the validation data set and the remaining soils were used as the 
calibration data set. Thus, the 199 soils were divided into a calibration data set of 150 soils including 3,053 K(θ, 
ψ) data points and a validation data set (data set 1) of 49 soils including 1,018 K(θ, ψ) data points, which ensured 
that both the calibration and validation groups covered a wide range of matric potential values.

In addition to the UNSODA database, the new model (Equation 35) was also evaluated using another independ-
ent data set (validation data set 2) of 23 soils including 416 K(θ, ψ) data points, which was obtained from the 
literature (Table 1). The validation data set 2 comprised of Fontainebleau sand, Collias loam and Avignon silty 
clay loam (Doussan & Ruy, 2009); Oso Falco fine sand and Columbia sandy loam (Tuli & Hopmans, 2004); 
Gilat sandy loam, Rehovot sand, and Pachapa Fine sandy clay (Mualem, 1976); Tottori dune sand (Sakai & 
Toride, 2007); Guelph loam (Elrick & Bowman, 1964); Rubicon sandy loam (Topp, 1969); Rideau clay loam 
(Topp, 1971); Wray Dune sand (Gillham et al., 1979); Rhinluch sand (Schindler & Müller, 2006); Berlin sand 
(Peters, 2013); Shonai sand (Mehta et al., 1994); Fine sand, UC sandy loam, Gambarra loam, Gambarra B clay 
loam, Cubbaroo clay loam, Tarra clay, and Carrigan heavy clay (Minasny & Field, 2005). The water retention 
curves (S(−ψ)) and relative HCCs ((K/Ksat(−ψ))) of the 222 soils in the three data sets are presented in Figure 2.

The textural information of the 222 soils (i.e., 150 soils in the calibration data set, 49 soils in validation data set 
1, and 23 soils in validation data set 2) is summarized in Figure 3. These data sets provided a wide coverage of 
soil types with a preponderance of sand, silt loam, loam, and sandy loam soils, along with a few clay soils. The 
ranges of soil properties are presented in Table 2.

3.2.  Mualem-Van Genuchten Model

The reliability of the new hydraulic conductivity model (Equation 35) was evaluated using validation data set 1 
and data set 2. We also compared the performance of the proposed relationship to that of the widely used MVG 
(van Genuchten, 1980) model. The MVG model is given as follows,

𝐾𝐾 = 𝐾𝐾0𝑆𝑆
𝑞𝑞
e

{

1 −

[

1 − 𝑆𝑆
[𝑝𝑝∕(𝑝𝑝−1)]

e

](1−1∕𝑝𝑝)
}2

� (39)

where K0 is hydraulic conductivity (m s −1) acting as a matching point, q is a factor that accounts for the tortuosity 
and the connectivity of the soil, and p (>1) is the shape parameter of the θ(ψ) curve.

The van Genuchten (1980) model is the basis for the estimation of K with the MVG approach. Unlike the new 
hydraulic conductivity model, one must first fit the parameters of the van Genuchten model before using the 
MVG model. The model parameters can be determined by fitting the van Genuchten (1980) model to the θ(ψ) 
measurements. The van Genuchten (1980) model describes the θ(ψ) curve as,

𝑆𝑆e =
𝜃𝜃 − 𝜃𝜃r

𝜃𝜃s − 𝜃𝜃r
=

[

1

1 + (𝛼𝛼|𝜓𝜓|)
𝑝𝑝

](1−1∕𝑝𝑝)

� (40)
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where α (>0, cm −1) is a scale parameter relative to the matric potential axis (van Lier & Pinheiro, 2018).

3.3.  Fitting Parameters to Hydraulic Data

The parameters in Equations 10 and 40 were fitted to water retention data. The objective function that was mini-
mized is given by,

𝑂𝑂w(𝑣𝑣) =

𝑁𝑁w
∑

𝑖𝑖=1

(

𝜃𝜃𝑖𝑖 − 𝜃𝜃𝑖𝑖
′
)2� (41)

where θi and 𝐴𝐴 𝐴𝐴′
𝑖𝑖
 are the measured and fitted water content values, respectively, and Nw is number of measured 

water retention points of each soil sample. v is the parameter vector which is {θs, θr, λ, ψb} for Equation 10 and 
{θs, θr, γ, p} for Equation 40.

Equations 35 and 39 were fitted to the K(θ, ψ) measurements with a least squares method by minimizing the 
following objective function:

𝑂𝑂K(𝑣𝑣) =

𝑁𝑁K
∑

𝑖𝑖=1

[

log
10
(𝐾𝐾𝑖𝑖) − log

10

(

𝐾𝐾 ′

𝑖𝑖

)]

2

� (42)

where Ki and 𝐴𝐴 𝐴𝐴 ′

𝑖𝑖
 are the measured and fitted hydraulic conductivity, respectively, NK is the number of measured 

K(θ, ψ) data points and v is the parameter vector {c, γ}. During optimization, the parameters c and γ are subject 
to the constraints 𝐴𝐴 0 < 𝑐𝑐 𝑐 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓

2

b
∕2.71 × 10

−4
𝜃𝜃
𝛾𝛾
s  and γ > −2/λ where ψb and λ are inferred from water retention 

Table 1 
Soil Name, Particle Size Distribution, Bulk Density (ρb), Saturated Hydraulic Conductivity (Ksat) and Sources of Soils 
Information Included in Validation Data Set 2

Soil name

Particle size distribution ρb Ksat

SourcesSand Silt Clay g cm −3 m s −1

Fontainebleau sand 1.00 0 0 1.70 3.09 × 10 −4 Doussan and Ruy (2009)

Collias loam 0.38 0.49 0.14 1.48 1.86 × 10 −5 Doussan and Ruy (2009)

Avignon silty clay loam 0.16 0.51 0.33 1.64 4.07 × 10 −5 Doussan and Ruy (2009)

Oso Falco fine sand 1.00 0 0 1.56 1.31 × 10 −7 Tuli and Hopmans (2004)

Columbia sandy loam 0.68 0.22 0.10 1.4 2.28 × 10 −7 Tuli and Hopmans (2004)

Gilat sandy loam – – – – 2.00 × 10 −6 Mualem (1976)

Rehovot sand – – – – 1.27 × 10 −4 Mualem (1976)

Pachapa Fine sandy clay – – – – 1.40 × 10 −6 Mualem (1976)

Tottori dune sand – – – – 1.14 × 10 −5 Sakai and Toride (2007)

Guelph loam – – – 1.26 3.66 × 10 −6 Elrick and Bowman (1964)

Rubicon sandy loam 0.65 0.26 0.09 1.35 5.17 × 10 −6 Topp (1969)

Rideau clay loam 0.36 0.29 0.35 1.28 2.31 × 10 −6 Topp (1971)

Wray Dune sand – – – 1.7 5.95 × 10 −5 Gillham et al. (1979)

Rhinluch sand – – – – 3.80 × 10 −6 Schindler and Müller (2006)

Berlin sand 1.00 0 0 1.55 6.23 × 10 −5 Peters (2013)

Shonai sand 0.93 0.01 0.06 1.40 7.79 × 10 −5 Mehta et al. (1994)

Fine sand 1.00 0 0 1.48 – Minasny and Field (2005)

UC sandy loam 0.74 0.09 0.17 1.63 1.60 × 10 −4 Minasny and Field (2005)

Gambarra loam 0.51 0.35 0.14 1.67 2.19 × 10 −4 Minasny and Field (2005)

Gambarra B clay loam 0.40 0.24 0.36 1.69 9.77 × 10 −5 Minasny and Field (2005)

Cubbaroo clay loam 0.35 0.27 0.38 1.42 – Minasny and Field (2005)

Tarra clay 0.09 0.35 0.56 1.12 – Minasny and Field (2005)

Carrigan heavy clay 0.17 0.21 0.62 1.34 – Minasny and Field (2005)
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curve measurements using Equation 10 first. Logarithmic values of K were used in Equation 42 to achieve vari-
ance homogeneity. For MVG model, we use the α and p from Equation 40 to compute Se first then optimize K0 
and q in Equation 39. We imposed the following additional constraints recommended by Schaap and Leij (2000) 
during the optimization: 0 < K0 < Ks and −2 − 2/(p − 1) < q < 100.

Several metrics were used to evaluate the model performance: (a) the mean error (ME) describing the average 
bias, (b) the relative error (RE) describing the magnitude of the bias compared to the measured K values, (c) 
the root mean squared error (RMSE) describing the spread of the errors around the measured K values, and (d) 
the coefficient of determination (R 2) describing how well observed outcomes were replicated by the model. 
The  parameters ME, RE, RMSE and R 2 were used as summary statistics for all results, and they are given by,

Figure 2.  (a–c) Water retention curves (S(ψ)) for soils in the calibration, validation 1 and validation 2 data sets, respectively; (d–f) hydraulic conductivity curves (K/
Ksat(ψ)) for soils in the calibration, validation 1 and validation 2 data sets, respectively.
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ME =

∑
(

log
10
𝐾𝐾estimated − log

10
𝐾𝐾measured

)

𝑁𝑁
� (43)

RE =

∑

|

|

|

log10𝐾𝐾estimated−log10𝐾𝐾measured

log10𝐾𝐾measured

|

|

|

𝑁𝑁
× 100%

� (44)

RMSE =

√

∑
(

log
10
𝐾𝐾estimated − log

10
𝐾𝐾measured

)2

𝑁𝑁

� (45)

𝑅𝑅2
= 1 −

∑
(

log
10
𝐾𝐾estimated − log

10
𝐾𝐾measured

)2

∑

(

log
10
𝐾𝐾estimated −

1

𝑁𝑁

∑

log
10
𝐾𝐾estimated

)2� (46)

where N is the number of data points, and Kestimated and Kmeasured are the model estimates and measured values, 
respectively. As described earlier, logarithm values of K were used in Equations 43–46 to avoid deviations toward 
large K values in the wet range. Results of Equations 43–46 were presented as averages for each textural grouping 
and as averages for each data set.

4.  Results and Discussion
4.1.  Optimization Results

Two models, the new hydraulic conductivity model (Equation  35) and 
the MVG model (Equation  39), were fitted to the K(θ, ψ) values of each 
soil sample in the calibration data set to determine the model parameters. 
Figure 4 displays the Equations 35 and 39 fitted K values versus the meas-
ured values. Overall, the Equation 35 values distributed more closely along 
the 1:1 line, the slope of the regression line was closer to unity, and the inter-
cept was closer to zero than for the Equation 39 values. This performance 
is attributed to the flexible form of Equation  35, in contrast to the MVG 
model which is constrained by a given θ(ψ) function. Our new K model is a 
function independent of θ and ψ values which naturally improves its ability 
to fit measurements. For the calibration data set, the ME, RE, RMSE, and 

Figure 3.  Texture classes of the soils used to calibrate and validate the new hydraulic conductivity model (Equation 35). Circles represent soils with complete sand, 
silt, and clay percentages (USDA system) whereas soils with incomplete sand, silt and clay percentages are plotted as triangles with approximate texture information.

Table 2 
Ranges of Basic Properties for the Soils Included in the Calibration and 
Validation Data Sets

Data set

Sand 
content 
(g g −1)

Clay 
content 
(g g −1)

Bulk 
density 

(g cm −3)

Organic 
matter 

content (%) Ksat (m s −1)

Max (calibration) 0.97 0.58 1.83 4 5.75 × 10 −4

Min (calibration) 0.03 0.01 0.49 0.04 5.56 × 10 −8

Max (validation) 1.00 0.63 1.75 5.9 3.09 × 10 −4

Min (validation) 0.00 0 0.46 0.04 4.63 × 10 −8
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the R 2 values between the fitted results with Equation 35 and the measured K values (in log scale) were 0.01, 
2.8%, 0.27, and 0.96, respectively, and the corresponding values of Equation 39 were −0.02, 3.1%, 0.30, and 0.94, 
respectively. All metrics indicated that the new model performed better than the MVG model. The most obvious 
difference between two models appeared on high log10(K) values: the new model overestimated on several soils 
without available Ksat information which was applied as the upper limit to avoid unrealistic high estimation near 
saturation; in contrast, MVG model significantly underestimated at wet region as it used K0 as a matching point, 
which was generally one order of magnitude smaller than Ksat (Luckner et al., 1989), to yield better fitting results 
at more negative ψ values (i.e., lower log10(K) values) but lost the accuracy near saturation, which was consistent 
with the findings of Schaap et al. (2001).

4.2.  Correlation Between Fitting Parameters With Soil Properties

We obtained the values of parameter c and γ by fitting Equation 35 to the K (θ, ψ) datapoints of soils in the cali-
bration data set. As the spread of c was several orders of magnitude, logarithmic values of c (log10(c)) were used. 
For 150 soils in the calibration data set, our fitting results yields log10(c) ranging from −14.88 to 1.22 with a SD 
of 3.35 and γ ranging from −21.16 to 8.20 with a SD of 5.88.

We further correlated parameters log10(c) and γ with basic soil properties for all the soils in the calibration data 
set. In Figure 5, it appeared that no correlation existed between parameter log10(c) and γ with bulk density and 
organic OM with (R 2 of 0.06 and 0.08, respectively). However, positive correlations between parameters log10(c) 
and γ with sand content (R 2 = 0.41 and 0.37, respectively) and negative correlations with clay content (R 2 = 0.33 
and 0.29, respectively) are shown. The correlation between parameter log10(c) with soil texture can be attributed 
to the variation of (λ + 2)/(λ + 4) which increases with increasing sand content (with a R 2 of 0.44) and decreas-
ing clay content (with a R 2 of 0.36) as shown in Figure S1 in Supporting Information S1. Recall that γ is the 
sum of the tortuosity exponent β and the saturation exponent n at high salinity limit or β + n − 1 at low salinity 
limit. We have shown that if n is fixed as 2, the tortuosity exponent β is identical to the tortuosity-connectivity 
factor in the Mualem-Brooks-Corey or Burdine-Brooks-Corey models. Thus, it is unsurprising that param-
eter γ increases with increasing sand content but decreasing clay content as similar correlations between the 
tortuosity-connectivity factor with sand content and clay content have been reported extensively by previous 
studies (Rudiyanto et al., 2021; Schaap & Leij, 2000; Vereecken, 1995). In this study, we obtained a range of γ 
from −21.16 to 8.20. This result is consistent with Yates et al. (1992), which have also reported a wide variability 
of the tortuosity-connectivity factor, ranging from −3.31 to greater than 100. We also found that the γ distribu-
tion was concentrated when sand content >0.5 g g −1 or clay content <0.2 g g −1 but showed a larger variability 
with deceasing sand content or increasing clay content. Interestingly, Schuh and Cline (1990) also found similar 
results for the tortuosity-connectivity factor q of the MVG model which distributed in a narrow range for mean 

Figure 4.  Soil hydraulic conductivity (log10(K)) values fitted by the new hydraulic conductivity model (Equation 35) with fitted c and γ and Mualem-van Genuchten 
model (Equation 39) with fitted K0 and q versus the measured values of log10(K) for 150 soils in the calibration data set. The solid lines are the 1:1 lines, the dashed 
lines represent the regression lines, and the blue regions indicate 95% prediction intervals.
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Figure 5.  The parameters log10(c) and γ as a function of bulk density (ρb), sand content (fsand), clay content (fclay)and organic matter content (OM) for soils in the 
calibration data set.
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particle diameter (Dm) > 0.08 mm but showed increasing variability for soils with Dm < 0.08. Such a consistency 
again confirmed the intrinsic correlation between γ and q again. In summary, Figure 5 shows that the parameters 
log10(c) and γ seem to correlate better with the different textural classes, suggesting that they are governed by 
the textural composition of the soils. However, for 199 soils in the calibration data set, only 104 of them have 
complete soil texture information (USDA system), and 93 of them have both complete texture and bulk density, 
83 of them have complete texture, bulk density as well as organic OM, which are commonly used predictors for 
developing the PTF to estimate the hydraulic parameters (Looy et al., 2017; Vereecken et al., 2010). Thus, in this 
study, we split the data into subsets of different textural classes to minimize the prediction error.

4.3.  Best-Fitted log10(c) and γ Values

Previous analysis showed that both log10(c) and γ had relatively strong correlation with sand content and clay 
content. Therefore, we divided all soils into four textural groupings based on their texture and values of fitting 
parameters: Group I (sand and loamy sand), Group II (sandy loam), Group III (sandy clay loam, loam, clay 
loam, silt loam, silt, and sandy clay), and Group IV (silty clay loam, silty clay, and clay). Interestingly, we found 
that the classification here is similar to the four Hydrological Soils Group (i.e., A, B, C, and D) based on runoff 
potential by the Natural Resource Conservation Service (NRCS, 1986). Besides, Schaap and Leij  (2000) also 
divided all soils into four textural groups: sands, loams, silts, and clays. A detailed comparison between these 
classifications is provided in Table S1 in Supporting Information S1. The classification proposed in this study 
is somewhat a combination of texture-based and hydraulic-based methods (e.g., Ghanbarian & Yokeley, 2021; 
Twarakavi et al., 2010). The statistical descriptions of sand content, clay content and fitting log10(c) and γ for 
the four textural groups are given in Table 3. Obviously, from Group I to Group IV, range and mean (or median) 
of sand content decreased but clay content increased. The fitted log10(c) and γ values of the Group I had aver-
ages of −2.22 and 2.20, respectively, which was much higher than those of the other textural groupings (with 
averages of  −4.17 and 0.18 for Group II, −6.58 and −4.37 for Group III, and −7.47 and −7.34 for Group IV). 
Again, if we assume a universal Archie's saturation exponent n of 2, the best-fitting γ values correspond to β οf 
0.20 for Group I, −1.82 for Group II, −6.37 for Group III and −9.34 for Group IV. We find that β results for 
Groups I (i.e., sand and loamy sand) and II (i.e., sandy loam) indirectly estimated from best-fitting γ values are 
not greatly different from the tortuosity-connectivity factor q of the MVG model for coarse-textured soils (−1) 
suggested by Schaap and Leij (2000). Additionally, the distribution of fitted log10(c) and γ values of the Group I 
was relatively narrow (with SD of 1.90 and 2.15) but those of the other three groups were scattered (Figure S2 in 

Table 3 
The Statistical Description of the Sand Content, Clay Content and Fitting log10(c) and γ for Soils in Each Textural Group

N Max Min Mean Median SD

Group I 53 Sand content (g g −1) 0.97 0.82 0.91 0.91 0.04

Clay content (g g −1) 0.07 0.01 0.03 0.03 0.02

log10(c) (unitless) 1.22 −6.11 −2.22 −2.35 1.90

γ (unitless) 6.71 −2.31 2.20 1.66 2.15

Group II 26 Sand content (g g −1) 0.76 0.53 0.67 0.68 0.08

Clay content (g g −1) 0.19 0.07 0.10 0.10 0.04

log10(c) (unitless) −0.67 −10.35 −4.17 −3.68 2.36

γ (unitless) 6.65 −10.14 0.18 0.63 3.48

Group III 61 Sand content (g g −1) 0.63 0.03 0.24 0.24 0.16

Clay content (g g −1) 0.34 0.07 0.19 0.18 0.06

log10(c) (unitless) −1.06 −14.88 −6.58 −6.20 3.26

γ (unitless) 8.60 −21.16 −4.37 −3.07 6.56

Group IV 10 Sand content (g g −1) 0.24 0.09 0.16 0.16 0.11

Clay content (g g −1) 0.58 0.34 0.45 0.44 0.08

log10(c) (unitless) −3.34 −12.75 −7.47 −6.91 3.09

γ (unitless) 2.19 −16.32 −7.34 −6.71 6.44
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Supporting Information S1). We also conducted an ANOVA analysis, and we 
found there were significant differences among the four textural group for the 
fitting parameters. Corresponding results are provided in Tables S3 and S4 in 
Supporting Information S1. We then determined the best fitting parameters 
to represent each textural group by fitting Equation 35 to the K(θ, ψ) data of 
soil samples of each textural group as a whole. The best fitting log10(c) and γ 
results were −2.53 and 1.92, −4.39 and −0.14, −5.01 and −1.34, and −5.79 
and −2.27 for Groups I–IV, respectively. These log10(c) and γ values were 
then used to estimate K from the θ(ψ) data using Equation 35 for soils with 
known textural information.

4.4.  Performance of the New Hydraulic Conductivity Model

We tested the new K(θ, ψ) relationship with validation data sets 1 and 2, 
in which the best fitting log10(c) and γ values were used according to soil 
textural groupings. Table 4 presents the statistical parameters that indicate 
the performance of the K(θ, ψ) function. The new model provided reasonable 
K estimates for the soils in validation data set 1 with ME, RE, RMSE, and 
R 2 of 0.02, 8.8%, 0.80, and 0.73, respectively. In general, the new model 
provided satisfactory results in Group I, II, and III with ME ranging from 
−0.14 to 0.18, RE ranging from 6.5% to 8.8%, RMSE ranging from 0.56 
to 0.81 and R 2 ranging from 0.74 to 0.80. Among the three groups, the new 
model performed best on Group II with lowest RE, lowest RMSE and highest 
R 2. This maybe because Group II included sandy loam only which made the 

best-fitting parameters for Group II more representative than other Groups. However, it was impossible to deter-
mine the best-fitting parameters for each textural class as some of them (e.g., clay) had only limited soils availa-
ble in the UNSODA database. The new model also performed poorly on Group IV with ME, RE, and RMSE of 
−1.19, 14.1%, and 1.42, respectively.

The new K (θ, ψ) model also gave accurate K estimates on data set 2 with an ME of −0.02, a RE of 9.6%, a RMSE 
of 0.77 and an R 2 of 0.85 (Table 4). The performance of the new model on data set 2 showed consistent trends 
with data set 1: among Groups I–III the highest R 2 appeared on Group I and Group II had the lowest RMSE. 
However, the new model showed better performance on Group IV in data set 2. In this case, performance was best 
among the four groups with a lowest RE of 4.0%, a lowest RMSE of 0.37 and a highest R 2 of 0.94. Such different 
performance was mainly because of the large variability of fitting log10(c)  and γ values on fine-textured soils, thus 
it is unfair to use single best-fitting values to represent the whole Group IV. Additionally, there were only 10 soils 
for Group IV in the calibration, which may also limit the performance of the new model. Overall, the two metrics, 
ME and RE, indicated poorer performance for validation data set 2 than for data set 1, while the two metrics, 
RMSE and R 2, showed better performance for validation data set 2 than for data set 1.

Figure 6 compares the new model estimated log10(K) values with the measured log10(K) values for data sets 
1 and 2. In general, the data points of validation data set 1 distributed evenly but had scatter along the 1:1 line, 
whereas those of validation data set 2 were more concentrated but the regression line deviated from the 1:1 line, 
indicating that the new model provided reliable K data for the two validation data sets. The close performance 
among two data sets confirmed the good performance of the new model.

4.5.  Model Uncertainty

To assess the new K(θ, ψ) model's uncertainty, the statistical results of best-fitting parameters for four textural 
groups, including best-fitting values, SD, lower and higher 95% confidence interval, are provided in Table S2 in 
Supporting Information S1. Figure 7 shows the uncertainty of estimation for four representative soils from the 
validation data set: UNSODA 4660 sand, Gilat sandy loam, UNSODA 4030 silt loam and Avignon silty clay 
loam, which correspond to Group I–IV, respectively. The results demonstrate that the estimates generally follow 
the pattern of the observed data. For three soils other than UNSODA 4660 sand, the largest uncertainty appears 
in the dry region and uncertainty at intermediate θ is smallest. The limited performance of the new model can be 

Table 4 
The Mean Error (ME), Relative Error (RE), Root Mean Square Error 
(RMSE) and Coefficient of Determination (R 2) Between log10(K) (K in 
m s −1) Estimated Values From the New Hydraulic Conductivity Model 
(Equation 35) With Best Fitting log10(c) Values for Each Textural Group and 
Measured log10(K) Values for Soils in Validation Data Sets 1 and 2

Validation data 
set Group N ME (m s −1) RE

RMSE 
(m s −1) R 2

Data set 1 I 19 0.18 8.8% 0.76 0.76

II 7 −0.14 6.5% 0.56 0.80

III 21 0.10 8.4% 0.81 0.74

IV 2 −1.19 14.1% 1.42 0.92

Average 49 0.02 8.8% 0.80 0.73

Data set 2 I 9 −0.02 9.6% 0.77 0.88

II 4 −0.15 7.7% 0.66 0.82

III 7 −0.21 9.5% 0.77 0.80

IV 3 0.19 4.0% 0.37 0.94

Average 23 −0.01 9.5% 0.77 0.85

Average 0.01 9.1% 0.79 0.76

Note. N is the number of soil samples in each textural group.
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attributed to the following limitations: (a) the model produces unrealistically high K estimates near saturation; (b) 
film and vapor conductivity are not accounted for in the dry range; (c) soils are only classified into four textural 
groups, which is a coarse classification. In the following section, we will discuss these limitations in detail and 
explore ways to overcome them.

Figure 7.  The uncertainty of the new model (Equation 35) for K(θ) curves of four representative soils in the validation data set. Black points represent the measured 
data, blue dash lines represent the new model estimate with best-fitting parameters and blue regions represent the 95% prediction intervals.

Figure 6.  Comparison of log10(K) estimated values with the new hydraulic conductivity model (Equation 35) with best fitting 
log10(c) and γ values versus the measured log10(K) values for soils in validation data set 1 and validation data set 2. The solid 
black lines are the 1:1 lines, the dashed lines are the regression lines, and the blue regions indicate 95% prediction intervals.
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4.6.  Limitations of the New Model

Figure 8 shows the MEs obtained with the new model (Equation 35) for nine 
matric potential classes. A negative ME value indicates an underestimation 
of K (log10K), whereas a positive value denotes an overestimation. It is obvi-
ous that the new model overestimated K in the matric potential range from 0 
to −10 cm. Recall that, when ψ approaches 0, estimated K with Equation 34 
increases dramatically. We used Ksat as the upper constraint of Equation 34 
because it was available for most soils in our study. However, a lower upper 
limit at lower ψ instead of Ksat would be better, especially for structured 
media (e.g., macroporous soils or fractured rock) where the macropore flow 
was significant but could not be well accounted for by Equation 35. The new 
model estimated the K accurately from −10 to −1,000 cm where MEs were 
nearly zero. This range was where most measurements in the calibration data 
set were distributed. The calibration inevitably enhanced the performance of 
the new model in this range. When ψ was below −1,000 cm, the new model 
consistently underestimated K values. This underestimation became more 

severe as ψ decreased and ME could be as low as −3.7 when ψ < −10 6 cm. In this range, the underestimation of 
the new model was likely caused by two factors. First, as we stated above, the major distribution of the datapoints 
in the matric potential range between −10 and −1,000 cm reduced the new model applicability in other ψ ranges. 
Second, the new model was developed based on the Brooks-Corey model and the capillary bundle model which 
only accounted for capillary flow but ignored water adsorption, and film and corner flow (Tuller & Or, 2001). 
These omissions contributed to new model underestimations at low ψ values where soil water transport was 
mainly controlled by film flow.

In summary, the results presented in Figure 8 clearly highlight the limitations of the new model at both wet 
and dry ends. To overcome the former issue, a small minimum capillary matric potential (ψs, e.g., −1 cm) and 
a fictitious (extrapolated) parameter θm have been introduced, as reported by Ippisch et  al.  (2006) and Vogel 
et al. (2000), or a maximum pore size in the capillary bundle model, as suggested by Iden et al. (2015). While 
beyond the scope of this study, it is worth noting that better estimates near saturation could be obtained if a maxi-
mum hydraulic conductivity at a fixed matric potential near saturation was used as the upper limit in Equation 35, 
instead of Ksat. Moreover, various models have been proposed to account for the existence of film and vapor 
conductivity (Lebeau & Konrad, 2010; Peters, 2013; Peters et al., 2021; Tokunaga, 2009; Wang et al., 2022; Z. 
F. Zhang, 2011). The proposed model in this study was established using the capillary tube model, which can 
naturally capture the capillary flow only. The addition of film and vapor conductivity terms, as proposed by these 
studies, if coupled with the proposed model, may lead to improved model performance in the dry range. Unfor-
tunately, the calibration data set was limited to the UNSODA data set in which K(θ, ψ) data points were mainly 

distributed around the matric potential range −10 to −1,000 cm, as shown in 
Figure 8. Thus, the inclusion of other soil hydraulic properties data set (e.g., 
Weynants et al., 2013) is required for future calibration.

4.7.  Comparison With Mualem-Van Genuchten Model

We further compared the performance of the new K(θ, ψ) model to the results 
from the MVG model with the validation data sets (Table 5). We tested the 
performance of the MVG model in five cases: (1) K0 = Ksat, q = 0.5; (2) 
K0 = Ksat, single q fitted from the whole calibration data set; (3) K0 = Ksat, 
variable q values for four textural groups fitted from the calibration data set; 
(4) single K0 and q fitted from the whole calibration data set; and (5) varia-
ble K0 and q values for four textural groups fitted from the calibration data 
set. A comparison of all models for validation data set 2 is also shown in 
Figure  9. For cases (1)–(3), only soils with known Ksat values were used, 
which resulted in a reduced calibration data set of 84 soils and a reduced 
validation of 48 soils. For the validation data set, it was apparent that the 
new model was superior to the MVG model: The ME, RE, RMSE, and R 2 of 

Figure 8.  Mean error (ME) of the new model (Equation 35) for eight matric 
potential (ψ) classes. Note that ME results are calculated from soils in the 
validation results whereas number of soils observed in each matric potential 
classes are from the calibration data set.

Table 5 
The Mean Error (ME), Relative Error (RE), Root Mean Square Error 
(RMSE) and Coefficient of Determination (R 2) Between log10(K) (K in 
m s −1) Estimated Values From the New Hydraulic Conductivity Model 
(Equation 35) Using Best Fitting log10(c) and γ Values or by the Mualem-
Van Genuchten Model (Equation 39) for Five Cases for Each Textural 
Group Versus the Measured log10(K) Values for Soils in the (Reduced) 
Validation Data Sets

ME RE RMSE R 2

The new model – 0.01 9.1% 0.79 0.76

MVG Case 1 a −0.19 14.2% 1.55 0.47

Case 2 a 0.21 12.9% 1.29 0.51

Case 3 a 0.20 13.0% 1.26 0.58

Case 4 −0.16 12.0% 1.00 0.59

Case 5 −0.15 11.8% 1.00 0.59

 aReduced data set including only 85 soils with known Ksat values.
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the new model estimated log10(K) values were −0.01, 8.8%, 0.78, and 0.76, respectively, and the corresponding 
values of the MVG model (when K0 = Ksat, q = 0.5) were −0.19, 14.2%, 1.55, and 0.47, respectively. Then we 
fitted q values for the calibration data set, which were −0.28 in Case 2. In Case 3, the q values were −0.61, −0.51, 
1.66, and 4.22 for Group I, Group II, Group III, and Group IV, respectively. When these calibrated q values were 

Figure 9.  Comparison of the new model (Equation 35) and the Mualem-van Genuchten (MVG) model (Equation 39) for five cases on 23 soils in the validation data set 
2. Bars in the bar charts indicate values for RMSE(log10(K)) for the six applied model settings. (1) The new model; (2) MVG (K0 = Ksat, q = 0.5); (3) MVG (K0 = Ksat, 
single q); (4) MVG (K0 = Ksat, variable q); (5) MVG (single K0 and q); (6) MVG (variable K0 and q).
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used, the results became better with ME of 0.20, RE of 13.0%, RMSE of 1.26 and R 2 of 0.58. We further fitted 
both log10(K0) and q and determined the single best-fitting values for the calibration data set, which were −6.02 
and −1.38, respectively (Case 4). For Case 5, as what we did for the new model, we divided all soils into four 
textural groups and obtained best-fitting log10(K0) and q values of −5.79 and −1.26 for Group I, −6.18 and −1.66 
for Group II, −6.05 and −1.11 for Group III, and −5.66 and 1.02 for Group IV. When both K0 and q were fitted 
(i.e., cases 4 and 5), the performance of the MVG model was significantly improved (i.e., ME = −0.16 to −0.15, 
RE = 11.8%–12.0%, RMSE = 1.00 and R 2 = 0.58), which, however, was still much worse than the performance 
of the new model.

Additionally, to estimate K with the MVG model, requires fitting parameters Se and n of the van Genuchten 
model, which, in turn, requires several pairs of θ(ψ) data points from a wide matric potential range to match the 
observed data. Obtaining such data is generally time consuming, which limits the successful application of the 
MVG model. In contrast, as soon as the best fitting log10(c) and γ values are available, the new model is able to 
estimate K with a single θ(ψ) data point.

We also sought to compare the new K(θ, ψ) model with two widely used PTFs. Although there are numerous PTFs 
to estimate MVG model parameters, only a few of them have been validated using independent data sets (Vereecken 
et al., 2010). Most PTFs require basic soil properties such as texture, bulk density, organic OM and/or θ values at 
specific matric potentials; and not all of these parameters are available for most soils in our validation data set. Thus, 
it was not possible to directly compare these PTF results with the new model results using the same validation data 
set. Therefore, we compared the new model to two published PTFs, ROSETTA 3 (X. Zhang & Schaap, 2017) and 
Brunswick-Weber (BW) (Weber et al., 2020) using a reduced validation data set 2 consisting of 16 soils. With soil 
texture and bulk density as inputs, the two PTFs produced RMSEs (1.35 and 1.42), MEs (0.06 and 1.11) and REs 
(12.5% and 15.7%), respectively (results are presented in Figure S3 in Supporting Information S1). In comparison, 
the new model performs much better with RMSE of 0.70, ME of 0.14 and RE of 8.1% for the same validation data set.

Furthermore, we conducted a comparative analysis of our proposed model with the FXW-M2 model developed 
by Wang et al. (2022), using the independent validation data set 2. The results presented in Figure 10, demonstrate 
that our model outperformed the FXW-M2 model on several metrics. Specifically, our model yielded a lower root 
mean squared error (RMSE) of 0.77 compared to 0.98 for the FXW-M2 model, a lower RE of 9.6% compared to 
13.4%, and a model error (ME) closer to 0 (−0.01 vs. 0.23) as well as a higher R 2 value of 0.85 compared to 0.78 
for the FXW-M2 model. It is noteworthy that the regression line for the FXW-M2 model had a slope closer to 
unity and an intercept closer to zero, indicating its better performance at extremely low (dry range) and high (near 
saturation) K range. This outperformance can be attributed to the fact that the FXW-M2 model accounts for both 
capillary and film water, and also incorporates a fixed matric potential (i.e., −1 cm) to enhance its performance 
near saturation. The unexpected overestimation of datapoints near saturation in the FXW-M2 model is due to 
errors in the indirect estimation of Ksat using Equation 14 in their study. This approach reduced the required input 
(i.e., Ksat) but yielded unrealistic high K values, leading to the overestimation. To ensure a fair comparison, we 
used measured Ksat as the upper limit when applying the FXW-M2 model and referred to the resulting model as 

Figure 10.  Comparison of log10(K) estimated values with the FXW-M2 model (Wang et al., 2022), FXW-M2-1 model (FXW-M2 model with measured Ksat as upper 
limit) and new hydraulic conductivity model (Equation 35) with best fitting log10(c) and γ values versus the measured log10(K) values for soils in validation data set 2. 
The solid black lines are the 1:1 lines, the dashed lines are the regression lines, and the blue regions indicate 95% prediction intervals.
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FXW-M2-1. The results presented in Figure 10 clearly support our analysis, 
as the performance of the FXW-M2-1 model improved significantly, particu-
larly in the high K range, with an RMSE of 0.75, RE of 8.6%, ME of −0.05, 
and R 2 of 0.85. It is surprising that the new model's performance is compara-
ble to that of  the FXW-M2-1 model, despite not considering film flow near 
the dry end or introducing fixed matric potential, as Wang et al. (2022) and 
other related studies have done. This close performance attested to the accu-
racy of the new model and underscored its considerable potential, particularly 
once the limitations discussed in Section 4.6 are addressed in future studies.

5.  Further Discussion
5.1.  Implications of the Proposed K(θ, ψ) Relationship

In this study, we propose a K(θ, ψ) relationship that integrates the capillary 
bundle model, the Brooks-Corey model, and the Waxman and Smits model. 
The implications of this K(θ, ψ) relationship are significant and range from 
laboratory to field-scale applications. In the laboratory, determining soil 
hydraulic properties using steady-state or transient-state methods can be tedi-
ous, expensive, and time-consuming (Hill, 2004). Prior studies have utilized 
inverse modeling of multistep outflow or Schindler's method to simultane-
ously measure the SWRC and HCC, which is often limited to a relatively 
narrow range of water content and matric potential due to the restrictions 
of tensiometers (e.g., Bahrami et al., 2020; Durner & Iden, 2011; Schindler 
et al., 2010; van Dam et al., 1994; Wildenschild et al., 2001). Consequently, it 
can be challenging to determine the corresponding K at low matric potential 
(<−1,000 cm) where SWRCs can be determined using a pressure-chamber 

or dew point potentiometer. As shown in Figure 7, most measurements in the calibration data set are concentrated 
between −100 and −1,000  cm, reinforcing this limitation. Furthermore, this also restricts the application of 
functions between SWRC and HCC (e.g., MVG model) as they require fitting the SWRC parameters first using 
a wide range of (θ, ψ) data. In contrast, the newly proposed K(θ, ψ) relationship has the capability to determine 
K using just a single pair of θ-ψ data, which is especially crucial when there are limited SWRC data available.

The significance of the proposed K(θ, ψ) relationship becomes more evident under field conditions. Infiltration 
experiments using devices such as tension disc infiltrometer and pressure ring infiltrometers have been developed to 
determine K in the field (Ankeny et al., 1991). However, these methods cannot provide continuous in-situ K dynam-
ics. Fortunately, emerging sensing technologies such as time-domain reflectometry and matric potential sensors 
(tensiometers and psychrometers) can provide continuous in-situ θ and ψ measurements (Fu et al., 2020; Reece, 1996; 
Robinson et al., 2008; M. Zhang et al., 2017). By coupling these modern technologies with the proposed K(θ, ψ) 
relationship, it is now possible to determine the in-situ K dynamics. An example application is shown in Figure 11: 
continuous θ and ψ measurements were obtained using Decagon 5TE and MPS-1 sensors (Pullman, WA) on a 
loamy soil at 12 cm depth located in the Mixed Conifer Zero Order Basin (ZOB), Jemez River Basin, New Mexico. 
Further details about measurements and site information can be referred to Schaap et al. (2021). Using the proposed 
model (Equation 35) with best-fitting log10(c) and γ of −6.58 and −4.37, respectively, for loamy soil (Group III), we 
estimated the K dynamics from θ and ψ data. However, we were unable to evaluate the reliability of our model esti-
mates as no independent K measurements were available in this study. Future studies should investigate this further.

5.2.  Implications of the Proposed K(σ, θ, ψ) Relationship

In the initial stages of the model development section, we began with the capillary tube bundle model and estab-
lished a K-σ relationship for two salinity extremes. We realized that there were limited joint measurements of soil 
hydraulic and electrical properties for most soils, thus we further developed a K(θ, ψ) relationship (Equation 35) 
further. However, the proposed K(σ, θ, ψ) relationship does have its merit in practical applications and needs to 
be discussed here. It can be expressed as follows:

𝐾𝐾 = 2.71 × 10
−4 𝑐𝑐

𝜓𝜓2
𝜃𝜃𝛽𝛽

𝜎𝜎u

𝜎𝜎w

High salinity ∶
𝜎𝜎w

𝜎𝜎EDL

→ ∞� (47a)

Figure 11.  Daily average of water content (θ), matric potential (ψ) and 
hydraulic conductivity (K) on a loamy soil at 12-cm depth in the Mixed 
Conifer Zero Order Basin site in 2011. DOY refers to day of year. K data are 
estimated from θ and ψ using the new model (Equation 35).
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𝐾𝐾 = 2.71 × 10
−4 𝑐𝑐

𝜓𝜓2
𝜃𝜃𝛽𝛽

𝜎𝜎u

𝜎𝜎EDL

Low salinity ∶
𝜎𝜎w

𝜎𝜎EDL

→ 0� (47b)

As discussed previously, Equation 47a can be compared to the K-σ relationships proposed in several previous 
studies, including Doussan and Ruy (2009), Ghanbarian et al. (2017), Niu et al. (2015), and Revil et al. (2014). 
While the fundamental expression of the relationships is similar, there are differences in their coefficients and 
length scales. The correlation between different length scales has been proposed in Equation 18, and the variation 
in coefficients can be attributed to differing assumptions regarding the shape of the pores (e.g., pore length being 
equal to pore diameter or independent; cylindrical or slit-shaped pores). While a comprehensive discussion of 
these differences is beyond the scope of this study, interested readers can refer to Skaggs (2011) and Ghanbarian 
et al. (2016) for more information. Two highlights regarding the proposed K(σ, θ, ψ) need be addressed here. 
First, previous studies assumed the same tortuosity or critical radius for electrical current and water flow, which 
is only valid for a homogenous porous medium or one with infinite pore size distribution. However, we have 
taken this difference into account by introducing a tortuosity correction factor (θ β) into the K-σ then justifying 
its connection to the tortuosity factor in the Mualem (1976) model. Second, previous studies usually ignored the 
effects of surface conduction or treated it as a perturbation to pore water conduction while developing the K-σ 
relationships. In this study, we proposed a K-σ relationship for two salinity extremes. Future work will aim to fill 
the transitional region (e.g., by employing a Padé approximant) and forge a more general relationship valid over 
the whole salinity range, then Equation 47 can be effectively applied to agricultural soils where soil salinity levels 
are typically low to medium. At the field scale, several geophysical methods, such as direct current resistivity 
and electromagnetic induction can be used to determine the electrical conductivity at a different depth (Binley 
et al., 2015). Coupling any of them with matric potential sensors, the proposed K(σ, θ, ψ) relationship could 
possibly enable the in-situ K estimates at dynamic spatial and temporal scales.

6.  Conclusion
We derived a new K(θ, ψ) relationship based on the capillary bundle model, the Brooks-Corey model, and 
Waxman and Smits model. We used measured K(θ, ψ) values from 150 soils to obtain the best fitted model 
parameters for four textural groupings. The new model, which used these two fitting parameters and a θ and ψ 
pair as the inputs, provided accurate estimates of K for 72 soils from two validation data sets. Compared to the 
MVG model, which was constrained by a required θ(ψ) function, the new K(θ, ψ) model could estimate K values 
from individual θ and ψ data pairs, and the new model provided more accurate results. Additional comparisons to 
ROSETTA 3 and BW PTFs also indicated the reliability of the new model. While further investigation is needed 
through both theoretical analysis to overcome its limitations and experimentally testing, particularly at the field 
scale, the proposed model offers potential for estimating K in a range of hydrologic studies.

Data Availability Statement
The hydraulic conductivity and water retention curve data for the 171 soils used in the calibration data set and 
validation data set 1 are from the UNSODA database (Nemes et al., 2001). The data for the 23 soils used in the 
validation data set 2 were collected as follows: Fontainebleau sand, Collias loam and Avignon silty clay loam 
(Doussan & Ruy, 2009); Oso Falco fine sand and Columbia sandy loam (Tuli & Hopmans, 2004); Gilat sandy 
loam, Rehovot sand and Pachapa Fine sandy clay (Mualem, 1976); Tottori dune sand (Sakai & Toride, 2007); 
Guelp loam (Elrick & Bowman, 1964); Rubicon sandy loam (Topp, 1969); Rideau clay loam (Topp, 1971); Wray 
Dune sand (Gillham et al., 1979); Rhinluch sand (Schindler & Müller, 2006); Berlin sand (Peters, 2013); Shonai 
sand (Mehta et al., 1994); Fine sand, UC sandy loam, Gambarra loam, Gambarra B clay loam, Cubbaroo clay 
loam, Tarra clay, and Carrigan heavy clay (Minasny & Field, 2005). All of the data used in this study can be 
found in Fu et al. (2023).
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