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The Kottwitz conjecture for
unitary PEL-type Rapoport—Zink spaces

By Alexander Bertoloni Meli at Ann Arbor and Kieu Hieu Nguyen at Miinster

Abstract. In this paper we study the cohomology of PEL-type Rapoport—Zink spaces
associated to unramified unitary similitude groups over Q, in an odd number of variables. We
extend the results of Kaletha—Minguez—Shin—White and Mok to construct a local Langlands
correspondence for these groups and prove an averaging formula relating the cohomology of
Rapoport—Zink spaces to this correspondence. We use this formula to prove the Kottwitz
conjecture for the groups we consider.
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1. Introduction

Shimura varieties play an important role in the global Langlands program, which predicts
a link between automorphic representations of linear algebraic groups and Galois representa-
tions. Rapoport and Zink ([45]) introduced p-adic analogues of Shimura varieties defined as
moduli spaces of p-divisible groups with additional structures. The *-adic .” ¥ p/ cohomol-
ogy of these spaces should provide local incarnations of the Langlands correspondences and
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this is the subject of the Kottwitz conjecture ([44, Conjecture 7.3]). The goal of this paper is to
prove the Kottwitz conjecture in the case of PEL-type Rapoport—Zink spaces associated to
unramified unitary similitude groups over Q, in an odd number of variables. Prior to our work,
the conjecture was proven for Lubin-Tate spaces by [9, 10, 19]. By duality [13, 15, 47], the
conjecture is also known in the Drinfeld case. The case of unramified EL-type Rapoport-Zink
spaces was proven by [14,53] and the case of unramified unitary PEL-type spaces of signature
.1;n 1/ was proven by [42]. Hansen, Kaletha, and Weinstein ([18]) have proven, for all local
shtuka spaces, a weakened form of the Kottwitz conjecture where, in particular, they do not
consider the action of the Weil group.

We now describe our results in more detail. One considers triples .G; b; / such that G is
a connected reductive group over Q, and is a minuscule cocharacter of G and b is an
element of the Kottwitz set B.Qy; G; /. Then Rapoport-Zink attach to triples .G; b; / of
PEL-type a tower of rigid spaces My, indexed by compact open subgroups K, G.Q,/.

Attached to the group G and the element b is a connected reductive group J,, that is an

inner form of a Levi subgroup of the quasi-split inner form G of G. The element b is said to
be basic when J, is in fact an inner form of G. The tower . M, /x,.q / carries an action of

G.Q,/ Jp.Qy/. Foreachi 0 one can take the compactly supported “-adic ‘cohomology
Hdi. Mg, ; Q:/ of My, and hence consider, for each irreducible admissible representation
of J,.Q,/, the cohomology space

H'J Gy /DI mExt, o He My Q7 /5%

|
as a representation of G.Q,/ W, where W is the Weil group of the reflex field E of . We
now further assume that we can give G the structure of an extended pure inner twist .G; %; z/
of G. Then the Kottwitz conjecture describes the homomorphism of Grothendieck
groups
Mantg,, WGroth.J,.Q,// ! Groth.G.Q,/ Wg/

given by X i}
Mantg.p../ WD . 1/' 9 H Y G:b;/Ee  dim M?"/;
in the case when b is basic and is an irreducible admissible representation of J,,.Q,/ with
supercuspidal L-parameter. This means that under the local Langlands correspondence, the
L-parameter WNq §L2.C/ I Ly is trivial when restricted to the SL,.C/-factor and
does not factor through a proper Levi subgroup of “J.
The Kottwitz conjecture states the following:

Conjecture 1.1 (Kottwitz conjecture, [44, Conjecture 7.3]). For irreducible admissible
representations of J,,.Q,/ with supercuspidal L-parameter, we have the following equality in
Groth.G.Q,/ We/:

X .
Mantg,p,./ D EeEHoms. ./~ w./-;r 1] jj Meile;
2...G;%/

where ... .G; %/ is the L-packet of irreducible admissible representations of G.Q,/ attached to



Bertoloni Meli and Nguyen, The unitary Kottwitz conjecture 3

We have not defined all the notation appearing in this conjecture, but this is described
in detail in Section 5. One can extend the conjecture to general G as in [18, Conjecture 1.0.1]
using the theory of rigid inner twists.

The main goal of this paper is to prove Conjecture 1.1 when G D GU is an unramified
unitary similitude group over Q, in an odd number of variables and the datum .GU;b; /is
basic and of PEL-type. Of course, to make sense of the Kottwitz conjecture for GU, one needs
to establish the local Langlands correspondence for this group and show it satisfies an expected
list of desiderata. In particular, one needs to check that the L-packet ... .G; %/ has the expected
structure determined by a certain group S \ related to the centralizer of in J,apd
satisfies the endoscopic character identities.

Prior to this work, such a local Langlands correspondence was known for unitary groups
by the works [40, Theorems 2.5.1 and 3.2.1] and [25, Theorem 1.6.1]. These authors work with
the arithmetic normalization of the local Langlands correspondence whereby the Artin map is
normalized so that uniformizers correspond to arithmetic Frobenius morphisms. However, it
is more convenient for us to work with the opposite normalization. In Theorem 2.8 we use
Kaletha’s results in [23] on the compatibility of local Langlands correspondence and the con-
tragredient to define a local Langlands correspondence for unitary groups under the geometric
normalization whereby the Artin map takes uniformizers to geometric Frobenius morphisms.

We next construct a local Langlands correspondence for our groups GU by lifting the
result for unitary groups to the group U Z.GU/ and then descending it to GU. We can carry out
such an analysis because the map U Z.GU/ ! GU is a surjection on Q, points for odd unitary
groups. This property fails in the even case and is in fact the main reason we consider odd
unitary similitude groups. We get:

Theorem 1.2 (Theorems 2.8 and 2.12, Section 3.2). There exists a local Langlands
correspondence for odd unramified unitary similitude groups that satisfies the properties of
[25, Theorem 1.6.1], in particular, the endoscopic character identities. By construction, the
correspondence is compatible with that of [25,40] via restriction of irreducible admissible rep-
resentations to U.Q,/ GU.Q,/ and projection of Langlands parameters along lGu! ‘u.

With the local Langlands correspondence in hand, we can describe our proof of Conjec-
ture 1.1 for the groups we consider. Our method of proof is similar to that of [53] and crucially
uses the endoscopic averaging formulas of [6]. We briefly describe these formulas for a con-
nected reductive group G. Suppose that e D .H;s;/ is an elliptic endoscopic datum for G.
Then there exists a complicated map

Red} WGroth®*.H.Q,// ! Groth.J,.Qy//;
whose precise definition is given in Section 5.2. We remark that GrothSt.H.Qp// denotes the
subgroup of Groth.H.Q,// with stable virtual character. Associated to each A-parameter H
of H, we have a stable character denoted by S, w. Suppose that is an A-parameter of G

with parameter Hof Hsuchthat D ' 1 H. Then the endoscopic averaging formula for G
is the following identitx in Groth.G.Q,/ We/:
(1.1) Mantg;,;.Red$.S, w//
b28B.Q,;G; /
X X tr..s/jVv i
D hp; .s/s i 4p—CE/Jd_/ jj Neite;
im

p2.. .G;%/
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where the first sum on the right-hand side is over irreducible factors of the representation r
I and V is the -isotypic partof r | .The element s equals the image under  of
A0 1/ 2 Waq, SL,.C/ SL,.C/, where the second SL,.C/ is the Arthur factor.

Note that equation (1.1) is an averaging formula in the sense that it gives a description
of Mantg,p, 1 Red® ,summing over the set B.Q,; G; /. One expects that this summation
results in large cancellations of the individual terms (see [8] for a description of this in the
G D GL, case). The phrase “averaging formula” first appeared in this context in [44, foot-

note 4] while the formula itself was proven for trivial e (i.e. .H;s;'/ D .G;1;id/) in the
Lubin—Tate case in [19] and the EL-type case in [53]. Equation (1.1) for non-trivial e was first
formulated in [6]. For our application to the Kottwitz conjecture, it is crucial that we establish
(1.1) in cases where e is non-trivial. In general, one expects to need these endoscopic cases in
applications relating to L-parameters with non-singleton L-packets.

The averaging formula is derived in [6] for PEL-type groups under a substantial list
of assumptions. In this paper, we verify these assumptions for discrete parameters and hence
prove:

Theorem 1.3. For discrete L-parameters of GU, the endoscopic averaging formulas
hold.

For the sake of completeness, we briefly recall the strategy of the proof of this result
as well as explain the important assumptions. The proof is via global methods. Thus we con-
sider a global unitary similitude group GU defined over Q and a Shimura variety Sh attached
to GU which “globalizes” our Rapoport-Zink space. In particular, we have GUq, D GU.
We deduce the averaging formula by combining the Mantovan formula ([37, Theorem 22],

[34, Theorem 6.26])
X
(1.2) H,Sh; L/ D Mantgy;p;-Hc 18 L//

b2B.Qp;GU; /

and the trace formulas for Shimura and Igusa varieties ([29, Theorem 7.2], [49, Theorem 13.1],

[50, Theorem 7.2]). We denote respectively by H. .Sh; L/ and H_ .1g; L/ the alternating
sums of the compactly supported cohomology of Shimura and Igusa varieties evaluated at the
“-adic sheaf L associated to some irreducible algebraic representation of GU.

To carry out this approach, we need to define global A-parameters of GU without refer-
ring to the conjectural global Langlands group. We do so by adapting Arthur’s approach (also
used in [25,40]) where global parameters correspond to self-dual formal sums of cuspidal auto-
morphic representations of GL,. For us, a parameter ¢, of GU consists of a pair . ;/
such that ; is a global parameter of U in the sense of [40] and is an automorphic character
of Z.GU/.A/. We attach global A-packets to these parameters in the generic case and prove
they satisfy the global multiplicity formula (Proposition 2.26).

One important step in the proof of the averaging formula is the process of stabilization
and destabilization of the trace formula for the cohomology of Shimura and Igusa varieties fol-
lowing [29] and [50]. The goal is to relate both sides of equality (1.2) to the global multiplicity
formula. In order to achieve this, we need to prove a technical hypothesis concerning stable
orbital integrals. More precisely, let H be an endoscopic group of GU and f H a test function
satisfying some local “cuspidality” conditions. We want to show thatSTH .f H/D STH f H/,

ell isc
where ST },.f "/ is a sum of stable orbital integrals of H with respectto f Hand STt _.f H/is,
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loosely speaking, the traces of all automorphic representations of H.A/ evaluated against f H.
This hypothesis is proven in Section 4.2.

Once we have done the destabilization step, we can put everything into equation (1.2) and
derive the averaging formula. However, at this point equality (1.2) is still quite complicated and
we need to solve a lifting problem in order to extract the desired information. More precisely, for
our choice of connected reductive group GU over Q such that GUq, D GU and a discrete L-
parameter gy of GU, we need to construct global L-parameters 5, lifting gu and satis-fying a
number of conditions. For instance, we need to precisely control the centralizer group of 5, in
GUq, . Thede lifting problems are studied in [5,25] and we adapt their arguments to the unitary
similitude case (Section 4.3).

With the endoscopic averaging formula in hand, we prove the Kottwitz conjecture in
Section 6. To do so, we observe that Ret()je .S,n/ D 0 whenever b is non-basic and is super-
cuspidal. Hence, in this case, the only term on the left-hand side of the endoscopic averaging
formula is the one for b basic. We then combine the formulas for each elliptic e to deduce the
conjecture.

2. Automorphic representations

2.1. The groups. Let F be afield of characteristic 0, E a quadratic extension of F and
fix an algebraic closure F~. LetJ 2 GL,.F / be the anti-diagonal matrix defined by J D .J;;;/
such thatJi;; D . 1/7¢11.hc1 . We define quasi-split groups Ug -¢ .n/ and GUg_¢ .n/
over F as follows. Set
Ug_g.n/.F/D GL,.F/ and GUg_f.n/.F/D GL,.F/ GL;,.F/: Then

we give GU¢_ .n/.F / an action of € WDGal.F =F / whereby 2 € acts by
.g;c/! .gl;.c/l; 2€

.g;c/! ..c/l.g/ ') 1 .c//; . €

We get an action of €¢ on Ug_¢ .n/.F7 by restriction.
We also need to define slightly more general groups G.U.n1/ U.n,// by

G.U.n1/ U.ny//

GU

In this paper, we only consider the case where F is one of Q, or Q. We now fix for
once and for all a prime p and a quadratic imaginary extension E = Q that is inert at p. At each
place v of Q we get a rank two étale algebra E, over Q .- Since we will not change E, we can
unambiguously use the notations U.n/ and GU.n/ (resp. U.n/ and GU.n/) for the global
(resp. local, for v that do not split over E) quasi-split groups we have defined. To simplify
notation, we will typically refer to inner twists of U.n/ (resp. GU.n/) by U (resp. GU).

The global groups we consider in this paper will be inner forms of GU.n/ coming
from Hermitian forms. Namely, let V be an n-dimensional E-vector space equipped with
a Hermitian form h;i. Let GU.V / (resp. U.V /) be the algebraic groups defined over Q
by

GU.V/.R/D '.g;c.g// 2 GL.V " q R/ Gn.R/ Whgx; gyi D c.g/hx;vyi;
X;¥y2V " q R®
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and
U.V/.R/D 'g2 GL.V "q R/ Wigx;gyiD hx;yi; x;y 2V “q R®

for any Q-algebra R. To simplify notation, we will often denote these groups by GU (resp U).

In this paper we will assume that n is an odd number and that the localization GU, at
every finite place v is quasi-split. Such groups exist and the quasi-split condition we impose
at the finite places does not constrain the isomorphism class of the group at the Archimedean
place. Indeed we can define !

| 0
Ir:s WD C; ;

ls

where | is the r r identity matrix. Then for V an n-dimensional E-vector space,
hx; yi WD.x/ 1.5 y;

forr C s odd and 2 €e. o the non-trivial element, gives a unitary similitude group of type
.r; s/ at the Archimedean place that is quasi-split at the finite places.

Recall that a reductive group G over a number field F arises as an extended pure inner
twist of its quasi-split form G if there exists a tuple .G; %; z/ such that %WG ! G is an
isomorphism over some finite extension K=F and z 2 ZlbaS.Eg.K:F /; G.K// is such that
foreach 2 €¢_; and eache 2 E3.K=F/ projecting to , we have

% 11 %/ D Int.z.e//:
ThesetZ,1 .E3.K=F/; G.K// is defined as in [32]. We record the following lemma.

bas

Lemma 2.1. The groups GU.V / (resp. U.V /) defined above arise as extended pure
inner twists of GU.n/ (resp. U.n/).

Proof. In the case that G has connected center, it is known by [32, Proposition 10.4]
that all inner twists of G come from extended pure inner twists. In our case, we have

Z.U.n//S U.1/ and Z.GU.n//D Resg-q Gm;

so this is indeed the case. o

We also consider extended pure inner twists for connected reductive groupsoverF D Q .
The definition is the same except for we havez 2 Z 1baS.Eiso.K:F /; G.K// (where Eiso.K=F / is
the local gerb E.K=F / in [32]). As in [32], we define

B.F; G/pas WDIimH.L . .E3.K=F /; G.K//
K
for F a number field and
B.F; G/pas WDlim HL . .Eiso.K=F /; G.K//;
K

for F a finite extension of Q.
A maximal torus T defined over Q, of GU.n/ and with maximal split rank is given by
the diagonal subgroup. We have
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The maximal split subtorus A of T is isomorphic to . Q/ 5 Q. The relative Weyl
group is
WD .2=22/"7 1 Sa s

where S 1 is the permutation group of '1; :::; 2 219. The normalizer of A inside GU.n/.Q,/ is
generated’by A and the following elements.

o .. 1

[ :1;]1
B 2 E nC1 k.&ck
Si;j D 1 ; Ak D |n 2 "2 ;
@ nc1 ;.nc1
I n 21 n? :

2
where 1 i;j; k 21 g\d | inc, the matrix with 1 in the positions .i;j/; .j; i/ and .k; k/
fork ® i;j and O elsewhere.
A minimal parabolic subgroup of GU.n/ is

80, 1 9
1
B . C
xB fo € >
Prin D et 1/ EWi;x2E,;xx/Dc \GUn.Q/:
@ S g
. : b
0 c.t; A

From the description of unitary similitude groups, we see that there is an embedding
E, ,! Z.GU.n//.Q,/ given by

t ! diag.t;:::;t/:

The tuple .Pmin; T; "Eizic1%1in gives a € -stable splitting of U.n/.

Note that we can identifyiu n/ with G[ .C/ C and Lﬂ_n/ with GL,.C/. Fix the
standard F -splittings of GL,.C/C and GL,,.C/ consisting of the . T ; B; {fi;ic121in 1/, where
T and B are the diagonal subgroup and upper triangular subgroup respectively. The
action of the Weil group Wq, on these dual groups factors through €¢ - q , and the non-trivial
element of Wg - o, acts via

.g;c//D Jg ') L cdetg//
and
.g/D g '/

respectively (see [41, p. 38] for details).
A maximal torus defined over Q, of G.U.ny/ U.n,// with maximal split rank is

given by
TD "ty itynsii b ti s ton /2 E4n1an Wc 2 Q 8i,2
11;:::;k98j 211 .... n|,t|’J t|nC1 j/D Co

If we denote |, resp.J the set of indexes i such that n; is odd, resp. even, then a maximal
split sub-torus of T is isomorphic to

ADQ, Q, /"
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The relative Weyl group is
- Y
I S n;g 1

Y 5
Wre D 2=212/"2 no1
2

i21 J2)

2=22/71 S
2

Lemma 2.2. We have the equality
G.U.ny/ U.n//.Q,/ D .U.ny/ U.n//.Q,/E; whereE embegs
into G.Uv.nl/ U.n,//.Q,/ via the diagonal embedding.

Proof. For simplicity, we prove the equality when k D 1. The general case follows by
the same argument.

We just need to show that c.Eé D c.GU.n/.Q,//. Because GU.n/.Q,/ is quasi-
split, we have the Bruhat decomposition

a
GU.I’]/.Q\,/ D Pmin W Pmin:

W2Wie

We see that c.Pmin W Pmin/ D ¢.Pmin W/ and c.w/ D 1 by the above description of the
normalizer of A. Hence we have c.GU.n/.Q,// D c.Pmin/ and then c.GU.n/.Q,// D c.T/
since c.Up,,./ D 1, where Up,_,, is the unipotent radical of Pnin. By the assumption n is odd
and the description of T, we have

c.GU.n/.Q,// D "x.x/ W 2 E?9: Moreover, by
the above injection E,, ,! Z.GU.n//.Q,/, we also see that
c.E,/D 'x.x/ W 2E,
Therefore c.Eé D c.GU.n/.Q,//. O

We now recall some facts from the theory of endoscopy.

Definition 2.3 (cf. [6, Definition 2.1]). A refined endoscopic datum for G a connected
reductive group over F is a triple .H; s; / such that

H is a quasi-split reductive group over F,
s2Z.HSF,
VWHI G buch that the conjugacy class of is €f -stable and .H/ D IEZG..s/é'. Suppose
that .H; s; /; .H; s%; 9/ are refined endoscopic data. Then we say that an isomorphism , WH !
H, is an isomorphism of endoscopic data ifhs%/ D sand 1 b and %are conjugate in G. We

sa\Pthat a refined endoscopic datum .H;s; / is elliptic if .Z.H/€F /' Z.&/. We denot®the set
of isomorphism classes of refined endoscopic data of Gby E".G/.

We record a set of representatives for the isomorphism classes of refined elliptic endo-
scopic data for U.ny/ U.n,/ and G.U.n1/ U.n,//. The description for the global case is
analogous. Compare with [41, Proposition 2.3.1] but note that we have more isomorphism
classes because we consider refined endoscopic data. For each i, choose non-negative natural
numbers n; andn; suchthatn, Cn, D n;. €
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In the unitary case, let H be the group U.ng/ U.n /, U.n%/ U.n /klet be thekblock
diagonal embedding of dual groups and let

sD .l c; | ;iii;lc; Ink/:

These elliptic endoscopic data are all non-isomorphic and give a representative of each elliptic
isomorphism class.

In the unitary similitude case we let H be G.U.n§/ U.n /4 U.n%/ U.n,//, let bg the
block diagonal embedding of dual groups, and let

We further require that n, CChn iE even.
In each case, we can extend to get a map ! of L-groups. This is done explicitly in
[41, Proposition 2.3.2] (cf. [25, p.52]).

2.2. The Langlands correspondence for unitary groups. In this subsection, we will
review the Langlands correspondences for unitary groups in the local and global settings,
largely following the works of [25, 40].

2.2.1. Local unitary groups. We start by considering a local field Q, for v any place
of Q. The local Langlands group is defined by Lq A WDWg if vD 1 and by WQp SL,.C/
if v D p is aprime. For a connected reductive group G, we also set*G D &1 Wq, as atopo-
logical group where @ is the Langlands dual group of G. In our case we see that

‘U.n/ D GL,.C/1 Wq,;
and the group Wg, acts trivially on GL,.C/.

Definition 2.4. A local L-parameter for a connected reductive group G defined over
Q, is a continuous morphism W q ! LG which commutes with the canonical projections
of Lq, and "G to Wq, and such that sends semisimple elements to semisimple elements.

We denote .G/ the set of G-conjugacy classes of L-parameters. An L-parameter is
called bounded (resp. discrete) if its image in "G projects to a relatively compact subset of
G Resp. if its image is not contained in any proper parabolic subgroup of “G). We denote by
"bdd.G/ (resp. “2.G/) the subset of ". G/ consisting of bounded (resp. discrete) L-parameters.

For global classifications, we will also need the notion of a local Arthur parameter.

Definition 2.5. A local A-parameter for a connected reductive group G defined over Q ,
is a continuous morphism  W.q, SL>.C/! LG such that the projection of Wq,/tols
is bounded.

We denote by %0.G/ the set of equivalence classes of A-parameters. We also denote the
set %0©.G/ of the equivalence classes of continuous morphisms  as above but where j| is
not necessarily bounded . An A-parameter  (or 2 %0C.G/) is said to be generic if jsfzv.c/
is trivial. Thus, generic A-parameters correspond to bounded L-parameters. Associated to each
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2 %0C.G/ we have 2 ".G/ given by

1
ik 0
w;g/D w; g; ) T
0 jwj 2
We also have a “standard base change” morphism of L-groups ([40, p.9]):
8 WU.n/! "Resg,-q, Gln;e,;

which allows us to identify the L-parameters of U.n/ with self-dual L-parameters of GLy g, .
More precisely, in the terminology of [40], we set D 1and choose to be trivial. Moreover, there
is a bijection
A.RESE\I:QV GLn;EV/I A.GLn;EV/;

given by projection of LResEV: a GLn.g, onto the first GL,.C/-factor. If 2 ".U.n// is an
L-parameter, theng I composed with this bijection is just . By [40, Lemma 2.2.1],
the image of “.U.n// by g is the set of self-dual parameters in “.GVLn;EV / with parity 1 (as
defined in [40]).

For each A-parameter 2 %0°.G/ we define centralizer groups as below, which play
an important role in the local and global theory. Completely analogous definitions exist for
L-parameters:

S WDCent.Im ;B&/; S WDS =z.8/%: S WDo.S /;
s WD.S \ Gge/; S WDS =5"d:

Remark 2.6. For G D U.n/, the group S is in general a product of symplectic,
orthogonal, and linear groups. Therefore, .S / will always be a finite product of groups
isomorphic to Z =2 Z coming from the component group of the orthogonal factors of S . We

have
s\ =Z.U1n//€Qv DS

(although note that it is possible that Z. U]n//€Qv s"d). For discrete (and hence supercus-

pidal) L-parameters, S D S\.ForGD GU.n/, for n odd, the relevant centralizer groups of a
parameter gy are completely determined by the corresponding groups for the parameter

equal to the composition of gy with'GU.n/ ! ‘U.n/ (see Lemma 2.18).

We also need to introduce some notation for representations. We denote the set of isomor-
phism classes of irreducible admissible representations of a connected reductive group G by
....G/. We denote the set of tempered, essentially square integrable, and unitary representations
by ...temp-G/, ...2.G/, and ...unit.G/ respectively. Denote ...temp.G/ \ ...2.G/ by ...2:temp.G/.

The following theorem gives the local Langlands correspondence for extended pure inner
twists of U.n/ over Q .VWe first fix some more notation. Fix an odd natural number n and let
.U;%; z/ be an extended pure inner twist of U.n/. Fix a €q, -invariant splitting of ). Then

.U; %; z/ induces a unique isomorphism
tu § tu.n/;

preserving the chosen €q -splittings and we often identify these groups via this isomorphism.
The cocycle z and the map

B.Q,; U.n// ! X.Z.U.nJ7’€QV/
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defines a character ; 2 X.Z.U.n]ﬁav/ by z! ;. We now fix a non-trivial character' WQ
! C.VTogether with our chosen splitting of U.n/, this gives a Whittaker datum w of U.n/.
Attached to each refined endoscopic datum .H;s; / of U we have a canonical local

transfer factor eCEw;%;ze normalized as in [6, Section 4.1]. These transfer factors correspond
to the e factors of [33, Section 5]. Since U has simply connected derived subgroup, we can

extend toamap' of L-groups.

Remark 2.7. We stress that in this paper, we are using the geometric normalization of
the Langlands correspondence. This means that our Artin map is normalized to map a geomet-
ric Frobenius morphism to a uniformizer and explains why we normalize our transfer factors
using the ep normalization. This normalization is consistent with [19] and [6] but is the inverse
of the normalization in [25].

Theorem 2.8 ([25, Theorem 1.6.1], [40, Theorems 2.5.1 and 3.2.1]). Fix a field Q,
over which all groups are defined, an odd natural number n, and an extended pure inner twist
.U; %; z/ of U.n/. Fix a non-trivial character' WQ | C. Together with our fixed splitting of
U.n/, this gives a Whittaker datum w of U.n/. Then:’

(1) For each generic 2 %o.U.n// (or equivalently 2 “pq44.U.n//), there exists a finite set
.U; %/ endowed with a morphism to ...ynit.U/. Our choice of w defines a map

w W. .U;%/! Irr.S\;Z/; I h;i;

where Irr.S "\ ; 2/ is the set of irreducible representations of s\ restricting on Z.U pfavto
-

(2) The morphism... .U;%/! ..unit.U/ is injective and its image is contained in ...;emp.U/.
If Q, is non-Archimedean, then the map ... .U;%/! Irr.S \/ is a bijection.

(3) Foreach 2 ..4it.U/intheimageof... .U;%/,the central character! WZ.U/ ! C has
a Langlands parameter given by the composition

detjid

La, I tu I CliWq,:

(4) Let.H;s; %/ be a refined endoscopic datum and let H 2 %o.H/ be a generic parameter

such that b | HD . IffH2H.H/ and f 2 H.U/ are two *(Ew; %;ze-matching
functions, then we have
X X
h;s witr.Hjf "/ D e.u/ h;t.s/ s itr.jf /;
H2.. H.H/ 2. .U;%/

where e. / is the Kottwitz sign.

(5) We have a
wtemp-U/ D U %/
2%p44.U.n//
and 3
---2;temp-U/ D ....U; %/:

2%2;bdd-U.n//
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Proof. The contents of this theorem appear in the works of Mok ([40, Theorem 2.5.1])
and Kaletha—Minguez—Shin—White ([25, Theorem 1.6.1]) except using the arithmetic normal-
ization of the Langlands correspondence. Hence our main task is to explain how we can use
these results to define a geometrically normalized correspondence.

For 2 %o0.U.n// a generic parameter, we let ...A.U; %/ denote the packet of represen-
tations assigned to by [25, Theorem 1.6.1] (the letter A stands for arithmetic normalization)
and define ... .U; %/ to consist of the contragredients of the representations in ..A.U; %/. By
the compatibility of the local Langlands correspondence with contragredients (proven in our
case in Proposition 2.10, cf. [23, equation (1.2)]), this is the same as saying that the packet ...
.U; %/ of [25] is assigned to the parameter " C | , where ' C is the extension to “U.n/ of
the Chevalley involution, C, ®f G 4 described in [23, pp. 3-4].

We now define . For convenience, we will denote by # the maps given by the arith-
metic normalization. Then we define for- 2 ... .U; %/ that

w-—/ D A Gv'/_’.

where if w is the Whittaker datum .B; q,/, then w 1 is the datum .B; Qvl/' Equivalently
by taking the contragredient, we have

w/ DAy C b

We now verify the endoscopy character identity which is (4) in the theorem. To this
end, fixf 2 H.U/ andf H 2 H.H/ a *(Ew; %; ze-matching function. By Lemma 3.5, we have
that if iy V\U.Qp/ ! U.Qp/ is the inverse map, then f 11 iy and f 1 iy are matching for the
transfer factors *@w 1; %; zewi th respect to the endoscopic datum .H;s 1;'/. We use the
letter ® (D ep) resp. ¢ to denote the transfer factors that are compatible with the geometric
normalization resp. arithmetic normalization of the local Artin reciprocity map. Then we will
show in Proposition 2.9 that

X X
ht:s witr.Hjf H/D ht:s witr.Hjf Hy

H A
2.. H.H/ HZ"'LcHl H‘H/

D hH:s Hitr.ij Hy in/:iH2..A, . H/

We now apply the endoscopic character identity proven in [25, Theorem 1.6.1] to get that
the above equals

X
e.U/ tr.AW dites Y os o jf i/

2.0.U;%/
X
D eU/trow./-j s Y s Jtr=jf 1i/i2. .uw
Now, sincetr.— jf /D tr. jf 1 i/ (by Lemma 2.11), we get that the above equals

X
e.U/ trw./jts/ s [t jf /;
2. U%/

as desired. 0
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Proposition 2.9. Continue with the notation as in Theorem 2.8. Let 2 %0.U.n// be
a generic A-parameter. Then we have the following equality forf 2 H.U.n//:
X X
h;s itr. jf /D h;s itr. jf 1 iy/:

A A
2.A.u/ 2. AU/

Proof. Thanks to the results in [25, 40], the arguments in [23, Theorem 4.8] also work
in our case. Indeed, the group U.n/ can be extended to a (twisted) endoscopic datum

eD .U.n/;s;/;
of the triple .Resg - a,Gln;; 1/ for a suitable outer automorphism of Resg - o GLn preserv-ing
the standard splitting. Then | is a Langlands parameter of Resg-q, GLn and denote
by the representation of Resg- g VGLn.Q\,/ D GL,.E/ assignedto 1| by the local Lang-
lands correspondence. The representations and 1 are isomorphic, and there is a unique
isomorphism X W ! 1 which preserves the w-Whittaker functionals. Then we have the
distribution z
fnl T,":’ "/ Dtr v! f".g/.g/Xvdg
GLn-E/
Then by [40, Theorem 3.2.1] the linear form
X
f 1 s, .f/D h;s itr. jf/
2.4.0/

is the unique distribution on H.U.n// having the properties that
s, .f/pT, " £/

forall f 2 H.U.n// and f "2 H.GL,.E// such that the .;!/-twisted orbital integrals of
f ™ match the stable integrals of f with respect to OCEw; e; zce.

Once we have this characterization, the proof of [23, Theorem 4.8] works without any
change since [23, Proposition 4.4, Corollary 4.5 and Corollary 4.7] are valid for quasi-split
unitary groups. O

Proposition 2.10. Let 2 %o0.U.n// be a generic A-parameter and w a Whittaker
datum. Let be a representation in ...A.U/ and denote ,,.A D . Then:

the contragredient representation - belongs to the L-packet ..., c? .U/,
L, A-/D.icC 1/-.

Proof. These results are completely analogous to [23, Theorem 4.9]. The same argu-
ments carry over to our case since an analogue of [23, Theorem 4.8] is still valid for unitary
groups (Proposition 2.9). O

We also have the following basic fact.

Lemma 2.11. For .;V/ an admissible representation of G.Q,/ for G a reductive
groupandf 2 H.G/, we have

tr—jf /D tr.jf 1i/:
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Proof. Pick some compact open subgroup K G.Q /psuch that f is K-bi-invariant,
and let .-; V -/ denote the contragredient of so that V- V is the subspace of smooth
vectors in the dual vector space V of V. Then we note that .V - /X D .V ¥/ since each vector in
.V /X is by definition smooth.

The operator —.f / acts on .V X/ as the dual of the operator .f 1 i/. Indeed, forv 2
VK/andw 2 VK,

Z

-.f/v.w/D f.g/-.g/v.w/dg
5G-Qy/

D fil.g Yv.g YYw/dg
G.Qy/

Dv g 1i/.g/l.g/wdgac.q,/

D .f 1i/v.w/;

where the third equality uses the fact that G is unimodular. This implies the desired equality
of traces. D

When we consider global parameters, we will also need a version of Theorem 2.8 for
2 %0¢.U.n//. The following theorem is essentially contained within the union of remarks
in [40, p. 33] and [25, Section 1.6.4].

Theorem 2.12. Fix a field Q, over which all groups are defined, an odd natural num-
ber n and let .U; %; z/ be an extended pure inner twist of U.n/. Fix a non-trivial character'
WO ! C. Together with our chosen splitting of U.n/, this gives a Whittaker datum w of
U.n/.\LI'hen:

(1) For each generic 2 %0°.U.n//, there exists a finite set... .U; %/ of possibly reducible
or non-unitary representations of U. Our choice of w defines a map

w W. U;%/! Irr.S\;Z/; I h;i;
where Irr.S\ ; 2/ denotes the set of irreducible representations of s\ with central char-
acter ,. Each 2 .. .U;%/ has a central character !, these characters are the same for
each element of ... .U;%/.

(2) Let .H;s;'/ be a refined endoscopic datum and let ™ 2 %0C.H/ be a generic param-
eter such that® | HD .Iff "2 H.H/andf 2 H.U/ are two *(Ew; %; ze-matching
functions, then we have

X X
ht:s witr.Hjf H/D e.u/ h;t.s/ s itr.jf /;
H2.. H.H/ 2. U%/

where e. / is the Kottwitz sign.

Proof. We sketch the proof following ideas in [25,40]. The proof of (1) is in [25, Sec-
tion 1.6.4]. They choose a standard parabolic subgroup P D M Np of U.n/ that transfers to U,
aparameter n 2 %o0.M/and a character 2 Homq,.M; G/ that induces a central
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parameter WNq ! LM satisfying that M agrees with under the L-embedding
LM , ! U.n/. Choose a representative .U; %; z/ in its equivalence class so that the restric-
tion .M; %m; zm/ to M is also an extended pure inner twist.

They then define ... .U;%/ by

U; %/ WO o 7 W 2 M %M/

where If denotes normalized parabolic induction and is the character of M.Q,/ corre-
sponding to . Note that by definition of parabolic induction, if ~, has central character !,
then | Fl,J .m / will have central character 1;2 I, - Since each element of ... " .M; %m/ has
the same central character, this will also be true of ... .U;%/.

From the explicit description of S given in [25, p.62], it follows thatS D S . In
[25, Section 1.6.4] they show that

SradZ.U].-n//€Qv D SradZ.MbQV;

and that, and , bMoth extend uniquely to give the same character z, of $"29Z. U.n//]qu that is
trivial on S™9. Now, we have an identification

Irr.S\;,/ D Irr.S\M oy

as both parametrize irreducible representations of S that restrict toz, on S radZ.U:.I|=1//€Qv .
One can now define
h,’ siD h,v|,' SMm i

fors2 S\.
It remains to verify the endoscopic character identity. Fix a refined endoscopic datum
.H;s;t/forU.n/suchthat D Y1 Hforsome "2 %CH/.Thent.s/2S ™.
In view of [6, Proposition 3.10], there exist a refined endoscopic datum .Hy; sp; “m/ and
a parameter v 2 %o Hy,/ corresponding to the pair . ;‘.s//. It is clear from
construction that under the map Y WE".M /! E".U.n// of [6, Section 2.5], the image of
the class of .Hy; sm; 'm/ equals the class of .H;s; /. Now by [6, Proposition 2.20], we can
choose a refined datum equivalent to .Hp; sm; bw/ fitting into an embedded datum
.H; Hy; s; 1/. We observe that Hy, is a Levi subggoup of H.
Now, 'j\ inducesamapZ.M ¢, ! Z.HyKhnd hence yields a central parameter , of
Hwu. Itis easy to see that by definition

H H.
MHD ;

under the natural inclusion "Hy, , ! “H. Hence, we can define a packet ... «.H/ and pairing
h;iW. wH/ S\ 1 C;

using the above procedure.

We need to verify that the resulting pairing satisfy the endoscopic character identity.
Let f; f H be e(Ew; %; ze-matching functions. Let fp 2 H.M/ and f HP 2 H.Hy/ be the
corresponding constant term functions. By [57, paragraph at the top of p.H237 and the remark
on p. 239] it follows that

tr.|PU.|v|/jf /D tr.mjfe/;
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and similarly for fPH. We can restrict the splitting of U.n/ to M and together with the
character ', this givés a Whittaker datum w,,. By [6, Proposition 5.3], the corresponding
canonical transfer factor eCEwy; %\; zy® satisfies

e CEW; %wms; Zwv® 1;/ D jDU"’/-/J'MZJ'DHM 12 oCEw; % z9'; /

for regular 2 M.Q,/; " 2 Hy.Q,/ and where we recall that D,,./ isGdefined to equal

det.1  ad.m//jiie.c/ntie.m/-
We now claim that fp and fPH are *(Ew); %\; Zve-matching. If we can show this

. H
then we will have

X
ht:s witr.Hjf Hy
H2 H.H/
X . . ¢ H
D hHM,S ItI".HM jf /HMH
2. HyHw/
X L
D e.M/ hv; ~.s/ s ittm jfp /2.
w-M; %/

X
D e.U/h;ls/ s itr. jf /2. uw/

as desired. Note that in the above we use that e.M/ D e.U/ which is part of [26, proposition
on p.292].

Suppose 4 2 Hy.Q,/ and 2 M.Q,/ are strongly regular elements that transfer to
each other. Then by [57, Lemma 9], we have the following equality of orbital integrals (and
analogously for f H):

oY.f/D DY /i O .¥/;

and hence, since f and f H are e(Ew; %; ze-matching:

. . 1
SO f HP/HD Dy u/izsoM £ty
X
D jD:M-H/jZ * oCEw; %; 20 1y;°/OY . f /0.

DJ'D},;IM-H/J'ZJ"lDU Vil tox oCEw; %; z# 11;°/OM . fp /

0
stV

X
D *EwWy; %om; Zm® H;O/OM'fP/}PSt;M

as desired. Note that we use that the number of conjugacy classes of in the stable class is the
same for U and M (this follows from the injection H1.Q,; M/ ,! H1.Q,; U/). o

2.2.2. Global unitary groups. We now consider the global situation. Recall that we
have fixed a quadratic imaginary extension E= Q and are considering global unitary groups
U D U.V /that are quasi-split at the finite places and with fixed quasi-split inner form U.n/.
By Lemma 2.1 we give U the structure .U; %; z/ of an extended pure inner twist of U.n/. We
also fix a global Whittaker datum w of U.n/.
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Due to the lack of a global L-group, we rely on the cuspidal automorphic representations
of GL,,.Ag/ to define the notion of global parameters as in [5] (cf. [25]). Let %o.n/ denote the
set of all formal sums

"D 1.1 1/ T ofs

where °; are positive integers, ; are cuspidal automorphic representations of GLp,.Ag/
and ; are algebraic representations of SL,.C/ such that ; ; are pairwise disjoint and
irDl ‘;ni dim; D n.
We denote . /D , where D .¢/- the conjugate dual representation of . Now for

P

n

D "1.1 1/ “r.r /. We say that " is generic if ; is the trivial
representation of SL,.C/ forall i. We say that " is self-dual if there exists an involution
il iof';:::;r2suchthat.; ;/ D ; j and’; D ;. From a self-dual formal sum n

we can construct a group L~ and a map ([40, pp. 22-23, Definition 2.4.3])
fow »osL,.c/ ! YGLye:

We have a standard base change map g WU.n/ ! 'G Ln.e defined analogously to
the local case.

Definition 2.13. The set of global L-parameters %o0.U.n// of U.n/ is the set consist-

n

ing of pairs D . "; €/, where is a self-dual formal sum and

eW ~SL,.c/! tu.n/

n

is a map such that fnp g | €. The parameter is called generic if is generic.

We remark that € is determined by the base change map Band f , hand as in the local
case, from the map €, we can define various centralizer groupsS ,S ,S s\ . For later use,
we denote %o,.U.n// to be the set of global parameters D . ";€/suchthatjS jis finite.

There is a localization morphism

%o0.U.n// 1 %“.U.n//;, .

see [40, pp. 18-19]. More precisely, if v is a place of Q that splitsin E, thenE, D E,, E\, and
u.n/, S Gln.g, , where w, w are the primes of E above v. Moreover, there is an iden-
tification Q,, D E,, and therefore we can define , D . If v is a place of Q that does not
splitin E, then E is a quadratic extension of Q . By [40, Theorem 2.4.10] the localization n
of " factors through the base change map 'so that it defines a parameter in %oC.U.n//.
According to Theorem 2.8 and Theorem 2.12, for each |, 2 %oC.U.n\// we have a

packet ... .U.n/,; %,/ together with a map

Uy %/ ! Irr.s\ 52/ v ! hyi
We denote ) 3

0]
.U; %/ WD v W2 .. .Uy %,/W,;iD 1foralmostallv :v

Since the localization maps ! y induce the localization maps s\ 1 s\ for cen-
tralizer groups ([25, p. 71]), we can associate to each |, 2 ... .U; %/ a character of s\ by
the formula v

h;siWD  hyisyis  s2SY;
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where s, is the image of s by the localization morphism s\ 1 s\ The global pairing h;i
descends to a character of S (see [25, p. 89]). !

Definition 2.14. Let.. .U;%; /WD' 2 .. .U;%/W;iD ¢, where is the
Arthur character of S (see [40, equation (2.5.5)]). Recall that if  is a generic parameter, then
1.

Let h be the standard maximal Cartan subalgebra in the Lie algebra of Resg-q.U/.C/
and let j j be a fixed Weyl-Hermitian metric on the dual of h. Let be an automorphic repre-
sentation of U.A/. Then the local factor , is unramified if v does not belong to some finite set
of places S. Thus we get a Hecke string ¢ D .cy/, s, Where c, is the semisimple conjugacy
class corresponding to , via the Satake transform. Moreover, the infinitesimal character of its

Archimedean components gives a linear form on h. Denote im./ its imaginary part.
Following [25, Section 3.3], for each global parameter  we define
X
Lds, -U.Q/nU.A//D Ldsest, nyic-U-Q/nUA//;
cle. "/

where the sum runs over the set of Hecke strings c which maptoc. "/ viathe base change map s
and where L2 disc_t_C.U.Q/ n U.A// is the direct sum of automorphic representations such
that jim./j D t and c, corresponds to , via the Satake transform away from a sufficiently large
finite set.

Theorem 2.15 ([25, Theorem 1.7.1]). There is an isomorphism of U.A/-modules
M
Ldsc.U.Q/ nU.A//" Lds, -U.Q/nU.A//;

2%.U.n//

If is generic then

L2, -U.Q/nU.A//D Oif .. %0.U.n//
; ; .
LdZsc; UQ/ n U'A// ' 2. U%; / if 2 %OZ-U-n//-

In particular, if is an automorphic representation of the unitary group U belonging to a
generic global packet, then the automorphic multiplicity, m, equals 1.

In order to show that m D 1 when is an automorphic representation of the uni-
tary group U belonging to a generic global packet, it is enough to show that if belongs
to deisc_ .u.Q/nU.A// and deisc_ .u.Q/nU.A//,then ;D .

By the definition of L gisc. 1.U.él/ n U.A//, we can identify the Hecke string of 4 and
the base change of the Hecke string c. Similarly, we can also identify the Hecke string of 2
and the base change of the Hecke string c. Thus 'i and g have the same Hecke string. By
the strong multiplicity one theorem for isobaric automorphic representations of GL,.Ag/, we

concludethat 7 D Jandhence ;D .

Remark 2.16. We remark that the proof of the theorem as we have stated it here is
completed in [25] up to assumptions in [40]. For instance, the careful reader will note that
[25, Theorem 1.7.1] requires that U arises as a pure inner twist of U.n/. Indeed, this will be true
since we are assuming U comes from a Hermitian form (Lemma 2.1). However, the work
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of [40] assumes that the weighted fundamental lemma and analogues of the unpublished papers
[A25], [A26], [A27] referenced in [5] hold for U.n/, and these results are not available at the
time of writing.

2.3. The Langlands correspondence for unitary similitude groups. In this subsec-
tion, we want to transfer the results about automorphic representations from unitary groups to
unitary similitude groups (with an odd number of variables).

2.3.1. Local unitary similitude groups. Let v be a finite place of Q that does not split
over E, let n be an odd positive integer, and let GU be an inner form of GU.n/, defined
over Q. , and denote the corresponding unitary group by U. Fix a € q, “invariant splitting of
GU and restrict to get a €q -invariant splitting of U. Fix also a character ' W, JoC This
data gives us Whittaker data wgu and wy of GU.n/ and U.n/ respectively.

We give GU the structure of an extended pure inner twist .GU; %gu; zgu/ of GU.n/.
We also fix an extended pure inner twist .U; %y; zy/ of U.n/. Note that this induces an
extended pure inner twist of GU.n/ that on the level of cocycles is given by composing zy
with U.n/ ! GU.n/ and that this induced twist is trivial since the map

B.Qu; U.n//bas | B.Qy; GU.N//ps

is trivial. In particular, this induced extended pure inner twist need not be isomorphic to
.GU; %gu; zgu/. In fact, our constructions in this section will not depend on .U; %y; zy/. Note
also that since we are assuming n is odd, GU will automatically be quasi-split. By Lemma 2.2,
we have GU.Q,,/ D U.Q,/E, and then the following result:

Corollary 2.17. There is a natural bijection between the set ....GU/ and the set of pairs
./, where 2 ..U/ and is a character of E, suchthatje "y q /D !je Tu.q 5 for! the
central character of .

We use this corollary to define A-packets of representations for GU and the associated
A-parameters. Fix a character of Z.GU/ corresponding to a morphism

ZWq, ! GZI.n/abi Wq, D .CC/1 Wq,;
and a parameter y 2 %0¢.U.n// given by
uWq, SL2.C/! 'UD GL,.C/T Wq,;

such that !'j¢ TVU.Q /D je T u.a / for one (hence any) 2 .. ,.U;%u/. We
can view
'GU.n/ D GL,.C/ C1Wq,

as a product of *U.n/ D GL,.C/ | W 4 and CZJ n/ap | W, b.C c/1 W qQ, Over
C IWQ , Where the first projection is g|ven bygl . | detg I . and the second is given by
X;y/1 .1 x1 _.The above pair. y;/ then defines a unique morphism

euWq, SL».C/! GL,.C/ CI1Wq,

Conversely, each gu 2 %0¢.GU.n// gives rise to a pair . y;/. We summarize these rela-
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tionships in the following commutative diagram:

Lq, SL2.C/

GL,.C/ CiWq. U _ cciw
" G T detid/1 id Qv
pry pra
GL,.C/1 Wq, detlid ciwe .

We now define the A-packet associated to gy and .GU; %gu; Zgu/ assuming it has been
defined for y and .U; %y; zy/. We have

GU.GU,'%GU/\AD1.,'/ WZ UU'%/' !jEv TU.QV/ D jEv TU'QV/QZ

We now use the internal structure of ... ,.U;%y/ to describe that of ... _,.GU;%gu/.
Let us first describe the relations between the various centralizer groups for yand gu.

Lemma 2.18. With and gy as above, we have
S @D SC C; S DS o S',DoS YC;
whereS¢ D 'g2S , Wetg D 1°.

Proof. For.g;c/and.x;t/inGL,.C/ C and 2 Wq, projecting to the non-trivial
element of €¢ .q,, we have

gc/ xt/1 g Lc /D gx;et/l g Lc Yy
D .gx.Jg') 1/tdetg /1 ;

where the second equality comes from the action of on.g 1 ¢ 1/.In particular, we have
.g;¢c/2S ., ifandonlyifg2 S ,anddetg D 1.Inotherwords,S¢ C D S ..
We now prove thatS , D S . By a direct calculation, we see that

Z.U].-n//€°v D "idy,2' Z=22Z;

and Z.62|.n//€ﬂv D id, C (because n odd). Hence S ,D o- s¢ / We also remark
that the equality gx.JgtJ 1/ D x implies .detg/2 D 1. Therefore for every g2S | we
have .detg/2 D 1. Moreover, since det. id,/ D 1, we have

s, 8 U=Z.U].-n//€Qv :

Thus, S ., D S | as desired. Finally, we have Sracl D.S .\ .SL,.C/ 1//'D .S°€ /I
which implies the description of S \ , inthe statement of the lemma. ]
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We now construct a pairing
hiigu W ,.GU;%cu/ S\, ! C:

Let .;/ 2 ... &,-GU;%cu/. Then 2 .. ,.U;%u/ and by Theorems 2.8 and 2.12 there is an
associated character h; iy W \ 1 C . Note that since Srad D .SC /i, we can restrict
this character to v 0 Y
scu=s"’j Do.S
We claim this character does not depend on our choice of .U; %y; zy/. Indeed, all inner twists
of U.n/ are trivial so up to equivalence, the only dependence is on zy. This dependence is
described in [25, Theorem 1.6.1(2)] where they observe that modifying z , corresponds to

taking the tensor product of h; i with a certain character of s\ , induced from a map
s o1 @byt

This map is induced by the determinant map on matrices and hence contains S ! in its kernel.
This implies our claim.
Via zgy and the map

WB.Q,; GU.n// ! X.Z.GU.rft/%av/D X.1 C/;

we get a character 5, of 1 C. In Lemma 2.18, we showed that s\ o Do.S¢ /U C.
Hence we define

h.;/;.s;c/icu D h;siyzg,-c/:

Suppose that gu 2 %0.GU.n// is generic. We show that

51V h; /iy

is bijective onto Irr.s\ ;ZGU/ by gonstructing an inverse. To this end, we pick a character
U
Guof S which restricts on&Z.GU.n//€av to the character 26y As Z.W.n//%av and
GU .. . . . .

0.S C /generate S\ and have trivial intersection, there is then a unique character y of S\
that restricts to 2, 0N z. UM andgyono.S°© /. By02/ of Theorem 2.8, there then existsa 2 .
»-U; %u/ that gets mapped to y, and by construction, .; / maps to gu. Hence gy ! .;/ is our
desired inverse.

We have now proven:

Theorem 2.19. Parts (1) and (2) of Theorem 2.8 and part (1) of Theorem 2.12 hold for
GU for non-Archimedean v.

In the Archimedean case, these results are known by work of Langlands and Shelstad.

In the next section, we will prove that this pairing also satisfies the endoscopic character
identities.

We record the following proposition for later use.

Proposition 2.20 ([39, Section 8.4.4]). Let y WNq, SL,.C/ ! LU.n/ be a dis-crete
L-parameter which is trivial over SL,.C/. Then the packet ...,.U; %y/ contains only
supercuspidal representations. These L-parameters are called supercuspidal.
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Corollary 2.21. From the above description of local L-packets of GU, it follows that
the L-packet of a supercuspidal L-parameter of GU will consist entirely of supercuspidal
representations.

Remark 2.22. Suppose that is as above and .H; s; %/ is an elliptic endoscopic datum
and " WNq, SL>.C/ ! “H an L-parameter such that' 1 " D . Then " is also supercuspidal
and hence the packet ...n.H/ contains only supercuspidal representations.

2.3.2. Global unitary similitude groups. Fix a Hermitian form V and global group
UD U.V/and GU D GU.V /. As in the local case, we give GU and U the structure of
extended pure inner twists .GU; %gu; zgu/ and .U; %y; zy/. We begin by recalling the fol-
lowing result which relates automorphic representations of U.A/ and of GU.A/.

Proposition 2.23 ([12, Section CHL.IV.C, Proposition 1.1.4]). Fix n2 N odd. Let
be an irreducible automorphic representation of GU.A/ whose restriction to U.A/ contains
an irreducible automorphic representation . If has multiplicity 1 in the discrete spectrum of
U.A/, then has multiplicity 1 in the discrete spectrum of GU.A/. Moreover, is the
unique automorphic representation of GU.A/ with central character and containing in its
restriction.

Let be an automorphic central character of GU.A/ and y WDjz . a/; its restriction to
the center of U.A/. Consider u @ generic A-parameter for a global unitary group whose
automorphic representations have y as central character. The generic condition ensures the

multiplicity one property of these automorphic representations by Theorem 2.15. As in the
local case, a pair . j;/ satisfying the above conditions determines a generic A-parameter
for GU. In the following, we will denote such an A-parameter by g, if is clear from the
context. We define the associated A-packet ... .GU; %gu; / to consist of the whose
central character is and whose restriction to U.A‘ff belongs to ... ey .U; %y; /.

Now, by the proof of [12, Section CHL.IV.C, Proposition 1.1.&], we have

L2.+ nU.A/;y/ D Res®UA 12 € nGU.A/;/;

U.A/
where € D GU.Q/Z.GU/.A/ andt D €\ U.A/. In particular, it follows from Theorem 2.15
that we can lift every representation 2 ... Y5 %u; U/ to a representation of GU.A/ whose

central character is . Combining with Proposition 2.23, we see that there is a bijection between ...
oYU %u; U/ and ... _ .GU;%cu; GJ.

We now give a description of ... _ .GU;%gGu; .,/ in the spirit of Definition 2.14. We
have defined global generic A-parameters of GU in terms of their counterpart for U. We define
the centralizer groups for such parameters of GU using the analogous groups for U and using
Lemma 2.18 as our guide.

Remark 2.24. It would perhaps be possible to define these parameters and their central-
izer groups in analogy with our definitions for U using cuspidal automorphic representations
and the methods of [5, 25, 40]. For simplicity, we choose not to do this in the present paper.

Definition 2.25. Let 4y D . y;/ 2 %0.GU.n// be a generic parameter. We define S

GU u’

: . — \ o c -
Wos ;S ., WDS s'  WDo.s ¢/ C:
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We now discuss localization. First, by the localization map for algebraic cocycles (see
[32, Section 7]), the extended pure inner twists .GU; %gu; zgu/ and .U; %y; zy/ give rise to

local extended pure inner twists .GUy; %gu,; Zcu,/ and .Uy; %u,; zy"/ for each place v of Q.
Let . y;/ be a generic A-parameter. At each place v of Q, we get a local parameter

uy as well as alocal character . We define the localization of . us/atvtobe. Uy’ A
The localization map sV 1 s\ restricts to giveamapS® | S¢ and hence we get
a localization map 0 v ’ >

sV o1 osY
GU GUv
Similarly, we get a localization map S o ! S G-

We now define
GU-ZGU;%GU/
(0]
WD vW 2. ,,-GUy;%cu,/hv;icu, D 1foralmostallv :v

N
We associatetoeach D, 2 ... .GU;G%,GU/ a character of S\ . Each v cor-responds
toapafr.,;/, where¢ 2 ....U/. We then define a global pairinGgUby the formula

Y
h;.s; c/igu WD h.,; /S .sv; cv/iGu,; s;¢/28° w’

\

where .sy; ¢,/ is the image of .s; ¢/ under the localization map defined above. We claim that

h; i descends to a characteron S _ . Indeed, by definition we have

Y
. ( . v
h; .S, C/IGU D hV;SVIU ZGUV'CV/:V

— _ Q
h(’;vs\,iuv descends to S DS and 26, .Vc\,/ is

We showed previously that w y

trivial by [32, Proposition 15.6].

Proposition 2.26. For  a generic A-parameter of GU, we have the following equal-
ity of sets:

GU.GU;%Gu,' GU/ D'2 GU'GU;%GU/ V\h,‘ iGU Q:

GU

We note that since we are assuming ¢ is generic, we in facthave _ D 1.

Proof. The left-hand side consists of all pairs .;/ such that 2 ... By o YU %u; U/.
definition, we have

,-Us%u; /DT 2. U %0/ Wiy o

U

Hence we just need to show that h; iy is trivial if and only if h.; /; igy is. But this is clear since

these are the same character of S _| DS . O

G U

Remark 2.27. For our purposes, we also need to generalize the above description of
automorphic representations to the groups G.U.n1/ U.n//.A/ withn; C C n D nodd. In
this case, Proposition 2.23 still holds true ([12, Section CHL.IV.C, Proposition 1.3.5]) and then
the above process can be applied without any major change.
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3. Endoscopic character identities

Fix v a finite place of Q and let E= Q, be a quadratic extension and n an odd natural
number. Our goal in this section is to prove the endoscopic character identities for elliptic endo-
scopic groups of G.U.n1/ U.n.// withny C C n, D n and U.n;/ an inner form of U.n;/.
We prove this using the fact that these identities hold for U.n;/ U.n./ asin [25,40]. Note that
we are not assuming all n; are odd, though at least one must be since n is. We show that

if the endoscopic character identities hold for U.ny/ U.n,/, then they also hold for
U.n1/ U.n;/ Resg-q Gm, wherg Resg-q Gm embedvs diagonally into the center of
G.U.n1/ U.n.//,

if the endoscopic character identities hold for U.n1/ U.n;/ Resg-q Gm, thevn they
hold for G.U.n1/ U.n.//.

We recall the statement of the endoscopic character identity for an extended pure inner twist
.G; %; z/ of a quasi-split reductive group G over Q yith refined endoscopic datum .H; s; L/. Fix
a local Whittaker datum w of G giving a Whittaker normalized transfer factor e(Ew;%;ze (as in
[24, Section 4.3]) between .H;s; '/ and G. Suppose that f 2 H.G/ and f H 2 H.H/ are
*(Ew; %; ze-matching functions.

Let 2 %0¢.G/and "2 % .H/besuchthat D ! | H Llet.. uw.H/;.. .G;%/
denote the respective A-packets for the parameters. Then the endoscopic character identity
states that

X X
(3.1) ht;s witr.Hjf "/ D e.G/ h;s's itr. jf /;

H2.. H.H/ 2. .G;%/

where h;si is as defined in Theorem 2.8 and Theorem 2.12. The elements s and s w are
defined to be the image of .1; |/ under and " respectively and e.G/ is the Kottwitz
sign.

According to a theorem of Harish-Chandra, the trace distribution f | tr. jf /is given
by integrating against the Harish-Chandra character, which is a locally constant function , of
G.Q,/sr (where G.Q,/sr denotes the strongly regular semisimple elements of G.Q,/).
Then the above identity is equivalent to the equality

z X
ht;s wifH.g/, w.g/dg
HQ/somy .
Zx
D e.G/ h;s s if.g/,.g/dg: & Qu/sr
2. .G%/

We remark that a Harish-Chandra character exists for parabolically induced representations

IE./ by [57, Theorem 3] and that this holds even in the case where the induction is not

irreducible. Hence, 2 ... .G;%/ have Harish-Chandra characters even in the case where
2 %0°.G/.

3.1. Endoscopic identities for U.n1/ U.n,/ Resg-=q, Gm. In this subsec-tion we
use the notation U to denote the group U.n1/ U.n,/. Our goal is to prove the
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endoscopic character identities for U Resg=q Gm using the fact that these identities are
known for U by [25] (Theorems 2.8 and 2.12 in the present paper).

In fact, we will prove the following more general result. Fix quasi-split reductive groups
Gifor i 2 '1;29. Let .Gj; %;; zi/ be extended pure inner twists of G. ILet .Hi;si; b/ be

refined endoscopic data for G;. We denote by .H1 Hy;s1 s2; 1 L2/ the corresponding

endoscopic datum of G1 G,. Fix a character ' WQ, ! C and Q,-splittings of IG This
induces a Whittaker datum w; of G; as well as the Whittaker datum wy w; of G; G,. We
will prove that if the endoscopic character identities are satisfied for G; and .H;; s;; !/, then
they are also satisfied for G; G, and .H1 Hy;sq1 s2;t1 Lo/,

Fix G162 2 %.©.G; G,/ and suppose HiH2 2 9%0C.H1 Hy/ is such that
GlGZD.Ll I'z/l HlHZZ
Then HiH2 factors as a product of parameters Hi of Hy and M2 of Hy. As a result,

G1G2 factors as a product of parameters 61 of Gy and  ©2 of G, such that

G,DLII Hi:

We need to show that for two arbitrary e«Bw; wa; %1 %>;z1 z®-matching functions f 2
H.G1Gy/and f 92 H.H H»/, the following identity holds:
Zx
(3.2) hos nimyif ©.g/,0.8/dg .Hy
H2/.Qy/sy 0y Hy Hy
VA X
D e.G1 Gy/ h;s s e if.g/,.g/dg: .G,
Ga2/.Qu/sy 5 6,6,
The packets ... HiH: Hq Hy/ resp. ... 616:.Gy Gy; %1 %o/ consist of represen-tations of
the form M1 H2 resp, G1 G where Hi resp. G are representations in ... H .H;/ resp. .. G
.Gi; %i/. The pairings hH, H i resp. hS, G i are defined as h1;i hH;iresp. hGi;i hG;i. Itis
not difficult to see that

,616, D, 6, ;G2 -

It is also a basic property of the Kottwitz sign that e.G, Go/ D e.G1/e.G>/.

Moreover, a function f 2 H.G1 G/ can be written as a sum of functions of the form f4
“ f,, where f; 2 H.G1/ and f, 2 H.G,/. Hence, for every such f; “ f, we have an
equality between the quantities

Z
X
e.G1 Gy/ h;s s e 6,i.f1 7 f2/.x/,.x/dx; .G:
G2/~Qv/5r 2. G, Gy
and ZX Gl-Qv/sr
e.Gq/ h®;s s 6,if1.X/, o .x/dX
G12.. Gy
ZX G )
e.Gy/ h®2;s s 6,if2.y/, e.y/dy:Gz.Qu/e:

G22.. ¢,
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Similarly, for every lel ” f2H2 with lel 2 H.H1/ a matching function of f; and

szZ 2 H.H,/ a matching function of f> we have an equality between
z X
h%s wymyi.f Hllf HZ/.>2</,o.x/dx Hi
HZ/-Qv/sr 0. HyHy

and ZX

hHis wif Hl.x/,lnl.x/dx

H1.Q, /gr H12 . 4
My

z X "
hs wif "2.y/, w.y/dy:

H2~Qv/sr HZZ H
2

In order to prove equation (3.2), it suffices to prove that foreachf; “ f> 2 H.G1 G3/,
we may choose a ®Bw; Wy; %1 %>;z1 z1°-matching functionf '~ 1f* 22 5‘1.H1 H>/ such
that f H2 H.H;/ and f; 2 H.G;/ are *(Ew;; %;; zi >-matching. This follows from the
following lemma.

Lemma 3.1. IffiHi 2 H.H;/ and f; 2 H.G;/ are *Ew;; %;; zj *-matching functions,
then
lel ” f2H2 2 H Hq Hz/ and f1 i fz 2 H .Gl Gz/

are ®(Bwy Wo; %1 %2;z1 Z>®-matching functions.

Proof. Pick 4w D .n;;H,/ 2 .H1H2/.Q,/ such that y is strongly regular and
transfers to a strongly regular D .1;5/ 2 .G1 G>/.Q,/. Then we need to show that

(3.3) so H;(.fl S
D oBwy Wa; %1 %2;21 210 1;°/0° ®2.f1 7 f2/;04

where the sum is taken over the set of Othat are stably conjugate to . By
definition, for; 2 G; and f; 2 C. .G{/ we have

0% f1 7 f,/ D O, .fffO, .fo 2

Moreover, an element .0;0/% Hq1 Hy is stable conjugate to .1; 2/ 2 H1 H> if and only
if Ois stable cionjugate to 1 in H1 and O is stable coni'ugate in 5 in Hy. Therefore we have
soHiHz gHi~ £ Hoyp soMi fHigoHz M2y
H R | 2 i 1 i 2

H1 H
and similarly
X
(3.4) By Wa; %1 %2521 218 1; °/OC, C2.f1 [ faf

X
D o(Ewy Wp; %1 %2;21 Z1°® H;O/OGl-fl/OlGZ-fz/i 15t 15 25t

C C

We will prove in Lemma 3.4 that

. . .0 . . . .ozC. A
.(EW]_ W3, %1 %2; Z1 Z1°® H, /D .(EW].I %1; Z1° Hi, 1/.(EW21 %21 Z°® Ha» 2/-
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We can then rewrite the right-hand side of (3.4) as
X X
eEw1; %1210 Hy; /0! -1GJ£/ *(Ewgy; %2; 229 Hz;O/QGZ -1;2/ A
11 Ost 2 2
and because fiHi and f; are eCEw;; %;; zi® matching functions, this is exactly
SOF'|"11.f1 |7SOH2"'.2f2 M

In other words, equation (3.3) is true. O

3.2. Endoscopic identities for G.U.ny/ U.n,//. We now have the endoscopic
character identities for U Resg-q va and need to show they also hold for GU, where we use
the letter GU to denote the group G.U.n1/ U.n,.// until the end of this section. We have a
surjection of algebraic groups

P WJResg-q, Gm GU;

with kernel isomorphic to U.1/.
We fix quasi-split groups U Resg-q Gm and GU as well as an extended pure inner twist
.GU; %Gu; zgu/ of GU . The projection P induces a surjection

B.Q,; UResg-q, Gm/ B.Q,; GU/;

hence (after possibly modifying .GU; %gu; zgu/ in its isomorphism class) we can choose an
extended pure inner twist .U Resg-q ij;%u;zu/ such that P takes %y to %y and zy
to zgu. The extended pure inner twist .U Resg- q G,Vn; %u; zy/ restricts to give .U; %0 ;z%/ and
.Resg=q Gm; %G, 2G,,/- We fix compatible €q_ -splittings of these groups as well as a
character' WQ,, ! C . Hence we get compatible Whittaker data which we denote by wy and
Wgu respectively.

A crucial input in the case we consider (where n D n; C C n, is odd) is that the
projection P is also a surjection on Q,-points. This follows from Lemma 2.2. Hence we get a
map

Irr.GU.Q,//,! Irr..UResg-q, Gm/.Q,//;

given by pullback. The image of this map is the set of irreducible representations  such that
'ju.1/.q /D jy.as.a s wherg | is the central character of andthe U.1/ in question is the kernel
of P . If this is satisfied by a single member of an A-packet of U Resg-q Gm, then it will be
satisfied by the entire packet since elements of an A-packet have the same central character ([25,
Theorem 1.6.1] and Theorem 2.12). In light of Theorem 2.19, the A-packets of GU are in a
natural way a subset of the A-packets of U Resg-q Gn. ,

Since the kernel of P is compact, it follows that any f 2 H.GU/ lifts to an element
f 92 H.UResg-q Gm/. Suppose is an admissible representation of GU.Q,/ and Ojs
the pullback to Irr.U Resg-q Gm/. Then to prove the endoscopic character identities for

GU it will be necessary to relate tr. jf /and tr.0 j f 2/. We have
Z

°f% D f %g/0.g/vdg
Z-UReSE=Qv Gm/-Qv/ Z
D f.g/.g/vdg dz D Vol.U.1/.Q //.f /v;
Gu.Q,/ u.1/.Q,/ v
where the middle equality holds by [43, equation (3.21)].



28 Bertoloni Meli and Nguyen, The unitary Kottwitz conjecture

Analogously in the endoscopic case, we have a map
P" WH Resg_q, Gm G.H/;

with kernel U.1/, where H D Qri D1 U.ri1c/ u.n i/ such that n; D niC C n is an endoscopic
group of U and G.H/ is the associated similitude group. Suppose n D n; C C n, is odd. By
Lemma 2.2, the map is a surjection on Q,-points.

We fix a refined endoscopic datum .G.H/;s;t / for GU as in Section 2.1. The map
ResE=QVGm Z.GU/,! GU induces a map of L-groups lgu! *. Resk-q Gm/v. We get an
analogous map for G.H/ and one checks there is an induced map

L W.Rese. a, Gm/ ! L Resg-q, Gm/;

giving a commutative diagram

'G.H/ , 'GU

[ |

L Rese. a, Gm/ — L ResE. a, Gm/.

We now fix an endoscopic datum of U Resg- o, Gm which we denote by
.HResg_ Q, Gm; 50; LO/

as follows. We set s D P H.s/ and we fix -0 such that the restriction to Bl induces an elliptic
endoscopic datum for U as in Section 2.1 compatible with our fixed datum for GU and such

that 10 restricted to Resg-q, Gm is just L. In particular, we have a commutative diagram:

Lo
L.HRESE=QV Gm/ —)L-UResE=QV Gm/

(3.5) Lp HT TL b

LG.H/ s LGU.

We now prove the following lemma.

Lemma 3.2. Using the above normalizations, if f 2 H.GU/ andf "2 H.G.H// are
*(Ewgu; %Gu; Zgu®-matching, then the pullbacks

f°2H.U Resg-q, Gm/ and f %92 H.H Resg-q, Gm/

are e(Ewy; %y; zy*-matching.
We begin by proving an auxiliary lemma.

Lemma 3.3. For .;z/ 2 UResg-q §m.Qv/, the map P gives a bijection between
conjugacy classes in U Resg-q VGm.Q\,/ that are stably conjugate to .;z/ and conjugacy
classes in GU.Q/ that are stably conjugate to z. The analogous result also holds for the map
pPH,
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Proof. If .0;2% is conjugate or stable conjugate to .;z/ in UResg-q GmV.Q /, then
it is clear that %z and z are conjugate or stably conjugate in GU.Q, /. Now, suppose that g; z 2
GuU.Q /are cc\)/njugate or stably conjugate. Then they must have the same similitude factor.
In particular, this means that gz 1 has trivial similitude factor and so

gz Lz/2U Resg-q, Gm-Q,/;

and clearly P.gz 1;z/D g.

We now aim to show that.gz 1;z/is conjugate or stably conjugate to .; z/. To simplify
the notation, we just show that .gz 1;z/ and .; z/ are conjugate (although the argument to
show stable conjugacy is similar).

Let x 2 GU.Q,/ be suchthatxgx 1 D z. We want to show that x can be chosen to be
an element of U.Q, /. Since the map P is surjective on Q, points, we can write x D ur such
thatu2 U.Q,/ and r 2 Resg-q Gm.Q,/. Then r lies in the center of GU.Q,,/ and hence
we have ugu 1 D z as desired. FivnaIIy, we finish the argument by observing that

u;1/.gz L;z/u;1/ o L z/

since the restriction of P to the first component is an injection. O
We now prove Lemma 3.2.

Proof. We choose a strongly regular semisimple .4;z/ 2 H Resg-q Gm.Q\,/ that
transfers to a strongly regular .;z/ 2 U Resg-q, Gm.Q,/. Then we need to show that

OH X 0 0 0
SO ,;z/-f77/D *@Ewuy; %u; zu® w;2/;.52//0 4y f7):

O5z2/g1 52/

Expanding this is equivalent to showing that

X z
HO 0 1
f " .h. hz/h /dh o
i2fpt w2/ HRese-ay Gm =T,/ ¢
equals
z
X

sCEwy; %u; 20 w2/ 2// f%g.;z/g '/dg:
02/t URes q, Gm=T/
P St‘;z/ E= z

Note that the kernels of P H; P are contained within T ,,.,; and T 0., respectively. Hence we have
.UResg_q Gm/-CVlv/=T,,-z/-Qv/ D GU.Q,/=T,.Q,/ and the analogous statement also holds
forP . H

By Lemma 3.3, we can rewrite the equation above as

X V4
f H.h%zh 1/dh
¢ G.H/=To, w
H stHZ
equals X z
sCEwy; %u; zue w;2/;.%2// f.g%zg '/dg:

02:2 GU=To,
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In Lemma 3.8 we prove that there is an equality of transfer factors
sEwy; %u; zue 1;2/;.%2// D *CEwgu; %cu; Zeu® Hz; 2/:
Hence, the above equation reduces to

X
sO,..f"/D *EWGU; %6U; Zu® HZ; °2/00,.f /; 0z,

which is true by assumption. D

With this lemma in hand, we now prove the endoscopic character identities. Pick a param-

eter 2 %0“.GU/ and let 02 %.“.UResg.q G/ be the composition of with the
mapLGU ! L.UResg-q Gm/. We suppose factors through L G.H/ and pick g/
sothat D L | G.H/- We can write op G, Where yistheimage of underthe
map" GU ! 'U. Diagram (3.5) implies that there is a parameter  § suchthat °D Y0, 8.

Fix matching functionsf 2 H.GU/, f H2 H.G.H//. Write

sD N;c/2 H GpD G.]-I/:

Now, for in the previous paragraph with packet ... .GU; %gu; zgu/, we have by the defini-
tion of the pairing h; iy in Section 2.3.1 that
X
e.GU/ hz;s s igutr.zjf/

z2.. .GU;%cu;zcu/
X

D e.GU/hb s iuzg,.c/trzjf /;z2..

where on the right-hand side, z correspondsto 2 Irr.U Resg-q Gm/. ¥Ve
showed above that there is a natural bijection

GU;%cu/ ! ... o.UResg-q, Gm;%u/;
and we related the traces of corresponding representations. The pairing
h;iuRese.q, 64 W o.UResg-q, Gm/ S'o! C

is given as a product of the pairings for U and Resg - Q, Gn, and we remark that the pairing on
Resg-=q Gm is given by ,, from the way we chose .Resg-q Gm; %c,; ZG,,/. Hence we have
the above equals

1 X
E.GU _— ho’.s S | tr.o f 0 :
/VoI.U.l/.QV// 0y 0iUResg.q, G tr- J T 7/

Now, using that e.GU/ D e.U/ D e.UResg-q ma/ (see [26, p.292]) we can apply the
previously established endoscopic character identity for U Resg- o Gm to get that the above
equals
S A tr.y j £ O
Vol.U1/.Q,7/ , T "eesea,on IS
H2.. o

H
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Finally, we relate this to G.H/ using that G.H/ and H Resg. o Gm are both assumed to be
trivial extended pure inner forms so that the pairings are especially simple. We get
X
hersis euicrytrny if M/;

G.H/2.. G.H/

which is the desired formula.

3.3. Transfer factor identities. In this subsection, we prove a number of identities
relating various transfer factors. These identities are used in the previous subsections. Remark
that we use the letter o resp. 9 to denote the transfer factors that are compatible with the
geometric normalization resp. arithmetic normalization of the local Artin reciprocity map.

3.3.1. Transfer factors of a product. We temporarily return to the notation of Sec-
tion 3.1. We denote by G the group G; G, and by G the group G G. )
We prove the following lemma

Lemma3.4. Let.;;5/2.H1H2/.Q,/srand.11;12/2.G1G>/.Q,/s, be related
elements. We have

o(Bwy W1; %1 %2521 2290 1;2/;11;12//
D *(Ews; %1; 212 1;11/°*EW2; %2; 229 2; 12/

Proof. Each transfer factor is a product of terms

G

1.
®ll20

G G, G ,.G .
Y G.i /e i\ °y hinvEz; e 1;;1/; sii;

We state everything for G; but the definitions are analogous for G. We now explain
the terms in the above formula. Notably, all the terms except the last only depend on G
and H; (as opposed to G;). Fix a 1,2 G;.Q,/ such that 1 is stably conjugate to % *,1/. I
Recall that we have fixed Q,-splittings .T;; Bi; 'Xi; ¢/ for G, as well as the Q,-splitting
T DTy T2;BD By By;'X 2D 'Xq; 0 'X2,.2/ of G .

Now, V i is the degree 0 virtual Galois representation X.T;/~ C X.T ‘{”’ C and' is
the additive character we fixed in order to define our Whittaker datum. The term i \? /s
the local -factor of this representation normalized as in [56, Section 3.6]. We also know that
L.V; '/ is additive for degree O virtual representations V (see [56, Theorem. 3.4.1]), therefore

GL-VG; |/ D L1 VCGI' '/LZ.V @2; |/:
We denote by S; the centralizer of | iand SHii the centralizer of ; sothatS D S;1 S and
SHD S 91" 2 are;the centralizers of .11; 12/ resp. .1; 2/.
We put y v
Y M}
Dg..11;12// D v . 1502/ 1/

where the product is over all roots of S in G. Similarly

v v

v v

DGi-|i/D: .‘.Ii/ 1/: ;
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where the product is over all roots of S; in G;. In particular, we have

Dg..ll,' Iz// D DGl.Il/DGZ.Iz/Z

We define Dy.1; 2/ and Dy, .i/ analogously and we also have the equality

Du.1;2/ D Du,.1/Dn,.2/:

By definition, ¢;y D DgD 1 50 that we have

G G
oS .152/501512// D ey aiia] ey 2519

For the other terms in the definition of the transfer factors, we need to explain the notions
of a-data and -data. A set of a-data for the set R.T; G/ of absolute roots of S in G is a function

RT;G/! Q,; .! a

which satisfiesa D aanda D .a/for 2 €q,. We recall the notion of -data. For , 2
R.T; G/, we set

€ D Stab.;€/ and € D Stab.',; .%€/;
and denote F , F - the fixed fields of € resp. €- . A set of -data is then a set of characters
W C

satisfying the conditions
Doy D%
and if GF WF- oD 2, then jg is non-trivial but trivial on the subgroup of norms from F .

Since €q, acts on G and preserves .G, /q,, it follows that if .a_/ ;g5 ;6 and
../ 28.s ;o are a-data resp -data of .S;; G; /, then .a / yr.5;6/ and . / zr.s5;6/ are
a-data resp -data of .S; G /.

Now, we define
Y /1

a

where the product is taken over the set R.S;; G;/ n' ‘,I IR.s Hi‘ s Hi/.
We have a similar formula for *,& in which the product runs over the set

R.S;G/n' ''R.S™; H/

D R.S1;G4/n'’ 'R.S;™ Hi/t R.S2;G,/n' "'R.S, 2MHy/:

In particular, we have
*,cD '||1G||23G

Next, we want to show that
oIGD . 1GI 2.6

To this end, for i 2 '1; 22 one constructs an element; 2 H 1.€Qv ;.Si/sc/ and then uses the
Tate—Nakayama duality for tori in order to get a pairing h;i between H 1.€q, ;.Si/sc/ and
0.CE$%=Z.GC/e @v /. One can view s; as an element of (EZ.H;/=Z.GC /e &€, embed the latter
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into SiH:Z.(E/i, and transport it to Si=Z.G§¢ by the admissible isomorphism ".,. We then
define

°|G D hi,' Sii:
Because S D S1 S> and Ss¢ D .S1/sc .S>/sc, to show the necessary product relation for this
term, it is enough to show that D ; ».

We recall the construction of for G and S. Write ».T; G/ for the absolute Weyl group and
letg 2 G besuchthatgTg 1D S. Foreach 2 €q, thereexists |./ 2 ¢.T; G/ such that for all
t2T,

l./.t/D g lgtg /g

Let!./ D s, s, beareduced expression and let n; be the image of © 1 under the
homomorphism SL, ! G attached to the simple root vector X . Then n._/ D nylf}is
independent of the choice of the reduced expression. So 2 H .€qv ; Ssc/ is defined by the
following 1-cocycle:

y
| g. .-.a/n./CEg tg/e g Y

where the product runs over the subset ', > 0; 1. < 02 of R.S; G/, where positivity is

determined by the Borel subgroup gBg 1. The construction is analogous for G, .
Now, we have

(1) B D B1 By,

(2) TD Ty T,,S D Sq1 Sy,
(3) R.S;G/D RS1;G/, ' R.Sz;Glsothat.X /6 D X./g ' X/a:
1 2

We see that

°.T;G/D ¢.T1;G/ °1.Tz;G/; 5

and we cantakeg D g; gosothat!./g D !./g !./GiThereforez,

n./G D n./G n./lG:

We conclude that D 1 ».
We are now going to show that

G G, G,

° (] ° N
IIIZ;D D |||2,-[) I”Z;D.

The construction is as follows. First, we associate to the fixed -datum a G&mbedding (see
[36, Section (2.6)])
cWs ! ta:

Next via the admissible isomorphism '., the -datum can be transferred to SH and gives
an L-embedding " WL SH I LH. The admissible isomorphism '., also provides dually an
L-isomorphism ' ., WIS | L SH The composition

gives another L-embedding S | “G. Via conjugation by an element of GEwe can arrange
that g and ®coincide on S sbthat°D a g forsomea2 Z1.Wq,;S/. b
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The term oG " is given by ha; 1i, where the paring h;i is the Langlands correspon-
dence for tori under the geometric normalization. More precisely, the element a of Z LW¢; $/
is an L-parameter of S. By the local Langlands correspondence for tori, a gives rise to a char-
acter ha;iofS.

In our case, we have

SDS1 Sy and 1 D .11;12/;

so it suffices to show that a D a; a». In order to verify that, we need to review carefully the
formation of the L-embedding WS | ' G associated to a -datum [36, Section (2.6)].

Fix a Borel pair .B; b/ of G as well as a Borel subgroup Bs (possibly not defined
over Q, ) of G containing S. The pair .Bs; S/ yields a set of positive coroots of S and equiv-
alently a set of elements of X .$)/. Then is defined so that the restriction to Symaps Sfo T},
by the unique isomorphism mapping our chosen subset of X.S [ to the set of positive roots
of ' determined by .

To specify , we have only to give a homomorphism

w! w/D og.w/ w;

where 9.w/ 2 Norm.Th GJ. We require that if w ! under Wq, ! €q,, then Int..w// acts
on+T asphe transport by of the action of 2 €4, onS. b
We then define
W/ D rgw/n./ w

forw 2 Wq, andw ! underWq, ! €q,.Thetermn./is defined above, in the definition of
e, and we have already seen thatn./ D n./g, n./g,.

We recall briefly the construction of r .w/. We denote by R the set R_.G ;S/ and
define T to be the group of automorphisms of R generated by €q, and , where acts on X.S/
by .t/ D t (asin [36, Lemma 2.1A]). The group T acts on R and divides it into T-orbits
R D Rit t Ry. For each t-orbit Rj, we define an element ri.w/ and then take the

product over the orbits to obtain r .w/. Sincpe Rg D Rg t Rg andthe group * Ff)reserves Ra, .
1

2
Rg, ,we have

rp.W/G Dr pW/G lr .WIJGZ )

This implies the desired product identity for e, ¢ -
Finally, we show that '

hivEzy zoe. 11;12/; 19515 /; 51 S2i D hinv@Ezy# 11514 /; s1ihinv@Eza e 12515 /; s2i:
We have a natural isomorphism

B.Q,;S/ D B.Qy;S1 S2/;

that maps the class of g 1.z; z,/.g/ to the product of the classes of g 1zf_.g1/ and g,
1z,.82/. Moreover, this product decomposition respects the Kottwitz maps

i WB.Q,;Si/ ! X.Si/By;

defining the above pairings. This implies the desired product formula. D
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3.3.2. Transfer factors and changing the normalization.

Lemma 3.5. Letf 2 H.U/andf " 2 H.H/ be «&w~ 1;%;ze-matching functions for
an endoscopic datum .H;s; Y/ of U. If iy WJ.Q,/! U.Q,/andig WH.Q,/! H.Q,/ are
the inverse functions, thenf H1 iy andf 1 iy are matching for the transfer factors e GEw;%;ze
with respect to the endoscopic datum .H;s 1;'/.

Proof. We consider first the ordinary endoscopic case. Suppose 4 2 H.Q,/ is strongly
regular and transfers to a strongly regular element 2 U.Q, /. By hypothesis, we have

X
SOHH.f H/D oFw 1 %;ze H;O/OU.fc/:

ost

Then we need to show that
X
SOHH.f Hiig/D OEwW; %; 29 14;%/0Y o1 iu/: o
Since
sof . f"iiy/D soHHl.f H/ and OY.f 1iy/D 0%, +.f/;

it suffices to show that the transfer factor «Bw 1; %; z e 1;HO/ 1/ with respect to the endo-scopic
datum .H; s; 1/ is the same as the transfer factor ¢2CEw; %; ze 1; %/ with respect to the endoscopic
datum .H;s 1;L/.

Recall that the transfer factor ®9CEw;%;z¢ s a product of terms

L.V e Yoo, o vhinv@Ezs ; /; si

which we need to use -data and a-data in order to define and moreover the transfer factors do
not depend on the choices of -data and a-data.

By [33, Section 5.1], the transfer factor e(Ew; %;z¢ s defined by the same formula, except
that one replaces the term o1l by *yi ;0. inverts ¢| and inverts hinvCEze 1;1/; si. If one keeps

track of the dependence on -data and a-data, then e, D; . 1.0/ 1/D ®llly;Hy 0/. By using
the definitions of the terms appearing in the transfer factors which we recalled

in Lemma 3.4, we have

L.V ' e IQS Yo vw;%/D LV e aGEse v, 1.0 Y

since these terms do not depend on -data and where the ¢.,(Ese notation keeps track of whether
we plug in s ors 1 into the pairing defining ¢, . Moreover,

1.0/ 1 .0y,
.||; 1;3 1. H /D ’II;;a-H, /

Thus we have
CEW; %;20 14,9/ D .V /e ICB“;' weH; 2/ onan; 0/
o|||2;.H;°/hinvCEz.- ,'/;S 1i
D L-V}'/°I;aG5' IV-Hl;' -0/ 1/'||; 1.9 L 1;-0/ 1|.4 ®15;D;

1.0/ 1/hin\4:Ez.° L.oYssi b
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Therefore e(Ew; %; ze 1H' .0/ 1/ with respect to the endoscopic datum .H;s; '/ is nearly
the same as *0CEw;%;ze 1;°/ with respect to the endoscopic datum .H;s 1;./. The only
difference is that in the above second product, the term e, is defined with respect to a-data
and the term e, is defined with respect to the a 1-data. However, the | and .V ; '/ terms also
depend on the Whittaker datum. According to [23, p. 16], we have

LV e B0 D e s B0

Since inverting the character ' leads to the inverse Whittaker datum w 1, the second
product is actually the transfer factor «@®Bw 1;%; zs H 1, 0/ 1/ with respect to the endoscopic
datum .H;s; L/.

For the twisted endoscopic case, the same arguments still work. Indeed, in this case
H D G1 and we need to show that

X
so" f"iiy/D OEW; %; 20 14;2/0Y f e iy/:
Ost
Since
so”H.f Hiiw/D soM ,.fH/ and OY%.f 1iy/D 0“0/ f
} .

it suffices to show that the transfer factor «Bw 1; %; z 1;HO/ 1/ with respect to the endo-scopic
datum .H; s; L/ is the same as the transfer factor ¢0CEw; %; ze 1; %/ with respect to the endoscopic
datum .H;s 1;L/. By the results in [33, Sections 5.3 and 5.4], we know that the twisted transfer
factor «0CEw;%;z¢ s a product of terms

L.V; '/.-”e"l"/ le)o lflh\éhinv(Iz.o 1;1/;si
and the twisted transfer factor ep(Ew; %;z¢ s a product of terms
LV oM oMW e hinv@Ezs 1;1/; si 1.
Since -lﬂezwis the term e;;, computed for the inverse set of -data, we see that

new 1.0/ 1 .0y,
. 1o 5o T/ D e/
Iy; H
Moreover,
oW/ L 0Es oD e M0/ Ess

Thus we have
OCEW; %;z0 1;%/ D L.V; """/ |;]§B Yo v ¥ onzam; 0/
'|||2,-ﬁ;0/hiNVCEZ-‘ ;s L
D (V' o Ese . Tl Moy a1 B0 Y O™
1;'?|2;1/hinVQEZ-° Lo Ygsi

As in the standard endoscopy case, the second product is actually the twisted transfer
factor «@&w 1;%;zs ;1;.9/ 1/ with respect to the endoscopic datum .H;s; t/. 0

3.3.3. Endoscopy for Resg-q, Gm. We now study the endoscopy of Resg-q Gm.
We must have H D Resg-q Gm and pick s 2 bH€av . We will be most interested in the
case where L j, ds the identity map and so we assume this is the case. Then ! is determined
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up to conjugacy by an element of H*.Wq_; ﬁsE Q, Gm/. By the Langlands correspondence
for tori, this cocycle corresponds to a character of ResE Q Grn Q,/DE

We now study transfer factors for the endoscopic datum .H;st / of ResE_QV Gm.
Recall that we have fixed an extended pure inner twist .Resg-q Gm; %c ; Zg / Consider zy
2 H.Q,/ which transfers to z 2 ResE a Gm and z 2 .Resg=q Gm/. Our goal is to compute
the transfer factor eGEwg_; %g,; o zy;z/. "

Lemma 3.6. We have

*Ewg, ; %6, ; 26, * z1; 2/ D .z/hinv(Ezg_ * z;z/;si

Proof. We will calculate each term in the definition of transfer factor. The virtual repre-
sentation V in this case is 0 so that the factor .V;'/ D 1. The terms ey, £tr|wal since
Resg-q Gm has no absolute roots. The term e, is trivial since the group SBZ.R&9e - q Gm/ is
trivial.

We now compute I . The L-maps Res c_q, Gl H and ! ;2 are all the identity.

Hence, by comparing °D 1 el L', ., with Res_q Gns We See that ¢, D .z/.
The final term then contributes the factor hmvCEzG ®2;z [;si 1, completing the argu-
ment. m]

3.3.4. Transfer factors for GU and U Resg-q, Gm. We use the notation of Sec-

tion 3.2. We denote the Whittaker datum and extended pure inner twists of U induced by
restriction from U Resg-q, Gm by wy, &nd .U; %,;%,/¢ We record the following lemma:

Lemma 3.7. Supposey 2 H.Q,/ and 2 U.Q,/ are strongly regular and related.
Then we have the following equality:
o EW); %y; Zu® 13/ D *EWau; %au; Zau® H;/
hinv(]EzGU.o;/;sihinvCEzO * ;s 1

Proof. This is [58, Lemma 3.6] adapted to the non-quasi-split setting. O
Finally, we prove the following lemma:

Lemma 3.8. Suppose
.,. Z/2 .U ReSEszGm/.Qv/sr

and
H;Zn/ 2 .H ResE=QV Gm/.Qy/sr

are related. Then we have an equality of transfer factors

*Ewy; %u; zu® H;zu/; . 2// D *GEwgu; %cu; Zcu® HZH; Z/:

Proof. First of all, by Lemma 3.4 we have
*GEwy; %u; zu® H; zu/; 5 2// D *Ewy; %y zys'h; /| *EWe,; %e,; 26, ® Zn; 2/ By
Lemma 3.6, this equals

oCEW; %u; 2y 1;/ .z/hinvEzg_» z;z/;si 1.
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and by Lemma 3.7 we have

«EWy; %Bu; Zu® i/ D *EWGu; %6u; 26u® H;/

hinv(]EzGU.o;/;sihinv(]:_z0 * o si 1

Since the Kottwitz set and the Kottwitz map respect products, we get

hinvCEzg.o ;15 sihinvEzg ® z;z/;si D hinvGEzys ;z/;.;2//;si:
By the functoriality of the Kottwitz map,

hinvEzye ;z/;.;z//;si D hinvCEzgye z; z/; si:

Hence we get

*Ewy; %u; zZu® H; zu/; 5 2// D *GEweu; %cu; Zeu® H; /

hinvEzgys ; /; sihinvEzgus z;2/;si *:

On the other hand, by [36, Lemma 4.4A], there is a character ®on .Res; - Q (Vim/.Qv/ such
that

*EWGU; %GU; ZGu® HZH; 2/ D *EWeu; %6u; Zau® H; /.z/
hinv@Ezgys ; /; sihinv@Ezgus z;z/;si *

Hence, it remains to show that 2.z/ D .z/. We recall that is the character aris-
ing from the construction of the e -ferm of the transfer factor for Resg-q Gm From the

description in [36, Lemma 4.4A], %is the restrictionto Z.GU/ D Resg.q Gm of the character
arising from the ;;,-term of the transfer factor for GU.
The characters and are determined by the failure of the following diagram to com-

mute:

L.RESE=QV Gm/ < L.ReSE=QV Gm/

T

LsG.H/ L‘Z z LS

o | B

'‘G.H/ —— 'GU

~ L ~

L.ReSE=QV Gm/ 5 L.ReSE=Qv Gm/.

We explain this diagram. The objects SG-H/ and S are maximal tori in their respective groups
that are isomorphic by an admissible embedding -',.,. The maps ©H/ and GY are the L-
embeddings constructed in [36, Section (2.6)] from a choice of -data. The lower two diag-onal
maps in the dlagram are induced by the embeddings Resg-q Gm S Z.GU/,! GUand
Resg-q, Gm § Z.G.H//,! G.H/.Since the images of these embeddmgs lie in the image of
the embeddlngs S,! GandS®H/ |1 G.H/ respectively, we get induced maps

| SG.H/

Resg-q, Gm , and Resg-q, Gm,! S:
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These induce the upper diagonal maps in the above diagram. The outer vertical arrows are
then defined so that the left and right trapezoids commute. Note that by definition of n.w/and
r .w/pthe vertical maps . Resg . Q Gm/v! L Resk. a Gm/ are both the identity. The bottom
trapezoid commutes by construction. Finally, the top map in theéiagram is defined so that the
top trapezoid commutes and will agree with * on Resg-.q GmQ@nd map .1; w/to.1; w/.
Then the outer square fails to commute by the cocycle 2 v1.Wq : Resg-q Gm/ and
the inner square faivs to commute by °2 Z1.Wq ; TP. Since the trapezo& all commute,
these cocycles agree under the natural map Z 1 .WQVVV-B/ I z1 Waq,; RésEz Q Gn:/. This is

the desired result. O

v

4. Properties of the local and global correspondences

In this section we prove a number of properties and compatibilities of the local and global
Langlands correspondences. These properties are needed to derive our main theorem.

4.1. Unramified representations. In this subsection we suppose that v is a finite place
of Q and that Ey = Q, is unramified. We let .GU; id; 1/ and .U; id; 1/ be the trivial extended
pure inner twists of GU.n/ and U.n/ respectively. Let GU.Z,/ be the standard hyperspecial
subgroup. Then we say that is GU.Z,/-spherical if it has non-trivial GU.Z, /-invariants.

Proposition 4.1. Let gy Wq, ! LGU.n/ 2 %0€.GU.n// be a generic parameter.
Then ... ,.GU;id/ contains a GU.Z,/-spherical representation if and only if gy is unrami-
fied. In that case, ... ,.GU;id/ contains a unique GU.Z,/-spherical representation , which
satisfies h;i D 1. The same results hold true for U.

Proof. Supposez 2 ...GU/and 2 ...U/suchthatz isalift of . By Corollary 2.17, we
see that z is spherical if and only if is. Moreover, by the construction local packets for
GU.Q,/, we have that h;i D 1 if and only if hea D 1. Therefore it suffices to prove the
proposition for unitary groups.

We mimic the proof of Lemma 4:1:1 in [54]. Denote by f the characteristic function
of the standard special maximum compact subgroup of U.Q, /. If y is unramified, then by
proposition [40, Proposition 7.4.3] we have

X
1D tr. jf /:

2. ,.Usid/

In other words, the packet ... .U;id/ contains an unramified representation. The uniqueness
comes from Theorem 2:5:1a in [40].
Suppose now that y is ramified. Then the base change L-parameter g 1 is also
ramified. By the local Langlands correspondence for GL,.Ey/, one gets a representation of
GLy.Ey/ corresponding to g 1 y. Then, as in [40, Section 3.2], one lifts to a representa-tion z
of GL,.Ey/1 GLn.Ey/ 1 hi, where is the automorphismg ! J,.g/ tJ 1of Resg,-q
GLlp.g, . Hence the corresponding representation of GL,,. OEV/] is ramified. We want to show
that ' P ). h;xitr. j f / D O for every x 2 S— . If we denote fy the
characteristic function of GLn“.OEV/] , then fy . I u/ D 0. The twisted fundamental
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lemma implies that f y is the twisted transfer of f and hence by [40, Theorem 3.2.1(a)] we

have X X

tr. jf /D h; litr. jf /D fn . 1 u/ D O:
2. .Usid/ 2..u.U;id/

By the same argument we have

ht; 2itr.H jfy/ D 0;
H2 .. y-H;id/
U

for every refined endoscopic datum .H; s; 1/ of U, where fy is the characteristic function of a

hyperspecial subgroup H.Z, / of H. By the fundamental lemma, f is the transfer of f . Then,
again by [40, Theorem 3.2.1], we have

X X
h; xitr. jf /D ht; 2itr.H jfu/ D 0:2..

u-Usid/ H2.. y-Hid/ H

where . y; x/ corresponds to .H; s; t; u/ dnder [6, Proposition 3.10]. Hence we conclude that

tr. jf /D O forevery 2 .. ,.U;id/. Therefore the packet ... ,.U;id/ does not con-tain any
unramified representations.

We now consider the case of general gu 2 %0°.GU.n//. This follows from the fact

that | SU./ is GU.Q,/-spherical if and only if is M.Q,/-spherical for M a standard Levi
subgroup with parabolic subgroup P . O

4.2. On the hypothesis STeTrf H/D STdHisc.f H/. In this subsection, we prove that
for .H;s; / a refined elliptic endoscopic datum of GU D GU.V/andf H 2 C 1CH .A// that
is stable cuspidal at infinity and cuspidal at a finite place v, we have an equality of traces:

STH "/ D sTl .£1/:

We begin with some preparatory notation and lemmas. Let G be a connected reductive
group defined over Q and let be a sufficiently regular (in the sense of Lemma 5.11) quasi-
character of Ag.R/© and C 1C.G .R/; 1/ be the set of functionsf 1 W6.R/ ! C smooth, with
compact support modulo Ag.R/© and such that for every .z; g/ 2 Ag.R/° G.R/,

f1.zg/D 1.z/f1.g/:

Fix Kg a maximal compact subgroup of G.R/.

Definition 4.2 (Stable cuspidal function at infinity). Wesaythatf; 2 C1 .G.R/; 1/is
stable cuspidal if f 1 is left and right Kg-finite and if the function

...temp.G.R/;/! C; ! tr.jfl/

vanishes outside ...4isc.G.R// and is constant in the L-packets of ...q4isc.G.R/; /.

Definition 4.3 (Cuspidal function). We say that f, 2 C1.G,.Q,/; */is cuspidal if
for each proper Levi subgroup M G we have that the constant term, fy.m, vanishes (as
defined in [16, equation (7.13.2)]).

We record the following well-known lemma.
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Lemma 4.4. Iffq 2 Ccl.G.R/; 1/ is a stable cuspidal function and .H;s;/ is an

endoscopic triple of G, there exists a stable cuspidal transfer function f ' 2 C1.H.R/; 1/ of
fi.

Proof sketch. Due to [48], we can find a function f 1 2 C1 .H.R/; 1/ that transfers
tof 1. Define the function F on the set of unitary tempered representations of H.R/ by setting

F./D : " %1/,
. T YT . vl
j...H.R//j 02 1R/
where is the L-parameter of . Then F must be supported on finitely many discrete series
packets since f 1 is stable cuspidal and .H;s;/ is elliptic. Hence, by [11, Theorem 1] there
exists a function f % 2 C1.H.R/; 1/ thatis stable cuspidal and F./ D tr.jf /. Thus, f O
has the same stable orbital integrals as f H, This implies that f OH js a stable cuspidal transfer
Offl . O
We recall that ST I, .f "/ is defined by the formula

ell
X
STH.fH/wp  .H/sO,.f"/;.

where the sum is over a set of representatives of the .GU; H/-regular, semisimple, Q-elliptic,
stable conjugacy classes in H.Q/.

Definition 4.5.  We define the term ST f{...f "/ to equal

X 1 X
2%, 1/ 1S T2 iy
where  is such that on (hence any) in ... .H;id/, the restriction of the central character of

to Ag.R/9 is equal to .

Note that we have suppressed the term .s /from this expression because our assump-
tion on implies that all are generic by Lemma 5.11.

Separately, we have for every Levi subgroup M of H theterm ST ,';'/I defined in [41, p. 86]
as well as the term ST H defined by

X
STHWD .nty/ 1sT/;
M

for certain constants .n',;'/l/ 1
We prove the following standard result.

Lemma 4.6. Supposeh D hlh; 2 C cl .H.A// is stable cuspidal at infinity and cus-
pidal at a finite place. Then:

For any M ¥ H we have
STN\.h/ D O:

If M D H, then
STH.h/ D STH.h/:
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Proof. To prove the first part, we note that by definition, for M a proper Levi subgroup,
the “constant term” h,\l/I is 0 (for instance see the definition before [1, Theorem 7.1]). This
implies thatST“*/‘l.h/ D 0.

We now prove the second part. We first show that S“y.y4; h,i/ D SO,.h1/. By
[2, Theorem 5.1], we have

X
OH.hl/DAH.H;hl/DVJH/ 1 "H. &;.../tr.jhl/;...
where the sum is over discrete series L-packets of H.R/ with central character 4 (the unique

character of Ay .R/' such that if a parameter N has central character restricting to , thent
I y has central character ). The representation is some representative of ..., and the value

of tr. j h1/ does not depend on the choice of representative since h 1 is stable cuspidal. The 1

in this formula that is seemingly at odds with the formula of Arthur is explained by [16,
Section (7.19)].

Therefore we have
X
SOH.hl/D e.|0£AH.H;h1/ZO

st H
H

Now, by definition,
X
SAH.H;hl/DV.—lH/ 1 “H. ﬁ,/tl’jhl/
Since h 1 is stable cuspidal, we have tr.... jh1/ D j..jtr. j h1/. Furthermore, it follows
from the definitions and basic properties of the Kottwitz sign that
e.l,/vil,/ D . 1/%%/vol.l, . R/=A4.R/°/ D v.1,/d.1,/;

whered.l,/ D jker.H.R;T/! H1.R;1,/jforT an elliptic maximal torus of I,,.
Finally, we put everything together to get

X
SOH.hl/D e.|04AH.H,'FI1/HSt

HC
X d.e/ X
D — 4 AH.OHl;.../tr.jhl/H
C v. ﬁ
st H
X d.l ¢
D S .y tha/ w
‘ )4
st H
DS w.n; hi/:

The last equality follows from the fact that S " . ; h1/ only depends on the stable class
of 4y and

X d.lod
c 7] D 1:
H st H

Indeed, j...j is well known to equal jker.H1.R; T/ ! HZ1.R;H//j for T an elliptic maximal
torus of H. Hence, it suffices to show that

d.lo/D jker.H'.R; T/ 1 HY.R;H//j:°
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To see this, first note that the set of conjugacy classes that are stably conjugate to y is in
natural bijection with ker.H1.R;1,/ ! H?.R;H//. For each such conjugacy class, we can
choose a representative |(42 T. This follows from the fact that since H contains an elliptic
maximal torus, any elliptic element of H.R/ is contained in an elliptic maximal torus and all
elliptic maximal tori are conjugate in H.R/. Then the set of classes in H1.R; T/ mapping to the
class of 9 in IT-||1'R; I,/ isin bijection with ker.H*.R; T/ ! HZ1.R; 10 //.

It then follows that X

STM.h/D .H/ SO,.h/; u

where the sum is over stable conjugacy classes in H.Q/ that are semisimple and elliptic
inH.R/.

Since h 1 is stable cuspidal, its orbital integrals vanish on  that are not elliptic at R, so
we may as well impose this condition. By [41, Proposition 3.3.4, Remark 3.3.5] we may also
restrict the sum to  that are .GU; H/-regular. We then see that this is equal to ST, 'h/. O

H

ell

Suppose now that f 2 H.GU.A// is stable cuspidal at infinity and cuspidal at a finite
place. Then by the above Lemma 4.4 and [3, Lemma 3.4], for each elliptic endoscopic datum
.H;s; /, we can find a function f H that is stable cuspidal at infinity, cuspidal at a finite place, and
a transfer of f .

Our proof of the main result of this section will be by induction. We now state the key
formulas we will need. First, we have the following theorem of Morel:

Theorem 4.7. See [41, Theorem 5.4.1] Let G be a connected reductive group over Q.
Letf Dflf,, wheref,; 2 Ccl.G.R/; C/andfl 2 Ccl.G.Af /; C/. Assume that f 1 is
stable cuspidal and that for every .H;s;/ 2 E.G/, there exists a transfer f H of f . Then

X
T¢.f/D .G; H/STM.fH/,
.H;s;/2E.G/

where E.G/ is the set of isomorphism classes of elliptic endoscopic triples in the sense of
Kottwitz and we recall that T©.f / is defined to be the trace of f on L % ..G.Q/ nG.A//.

Fix an odd positive integer n. By Proposition 2.23 and Remark 2.27 we have the following
formula for each group G° of the form G.U.n1/ U.n,// such that ky; ni D n. We

note that all such groups are quasi-split.
For a function f ¢ 2 H.G°.A//,
X X
TE £¢°/ D tr. jf ¢°/;
2%02.Gy/ 2... .GO;%;1/
where ... .G% %; 1/ is the subset of ... .G%; %/ containing those with trivial character h;i. We
will now prove by induction that for each group G° that we consider and for each
f 6”2 H.GO.A// stable cuspidal at infinity, we have

STC .f%/D ST .£¢°/:

We induct on " ko1 n2 Hence, the base case is when each nj D 1. Such a group G° is a torus
and hence has no non- tr|V|aI elliptic endoscopy. In particular, by Theorem 4.7 we have that

TG £S°/D sTC" 67
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and hence it suffices to show that T¢°.f 6"/ D STdiG:c.f 6%/, By property (v) since there is no
non-trivial endoscopy, eachS D 1and hence h;iis the trivial character for all . The result

follows.

We now settle ths inductive step. Suppose we have shown ST.6°.f ¢’/ D Sngc.f 6%/
for each GO satisfying * ¥5; n? N, and suppose that G° satisfies fp1 n? D N C 1. Pick
a function f ° 2 H.GCA// that is stable cuspidal at infinity and for each elliptic endoscopic
datum .H; s; / of GO we pick by Lemma 4.4 a transferf H 2 H.H.A// that is stable cuspidal
at infinity.

Then we can write Theorem 4.7 in the form

G% ¢ @GO GO ¢ @GO X 0 H ¢H
T f°/DST® f°/C .G"; H/ST".f"/;
.H;s;/2E.GO/

where for each non-trivial elliptic endoscopic group H appearing in the sum on right-hand side,
we have verified STH.f H/ D ST .f "/ by inductive assumption.
To conclude, it suffices to show that we have an equality
GO @0 G¢ GO X 0. H Hy.
T® f7/D STy, .f7/C .G, H/STyiecf7/:
.H;s;/2E.GO/

We prove this by arguing as in [55, p. 30] (cf. [27, Section 12]). Indeed, we have

X
GO H/ST H £
.H;s;/2E.GY/
X X 1 X
D .G%H/ _— hisitr. jf 1/
H;s;/2E.G0/ 2900/ 35 T2 g/

Now, we apply at each place the endoscopic character identity we proved in Section 3 and
argue as for the equation [55, equation (11)] to get that the above equals
X X 1 X
_ hs;itr.jf GO/I
2%.69/ s25— 12 b Gosia/

Now we use that
X 1
——hs; i

s2S J )

is1if 2 .. .G;id;1/ and 0 otherwise to get that the above equals

X X .
tr. jf ©/;

2%02.GO/ 2 .. .GYid;1/
which equals T6".f ¢°/ as desired.
4.3. Some special global liftings. In this subsection, we work over Q  for a fixed finite
place v. Now consider gy WWq, SL>.C/ ! 'GU.n/ D .GL,.C/ C/1 Wq, a dis-crete L-

parameter. We denote by u the L-parameter of U.n/ obtained from gy by the
projection "GU.n/ ! 'U.n/. There is a (standard) base change morphism

(4.1) B;GU V\%O.GU.H//! %o.GLEV.n/ Gm/i
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Denote by " GU the image of gy by this morphism. Then " GU is just the restriction
of gu to Wg, SL,.C/. Since Wg, acts trivially on GL,.C/ C, if we denote " the
projection of n to GL,.C/, then it is an n dimensional representation of Wg, SL,.C/ and
moreover | is {he image of y by the (standard) base-change morphism for U.

Since y is a discrete L-parameter, the group S, is finite (see [27, Lemma 10.3.1])
and we can write ;™D .1 1/° ° .+ ” /, where ; are simple L-parameters of general
linear groups and ; are irreducible representations of SL,.C/. By the computation in [25,
pp. 62—-63], all the ; are conjugate-orthogonal and we have

y r y or
Sy ' S, 0.1;¢/" 7=27:
iD1 iD1

Moreover, the group
Z.U1n//€0v D'ide

embeds diagonally into S,,. Furthermore, det. id/D 1andS, D '"id? S . B\ﬁ Lem-ma
2.18, we have

Seu' SyDSy="ideDS '€ 2=212

and ri 1'2=22
Seu ' S, S, € C:
iD1

Let gy D . ;/ beadiscrete (in particular generic) global A-parameter of GU.A/.
The corresponding A-packet consists of automorphic representations of GU.A/ whose central
character is and whose restriction to U.A/ is an automorphic representation in the A-packet
of .Again, wedenoteby [y D ..1 ..m theisobaric sum of automorphic represen-tations
of GL,.Ag/ corresponding to u- As in the local case, we see that S ! is finite and
by [25, p.69] we have then

¥ ¥
s, s', b ouxc/ z=27;
iD1 iD1

with the group Z.B.n//€a D " id2 embedded diagonally into S S , and an isomorphism
, S ide s U.T‘hus

y 1
s ,DS , DS ,="ide’ z=212
iD1
and |
rv 1
S ' S\ st c z=27 C:
GU u
iD1
We say that a global parameter 5, D . ;/ is a global lifting of gy if we have.
Uy v/ D gu. In this case, there exist morphisms W ! IS, ¥ o I S., and
'S I ' §,. Since the local and global parameters y and |, are discrete, these maps are

injectivLé (see [40, pp.28-31] for more details). In this subsection, we construct some global
liftings sy D . y;/ such that the above maps, ané have some special properties.



46 Bertoloni Meli and Nguyen, The unitary Kottwitz conjecture

4.3.1. First construction. (Cf. [25, Lemma 4.2.1].) We choose auxiliary places u;u,

of Q such that u splits over E as u D ww and u® is inert. Therefore U.Q,/ is isomorphic
to GLn.Ew/. By [52, Theorem 5.7], there exists a cuspidal automorphic representation ... of
U.A/ satisfying the following properties;

(i) ... 1 is discrete series corresponding to a regular highest weight and with sufficiently
regular infinitesimal character in the sense of [42, Definition 2.2.10],

(ii) ...y belongs to the packet ...,.Uy; %u,/,
(iii) ...y is a supercuspidal representation of GL,.E, /.
(iv) ...yo is any prescribed supercuspidal representation of U.Qo/.

Note that such a ... will be cohomological by the first condition and the remark at the end of
[30, Section 2].
By [17, Lemma 4.1.2], we can extend ... to an algebraic cuspidal automorphic represen-
tation ... of GU.A/. Furthermore, we can assume that ... is cohomological since ... is.
Consider the exact sequence

11 U! GUI° Gy ! 1:

Since ..., belongs to the packet ... .Uy; %y, /, the central character +——and the central
character ! ., of any representation in ....,.GUy; %gu,/ must agree on .Z.GU/\ u/.Q,/.The
map c restricted to Z.GU/ has kernel equal to Z.GU/ \ U so that L—! 1 factors to
give a character of im.c/ which (since n is odd) is the norm subgroup N¢'_ o °Q. We can

choose a lift of this character to Q and hence we conclude that there is sonfe character’! \\Q,
' C suchthat.., ” .!4-c/ belongs t§ the packet ....,.GUy; %cu, /.

There is an isomorphism of topological groups
Y
QRsg Z ! Gﬁn.A/; .t up// Y rtyrug;rus; i/

Then there is a character e of Q R>g  Z such that e js trivialon Q Rsg and satis-fies iz iz
ande. 1;1;. 1// D 1.This character descends to a Hecke character ® of G,,.Q/n Gy, A/ such
thate, O ! “ ,where WO, ! C is an unramified character and
e 1 istrivial. In particular, if we denote ..eWD...”™ .e 1 ¢/, itis still cohomological (since ... is)
and the local representation ... belongs to the packet ....,.GUy; %gu, / up to an unramified
character twist.

Therefore the global parameter 5, D . j;/is a globalization of gy, up to an unram-
ified twist (where ; is the global parameter of ... and corresponds to the central character
of ). Since ... 1 has sufficiently regular infinitesimal character, |, is generic (Lemma 5.11).
The third condition implies that y is a cuspidal automorphic representation of GL,.A¢ /
which is self-dual and conjugate orthogonal. Therefore we haveS D ' id? ([25, p.69]) so
S , D 'id2. The above second condition implies that | is a globaul lift of y. Since the map
is injective, we see that is the diagonal embedding of ' id 2 into S,,.

Moreover, sinceS;, D S, D 'id2andS ~ _ D S, themap is the trivial map. The
group S CU is also trivial and the map 3s given by

S ' CoSg S, C; t! .id;t/:

GU

Thus, we have proved the following lemma.
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Lemma 4.8. Let gy be a discrete L-parameter of the group GU.n/ defined over Q,, .
Then there exists a generic global parameter 5 such that:
(i) gy is a globalization of gy up to an unramified twist.

(ii) We have S C and the map iggiven by

S e oSt s, 6 t! lid;t/:

GU

GU

(iii) Any automorphic representation =in the global packet ... _ .GU; %gu/ is cuspidal and
cohomological.

4.3.2. Second construction. (We adapt [25, proof of Lemma 4.4.1].) Consider an ele-
ments D .xi/ir . 2Ss,D 'n1 Z=2Z whoseimagein S, is denoted by s-\We can suppose
thatx; D 1fori 2 X '1;:::;r%andx; D 1fori 2 Y '1;:::;r2 Denote

M M
XK D i and h D i

n . n .
I I

i2X i2y
(whereny D P i2x Niandny D P i2y Ni). We choose an auxiliary inert place u, and a super-
cuspidal L-parameter yo of Uy such that o DJ o~ ™o anEVthe parameters (resE].X Y') are
siﬁgple and of degree ny (resp. ny). In particular, the packet ... o.Uyo; %y ©/; %u/
contains only supercuspidal representations. ¢ !
Since all the n‘iare conjugate orthogonal, by [40, Lemma 2.2.1], the L-parameters "* x

resp. ”(( come from L-parameters x (resp.y ) of unitary groups U.ny/, (resp. U.ny /) by the
base change map g (see (4.1)). Similarly, the L-parameters * (re§l]‘q. ") comLéc from L-
parameters yo.x (resp. yo.y ) of unitary groups U.nx/yo resp. U.ny /o by the base change map
g. Now as in the first construction, for these L-parameters we can construct cuspidal
automorphic representations ...x resp. ..y of Un,.A/ resp. Up, .A/, in particular, ....x /yo
resp. ....y /o are the supercuspidal representations whose L-parameters are yo.x, resp. 4o,y .
These cuspidal automorphic representations give rise to cuspidal automorphic representations
" resp..."Y of GL  .A /resp. GL .A /. Since these automorphic representations are
self-dual anchonjugatgx-orthogonal, the nifsobaric sum ..."* .."Y factors through the base
change map g ([25, Proposition 1.3.1], [40, p. 27]). Denote this glgbal L-parameter of U.A/ by

u- Again by [25, p.69] we know thatS ' me;Y 0Z=21Z7. As in the first construc-
tion, the L-parameter |, is generic (Lemma U5.11) and is a global lift of y. Moreover, the
localization map is defined as follows:

S ,! Sy X Xa/ U X4 X X wl X/

Taking the quotient by '" id?, weseethatS |/ D S [ =""id2"' Z=2Z and the map

is given by - N
S ,! Sy .1/ s

Now take an automorphic representation ... of U.A/ in the packet ... U.U;%U/. The
automorphic representation ... is cuspidal since ... o is a representation whose L-parameter is
w. By the same argument as in the first construction, we can extend it to an automorphic
representation @ of GU.A/ such that e., belongs to the packet ....,.GUy; %gu,/ up to an
unramified twist. Thus the global parameter 5, of @ is a globalization of gy. We have then S
UC Z=2ZandS _ DS UCC

G



48 Bertoloni Meli and Nguyen, The unitary Kottwitz conjecture

Furthermore, if the element s belongs to S CU, then .x 1; x5/ belongs to S € since the
U
map is injective and restricts to a map from S © 30 s¢ .UTherefore, we have the following

description of the map €

S o' Z=2ZC! S, ' S, Gt 1t! 1t 1t! st

GU

Thus we have proved the following lemma.

Lemma 4.9. Let gy be a discrete L-parameter of the group GU.n/ defined over Q ang
s2S C . Then there exists a generic global parameter ¢, and an inert place u° such
that: v

(i) gy is a globalization of gy up to an unramified twist.
(i) WehaveS _ ' Z=2ZC andthemap is gven by

S o Z=2ZC1l S5 ' S, C;© 1t! 14 1t! st
(iii) Any automorphic representation = in the global packet ... _ .GU; %gu/ is cohomolog-
ical. Moreover, —o is supercuspidal.

4.4. Galois representations associated to global cohomological generic parameters.
We have fixed a quadratic imaginary extension E of Q. In this subsection, we associate repre-
sentations of €¢ to certain global parameters.

Let. ;/ be aglobal A-parameter of a global unitary similitude group GU. In partic-
ular,  is a global parameter for the corresponding unitary group U. We suppose further that
the localization at infinity . ;; 1/ is regular and sufficiently regular so that u Will be
generic.

We first associate a €¢ representation to ;. Associated to ;, we have the quadratic
base change, [, which is an automorphic representation of GL,.Ag /. Since the global param-
eter is generic, the representation [} is of the form .1 ..k, where ...; are self dual
cuspidal generic and cohomological automorphic. Now, fix a place * of Q and an isomorphism
- \WQ- ! C. Then by [51, Theorem 1.2], for each representation ...; there is a unique "-adic €¢ -
representation ; such that for each place P of E not dividing *, we have the following
isomorphism of Weil-Deligne representations:

WD.ije,, /75 L..ifel;

where L.....;i/p / is the local parameter associated to ....; /p under the local Langlands corre-
spondence.

Similarly, if we denote D 1° ° |, then for each place P dividing g and not
dividing *, we have

WD-j€EP/F_SSD 1\|......1 ...k/p/I

Denote by , the localization of ; at P. By the definition of localization map
of global parameters ([40, pp.18-19]), we see that the local L-parameter (not necessarily
bounded) corresponding to WD.je ] /P55 is Up if g is splitin E. If g is inertin E then
q D P and Ep is a quadratic extension of Qq- In this case WD.je, /F-5$ corresponds to the
image of ;, via the base change map g and equalsy e, P
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The central character gives rise to a character of GL1.Ag/ and hence an “-adic char-
acter 2. The pair .; %/ then gives us a morphism

eWer | GL,.Q/ Q- :
From the local-global compatibility properties of , we conclude that for every place P
dividing a prime g ® °, the restrictiongy,  equals. u;q;q/jw. ,Where. yq;q/isthe
localization of the global parameter . U;/aPt the prime q. ’

5. Rapoport-Zink spaces and an averaging formula

5.1. Rapoport-Zink spaces. We continue with our fixed prime number p as before.
Let
4, \/\Dji}pr D FracW.F,/
be the completion of the maximal unramified extension of Q, and the geometric Frobenius
automorphism of @, = Q,,.

We will be interested in the subset B.Q,; G; / of B.Q,; G/ associated with a minuscule
cocharacter Ws,, — ! G= as defined in [31, Section 6.2]. The Bruhat ordering on the
image of the Newton n%ap induCes a partial order on B.Q; G; /.

Definition 5.1. A Rapoport—Zink data of simple unramified unitary PEL type .Ey; ; V,
hji; GU;; b/ consists of the following:

an unramified extension E, of degree 2 of Q, with a non-trivial involution, a
Ep-vector space V of dimension n,
a symplectic Hermitian form hjiW VvV ! Q, for which there is a self-dual lat-tice
f,
a conjugacy class of minuscule cocharacters Wa,
itude unitary group defined over Q, by
GU.R/D 'g 2 GL.V “ R/ Wagv;gwiD c.g/hv;wi; v;w 2 V “ R?

for all Q,-algebras R and c.g/ 2 R; we also suppose thatc 1 .z/ D z, where c is the
similitude factor of GU,

a ! GUQ—,whereGUisthesimiI—
p P

a-conjugacy class b 2 B.Q,; GU; /.

The cocharacter is determined by a pair of integers .d; n d/suchthatd (resp.n d)
is the dimension of the weight 1 (resp. 0) weight space of .

To such a data, we associate the isocrystal N D .V " q @,; b1 .id “// with an action W
Ok, ! End.N / and an alternating non-degenerate form hji WN N ! Qp.n/, Mhere n D

val .c.q,//. By Dieudonné’s theory, the isocrystal N corresponds to a p-divisible group
.X; ; / defined over F; provided with an action of O e, and a polarization .

Theorem 5.2 ([45, Theorem 3.25]). Let M be the functor associating to each OH‘

scheme S on which p is locally nilpotent the set of pairs .X; /, where: °

X is a p-divisible group over S with a p-principle polarization x and an action
such as the Rosati involution inducing by x induces on O, .
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a Og, -linear quasi-isogeny

Ws ST Xgof, S5
suchthatV 1 x 1 isa Q,-multiple of x in Home® .X; XV /” 7 Q (here, S is the
P

modulo p reduction of S).

We also require that . X; y/ satisfies the Kottwitz determitﬂant condition. More precisely, under
the action of E,, we have a decomposition Lie.X/ D Lie.X/; then Lie.X/ is locally
free of rank p. This functor is then represented by a formal scheme defined over Spf.OQw/.

In order to introduce the usual level structures, we work with the rigid generic fiber M?3"
of Moverd,. SetCo D 'g 2 GU.Q,/ W& f D f2, amaximal compact subgroup of GU.Q,/.

Definition 5.3. Let T =M?2" be the local system defined by the p-adic Tate module of
the universal p-divisible group on M. For K Cg we define M as the étale covering of M?2"
which classifies the Og, -trivializations modulo K of T by f. We also require that the
trivialization preserves the alternating form up to Q,, .

We have, in particular, that M D Mc,. We then get a tower .MKP/Kp of analytic
spaces on A, provided with finite étale transition maps

Kok, Wie | My,

P

(for K& Kp) which forget the level structure. The map "o K ,i,s Galois of Galois group
Kp =K@ if K £ is normalin Ky .

Let Jp.Q,/ be the group of Og, -linear quasi-isogenies g of X such that | g isa
Q -multiple of g 4 . The group J,.Q,/ acts on the left on M by the formula

X;/ gb X;1g Y/ forallg 2 J,.Q,/ and all .X; /2 M:

We say that a simple unramified unitary Rapoport—Zink datum .E,;; V; hji; GU;; b/ is
basic if the associated group Ji,.Q,/ is an inner form of GU. The above datum is basic if
and only if b is the unique minimal element in B.Q,; GU; /. In this case, we also say that b is
basic.

Let " ¥ p be a prime number. Let K, Co be a level. As in [14, Remark 2.6.3] we
denote

H M, ; Q7 WolimlimH.Y “ 4 Cp;Z=""2/ 7 Qv
n
where V runs through the relatively compact open subsets of My, .

The group J,.Q,/ acts on Mc° and this action extends to My, so that J,,.Q,/ acts
on H, .MKP;G\/. Since n is odd, the reflex field of the conjugacy class of is E,. We
can also define an action of the Weil group We, on these cohomology groups thanks to the
Rapoport—Zink descent data defined as below.

Leteg, W ! Qu the relative Frobenius automorphism with respectto Ej, . We denote
by £, the Frobenius morphism induced on Fp. For X a p-divisible group defined over F,, we

note Fg, WK I ¢ %( the relative Frobenius morphism. We construct a functor isomorphism
. Ww il E  Mas follows.
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ForS aO4, scheme on which p is nilpotent as well as a point .X; / 2 M.S/, the point

.X <; -/ associated in ME.S/ is defined as follows: X < WDX with the action of . WD, with the
polarization x . WDyx and’- WD 1 F 1. Note that the isomorphism of functors, WM | M
is the Rapoport—Zink descent data associated with M. As the descent data commute with the
action of J,, .EQp/, the groups H . M, ; Q-/ has an action of4y,.Q,/ Wg, . In addition, when K|,
varies, the system .H_ .My, ; Q://k, has an action-of GU.Q,/. Thus, this system has an
action of GU.Q,/ Jp.Q,/ We, . Let be an admissible *-adic repre-sentation of J,.Q,/, we
define

H " GU;b; /EDIi m EXtij_Qp/~Hi~MKp;O~‘F/: Kp

By [38, Theorem 8], the H '/} .GU; B; /Ee are admissible and are zero for almost all
i;j O.Finally, we define the homomorphism of Grothendieck groups

MantGU;b; V‘GrotthQp//' Groth.G.Qp/ We

by X i;j
Mantgy.p../ WD . 1/'“YH ") GU;b; /s dim M"/:

5.2. An averaging formula for the cohomology of Rapoport-Zink spaces. In this
subsection we deduce an averaging formula for the cohomology of Rapoport—Zink spaces using
the results of [6].

We begin with some endoscopic preliminaries. To state the formula, we need the follow-
ing notion of endoscopic data for Levi subgroups.

Definition 5.4 (cf. [6, Definition 2.18]). Let M G be a Levi subgroup. We say that

.H; H;s; / is an embedded endoscopic datum of G relative to M and a fixed split-ting
.Th; Bu; "X, o/ if .H;s;/ is a refined endoscopic datum of G and the restriction
Hwm; s;jHM/ gives a refined endoscopic datum of M.

two embedded endoscopic data .H; Hy;s;/ and .H% HO; s%; %/ are isomorphic if there
exists an isomorphism , WH ! H, of refined endoscopic data .H;s;/ and .HO; 50,0/
whose restriction ,m to Hw gives an isomorphism of .Hy;s;/ and .Hy ;s0:0/ We

denote the set of isomorphism classes of embedded endoscopic data of G relative to M by
Ee.M; G/.

We now fix a refined elliptic endoscopic datum .H;s;/ of GU. Note that for each
standard Levi subgroup M G, there is a natural forgetful map

Y W®.M;GU/! E'.GU/:

We define ET.M; GUI H/ to be the set of embedded endoscopic data .H%; H° 15% 9/ such that H,

D H and whose class lies in the fiber .Y €/ 1..H;s;// modulo the relation that two data
H; Hm;s;/ and .H; HM(; s0;0/ are equivalent if there exists an inner automorphism , of H
inducing an isomorphism of the embedded endoscopic data.

Fix a maximal torus fy H Bnd define

B WD.TS/ GU.b
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By [6, comment before Proposition 2.27], we have that the set E'.M; GUI H/ is parametrized by
the set of double cosets W.T; M/dW .M; H/=W .Ty;H/ bwhere W.T; M/ land W .T;H/ bre the
Wey! groups of M ahd H rdspectively and W .M; H/ is defined in [6, Definition 2.23].

Finally, for an inner form J of M, we define the subset El..J; GUIH/ E'.M; GUIH/ to
consist of those equivalence class of endoscopic data .H; Hn;s;/ such that there exists a
maximal torus of H that transfers to J.

We now fix b 2 B.Q,; GU;/ and let b 2 GU.Q be a decent lift. We get a standard
Levi subgroup My, of GU and an extended pure inner twist J,, of My,. Let ;WD | Ap, (where
Aw, isthe maximal split torus in the center of M },denote the image of the Newton map applied to
b. Fix .H;s;'/ an elliptic endoscopic group of GU and a set, Xer, of representatives of

Jeedo; GUIH/. Furthermore, for each .H; Hw, ;s; %/ 2 X,, ‘we may choose an extension

LOWH! ‘Gu

of . We also get a natural map Ap, , ! An,, induced by Oand we define to be the com-position
of ,, with this map. The cocharacter ,, defines a parabolic subgroup P.,,/ of GU as follows.

Choose m?2 Z € so that my2 X.Ap, /. Then my, gives also a cocharacter of T, and
this defines a parabolic subgroup by
° +
P.,/.R/ D x 2 GU.R/Wim.my/.t/x.mp/ .t/lexists :
t1o

It is clear that P.,,/ does not depend on m and also, since , is dominant, that P.,,/ is a stan-dard
parabolic subgroup. Similarly, defines a standard parabolic subgroup P./ of H and we let P./°P
denote the opposite parabolic subgroup relative to By. The Levi subgroup associated to P./ is
the centralizer of my, in GU, which is My, Similarly, Hy, is the centralizer of min H and hence
Levi subgroup of P./ (indeed, m is non-vanishing on the roots of H outside of Hy® since my, is

non-vanishing on these roots thought of as roots of GU via '0.
We then make the following definition.

Definition 5.5. We define

Red{ WGroth®*.H.Q,// ! Groth.Jy.Qy//

by

X H
! Trans hLﬁ’.]acpll}lop_// "

X P

lp, /i

where TransJHbe denotes the endoscopic transfer of distributions from Hy, .Q,/ to J,.Q,/ and
Groth.Jb.Qp// denotes the Grothendieck group of admissible representations of Jb.Qp/ and
GrothSt.H.Qp// is the subgroup of Groth.H.Q,// consisting of those elements with stable
distribution character.

Our aim in this subsection is to establish the theorem below using the results of [6].

Theorem 5.6. Let .H;s; '/ be a refined elliptic endoscopic datum of GU. Let

Wvq, ! 'GU
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be a discrete Langlands parameter such that there exists a Langlands parameter " of H with
D b 1 M. Then we have the following equality in Groth.GU.Q,/ W¢/:

X
Mantgy;p;-Red,’.S,u//
b2B.Q,;GU; /
X X tr..s/jV
D hy; .s/i /Jd, /p
2...GU;%/ Im

. hgujia.
J GU .'
P

where the first sum on the right-hand side is over irreducible factors of the representation
r 1 andV is the -isotypic partofr 1 .

This theorem is [6, Theorem 6.4]. To verify this theorem, we essentially just need to
check a number of hypotheses from [6].

First, we need a global group GU such that GUq, S GU and such that there exists
a Shimura datum .GU; X/ of PEL type such that the global conjugacy class of cocharacters ' of
G UMssociated to X localizes to the conjugacy class of . Since is assumed minuscule, its
weights are equal to 1 and 0. In particular, is determined by a pair .p; q/ suchthatp C g D n
and p denotes the number of 1 weights and g denotes the number of 0 weights.

We fix n an odd positive integer and define GU to be the group GU.p; g/ coming from the
Hermitian form I, ¢ as in Section 2. Following [41, Section 2.1], we have a PEL Shimura datum
.GU; X/ for this group (in Morel’s notation, this is the datum .GU; X; h/). As we observed in
Section 2, the group GU can be equipped with the structure of an extended pure inner twist
.GU; %; z/. As in [7], this twist gives us for each refined endoscopic datum .H;s;/ of GU a
normalized transfer factor at each place v.

We observe that, in accordance with [6, Sections 4.1 and 5.1], we have GUge, is simply
connected and GUq, is unramified. The center Z.GU/ is isomorphic to Resg- q Gm Which
has split rank equal to 1. Since E= Q is an imaginary quadratic extension, the split rank of
Z.GU/R also equals 1.

We verify that GU satisfies the Hasse principle. By [27, Lemma 4.3.1] it suffices to show
that ker!.Q; GU=GUge,/ D ker'.Q; G/ vanishes but this latter group is trivial.

We now note an important difference between the exposition in [6, Section 4] and our
current situation. This is that the group GU will not in general be anisotropic modulo center.
For this reason, the stabilization of the trace formula carried out in that paper does not carry
over exactly to our case.

Instead, we use Morel’s work on the cohomology of these Shimura varieties to estab-
lish the desired stabilization. However, Morel’s work is on the intersection cohomology of
Shimura varieties whereas we need to study compactly supported cohomology. We introduce
some necessary notation.

Let K GU.A f be a compact open subgroup that factors as KP K,, where K, isa
hyperspecial subgroup of GU.Q /, Following the notation of [41], we let M K.GU; X/ be
the Baily—Borel-Satake compactification of the Shimura variety M K.GU; X/. Fix primes p
and * and an algebraic representation V. of GU, where we choose the highest weight of V to be
“sufficiently regular” in the sense of [42, Definition 2.2.10]. Let L C be a number field
containing the field of definition of V and let be a place of L over *. Then let ICKV denote the
intersection complex on M X.GU; X/ with coefficients in Q- and where V is the evident -adic
realization of the local system associated with V. Then we define an element W;K in |
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the Grothendieck group of H € representations on L vector space by W'
X ) .
« WD . 1/'EH' .M .GU; X/ ;ICEV/
io

Similarly, we define the element W_CK in the Grothendieck group of H €¢ repre-
sentations on L vector spaces by '

X o
WE w . 1/'CEIE|'.MK.GU;X/6;V/.-
io

Fix a place p of E above p and let ", be a lift of the geometric Frobenius at p and
fix a positive integer j . We will consider functions f 2 H suchthatf D f 1:p:v 1, fufa,
where f, is cuspidal and f 1 is stable cuspidal. For instance, f, could be a coefficient for
a supercuspidal representation. Recall that these terms were defined in Section 4.2.

Lemma 5.7. Suppose that f is cuspidal at a finite place. Then we have
trw&jft o/ Brwkjft o )

Proof. Indeed, this follows from the fact we have a natural €-equivariant morphism for
eachii,

HL.MK.GU;X/F;V/! Hi.MK.GU;X/;érCKV/;

and the cuspidal part of HI .M K.GU; X/E'YICKV/ lies in the image of this map (see, for

instance, [42, Proposition 3.2]). O

We remark on the definitions of the functions f 1; fl;‘j/ 2 H.H.A// defined in [6, Sec-
tion 4] and [41, Section 6.2] respectively. These functions depend on the chosen normalization
of transfer factors at each place of Q. We explain in the following paragraph that a priori these
functions differ by a constant, but if one modifies Morel’s normalization of transfer factors to
agree with that of [6, Section 4], then the resulting function f F'{j/ can be chosen to equal f 1.

Morel’s normalization of transfer factors away from p and 1 is arbitrary up to the global
constraint given by [28, Conjecture 6.10(b)]. At vx p; 1 the definitions of f " and ij/
coincide up to differences in transfer factor normalization. At p, Morel normalizes her transfer
factors as in [29, p. 180]. If one chooses a different normalization at p, then Kottwitz explains
([29, pp.180-181]) how to modify the function f Hj;/ by a constant such that it satisfies and
analogous fundamental lemma formula. At v D 1, Morel uses the normalization given in
[29, p. 184]. We can again modify the function fH'J;/l by a constant so that it satisfies the same
formulas. Hence, so long as one modifies the normalizations of the transfer factors at each place
in such a way that the global constraint is still satisfied, one gets an analogous modification of
the function fH'j/ satisfying the same transfer formulas. By examining the constructions at
each place, it is clear that if f /"is modified to be compatible with our chosen normalization
of transfer factors, then the functions f Hj/ and f H can be chosen to be equal.

Since the transfer of a cuspidal function is cuspidal [3, Lemma 3.4] and le is stable
cuspidal by definition, we have that f " satisfies the hypotheses of Lemma 5.7 and Lemma 4.6. In
particular, we have the following proposition.
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Proposition 5.8. Suppose f 1 is cuspidal at a finite place and factors as f Pi11y .
Then X
P TN i H¢H
tr. WX j f o/ D .GU; H/ST. .7/
.H;s;/2E.GU/

Proof. By Lemma 5.7 and [41, Theorem 7.1.7] (keeping in mind her remark that the
result holds for general p) we have

. X
trw€jft ",/ D GU; H/STH £ 1/
.H;s;/2E.GU/
Now, we apply Lemma 4.6 to the right-hand side to get the desired equality. O

At this point, we have finished using the work of Morel and have arrived at the formula
[6, equation (4.17)]. We now need to show that we can perform the destabilization procedure
as in [6, Section 4.7]. To do so we need to prove that we have a sufficiently good theory
of the Langlands correspondence for GU and its localizations. Globally, we will work with
“automorphic parameters” in the style of [5,25] and as we defined in Section 2.3.2. Since our
ultimate goal is to prove a local formula, these parameters are sufficient for our purpose. We
list the following properties we need and where these facts have been proven.

(i) We need a construction of local Arthur packets of generic parameters at all localizations of
GU and descriptions of the elements in each local A-packet in terms of representations of
the various centralizer groups (Theorem 2.19).

(ii) The local packets must satisfy the endoscopic character identities (Section 3).

(iii) A local generic A-packet contains a K-unramified representation if and only if the param-
eter is unramified. In the case that an A-parameter is unramified, this K-unramified
representation is unique (Section 4.1).

(iv) We need a construction for global Arthur packets for generic “v-cuspidal” parameters.
These consist of parameters that are supercuspidal at some fixed local place v. We need a
description of the global A-packet in terms of the local packets (Section 2.3.2).

(v) We need v-cuspidal parameters to satisfy a version of [6, Proposition 3.10]. This propo-
sition gives a bijection up to equivalence between pairs . ;s/ 2 %..G/ S and tuples
.H;s;t/; H/for.H;s;/2E".G/and M 2 %o.H/. (This is discussed in [5, p. 36].)

(vi) We need a decomposition of the generic v-cuspidal part of deiSC.GU.Q/ nGU.A// in
terms of global Arthur packets and this decomposition should satisfy the global multi-

plicity formula (Section 2.3.2).

(vii) We need to attach to a global generic parameter a global Galois representation whose
localizations at each place are compatible with the corresponding localization of the
global parameter (Section 4.4).

With these properties in hand, we can now apply the results of Section 4.2 (which is
analogous to [6, Assumption 4.8]) to get

. X
trw&jft ",/ D GU; H/ST4f..£1/:
\H;s;/2E.GU/
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Following the argument of [6, Section 4.7], we derive the formula

K:e1r i

tr.W'XJ f )P/ «
D m. Y /tr.tjf /A, p;/;

E2X.S /12.. 1.GU;%1/
where the first sum is over equivalence classes of v-cuspidal parameters and A. p;/ is the
"g-trace of a certain representation determined by .

We now define
WED limW, ¢ «

in the Grothendieck group of GU.A / € -rgpresentations. Suppose s a representation of
GU.A /appearing in W C whose associated automorphic A-parameter is v-cuspidal. We need
to compute the -isotypic part, W C (e, of ch . To do so, we apply the argument at the
end of [6, Section 4.7]. This argument requires the existence of a compactopen K GU.A /suych
that ¥ x 199 and a functionf 1 2 H.GU.A //; K/ that is non-vanishing on  but vapishes
on every other admissible GU.A /-representation appearing in W ¢ . Our present situation is

complicated by the fact that we also need f to be v-cuspidal. More precisely, for the argument
at the end of [6, Section 4.7] to go through, we need the following lemma.

Lemmab5.9. Let beanadmissible representationof GU.A /such thatthe A-param-
eter at v is supercuspidal. There exists a compact open K GU.A /such that K S 02 and K
factors as KV K, and there exists a v-cuspidal function f 1 2 H.GU.A /;fK/ such that tr.
¢ ; or
jf 1/ x 0and for any © with non-trivial K-invariants and appearing in either W ¢

X X X
m.5 /s /. 1/9CY vy

Ee 12. 1.GU;%1/
we have
r®jf !/ Do

Proof. The set R? of isomorphism classes of © satisfying the above conditions is finite.
Hence we can find a function f Vi1 such thattr..0/Vjf vi1/ D 0 forall ©2 RO Lfmless opNg v
in WhICh case the trace is non-zero. Now, at v we havethat. /, is supercusplgal and so we choose
fv 2 H. G[J Qv/; Ky/ to be a coefficient for . /,. Then f v’ 1f\,fhas the desired propertles
Indeed, any notisomorphic to QNI|| differ from elthfer atv or away fromflt and hence tr.0 j f

vilf, /D 0. O
f
Following the argument at the end of [6, Section 4.7], we conclude that
X X X
(5.1) WC(If-D m.l;/

o 12.. 1.GU;ziso51/

s /. 1/9:6Y/ 1)y, i

in Groth.GU.A; / Wg/.
So far we have discussed the computation of the cohomology of Shimura varieties and
arrived at equation (5.1). We now want to carry out an analogous computation for the com-
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pactly supported cohomology of Igusa varieties as in [6, Section 5] starting from the stable
trace formula as in [50, Theorem 1.1]. In this case the stabilization in [6, Section 5] does not
require that GU is anisotropic modulo center and so that argument goes through essentially
unchanged. The only difference is that in this paper, we only prove the equality of STe'ﬁ fH/
and ST;SC.f H/in the case that f " is cuspidal at a finite place. In particular, this means that we
again need a lemma analogous to Lemma 5.9. In this case, the precise conditions on f are
slightly different since the trace formula for Igusa varieties is stated for acceptable functionsin

the sense of [49, Definition 6.2].

Lemma 5.10. Let e anirreducible admissible representation of GU .Ap/fJb.Qp/
such that the corresponding local A-parameter at v is supercuspidal. Let

K GU.AP/ J,.Qp/

be a compact open subgroup such that® x ; and K factorsasKViP K, Ky . Let R be a finite set
of isomorphism classes of irreducible admissible GU.A /PJb.Qp/ representations such that
2 R. Then there exists a v-cuspidal function f 1 2 H .GU.Ap/ J,.Q /; K/ thatis
acceptable in the sense of [49, Definition 6.2] such that f 1 factors as foiv; 1f, fp\, andtr.0 j
fl{HOforOZRif?ndonlyif°§ f .

Proof. Consider the linear map from v-cuspidal functions to CI?I given by

£l Arogjf 1/;:::,'tr.njf Y/;

catrajfl/C Centrnjfl/ DO

Now, by the argument of [49, Lemma 6.4] and also [49, Lemma 6.3] it follows that every
f1 DfPivilf,f, thatis cuspidal at v satisfies

tr.c11C Ccanjf /D O:

By the argument of Lemma 5.9, we can find anf 1 that does not vanish atc11 C C cnp. This
is a contradiction and implies our desired result. O

At this point, we have verified the assumptions of [6, Sections 4-5]. It remains to check
those of [6, Section 6]. We first note that the Mantovan formula is known for the PEL-type
Shimura varieties we consider. Indeed, this is [34, Theorem 6.32].

It remains to check [6, Assumptions 6.2 and 6.3]. We record some useful lemmas.

Lemma 5.11. Suppose is a discrete automorphic representation of GU.A/ contained in
an A-packet .... Suppose further that the infinitesimal character of 1 is sufficiently regular in

the sense of [42, Definition 2.2.10]. Then the A-parameter associated to ... is generic.

Proof. Standard. For instance see [25, Lemma 4.3.1]. O
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Lemma 5.12. Suppose is a discrete automorphic representation of GU.A/ contained in
an A-packet and such that 1 has sufficiently regular infinitesimal character. Then this is the
unique A-packet containing 1 . Moreover, if eis another discrete automorphic represen-tation
of GU.A/ such that @ has sufficiently regular infinitesimal character and such that! S &
then and eare in the same A-packet.

Proof. Suppose belongs to two A-packets with associated A-parameters . ;;1/
and . 5;2/. Since 1 and , correspond to the central character of , they are equal. We need
to show that U1, U arealso equal. At almost all finite unramified places v where , is
unramified, the localizations . j;/y and . ,/v are equal. Indeed, our sufficiently regu-lar
assumption implies that these parameters are generic. Following [40, p. 189], these local
parameters factor through “ M where M is the minimal Levi subgroup of U, and correspond to
the same spherical parameter of M (for more details, see [40, p.189]). This implies that
and p give rise to the same Hecke string. Then, by [22] and [4, Theorem 4.3], we see that

up and 5 are equal. It is clear that the second statement also follows from exactly the
same argument. O

Before verifying [6, Assumptions 6.2 and 6.3], we need to understand the effect of an
unramified twist on the Mantgy;p, map. Let c WGU.Q,/ ! Q, be the similitude factor char-
acter. For b non-basic, the group J,.Q,/ is an inner form of a Levi subgroup M,.Q,/ of
GU.Q,/. Then the similitude character c restricted to M},.Q,/ can be transferred to J,,.Q,/.
Hence by abuse of language, we also denote c the corresponding character on J,.Q, /.

Lemma 5.13. Let .Ey;;V;hji; GU;; b/ be an unramified unitary Rapoport-Zink PEL
datum and suppose that ! WQ, ! Q- is an unramified character. Then the following holds
in Groth.GU.Q,/ Weg, /:

Mantgy,p- “ . ! 1 ¢//D Mantgup,/” -1 1c/” L1 Arte /o1
Proof. This lemma is an analogue of [53, Lemma 4.9] and the same proof applies in our

situation. Thus we just briefly give an idea of how to proceed.
Define a character of J,.Q,/ GU.Q,/ Wg, such that

IWD.lic/” .Vic/” .V Art éé
In Groth.GU.Q,/ Wg, / we have
lim Efob.Qp/.Hé My, ;Q/; 7 e/
e
ClimExt, @ H My Q /7 /7 /T b At Tk

Then we prove tHat for each level K, there is an isomorphism of Q:-vector spaces
Hd.Mg,;Q/"' HI.Mg,;Q/"
such that the resulting bijection of direct limits
limHJ .My, ;Q/" limHI .My, ;Q/”
Kp Kp

! !
is compatible with the action of J,,.Q,/ GU.Qp/ We, .
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Note that there is a J;,.Q,/-equivariant map (see [45, Section 3.52])
V\MKp I e WDHomz.X.GU/; Z/;

and moreover there is a natural way to define an action of GU.Q /pWE one. We can then prove
the lemma by using the fact that acts trivially on .J,.Q,/ GU.Q,/ W, /Y and that there is an
Jp.Qp/ GU.Q,/ Wg, -equivariant bijection ([14, Remark 2.6.11]).

limHJ .My, ;Q:/

e M
T . Jb.Q,/GU.Qp/We . i il .~ .
c |nd.Jb.C§’p/GU_Qp/WEp/1 lim Hg.MKp,Q\/ ;

i20=15.Qp/GU.Qp/We, p K

where Ml'(i/ is the inverse image of i by and .J,.Q,/ GU.Q,/ Wg,/* is the subgroup of
Jp.Qp/ GfJ.Qp/ We, that acts trivially on e. o

We can now settle [6, Assumptions 6.2] in the cases we need. Let , be a representation
of GU.Q,/ and 1 a discrete automorphic representation of GU.A/ such that .1/ §pp.
Suppose further that % appears in either the formula for the cohomology of Igusa varieties
or W ¢ . Then since V has sufficiently regular infinitesimal character, it follows that the same is
true of .1 /1. Now suppose » is a discrete automorphic representation of GU.A/ appearing in
either of the above formulas and such that 1 §11 ) Wezthen have by Lemma 5.12 that » and
1 are in the same packet.

We now tackle [6, Assumptions 6.2]. For a fixed discrete series representation , of
GU.Qp/ with local parameter gy, we have the local centralizer group S.,. For any global
A-parameter gy suchthat gy, D gu, we have a natural embeddingS _ =~ ,! Sg,. Note

that [6, formula immediately before Assumption 6.3] includes a sum indexed over a set of
representatives X w of S w- We must show that we can pick different globalizations, 4y,
of gu to derive the formula below [6, Assumption 6.2] for each element of S, .

Suppose first that s 2 S, projects to the identity element ofSZJ such that

sD .1;t/2Ss, DS C:

By Lemma 4.8, we can choose gy so that the image of S _ 'in'S oo is 1.1;t%/ W0 2 Ce
and the packet ... cup .GU.Q,/; %gu/ differs from the packet ...;,.GU.Q,/; %cu/ by an
unramified twist of the form ! 1 c. Then we simply pick X <Jo contain the unique element of
S o mapping to s. This establishes the formula for s projecting to the identity of S~
By Lemma 5.13, we obtain the formula for s projecting to the identity of S, .
Now suppose we pick s 2 S, that projects to a non-identity element s By Lemma 4.9,

we may choose g such that the image of S w inS ous is precisely the pre-image of '1; 52
under the map

GUp

S GUp ' S GUp;
and the packet ... Gup.GU.Qp/; %gu/ differs from the packet ...;,.GU.Qy/; %Gu/ by an
unramified twist of the form | 1 c. Choose X < o contain the unique elements mapping to

s; 1 and denote these x5 and x; respectively. Then each side of the formula before [6, Assump-
tions 6.2] for the parameter gy, has two terms indexed by xs and x1 respectively. Again, by

Lemma 5.13, we can derive the same formula for gy. The x1 terms are already known to be
equal by the previous paragraph. It therefore follows that the x5 terms are equal as well.
This completes the verification of Theorem 5.6.
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6. Proof of the main theorem

To prove the Kottwitz conjecture for the groups we consider, we use Theorem 5.6. We
remark that since GU is quasi-split, the sign e.GU/ D 1, and since we consider only super-
cuspidal parameters in this section, the elements s ;s w are trivial. We recall that we have
fixed an extended pure inner twist .GU; %; z/ of GU.n/, where all groups are defined over
Qp , and that J,, has the structure of an extended pure inner twist .J,,; %y; 2,/ of GU and hence
Jp; %, 1 %;zC z,/ of GU.n/.

First of all, we show that

Red X hH; suit! DO
H2..H.H/
for b non-basic, .H; s; / an elliptic endoscopic datum of GU and a supercuspidal parameter.
Indeed, the parameter H is again a supercuspidal L-parameter. In particular, the repre-
sentations M are supercuspidal. Now by definition we have
X 1 Hn
Red; D Y “ Trans bJacPA/f,p.”S(,b

As b is non-basic, the group J,, is an inner form of a proper Levi subgroup of GU. Suppose
that P./°P = H. In this case H equals Hy and is isomorphic to an endoscopic group of J,,.
This is a contradiction because by the classification of the endoscopic groups of GU and its
Levi subgroups, we know that the elliptic endoscopic groups of GU are not endoscopic groups of
any proper Levi subgroup of GU. We conclude that P./°P is a proper parabolic subgroup of H
so that

X
Red} hH; suitt D 0;
H2..H.H/
as desired.
Now, for b basic, the main formula of Theorem 5.6 becomes
X
Mantgy,,; Trans," hH; 1iH
H2..n
X X tr..s/j Vi i
D h; .s/i /—J/@GE—J j feuile
2...GU;%/ dim

The endoscopic character identity (Equation (3.1)) and definition of Transj":) (see [20, p. 1634],
for instance) immediately implies that

X X
Trans}! hH. 1iH D hy,; .s/iy, :
H2..H JbZ....Jb;%bl%/
Substituting into the previous equation gives
Mantgy:b; hy,; .s/iy,
Z‘E‘Jb;%bl%/
X X tr..s/jV "
D h; .s/i /—Jd/GEGE—J j feuile

2...GU;%/
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Now, fix j, 2 ...Jp; %p 1 %/ and multiply the above equation (where we renotate the ;, in the
summation as ) by hJC .s/i 1. One can check that h; ; .s/i 1h ¢.s/i and hy

S/I 1h;.s/itr..s/ j V7 depend only n the image .s/ 2 S. Indeed, it suffices {6 show each
expressmn vanishes on Z. GU/€ P 5|E)e S=7. GU/€ P D b The firstexpres-sion does so
since;iandh; ;i hJave the same central character restrictedto Z. G U/€ » (see the defikdtion of
this pairing in Section ".3. 1). The second does so because hy ;i 1h;ihas central character equal
to.b/ 1 D while the action of .s/ on the image of r 1 isby . Therefore, by a slight abuse of
notation, we may regard these expressions as func-
tions of s 2 S. We remark also that every element of S has a representative of the form.s/ for
an elliptic endoscopic datum .H;s; %/. Indeed, this is [6, Corollary 3.13] (see also [6, Remark
3.14]).

We then average over S. This gives an equality between

1 X X © 1,0, .0
Mantgy.p; hy,; si “hY;siv,
jS jSZ?JbZE....Jb;%bI%/ J J
and
p—— hjb; SI h}SI —& _] J GUle 25§
JS2j.cus%/ dim
Now, for any irreducible representation of S, we have —1- P .s/ is 1if is trivial
and 0 otherwise. Hence we get the equality S0 o3
1 X X X
Mantgy;p;,/ D —— hy,;si th;si
jSsis — 2..6u;%/
s iV b
—(E" jj e
dim

We now isolate the term for a fixed gy 2 ....GU; %/ and representation . It is

1 X tr.sjV .
(6.1) — hy,; si ‘heuy; si J_/cfedgc]; jj heuils 25
jiSj — dim s

We would like to relate this to the term

dimHoms.w.;, /" w.cu/~; V/;

which appears in the statement of the Kottwitz conjecture. Note that the dimension does not
change if we tensor both \.;, / “ w.gu/- and V by the character .5, /- “ w.cu/. We observe
that the resulting representation V. .;,/ “ w.gu/ is trivial on Z.GU/  randh

factors through S. Hence, it suffices to compute the dimension as an S-represen-tation where it
is given by the formula

1 X
(6.2) ji trsjV” wa,/-" weu//D
s2S
X
is hy,; si Yhgu; sitr.s j V/;

s2
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where we have the same abuse of notation as before that hy_; si *hgy; sitr.s j V/ only depends
ons 2 S buttheindividual terms in the product require taking a lift to S. Comparing equations
(6.1) and (6.2), we see that the expression in equation (6.1) becomes

dimHoms.w.5, /" w-GU/—JV/n: h i

o(E jj GU e
Ecy et L

dim
This equals
CEGJ°CEHm15-W-Jb/” w-gu/= V7 g hGU”.;

and summing over , we get

MantGU;b;.)J{/
D GEgue®EHoms.w .5,/ ” w.gu/—r 1 /7 jj houile Gy2..GU%/

In conclusion we have proven

Theorem 6.1 (Kottwitz conjecture). For irreducible admissible representations ;, of
Jp.Qy/ with supercuspidal L-parameter , we have the equality

1)2/

D EgusCHoms. .5,/ " w-cu/-;r 1 /7 jj "ovilecya. cumw

Mantgy:p.-.

in Groth.GU.Q,/ WEg/.

A. Some computations with GU.3/

In this appendix we use the averaging formula (Theorem 5.6) to compute Mantg.p../ in
a few cases for G D GU.3/ where the parameter of is not supercuspidal.

LetE=Q, be the quadratic unramified extension with non-trivial Galois automorphism
and corresponding quasi-split unitary group GU.3/. Recall that the diagonal torus T gives a
maximal torus of GU.3/ of maximal split rank and satisfies

800 11 9
< t1 0 O >

T.Q,/D ., BB0 to 0%;c% Wi.ts/ D ¢ D tota/; ti withc 2 E o
0 0 ts '

The torus T is a Levi subgroup of GU.3/.
Let GU be the trivial extended pure inner form of GU.3/. We let be the cocharacter of
GU given by

00 1 1
z 0O

z! %%o 1 Ox;z&:
0 0 1

Let P be the parabolic subgroup with Levi factor equal to T and such that is dominant with
respect to the positive root system determined by P . Let g be the half sum of the positive
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absolute roots of GU. Then we have
hg;iD 1:

The modulus character 1p on T is given by t ! jzét/j.

We now describe the set B.GU; /. ,To begin, we have that Z.CbJ/€ consists of pairs
.I;¢c/ 2 GL3.C/ C and hence X.Z.GU S Z. Then there is,a unique basic element b of
B.GU; / whose image under the Kottwitz mapis12 X.Z.G U/€/b

We also have 800 1 1 9
St 0 0 >

b¢p B0 1 oﬁ;c(fxwzc>

" 0 0 t!1 ’

Hence X.T®/ S Z Z and the non-basic elements of B.GU; / are in bijection with pairs
.X;¥/ 2 Z Z such that x > 0. Moreover, the pair .x;y/ corresponds to an element whose

slope cocharacter has weights . . XCZ—V, 5Y—=4y/.AsND C./ has weights ..1; L0/ 1/,0ne can

check that the element .1;1/2 Z Z S X.T €/ has slop® cocharacter equal to that of Nand gives
the other element b® of B.GU; /. We have J, S GU and J,o S T.

Let be an Sty ./ parameter of GU.3/ in the notation of [46, Chapter 12] and [21].
Thenr 1 D .” std-/C .~ triv/ for certain characters and . The L-packet of is 's;?2¢,
where S is supercuspidal and 2 is discrete series but not supercuspidal. The representation 2
shows up as the parabolic induction Ip ./ for a certain character of T. This induction is reducible

and the other Jordan—Holder factor is a non-tempered representation ".
We first consider the averaging formula for the trivial endoscopic group. This gives

1
Mant,.2 C 5/ C Mantpo.Jpon.2/ " 1o/ D@
C®e & ,/C. ,/&. 1/s 3

On the other hand, by the Harris—Viehmann conjecture (known in our present situation since
GU is HN-reducible, cf. [44, Theorem 8.8 ]), we get that

Mantyo.Jpop.?/ ” |Pf%D Indp Mantyoo.Jpop.?/ ” |P/I}%
GEblpos.fe. L/, 1L
for a certain byg 2 B.T /. Hence, we have
Mant,.2C $/D @BC °s & ,/C . ,}C. 1/
Eblpon.2/e. /1
Now, we consider the non-trivial endoscopic group

HD G.U.2/ U.1//;

withs D . I3;11/. We pick such that
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We need to compute W.T; H/. These are the w 2 W.D; &/ such that .w 1 / .79/ is
€-invariant up to conjugacy in K. This implies that

w?2'/;.13/¢9:

It follows that W.T; G/ n W.T; H/=W.H; / has a single element which we can take to be
the endoscopic datum .T;s;id/. We fix Py the parabolic of H with Levi factor equal to T
determined by . We have 1p s given by t ! jz.t[j.

Let © be the parameter of H whose composition with L is . Let € be the unique element in

the packet of €. Then we have that the left-hand side of the endoscopic averaging

formula is: .

Mant,.Trans{".¢/// C Mantbo..TransTJ,pophe// M /;F:
where the Transl term denotes endoscopic transfer between .T; s; id/ and T. The representation
JP :p'e/ is a character of T with parameter .. The local Langlands correspondence associates
to this representation an irreducible representation of the group S\ which in this case equals
5€Qp . In particular, F]Hop.e/ is associated to the character bvwhiEh is the image under the
Kottwitz map of b®. Hence, we get

(NI
(NI

D

TransIJP%p.e/ D b/JPop.eé ” IP

e/ » .
Jpop. /H IP .

To figure out the right-hand side of the averaging formula, we need to understand which
representations of the centralizer group of correspond to ¢ and 2. The centralizer group of
(according to [35]) corresponds to the matrices

800 L1 9
< a 0o >
_BBo 1 o%;ci\v\aD'1>:
" 00 a '

In the unitary case, [46, Proposition 13.1.3 (d) ] indicates that the unitary group represen-
tations corresponding to 2 corresponds to the trivial character of the centralizer group and S
corresponds to the non-trivial character. By our parametrization of the L-packets in the unitary
similitude case, we get that the characters attached to both 2 and S are trivial on the simil-itude
factor that the 2 character corresponds to the trivial character of the Z =2 Z factor and $
corresponds to the non-trivial character.

Hence, the endoscopic averaging formula becomes
1
Mant,,.? */ C Mantyo. Jpophe/ T/,
2 1 1 3
D& ,/ * . ,}c. 1/ *&,/Cc.L)/ 21

Using Harris—Viehmann to compute Manto as above, we get

Mantpo. JP%p.e/” |P/%D (EIpJPop,He/o & ,/» 1
Hence,
Mant,.? /D2 &. ,/ L1 . ,3C. 1/e
C*&,/ct ,/ 2 . 1
C @plper./e & Yp
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To finish the computation, we use that Ip Jpop.2/ D 2C "D Ip Jp oo . We then get
H

Mant,.> C °/D @BC s & ,/C . ,}C. 1/¢
@C e, 2/; Ma]ntb.z

*/D? @& Y , . 3C. 1
1 3 .
cC*&1ic, 2 1/
C@ce. 17
Proposition A.1. We have
Mant,.5/D S . 1/C 2. / 3 n. 02

and
Mant,.?/D * & ,/C .1,/C 2?3 1/

Additionally, we can consider the A-parameter ®whose associated A-packet is '"; 52 and
do the same computations. We remark that we have not proven the averaging formula in this
case although we still expect it to hold. We also remark that the element s o is non-trivial and

so the stable distribution attached to the packet ;¢ is actually "
distribution " C * is unstable.
In this case, the trivial endoscopic group gives us the formula

Mant,." */C Mantpo.Jpop."/ 7 12/ p
1 3 1 3 .
D“GEZ/CT 5/ C .21]e SCEZ/CT o/ C .21]/e;
and hence

Mant,." /D" @& ,/C.L,/C. #/e
SE ,/CL ,/C .21/ EC "e.

In the non-trivial endoscopic case, we get

1
Mant,." C °/C Mantbo..TransTJpr.”d/ Tl

p"® , * . ,})c.yc *& , * . ,?C.

Hence,

Mant,."C */D " GE. ,/ 1. ,2C. 1.
cs&. ,/ ¥ . ,3c. 1/C BC e

Using these equations, we deduce
Mant,."/D " . 1/ SE ,/CL /e 2

and

|w

Mant,.°/D " . ,/C*1 1/Cc?*. ,/:

S while the
o/ 3

1/
o/ 3
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We briefly explain how these results relate to Ito and Mieda’s computation in [21]. Firstly,
we note that our definition of Mant has a twist by j j Pei which explains why our Galois
parts have different twists from theirs. Secondly, we do not restrict to supercuspidal parts and
so we have several extra terms that do not appear in their computation. Thirdly, Manty, is an
alternating sum of ext groups of cohomology whereas they compute isotopic components of
cohomology. So for instance, their computation of M1."/ contains a s . 1/ piecg in the i
D 3 degree (middle degree is i D 2). In our computation, this corresponds to the fact
that our s . 3/ tegm appears with a negative sign. The supercuspidal part of Mant,."/ also

contains an extra S term as compared to M'."/ because " appears in a non-trivial extension
with 2.
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