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Abstract
We demonstrate how to quantify the frequency-domain amplitude and phase
accuracy of waveform models, δA and δϕ, in a form that could be marginal-
ized over in gravitational-wave inference using techniques currently applied
for quantifying calibration uncertainty. For concreteness, waveform uncertain-
ties affecting neutron-star inspiral measurements are considered, and post-hoc
error estimates from a variety of waveform models are made by comparing
time-domain and frequency-domain analytic models with multiple-resolution
numerical simulations. These waveform uncertainty estimates can be com-
pared to GW170817 calibration envelopes or to Advanced LIGO and Virgo
calibration goals. Signal-specific calibration and waveform uncertainties are
compared to statistical fluctuations in gravitational-wave observatories, giving
frequency-dependent modeling requirements for detectors such as Advanced
LIGO Plus, Cosmic Explorer, or Einstein Telescope. Finally, the distribution
of waveform error for the GW170817 posterior is computed from tidal mod-
els and compared to the constraints on δϕ or δA from GWTC-1 by Edelman
et al. In general, δϕ and δA can also be interpreted in terms of unmodeled
astrophysical energy transfer within or from the source system.
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1. Introduction

Waveform models are critical for estimating the properties of source systems in gravitational-
wave astronomy. In particular for neutron-star mergers, modeling uncertainties will be poten-
tially significant for tidal inference in coming observation runs [1–3]. In the analysis of
gravitational-wave observations, these waveform systematics have so far been assessed by
comparing or combining inference results from different waveform model families. Examples
include the first binary-black-hole merger GW150914 [4] and the first neutron-star merger
GW170817 [5]. Model selection can also be applied to the predictions of variant waveform
families, and marginalization through a mixture model allows the gravitational-wave observa-
tion to inform multi-waveform inference [6–8].

These methods generally take each waveform family’s prediction as an exact model at each
point in parameter space. They do not account for modeling uncertainty within each waveform
approximant, or its dependence on frequency. Here, we focus on quantifying uncertainty from
waveformmodel choices in the signal domain, in a form that would allowmarginalization over
the full range of predictions compatible with current theory and simulation. Observed strain
data could then inform the best-fit waveformmodel frequency-by-frequency.Waveform uncer-
tainty estimates in the signal domain can also be used to guide analysis efforts by providing
an indication of how accurately the source will need to be modeled to interpret future signals.

In this work, we present a frequency-dependent characterization of waveform error in amp-
litude and phase, δA and δϕ, and demonstrate its application to existing waveform models of
neutron star inspirals with tidal contributions. To demonstrate current levels of uncertainty in
modeling the physics of waveform generation, we compare multiple waveform approximants
with each other and with a high-resolution numerical simulation from the CoreDB waveform
library in section 4. The model differences are compared to reference noise spectral densities,
anticipating the requirements of future observations. We demonstrate a frequency-dependent
condition for the effect of waveform modeling uncertainty to be smaller than statistical fluc-
tuation, given a candidate signal amplitude and a noise power spectral density.

Finally, we show two implications of this result for the interpretation of the double neut-
ron star merger GW170817 [9]. First, we estimate the size of current model uncertainties by
evaluating the differences between waveform families in the posterior region of parameter
space.We compare these to the envelope of calibration uncertainties and the differences within
the posterior distribution of waveforms to assess the relative impact of waveform systematic
error. Second, we use this method to interpret results from Edelman et al [10], which constrain
how the amplitude and phase of GWTC-1 signals depart from the waveform models used for
analysis. Observed departures from the waveform models can be mapped to physical effects:
unmodeled luminosity or internal energy contributions for the source system. This allows the
largest median δϕ at ∼60Hz to be interpreted as an possible unmodeled energy transfer of
δE=∆E/E∼ 0.001 relative to the orbital binding energy of E≃−0.006M⊙c2. In general,
the recovered bounds on δA and δϕ limit the amount of unmodeled energy transfer compatible
with the observed signals.

2. Background

To interpret the observations of gravitational-wave astronomy, interferometer strain data d=
h+ n is assumed to be generated by an astrophysical strain signal h and background noise
fluctuations n. The likelihood of a detector measurement d, given a particular incident wave h,
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derives from the likelihood function for n= d− h. In practice, it will be computed from the
Fourier transforms of the data and signal time series, evaluated a set of discrete frequencies:

p(d|h)∝ exp

(
−
∑
i

2∆f
|di − hi|2

Sn( fi)

)
(1)

where Sn( f) is the power spectral density of the noise [11, 12].
This motivates the definition of a noise-weighted inner product [13] in either discrete or

continuous form,

⟨h1,h2⟩= 2∆f
∑
i

h∗1ih2i+ h1ih∗2i
Sn( fi)

= 4ℜ
ˆ fmax

0
df
h̃1( f)∗h̃2( f)
Sn( f)

. (2)

This inner product definition sets ⟨n,n⟩= 1. The expected signal-to-noise ratio ϱ of an incident
astrophysical signal h is given by ϱ2 = ⟨h,h⟩. We can then re-write the likelihood of the data
d given an incident wave h as

p(d|h)∝ exp(−⟨d− h,d− h⟩) . (3)

Twowaveforms are considered ‘indistinguishable’ in a given detector if the difference between
them is smaller than the noise: δh= h1 − h2 satisfies ⟨δh, δh⟩< 1. Often when comparing
waveform families, especially those which agree at leading post-Newtonian order, we will
have ϱ1 ≃ ϱ2 := ϱ, and indistinguishability is estimated by the ‘mismatch’ after waveform
differences are minimized over relative shifts in time and phase:

min∆tc,∆ϕc [⟨δh, δh⟩]≳ 2ϱ2
(
1−max∆tc,∆ϕc [⟨h1,h2⟩]/

√
⟨h1,h1⟩⟨h2,h2⟩

)
, (4)

where the mismatch is in brackets on the RHS. Gravitational waveform uncertainty require-
ments have thus been presented in terms of the mismatch between the true waveform and the
model used when inferring source properties at a given signal-to-noise ratio ϱ [14, 15]. Mis-
match is an integrated quantity over all frequencies.

In contrast, calibration uncertainties that affect the inferred h are explicitly computed as
functions of frequency [16–18] and can be marginalized over for gravitational-wave inference
[11, 19, 20]. To do this, calibration uncertainty is cast in terms of amplitude and phase errors
in the inferred detector strain compared to the true conditions of the local spacetime

h̃meas = h̃true( f)(1+ δAcal( f))exp(iδϕcal( f)) (5)

which differentiate the measured h̃meas from the true strain h̃true( f) generated by an incident
astrophysical wave. These corrections arise from the error budget of mapping between astro-
physical and instrumentally measured strain [21, 22].

An approach similar to the calibration framework has been developed to constrain differ-
ences between the true signal and the waveform model used for inference: Edelman et al [10]
estimated the size of unmodeled signal contributions for the observations of GWTC-1 [23].
To do this, coherent deviations across all detectors are also expressed in the form

h̃astr( f) = h̃model( f)(1+ δA( f))exp(iδϕ( f)) (6)

where we are again using ϕ for the frequency-domain phase. In that work, corrections were
modeled as splines for δA( f) and δϕ( f), and frequency-dependent departures from the baseline
hmodel were constrained for signals observed by the LIGO [24] and Virgo [25] observatories
.
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In this work, we demonstrate the frequency-dependent uncertainty in amplitude and phase
δA( f) and δϕ( f) coming from existing waveform models. These uncertainties are expli-
citly connected to the underlying time-domain model uncertainties and the implications for
the underlying physics of the source system. To do this, we follow standard procedures in
the literature, but avoid common choices that assume a post-Newtonian framework with
infinite coalescence frequency. We define all source characteristics in terms of weak-field
gravitational-wave observables. Expressing model uncertainty in this form will allow explicit
marginalization during the inference of source properties, and also allows the interpretation of
waveform differences in terms of far-field source energetics.

3. Waveform assumptions and model implications

Waveform models come from time-domain physics of the emitting source and the response
of the observatory’s interferometer. Here, we review the mapping from the source properties
to the signal prediction, to demonstrate how error intrinsic to the source physics can be dis-
entangled from the reference time and phase tc and ϕc of a specific signal. The fundamental
differences coming from varyingmodel families are those that are independent of overall shifts
in signal time and phase, and lead to a residual waveform model error that can be additionally
marginalized over in inference.

We adopt a description of the time-domain waveform, similar to that in [26], with the
assumption that we canwrite the source emission as amultipolar expansion of oscillatorymode
functions. Specifically, we assume the h+ and h× emitted along a line of observation from
a given source can be characterized by an expansion in spin-weighted spherical harmonics
[27, 28]:

h+(t)− ih×(t) =
∞∑
ℓ=2

ℓ∑
m=−ℓ

hℓm(t)Y
ℓm
−2(ι,φ) (7)

where ι is the inclination angle andφ is the azimuthal angle of the line of sight from the source.
Each hℓm component is decomposed into a real time-domain amplitude and phase as

hℓm(t) =Aℓm(t)e
−iψℓm(t) (8)

in the usual form for characterizing gravitational radiation in numerical simulations, described
for example for the lalsimulation numerical relativity injection infrastructure [29] fol-
lowing numerical data formats of [30]. We assume the time-domain amplitude scales as
A(t) =A0(t)(d0/d) for a source at luminosity distance d in terms of A0(t) at a reference
distance d0 [31].

The astrophysical strain h measured by a single detector is a projection on to the detector
frame of the incident time domain polarizations h+(t) and h×(t),

h(t) = F+(α,δ,ψp)h+(t)+F×(α,δ,ψp)h×(t) (9)

with the specific detector’s antenna response functions F+,× that depend on the source’s sky
location (right ascension α and declination δ) and a polarization orientation angle ψp of the
source relative to the interferometer. In a single detector observation, the polarization angle is
degenerate with phase. A sky location directly above or below an interferometer with ortho-
gonal arms gives F2

+ +F2
× = 1.
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The incident h can be written as the real part of a sum over the spherical harmonic mode
amplitudes

h(t) =
∑
ℓm

Qℓmhℓm (10)

where Qℓm captures the sky-location-dependent detector response to each mode given the
source orientation. Qℓm will be constant for short-duration transients; for long-duration sig-
nals a transfer function encoding the response of the detector would need to be included in the
signal model [32].

The leading-order quadrupole modes ℓ,m= 2,±2 are dominant for many gravitational-
wave sources. We consider circular, non-precessing, near-equal-mass binaries as the sources
in this demonstration, so will restrict to this case—neutron-star binary signals have masses
within a range of roughly 1–2.5 M⊙ [33] and are well-described by the 2,±2 mode. For an
optimal sky location directly above or below the detector, with detector arms aligned with the
plus polarization, the sum of the ℓ,m= 2,±2 modes gives

h+(t)− ih×(t) =
√

5/16π
((

1+ cos2 ι
)
cos2φ + 2i cos ιsin2φ

)
h(t) (11)

which yields h(t) from h22(t) with the conversion factor Q22 =
√

5/4π for an optimally
oriented, face-on source. If a general sky location and inclination are considered, Q22 =√

5/4π
(
F2
+

(
1+ cos2 ι

)2
/4+F× cos2 ι

)1/2
. Overall, measured signal amplitude for quad-

rupole sources will be scaled relative to the optimal face-on and overhead configuration by the

effective distance deff = d
(
F2
+

(
1+ cos2 ι

)2
/4+F× cos2 ι

)−1/2
which combines the effects

of luminosity distance, sky location, and the source’s orientation angles [34].
We focus now on signals from inspiraling compact binaries, where the frequency of the sig-

nal sweeps slowly upward as the binary evolves over multiple cycles.We are interested in mod-
eling the uncertainty given known physical properties of the source—for example, those char-
acterizing the masses, spins, eccentricity, and tides—which we call intrinsic properties. These
properties will determine the amplitude of gravitational waves as function of the emission fre-
quency, and the gravitational-wave emission also drives a change in the emission frequency.
We show how to compute the Fourier-domain signal h̃( f), with f the Fourier frequency, from
integrations of the instantaneous gravitational-wave frequency F= ψ̇/2π of the time-domain
phase. This results in the integration constants tc and ϕc that fix the arrival time and phase of a
specific source. The intrinsic properties of the source model generate the characteristic Ḟ(F).

A relatively slowly-varying amplitude allows the use of the stationary phase approximation
(SPA) in determining the frequency-domain Fourier transform for each m> 0 and f > 0 [13,
26, 35] when the two conditions∣∣∣∣ ddt lnAℓm(t)

∣∣∣∣≪ ∣∣∣ψ̇(t)∣∣∣ |ψ̈| ≪ ψ̇2 (12)

are satisfied. Overdots denote a time derivative. Error from the stationary phase approximation
(SPA) is expected to be smaller than windowing artifacts for gravitational-wave inspirals [35].
For the reference neutron-star binary system used later in this work, all waveforms includ-
ing those from numerical simulation will satisfy LHS< 0.1×RHS for both conditions, only
reaching 0.1 as the stars collide. This supports the use of instantaneous frequency as a charac-
teristic of the time-domain system. The SPA has been shown to give faithful frequency-domain
representations for state-of-the-art time-domain waveforms up to merger [36]. Applications to
LISA signals demonstrate higher order contributions that could be used for extension through
the merger phase [37].
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To apply the SPA, we expand the transform integral around time where the instantaneous
frequency F of the incident wave matches the Fourier frequency f of interest, specifically Tℓm
defined by

ψ̇lm (Tℓm) = 2π f. (13)

The resulting frequency domain waveform is h̃( f) = A( f)exp(−iϕ( f)), with

A( f) =
∑
ℓm

Qℓm

(
2π

ψ̈ℓm(Tℓm)

)1/2

Aℓm(Tℓm) (14a)

ϕ( f) =
π

4
+ψlm(Tℓm)− 2π fTℓm. (14b)

The SPA allows direct use of model predictions for the time-domain amplitude and phase
Aℓm(t) and ψℓm(t) to calculate the corresponding frequency-domain waveform.

The functions that enter into h̃ are relative to an explicit coalescence time tc, which is
traditionally defined in the f→∞ limit following Cutler and Flanagan [13]. Since f→∞
does not happen in all models, we here define this as the time at which the chosen wave-
form model reaches a specific reference coalescence frequency fc. The LIGO/Virgo software
lalsimulation instead uses a convention where tc = tpeak is defined by the maximum amp-
litude of the waveform [29]. This choice will imply a reference fc = F(tpeak) which varies
between waveform models. For fixed tc and ϕc, differences between waveform models will
depend on the fc assumed in the parameter estimation, so will be sensitive to the definition of
tc. However, the residual phase error as defined below will be independent of fc.

For each time-domain waveform model, the following time and phase observables are gen-
erated from the wave’s instantaneous frequency F and its time derivative Ḟ,

T( f) = tc −
ˆ fc

f
dFT ′(F) (15a)

ψ( f) = ψc − 2π
ˆ fc

f
dFFT ′(F) (15b)

= ψc − 2π

(
fctc − fT( f)−

ˆ fc

f
T(F)dF

)
(15c)

defining the function T ′(F) :=
(
Ḟ(F)

)−1
= dT(F)/dF to streamline notation. These observ-

ables are entirely defined from the far-field wave emission, and can be interpreted as tc−(time
to fc) and ψc−(time-domain phase accumulation remaining before fc). After the instantaneous
frequency is calculated, (T− tc) and (ψ−ψc) can be read in directly from numerical simula-
tion data.

Substituting T(f ) and ψ( f) into equation (14) yields the frequency-domain form for the
quadrupole waveform in terms of the characteristic functions, as we begin to write A( f) for
A(T( f)):

A( f) = Q(θext)(T
′( f))

1/2A( f)/2 (16a)

ϕ( f) =
π

4
+ψ( f)− 2π fT( f) (16b)

=
π

4
+ψc − 2π

(
fctc −

ˆ fc

f
dFT(F)

)
(16c)

= ϕc − 2π f tc + 2π
ˆ fc

f
d̃f
ˆ fc

f̃
dFT ′(F). (16d)
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Setting f = fc in equation (16c) defines the signal coalescence phase ϕc =
π
4 +ψc − 2π fctc.

Note that ϕc = 0 does not correspond toψc = 0. The explicit second integration over frequency
f̃ demonstrates how ϕ( f) depends on the underlyingmodel’s T ′(F) and the two integration con-
stants tc and ϕc in equation (16c). The tc and ϕc that characterize an observed signal emerge
as integration constants in equation (16d), a form that allows marginalization over reference
phase ϕc and time tc in gravitational-wave inference [11, 38]. The remaining intrinsic para-
meter contribution is entirely from T ′(F).

Following the form used in calibration marginalization, we write frequency-domain signal
uncertainty terms as δA( f) and δϕ( f)

h̃true( f) = h̃model( f)(1+ δA( f))exp(iδϕ( f)). (17)

The intrinsic model dependence of h̃will be derived from the characteristicA and T ′ = 1/Ḟ
functions of the waveform family in question.We can therefore express the impact of modeling
differences on the signal in terms of these functions, specifically in the form

Atrue( f) =Amodel( f)(1+ δA( f)) , (18a)

T ′
true( f) = T ′

model( f)(1+ δT ′( f)). (18b)

It is computationally useful to track differences between models through the intermediate
functions T( f) = Tmodel( f)+ δT( f) andψ( f) = ψmodel( f)+ δψ( f). As the contribution to T(f )
and ψ( f) are defined relative to fc in equation (15), the differences δT( f) and δψ( f) will also
be relative to fc. The signal uncertainty at fixed tc and ϕc is

1+ δA( f) = (1+ δT ′( f))
1/2

(1+ δA( f)) (19a)

δϕ( f) = δψ( f)− 2π fδT( f) = 2π
ˆ fc

f
d̃f
ˆ fc

f̃
dFT ′(F)δT ′(F). (19b)

The historic choice of fc →∞ results in better-behaved modeling uncertainties at fixed tc
and ϕc for post-Newtonian expansions than lower reference frequencies.

To determine the impact of model uncertainties on inference, it is important to consider that
the integration constants ϕc and tc will be searched over when identifying incident waves and
marginalized over when determining the intrinsic source properties [11, 16, 38]. The impact of
waveform uncertainty on measurements will be reduced by this marginalization. For example,
a toy modified-GR waveform model that produced only an overall constant shift δϕ( f) = δϕ0

across all frequencies would not change any recovered parameters other than ϕc. Similarly, an
overall shift of the form δϕ( f) = 2π f t0 would be entirely absorbed by marginalization over tc.

To find the residual phase error for a measurement scenario, consider a model h̃( f) with
errors δA( f) and δϕ( f). The amplitude δA( f) in the Fourier domain is independent of shifts in
time and phase. However, when inferring the properties of this model from a signal that differs
by δϕ( f), any model uncertainty described by ϕ0 + 2π f t0 will be absorbed by marginalization
over shifts in time and phase during inference. In the absence of noise, themaximum likelihood
value of ϕ0 and t0 will be at the minimum of

⟨h− hmodel|h− hmodel⟩ ∝
∑
i

|A( fi)|
2 |1− expi (δϕ( fi)−ϕ0 − 2π fi t0)|2

Sn( fi)
(20a)

≃
∑
i

|A( fi)|
2

Sn( fi)
|δϕ( fi)−ϕ0 − 2π fi t0|2 (20b)
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where the approximation applies when residual model error is small enough that that a small
angle approximation can apply across relevant frequencies. The maximum likelihood con-
dition becomes equivalent to a weighted least squares fit of δϕ( f) to the linear function
ϕ0 + 2π f t0, with weights |A( f)|2/Sn( f) corresponding to the expected variance at each fre-
quency. Subtracting off the fit leaves a residual model error δϕres. This characterizes the
frequency-dependent waveform phase uncertainty that should be marginalized over in addition
the existing time and phase marginalization.

4. Uncertainty estimates for current models

Aproper error estimate should rise from careful analysis of the range of viable analytic choices,
universal relation uncertainties, numerical resolution error, neglected effects in modeling, or
other choices made by the waveform modelers. The effect of a particular range of ‘reasonable’
choices will determine the frequency-dependent error distribution of the model-characteristic
functions T ′(F) = 1/Ḟ(F) and A(F), as in equation (18), where F is defined as instantaneous
frequency from the phase evolution of the waveform model. These distributions will best be
estimated directly by those creating state-of-the-art models, and could be released in concert
with a waveform implementation.

To illustrate the size of current modeling uncertainties, however, we show an example com-
paring waveform models from lalsimulation [39] and simulations from the CoRe library
[28]. This illustrates both the current model differences as well as a possible application of
this error budget calculation A(f ) and ϕ( f).

We start with a high-resolution CoreDB numerical simulation waveform fromDietrich et al,
BAM:0095 [40], which has masses m1 = m2 = 1.349998, zero spin, and the SLy equation of
state. This equation of state hasΛ1 = Λ2 = 390.1104 at this mass, and we generate tidal wave-
form models with matching θint parameters using TEOBResumS [41, 42] and SEOBNRv4T [43,
44].We calculate instantaneous frequency with second order accurate central differences using
numpy.gradient for eachmodel. For the numerical simulation data, we fit f (t) with a B-spline
using scipy.interpolate with smoothing to reduce sub-orbital oscillations in the derivative
quantity. Another gradient gives Ḟ.

We show also the equivalent model characteristics of the IMRPhenomP model [45] with
numerical tidal contributions NRTidal [46, 47] as well as the TaylorF2 [48] waveforms with
post-Newtonian tides [49] using the analytic SPA inversion

T( f) = ϕ ′( f)/(2π)− t ′c (21a)

ψ( f) = ϕ( f)+ 2π f T( f)−ϕ ′
c (21b)

Ḟ(F) =
1

T ′(F)
=

2π
ϕ ′ ′(F)

(21c)

A(F) =
1
Q

√
Ḟ(F)

∣∣∣h̃(F)∣∣∣ (21d)

where we choose ϕ ′
c and t

′
c to set the T and ψ functions to zero at our chosen fc.

Figure 1 shows the resulting Ḟ andA for all models. As will be discussed in section 7, differ-
ences in Ḟ can be interpreted in terms of additional energy losses as a function of frequency, for
example those that rise from tidal contributions relative to the binary black hole (BBH) model.

8
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Figure 1. The characteristic functions Ḟ(F) and the time-domain strain amplitudeA(F)
as a function of instantaneous frequency. These functions characterize the waveform
predictions of each model independent of overall shifts in time and phase. Results are
shown for a set of time-domain models, frequency-domain models, and two resolutions
of numerical simulation data. Some nonphysical oscillation is visible for the numerical
data from the start of the simulations. All simulate a zero-spin double neutron star sys-
tem with m1 = m2 = 1.35M⊙ and the SLy equation of state, except for the binary black
hole (BBH) which uses SEOBNRv4 [50] for the same masses. The difference in time-
domain amplitude A for TaylorF2 at these frequencies is because it includes only the
leading-order amplitude term. The two light-shaded NR simulation resolutions demon-
strate consistent frequency-domain amplitude and phase predictions from early tidal
departure through to merger frequencies.

The amplitude A is connected to the gravitational-wave luminosity at a give frequency, with
differences arising for example from changes in the source quadrupole moment.

We note that this comparison of numerical data and semi-analytic models is independent of
any waveform alignment choices such as shifts in time and phase; it is closely related to com-
parisons of orbital frequency derivative used in numerical simulation analyses (e.g. [51]) cast in
terms of waveform characteristics. Fitting these functions directly from a combination of semi-
analytic and numerical-simulation information could therefore inform a numerical-relativity
calibrated waveformmodel which is independent of hybridization choices and extends through
to the post-merger phase.

For this set of models, we note that TEOBResumS terminates at its tc with a lower fc than
other approximants. For the first phase comparison, we therefore choose TEOBResumS as our

9
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Figure 2. Phase differences of the predicted waveform h̃, relative to the TEOBResumS
model. Phase is measured relative to fc = 1783 as defined for TEOBResumS, so all models
have T( fc) = 0 and ϕ( fc) = 0 at this frequency. All simulations and models have the
same mass and tide parameters, except for BBH which sets the tides to 0.

baseline and set fc = fpeak,TEOB ≃ 1787Hz as a reference frequency which can be chosen to be
common for all models.

We compute T(f ) and ψ( f) relative to the common reference frequency and regenerate the
Fourier-domain phase. Although smoothing was require to reduce differentiation noise seen
in figure 1, the integrated ψ( f) relative to the reference frequency can be read directly from
numerical data. This gives from each waveform the amplitude and phase of a Fourier-domain
signal h̃( f) with a consistent tc and ϕc, using the SPA of section 3. Once the signal-domain
functions are defined, we can compute relative amplitude error δA and the phase shift δψ
relative to the baseline TEOBResumSmodel that set fc. The phase error resulting fromwaveform
differences is relative to the reference frequency, and naturally goes to zero at that frequency.
Results are shown in figure 2.

To determine measurement impact here, we calculate the residual phase differences that
must remain after marginalization over time and phase.We calculate residual phase differences
by removing aweighted least squares fit of δϕ( f) toϕ0 + 2π f t0 with variance Sn( f)/A2( f), and
show the resulting differences with the ‘APLUS’ Sn [52] in figure 3. The residual phase error
is not very sensitive to the specific ground-based detector noise spectrum used to fit ϕ0 and t0;
very similar residual phase is found using Sn( f) from other ground-based spectra. As a cross-
check, recalling that most of the signal-to-noise accumulates through the early inspiral [53]
and would ‘anchor’ the tc and ϕc used to describe the models, we verified that similar residual
error can also be found by subtracting a linear fit to δϕ in the ‘bucket’ of ground-based detector
sensitivities, between 50 and 150Hz.

Calibration envelopes from O4 [21] give δA better than 11.29% and δϕ better than 9.18
deg or 0.160 radians from 20 to 2000Hz. Comparing the results of figure 3, we see that
waveform uncertainties for these neutron-star models will be smaller than calibration uncer-
tainties at low frequency. Current waveform differences for δϕ between TEOBResumS and
SEOBNRv4 may exceed calibration error above 500Hz and between IMRPhenomD_NRTidalv2
and TEOBResumS above 1 kHz.Waveform differences from δA remain below calibration uncer-
tainty past 1 kHz for tidal models that go beyond leading order.
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Figure 3. Relative signal amplitude differences δA( f) and residual signal phase differ-
ences δϕres( f) of waveformmodels relative to the reference model TEOBResumS. Resid-
ual phase is that remaining after removing a least-squares fit of δϕ( f) = ϕ0 + 2π f t0
weighted by the expected variance ∝ A( f)2/Sn( f) in A+; the choice of ground-based
detector has minimal impact on the result. Numerical simulations are too short to com-
pute residual phase; phase differences for both resolutions from TEOBResumS with
fc = 700Hz are shown for reference. The estimated equivalent contribution of noise
fluctuations in current and next-generation detectors for a signal at deff = 100Mpc is
shown following discussion of section 5.

5. Detector-dependent accuracy requirements for calibration and modeling

For our reference δA( f) and δϕ( f), we can compute the resulting waveform differences and
estimate whether they have the potential to affect measurements in a detector with a given noise
power spectral density Sn( f) and signal amplitude A(f ). This motivates frequency-dependent
modeling requirements to bring systematic uncertainties below the level of frequency-
dependent statistical fluctuations implied by a future detector’s power spectral density Sn( f)
for a given signal. These criteria will apply equally well to the δA( f) and δϕ( f) of calibration
envelopes, similarly applied to the amplitude of a specific signal.

We choose three reference noise PSDs in this work. First, we denote as ‘17.08.17’ the LIGO
Livingston power spectral density during the observation of GW170817 [5], as documented
in [54], to set the scale of background noise in 2017, and compare with assessments of wave-
form error in determining GW170817’s source properties. Second, we show as ‘APLUS’ the
A+ detector design of [52], as a reference for the goal sensitivities of LIGO/Virgo/Kagra’s
O5 observing run in the later 2020s [24, 25, 55]. Finally, as a reference for what might be
anticipated for next-generation gravitational-wave observatories taking data in the 2030s, we
show results using a wide-band Cosmic Explorer noise configuration ‘CE’ [56–58], which has
comparable sensitivity to the Einstein Telescope [59].

Recall that the signal coming from the difference between two waveforms is δh= h1 − h2.
In general, we are interested in the magnitude of the waveform difference

√
⟨δh, δh⟩, which

is the signal-to-noise ratio of the waveform differences. For a relative difference in amplitude
δA( f), this is given by

⟨δh, δh⟩= 4
ˆ fmax

0
df

|δh̃( f)|2

Sn( f)
= 4
ˆ fmax

0
df
A2( f)δA2( f)

Sn( f)
(22)
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Figure 4. Waveform differences of semi-analytic waveform models from phase differ-
ences relative to TEOBResumS for a signal at deff = 100Mpc. This uses the same δA( f)
and δϕ( f) as figure 3, with its each effect propagated through to |δh( f)|, including
for δϕ( f) the motion in and out of phase in A( f)

√
2(1− cosδϕ( f)) which gives the

bumpy structure. A similar plot style was used in [60] to compare waveform differ-
ences to detector noise. A ratio of the noise and signal quantities squared is integrated
to determine whether waveforms are ‘distinguishable’ by the criteria of [14].

and for a frequency-dependent phase difference δϕ( f) we have

⟨δh, δh⟩ = 4
ˆ fmax

0
df
A2( f) |1− exp(iδϕ( f))|2

Sn( f)
(23a)

=

ˆ fmax

0
df

2A2( f)(1− cosδϕ)
Sn( f)

. (23b)

Requirements for δϕ( f) and δA( f) are set from a particular level of background noise
fluctuations Sn( f). The frequency-bin variance fSn( f) comes from the power spectral dens-
ity Sn( f). The characteristic strain squared of the signal in the frequency bin is 4f 2|δh̃( f)|2,
and is defined so that the signal-to-noise of the waveform difference ⟨δh|δh⟩ will be less than
one, and the waveforms are indistinguishable as defined in section 2, if the characteristic strain
4f 2|δh̃( f)|2 < fSn( f) at all frequencies—see [61, 62] for explanations of characteristic strain.

We show this comparison recast in terms of the more commonly plotted amplitude spec-
tral density

√
Sn( f) and the effective strain amplitude 2

√
f|δh̃| in figure 4 for a TEOBResumS

reference signal at deff = 100Mpc. All waveform parameters are set following the reference
numerical simulation of section 4. While the IMRPhenomPv4_NRT waveform model remains
nearly indistinguishable from TEOBResumS even for A+ sensitivites, other waveform models
have differences with a potential impact on the likelihood. However, as explored in [15], the
actual impact on the inferred parameter posterior distributions depends additionally onwhether
or not the model differences (or calibration errors) are orthogonal to the waveform differences
introduced by a parameter variation. The result is similar to the waveform difference estim-
ates of [60], but uses the maximum-likelihood phase and amplitude method of section 3. In this
work, we can recover a similar estimate of systematic uncertainty for state-of-the-art analytic
model variants that do not share a common fpeak.

For δA( f), and for sufficiently small δϕ( f) that
√

2(1− cosδϕ)≃ δϕ, this comparison
motivates a goal for the allowable waveform and calibration errors by again rearranging the
frequency-by-frequency indistinguishability criterion to
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Figure 5. The size of of δϕ (in radians) or δA (as a fraction) that gives signal modifica-
tions with the same characteristic strain as that from the power spectral density for the
labeled detectors, for an incident BNS signal from deff = 100Mpc. The model uncer-
tainty and calibration requirements set by the power spectral density are specific to the
signal under consideration; the rapid rise at 2 kHz for CE reflects the termination fre-
quency of the inspiral model being applied here. The important region for measurement
and calibration will be set by the frequency range of the desired signal information, as
could be determined for example in figure 2 of [53]. For signals of this amplitude, sys-
tematic uncertainties from calibration and waveform modeling seem likely to dominate
the error budget at ∼10− 100Hz in next-generation observatories.

|δA( f)|<
√
Sn( f)

2A( f)
√
f

and |δϕ( f)|<
√
Sn( f)

2A( f)
√
f
. (24)

For both waveform and calibration uncertainties, then we have a goal frequency-dependent
tolerance that is set by the noise spectral density and waveform amplitude. We show the
frequency-dependent indistinguishable error level for δϕ( f) or δA( f) for the three reference
detector Sn( f) and our reference neutron-star A(f ) at deff = 100Mpc in figure 5. These are
translated into the shaded detector bounds in figure 3.

Figure 5 shows that waveform and calibration error of ∼3% in amplitude (2 deg of phase)
through the tens of Hz range would be required for calibration to remain subdominant to
stochastic noise for a single-detector deff = 100Mpc BNS with signal-to-noise ratio approx-
imately 60 in the A+ detector.

In Cosmic Explorer, the same system would have a signal-to-noise ratio of ≃1158 above
10Hz and require waveform and calibration errors as small as 10−3 for the impact of those
uncertainties to be smaller than the statistical uncertainty.

6. Range of waveform uncertainties for GW170817

Recent discussions have raised the question of whether the analysis of gravitational-wave sig-
nals should be truncated at a specific frequency to limit systematic uncertainty in the inference
of tidal properties, as those increase due to modeling differences at high frequencies (see for
example [63, 64]). We propose instead that a more appropriate treatment of increasing wave-
form uncertainty is to explicitly marginalize over the high-frequency δϕ( f) range implied
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Figure 6. Left: waveform amplitude and phase differences over the posterior region
of parameters in the bilby samples for GW170817 [11]. Differences are calculated
between IMRPhenomPv2_NRTidalv2 [40, 66, 67] and SEOBNRv4T_surrogate [68]
and projected onto LIGO Livingston (L1). The solid red line is the median distribution
without spin terms, and 1-σ, and 2-σ ranges around that median are shaded in grey.
The dashed red lines show median waveform differences with spin but without tidal
terms. The relatively small GWTC-1 envelopes for L1 calibration uncertainty during
GW170817 [70] are shown in orange. Right: to compare with realistic waveform uncer-
tainties, the distribution of amplitude and phase differences at L1 between two random
draws from the posterior distribution is shown. The PSD-based estimate of 1-σ error
from L1 noise fluctuations at the time of GW170817 [71], as seen in the shaded region
of figure 3, is outlined in blue in all panels.

by those model differences. Analytic marginalization procedures or likelihood reweighting
[20, 65] could make this more tractable.

As a first estimate, we characterize the behavior δA( f) and δϕ( f) for GW170817. Wave-
form modeling uncertainty is illustrated by generating an equivalent of the results of figure 3
for δA( f) and δϕ( f) between two waveform families (here, IMRPhenomPv2_NRTidalv2 [40,
66, 67] and SEOBNRv4T_surrogate [68]) at parameter values drawn from the the posterior
distributions of the bilby samples for GW170817 [11]. Waveform amplitudes are calculated
using the sampled distance, sky position and inclination, and projected on to the LIGO Liv-
ingston (L1) detector antenna pattern at the signal GPS time using a slightly modified version
of pesummary [69]. Residual δϕ is calculated as described in section 3, by subtracting of the
phase contribution of the maximum likelihood value for an overall shift in time and phase
describing the waveform differences. To compare the effects of spin modeling and tidal mod-
eling, we first calculate waveform differences with spin set to zero, and then with tides set to
zero. The median δA( f) and δϕ( f) in both cases, and the distribution over the tidal posterior
range, are shown in figure 6.

Calibration envelopes for GW170817 from GWTC-1 [70] are also shown on the same
scale in figure 6. Calibration uncertainties are larger than waveform uncertainties at low
frequencies, but both are small (sub 2 deg or 3%) at low frequencies. In this comparison,
waveform phase uncertainties become larger than calibration uncertainty starting between 100
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and 200Hz, while waveform amplitude uncertainties remain lower than calibration uncertainty
up to 700Hz.

To compare the waveform systematics to realistic uncertainties, we also show the distri-
bution of δA( f) and δϕ( f) within the inferred posterior distribution of waveforms from the
same bilby samples. Two waveforms are generated from two random parameter draws, both
with the IMRPhenomPv2_NRTidalv2 model that was used for inference. The waveforms are
again projected on to the L1 observatory. Here, the tc and ϕc parameters fix the full phase
difference between the waveforms; each is generated with its sample’s ϕc, and the effect of
tc on the Fourier-domain phase is incorporated by subtracting 2π f∆tc using the difference in
coalescence time between the samples.

As a comparison, a PSD-based estimate of the 1-σ uncertainty from statistical fluctuations
is also shown, using the L1 noise curve [54] and following the method of section 5. We note
that the PSD-based estimates of 1-σ waveform errors are an imperfect estimate of realistic
uncertainties. The amplitude prediction shows reasonable agreement with themost constrained
frequencies in the posterior. Thewaveformmodel has limited flexibility in amplitude before the
merger, so it can not saturate the statistical range at all frequencies. However, phase differences
within the posterior distribution have a 1-σ level that is somewhat larger than the PSD-based
estimate.

The distribution of errors within the posterior distribution can also be compared to the cred-
ible intervals for δA and δϕ found in Edelman et al [10]. Their recovered-spline distribution
for δϕ is flatter over frequencies at the 1-σ level, but at the 2-σ level the credible intervals
increase with increasing frequency (as seen in their figures 5 and 12) in a similar way as the
posterior- and PSD-based estimates shown here.

The waveform differences shown here come from a combination of different spin models,
different tidal models, and differences rising from a re-summed effective-one-body waveform
model vs. a frequency-domain phenomenological waveform generation. The range of tides and
the presence of spin each affect the relative differences and their frequency dependence. The
results confirm that systematic error for neutron-star inference can be reduced by restricting
analysis to frequencies below∼1 kHz, as δϕ are smaller than the statistical background in that
range. They also confirm that amplitude uncertainty is not significant for GW170817.

However, this type of waveform comparison could be used to generate a distribution model
for δϕ and δA that could be applied for coherent frequency-dependent waveform marginaliz-
ation in proposed future event analyses. With this in mind, we computed the distribution of
δϕ and δA over the full range of prior samples with the IMRPhenomPv2NRT_lowSpin_prior
in the GW170817 PE release of GWTC-1 [23], using optimized versions of the waveform
models IMRPhenomPv2_NRTidal_INTERP [72] and SEOBNRv4T_surrogate [68]. Even
this low-spin prior range of parameters gives gives very wide distribution of both δϕ( f)
and δA( f) at several hundred Hz; the 2-σ range exceeds 50 deg/% between 200Hz and
1 kHz. Most systems in the prior have poorly-defined contributions above ∼1 kHz as the
stars have merged at low frequencies due to large size and tides at larger values of the
component Λs.

A realistic implementation of marginalization would therefore require a prescription for the
distribution of δϕ( f) that varies over the intrinsic parameters. Such a marginalization could
also reflect the increase in modeling uncertainties away from well-calibrated regions of mass
ratio. While such a distribution could first be estimated by comparing multiple waveformmod-
els as is done here, it may also be better derived from theoretical estimates of intrinsic model
uncertainties as discussed in section 3.
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7. Astrophysical interpretation of δϕ and δA

Considering the size of the energy transfers required to modify the characteristic functions
Ḟ(F) and A(F) will allow us to generally interpret constraints on δϕ( f) and δA( f), as might
be recovered from a coherent analysis like that of Edelman et al [10].

Consider the usual energy balance equation for the evolution of a source system, with a total
system energy E(F) (for orbits: negative relative to F→ 0) that can be written as a function
of the instantaneous gravitational-wave frequency F. For example, two masses m1 and m2 in
circular orbits emitting gravitational waves at F=Ωorb/π for orbital angular frequency Ωorb

have a leading order orbital binding energy of

Eorb =− m1m2

m1 +m2

c2

2

(
G(m1 +m2)(πF)

c3

)2/3

(25)

where themasses combine to a reducedmass and the term to the power of 2/3 is a dimensionless
frequency parameter often denoted in post-Newtonian expansions as x [73]. The gravitational-
wave energy loss or luminosity LGW from the same orbit is

LGW =
32
5
c5

G
m2

1m
2
2

(m1 +m2)
4

(
G(m1 +m2)(πF)

c3

)10/3

(26)

using the same dimensionless frequency term.
Orbital evolution is driven by the energy balance at each characteristic emission fre-

quency, which results in the characteristic Ḟ function in terms of the energy gradient E ′(F) =
dE(F)/dF and the total rate of energy loss or luminosity L(F):

dE(F)
dt

=−L(F) and Ḟ=− L(F)
E ′(F)

. (27a)

The gravitational-wave luminosity is determined by the multipole decomposition of strain
emitted by the source [74, 75]:

LGW =
1
4π

ˆ
dΩ
∑
ℓm

Yℓm−2(Ω)
∣∣∣dḣℓm( f)∣∣∣2 (28)

=
1

16π

∑
ℓm

d2
(
Ȧ2
ℓm+(2π)2A2

ℓmF
2
)

(29)

where we use again F= ψ̇/2π and where d the luminosity distance at which h is measured.
When the SPA applies (following equation (12)) we can neglect the Ȧ2 term, so

gravitational-wave luminosity in each mode determines the waveform amplitude through

A2 =
4
π

LGW

d2F 2
. (30)

The characteristic time-domain amplitude is directly connected to the total luminosity of the
system.

The energy balance implied by a waveform model could be modified by any unmodeled
physical effect which increases gravitational-wave luminosity LGW(1+ δLGW), such as the
coherent excess quadrupole moment induced by tides on each component neutron star.
Unmodeled non-gravitational-wave energy losses (including neutrino, electromagnetic, . . .)
could also contribute to the system’s evolution through an additional Ltot(1+ δLMM) that
drives the energy balance without affecting the gravitational-wave amplitude. Finally, models
derived from or calibrated to numerical relativity simulations might include unphysical excess
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energy loss due to numerical dissipation. The true waveformwould then haveLtot(1− δLnum);
this is equivalent to a negative δLMM needed to generate the true model.

7.1. Internal energy transfers: adiabatic vs. dynamic

The waveform model may also neglect effects that change the system energy associated with
a characteristic gravitational-wave emission frequency, such as high-order corrections to the
orbital binding energy or a missing energy reservoir. For example, there may be changes in
the energy stored in a component neutron star’s internal modes.

Consider some effect that changes total energy E as a function of F, for example changing
the leading order energy of equation (25) to E(1+ δE). A total derivative with respect to F
gives the correction to the energy gradient term in the energy balance equation, dE/dF= E ′,
as

E ′(1+ δE ′) = E ′
(
1+ δE+

E
E ′ (δE)

′
)
. (31)

Drawing from the extensive discussion of potential energy transfer impacts in the literature
(such as in [44, 76–78]), we interpret the first term as a correction from adiabatic effects: those
where the change in δEwith frequency is slow. In this case, noting each δ term here represents
the size of relative corrections to the original system E

′
and E, the correction δE ′

A = δEA. For
adiabatic tides, the correction δEA is negative [77]: energy going into the stellar deformation
implies a less negative total energy at a given frequency.

In contrast, the second term characterizes dynamic effects, coming from a rapid energy
change. For example, consider a resonant transfer of energy ∆ED from the orbit to a stel-
lar mode, starting at a characteristic gravitational-wave frequency F0 over a bandwidth ∆F.
Around F= F0, we have a change in the gradient

E ′(1+ δE ′)≃ E ′ − ∆ED

∆F
(32)

= E ′
(
1− E

E ′
δED

∆F

)
(33)

where we introduce the relative energy transfer δED =∆E/Eorb.
Define the energy transfer timescale tD =∆F/Ḟ and the adiabatic decay timescale or

gravitational-wave emission timescale tA = |E/L| ≃ 2F/3Ḟ. Using the energy balance rela-
tionship E ′ =−L/Ḟ, we find as has previously been shown [78] that the impact of a dynamic
energy transfer compared to adiabatic energy transfer is amplified:

δE ′
D =− E

E ′
δED

∆F
=
E
L

Ḟ
∆F

δED ≃ 3
2
tA
tD
δED. (34)

Generally, then, internal energy transfers lead to a gradient term

δE ′ ∼ δEA +
tA
tD
δED (35)

where δEAEorb and δEDEorb characterize the amounts of energy transferred adiabatically or
dynamically.
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7.2. Signal implications

Assume that all unmodeled effects are very small corrections to the baseline energy and lumin-
osity, so that their effects can be linearized. We find the impact on the characteristic functions

Atrue =Amodel (1+ δLGW) (36a)

Ḟtrue = Ḟmodel (1− δE ′ + δLGW + δLMM) (36b)

T ′
true = T ′ + T ′ (δE ′ − δLGW − δLMM) . (36c)

This is consistent with tidally driven increases in the Ḟ function that can be seen at moderate
frequencies for all binary neutron star models relative to the BBH model in figure 1.

To confirm the interpretation of these energy transfers, we work out the impact on the time-
domain waveform following equation (15) and using the energy balance relation T ′ =−E ′/L,

δT( f) =
ˆ fc

f
dF

E ′

L
(−δE ′ + δLGW + δLMM) (37a)

δψ( f) = 2π
ˆ fc

f
dFF

E ′

L
(−δE ′ + δLGW + δLMM) . (37b)

To interpret them physically: since orbital E ′ < 0, this shows that both the time to coales-
cence and the number of cycles before coalescence can be shortened by additional luminosity
or by a less rapid decrease of total energy of the system with increasing F.

After propagation through to the signal domain, again linearizing the different corrections,
we will find from equation (19) the energetics implications for the frequency-domain signal:

δA( f) =
1
2
(δE ′ − δLGW − δLMM)+ δLGW (38a)

=
1
2
(δE ′ + δLGW − δLMM) (38b)

δϕ( f) = 2π fδT( f)− δψ( f) (38c)

=−2π
ˆ fc

f
d̃f
ˆ fc

f̃
dF

E ′

L
(δE ′ − δLGW − δLMM) . (38d)

Note that any energy losses that are not in gravitational waves lead to a decrease in
gravitational-wave amplitude at the corresponding frequency—the orbit sweeps through more
quickly and fewer cycles contribute. Phase accumulates more rapidly with any additional
energy losses from the system. The relative change in δA vs δϕ depends on the type of energy
transfer that is added to the source model.

7.3. Example: dynamic energy transfer and GW170817

Applying the energetics framework above allows the interpretation of Edelman et al [10]
results for GW170817 in terms of a possible augmentation of the inspiral waveform due to
neutron-star energy transfers. While no confident identification of a departure from the signal
model was identified, the posterior distribution of δϕ( f) in figure 12 in [10] shows a 1-σ excess
at around 60Hz of perhaps 5 deg or order 0.1 radians. At the same frequency, no significant
δA change is observed.

One candidate for a short-duration δϕ( f) at a specific inspiral frequency is dynamic energy
transfer into a neutron-star mode, for example as explored in [79, 80]. As the net impact on
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the Fourier-domain phase comes from a difference between 2π fδT and δϕ in equation (38c), a
completely instantaneous energy loss only affects amplitude at the specific emission frequency.
Consider instead the transfer of ∆E at F0 over a small range ∆F. If the excitation does not
induce any coherent quadrupole, we have a corresponding short-duration relative decrease in
the signal amplitude from equation (34) of

δA(F0) =
1
2
δE ′ =

1
2
∆E
tD

1
L

=
1
2
tA
tD
δED (39)

using the timescale notation of section 7.1. If amplitude variation is not observed, this limits the
total unmodeled energy transfer rate to be small compared to the luminosity at 60Hz, which is
∼2× 10−4M⊙c2 s−1 or −3× 1043 joules s−1 at 60Hz. At the same time, there is an increase
in accumulated Fourier-domain phase δϕ which will be nonzero for frequencies between F0

and F0 +∆F. We estimate the nonzero values as

δϕ ≃ 2πδE ′
ˆ F0+∆F

F0

dF̃
ˆ F0+∆F

F̃
dFT ′(F) (40)

≃ πδE ′ (∆F)
2

Ḟ
≃ πδE

Ḟ
L
tD =

2π
3
tDFδED (41)

where tDF is the number of cycles over which the energy is transferred.
A resonant energy transfer has a dynamic timescale of tD ∼

√
tA/F [78], so that both tA/tD

and tDF∼
√
tAF. At 60Hz,

√
tAF≃ 40, and the orbital binding energy E≃−0.006M⊙c2

or −1.1× 1045 joules, and a energy transfer of δE=∆E/E∼ 0.001 at 60Hz corresponds
to roughly δA= 2% and δϕ = 5 deg, compatible with the credible intervals recovered for
GW170817 [10].We leavemore realistic explorations of astrophysical interpretations to future
work.

8. Conclusion

An amplitude-phase decomposition of time-domain gravitational-wave emission enables the
use of instantaneous frequency in characterizing the underlying model physics in terms of
characteristic functions for the signal evolution Ḟ and the time-domain amplitude A. Res-
ulting model uncertainties can be propagated from the time-domain wave to the frequency-
domain signal for comparison with gravitational-wave observations. The differences in model
waveform predictions that propagate from the underlying physics can be decoupled from
the time and phase constants tc and ϕc that characterize a specific observation by finding
maximum-likelihood values. Writing waveform uncertainties in the same form as calibration
uncertainties—namely, as frequency-dependent signal amplitude and phase error terms δA( f)
and δϕ( f) — would then characterize model-dependent waveform uncertainty suitable for
marginalization in gravitational-wave inference.

Especially for observations of early inspiral, energy-balance arguments can aid in the inter-
pretation of coherent waveform deviations for binary signals. We have illustrated how a com-
mon astrophysical energy transfer scenarios can be used to interpret recovered values of δϕ( f)
and δA( f) compared to a waveform model used for analysis; recovered bounds on these func-
tions limit the size of unmodeled energy transfers in the source system.
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