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Abstract. We consider the issues of stability and reconstruction of the electrical anisotropic conductivity of
biological tissues in a domain © C R® by means of the hybrid inverse problem of magneto-acoustic
tomography with magnetic induction (MAT-MI). The class of anisotropic conductivities considered
here is of type o(-) = A(-,7(-)) in Q, where [A™!,\] 3¢+ A(-,t) is a one-parameter family of matrix-
valued functions which are a priori known to be C*?, allowing us to stably reconstruct v in  in
terms of an internal functional F'(o). Our results also extend previous results in MAT-MI where
o(-)=~(-)D(-), with D an a priori known matrix-valued function on 2 to a more general anisotropic
structure which depends nonlinearly on the scalar function 7 to be reconstructed.
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1. Introduction. In many physical situations, it is important to determine certain physical
properties of the interior of a body that cannot be measured directly. Inverse problems are
employed to infer such information from external observations. If one is interested in imaging
biological tissue inside the human body, its electrical conductivity distribution can provide
valuable information about its state. A recently developed noninvasive imaging modality
based on the determination of the electrical conductivity distribution of biological tissue is
magnetoacoustic tomography with magnetic induction (MAT-MI).

If a biological conductive body, modelled by a domain Q C R3 with smooth boundary 99,
is placed in a static magnetic field By = (0,0,1), it starts to emit ultrasound waves that can
be measured around the body, i.e., at a series of locations on 9€2. To be more precise, to cause
an eddy current within the conductive tissue, a pulsed time-dependent magnetic field B(t) is
applied to excite the tissue in €2, which, in turn, emits the ultrasound waves. For the sake
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of simplicity, we follow the research line already initiated in [8], [37]. The pulsed magnetic
field is of the form Bju(t), where the vector field B; is constant and u(t) is a scalar function
representing the time variation. As the magnetic permeability of biological tissue and that
of a vacuum are approximately equal, the tissue does not have any noticeable effect on the
magnetic field itself. Therefore, only the spatial dependence of the magnetic fields needs to be
considered. MAT-MI is an example of hybrid inverse problems, which typically combine a high
contrast modality with a high resolution one and they typically involve two steps. In the first
step, a well-posed problem involving high resolution and low contrast modality is solved from
the knowledge of boundary measurements. In the second step, a quantitative reconstruction of
the parameters of interest (describing a physical property of the medium in question) is solved
by knowledge of a so-called internal functional which has been reconstructed during the first
step. Hybrid methods are mainly concerned with the solution of the second step (assuming
that the first step has been successfully performed). For a review on hybrid imaging modalities,
we refer to [11].

The first step in MAT-MI is to retrieve the acoustic source from the measurements around
the object in the scalar wave equation. Then, in the second step, MAT-MI reconstructs the
distribution of electrical conductivity from acoustic source information (see [8], [37]). This
second step is the focus of this paper, where we study, in the MAT-MI experiment, the issues
of stability and reconstruction for a special type of anisotropic conductivity ¢ in terms of
internal measurements of the acoustic sources (which are assumed to be known after the first
step has been performed) modelled by the internal functional

(1.1) F(o)=V - (cE, x By) in Q,

where FE, solves the Maxwell’s equations

(1.2) V.-oE;,=0 on ,

VX FE, = BO in Q,
{ cE,-v =0 on 0N
and o € C1P(Q) is symmetric on 2 and satisfies a uniform ellipticity condition (the precise
formulation of the problem is given in section 2).

For clinical and research purposes, the electrical conductivity of biological tissues can
provide valuable information as the conductivity varies significantly within the human body.
Other and more established medical imaging modalities, like computerized tomography (CT),
magnetic resonance imaging (MRI), and ultrasound imaging, are typically capable of creating
images of the human body with very high resolution. These modalities often fail to exhibit
a sufficient contrast between different types of tissues. Imaging modalities like optical to-
mography (OT) and electrical impedance tomography (EIT) do, on the other hand, display
such high contrast at the expense of a poor resolution (see [9], [13], [41]). EIT, similarly to
MAT-MI, also provides information about materials and biological tissues in terms of their
conductivity. The resulting images from measurements of electrostatic voltages and current
flux taken on the surface of the body under investigatio, are often blurred, due to the EIT
poor resolution. MAT-MI, on the other hand, has the potential to overcome this issue by
providing images of the conductivity of a body in terms of internal measurements that have
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been obtained by means of a high resolution imaging modality performed in the first step
of MAT-MI. Hence MAT-MI has the potential to provide high contrast images of a body in
terms of its internal conductivity that also benefits from a reasonably good resolution.

Biological tissues are known to have anisotropic conductivity [31]. In EIT, since its first
mathematical formulation by Calderén in his 1980 seminal paper [16], a lot of progress has
been made, but the problem of uniquely determining the anisotropic conductivity of a body by
means of EIT measurements is still considered an open problem. Partial results of uniqueness
and stability for this inverse problem have been obtained in [1], [2], [3], [4], [5], [6], [10], [12],
[18], [19], [20] [21], [28], [33], [34], [35], [36], [39].

In the MAT-MI experiment, results of stability and reconstruction of the conductivity ¢ in
terms of the internal functional F(o) given in (1.1), have been obtained in [37] and [8], where
the isotropic case o =~I (here I denotes the 3 x 3 identity matrix and 7 is a positive scalar
function on ) and the special anisotropic case o = yD, with D a known 3 x 3 symmetric
matrix and ~ is a positive scalar function on €2, were considered, respectively. In the present
paper, we extend these results to the case where the anisotropic conductivity o is of type
o=A(-,7(")), and A(-,t) is known for t € [A\71, A].

More precisely, we start by considering the simpler case where ¢ is a symmetric, uniformly
positive definite matrix which is a priori known to have the structure o(z) = A(y(x)), r € Q,
where the one-parameter family of matrix-valued functions

ts A(t),  te[AHA]

is assumed to be known and to belong to a certain class A defined below (Definition 2.2) and
v = (), z € Q is an unknown scalar function to be determined. The above structure for
o is also generalized to the case o = A(x,v(z)), = € Q, where the one-parameter family of
matrix-valued functions

t— Az, t) for any x€Q, te AL

is assumed to be known and to belong to a certain class A" defined below (Definition 2.5)
and v = y(x), z € Q is again an unknown scalar function to be determined. The latter, in
particular, extends the results in [37] and [8], where the problem of stability and reconstruction
in MAT-MI has been addressed in the isotropic case and in the anisotropic case o(x) =
y(x)D(z), where D, in this case, is a known matrix-valued function and v = v(z), = € Q is the
unknown scalar function to be determined. For both cases when A € A and A € A" considered
in this manuscript, we prove that we can stably reconstruct the scalar function = in terms
of F.

In this paper we also present several numerical experiments in which we reconstruct the
scalar function v = y(z), x € Q for both types of anisotropic conductivities o(z) = A(y(x))
and o(x) = A(z,y(z)), x € Q. We start by considering a number of examples in which
A € A only (Examples 1-4). The more general case of A € A’ is exploited in Examples 5
and 6. The reconstruction is based on an algorithm introduced in [37], [8], which relies on
projecting its iterates into a convex subset of C1#(Q) in order to restore well posedness in
the inverse problem. We note that in the particular examples considered here, the projection
step seems unnecessary for the convergence of the iterates. Moreover, in two of our examples,
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the true conductivity v, we wish to reconstruct is not C', hence is less regular than the
classes of conductivities we considered in our theoretical framework. This not only allows
us to test the performance of the reconstruction algorithm on nonsmooth data, but it also
provides insights about possibly lowering the regularity of the conductivity considered in
our theoretical framework (the stability estimates in section 2 and the convergence analysis
we carry out in subsection 4.2). It will be part of future work to extend our theoretical
framework to a class of conductivities with lower regularity assumptions and a more general
anisotropic structure. The anisotropic structures considered in the current paper are one-
parameter families of symmetric and uniformly positive definite matrices that depend on the
unknown scalar function 7 in a nonlinear way, extending the results in [8] to the case of a
more realistic dependence of the anisotropic structure on the unknown scalar function ~. If,
for example, v was representing the temperature of 2, then the dependence of A on v might
not be linear. We wish to stress that this paper aims at providing a first step in the treatment
in MAT-MI of anisotropic structures that depend nonlinearly on (possibly) a finite number
of unknown scalar functions to be stably reconstructed in the MAT-MI experiment. It will
be the subject of future work to consider the fully anisotropic case and to which extent the
MAT-MI experiment can be employed to determine the anisotropic structure itself.

This paper is organized as follows. In section 2 we introduce notation, state our main
assumptions, and define precisely the two classes A and A’ for A, corresponding to both the
simpler and spatially dependent anisotropic case, respectively. The main stability results are
also contained in this section. Section 3 contains the proofs of our main stability results and
includes estimates for the electromagnetic boundary value problem. In section 4 we describe
the reconstruction algorithm (subsection 4.1) and prove convergence results (subsection 4.2),
again corresponding to both classes of A. Section 5 contains several numerical experiments
demonstrating accurate reconstructions, including two cases of nonsmooth true scalar func-
tions 7y, and one fully three dimensional reconstruction. Some final concluding remarks are
included in section 7.

2. Main assumptions and stability estimates. Throughout this paper the medium to be
imaged is a bounded domain Q in R? with C*? boundary 9 (see Definition 2.1), diameter
diam(Q) = M, for some constant M > 0, and Lebesgue measure x(f2). For a point z € R3, we
will denote x = (2/,23), where 2/ € R? and z3 € R. We will also denote by B,, B. the open
balls B,.(0) and B’(0) in R? and R?, respectively, and by @, the cylinder Q,(0) in R? defined
by

Q-(0)= B x (=r,r).
From here onwards we fix a number g satisfying 0 < 5 < 1.

Definition 2.1. Given a bounded domain Q C R3, we say that 0Q is of class CYP with
constants ro, L > 0 if for every P € 0X), there exists a rigid transformation of coordinates
under which P =0 and

QNQ,, = {($/,33‘3) €Qr, | w3> 4,0(3:')} ,

where ¢ is a CY? function on By, satisfying

©(0) =[Ve(0)| =0
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and

||90||C’1v13(B;0) < Lry,

where we use the normalization convention

148 V(') = Ve(y')|
ollcres y=lelln=m )+ rollVollLem )+ sup
lelloracs,) = Nl +rollVelli=(;,) +ro wyeB, oy Ty

Once and for all it is understood that Q@ C R? is a bounded domain with diameter
diam(Q) = M and C'# boundary 9. We define below the two classes of admissible an-
isotropic structures considered in this paper.

Definition 2.2. Given A, & > 0 and denoting by Sym the class of 3 x 3 real-valued sym-
metric matrices, we say that A(-) € A if the following conditions hold:

(2.1) Ae P (AT N, Sym),
A dA () — dA (g
(2.2) te;“%]’iu(t)) AP . (]tll)— t:]tﬂ( 2 <e,
t1#ts
and
(2.3) AP <ARE-E<A|E)? forevery te AL N], E€R3,
Proposition 2.3. If A€ A and 7 satisfies
(2.4) ML <n(@) <A for almost every x €,
(2.5) V[lers @) < K,
for some constants A\, K >0, then we have
(2.6) A(y() € CYP(Q, Sym),
and furthermore,
(2.7) A (Do < A+ KEM(1+2M7) = F,

where M, &1, and A have been introduced above.

Remark 2.4. Note that in Proposition 2.3, as the L* bound A on + is absorbed by the
C# bound K on v, A does not appear explicitly in the expression for F in (2.7). As A1)
is the interval of variability of ¢, we find it convenient to distinguish in Proposition 2.3 and
in what follows, A from K. It is understood that such distinction will be kept through this
entire manuscript.
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Proof. The proof is a straightforward consequence of equality

A ers @) = 1A =)

+ M sup Hgﬁ (7('))HLM(Q)

1<i<3

(2.8) Sis

0A 0A

oz, V&L Y

A sy s 1BEOE) = BOW)
1<i<3 4 ye |z -yl
TFY

and our assumptions. |

Definition 2.5. Given A, £ >0, we say that A(-,-) € A" if the following conditions hold:

(2.9) AeCHP(Q x AL N, Sym),
(2.10)
s I ] O O
teA1, ,\{ 1<1<3 31’2 L=(Q) 8t( ) L>=(Q)
1) — G2yt 94 (1) — PA(y,t
+ sup sup az( ) Zl(y )| + sup 315( ) ) aé (y, )’
1<i<3 z,ye el yEQ |z -yl
TH£Y TH#Y
||37£('7t1) - %('7752)‘&00(@) | %(’atl) - %(‘,Q)HLm(Q)
+ sup sup 3 3 <&
1<i<3 1y, tae[A-1,0] |t1 — ta] |t1 — to
t1#to
and

(2.11) AP <Az, ) -E<AE? foraexcQ VEe AL, VEERS,

We observe that (2.3), (2.11) are conditions of uniform ellipticity.
Proposition 2.6. If A€ A’ and v satisfies (2.4), (2.5), then we have

(2.12) HAC, YDl ers@ S A+ ME(1+ K)(1+ M°(2+ KP)) = F,

where M, &, and A have been introduced above.

Proof. This is a straightforward consequence of equalities

0A 0A 0A vy
(2.13) @(%7(1‘)) = %(l;’tﬂ(x,t):(w;y(x)) + E('x’t)kx,t):(w,v( ))axl( z),
together with our assumptions. [ |

Below are our two stability estimates of v in terms of the internal functional F' for the
two classes of admissible anisotropic structures A and A’, respectively.
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Theorem 2.7. Let A € A and assume ; satisfies (2.4), (2.5) fori=1,2, 1 =2 on 9
and

(2.14) V(71 =220 <ClIv —2llz2 @)
for some constant C > 0. Denoting

(2.15) Fi:=V - (A(vi)Eay,) X Bo)  for i=1,2

ifC(Cl (E1+1)+ ACg) < %, where C1,C3 are the positive constants appearing in (3.6), (3.7),
respectively (with C3 = A& Cy ), then
(2.16) 71— 2llz2 ) < ClF1 — Fal| 12 (),
where C' >0 is a constant that depends on C, K, &, A, M, ro, L, and u(2) only.
More generally, we obtain the following main stability result.
Theorem 2.8. Let A€ A" and v; be as in Theorem 2.7, for i =1,2. Denoting
(2.17) =V (A, %)Ea( oy x Bo)  for i=1,2

ifC(CQ(SQ +1) +AC4> < %, where Cy,Cy are the positive constants appearing in (3.8), (3.9),
respectively (with Cy = AEyCs), then

(2.18) 171 = v2llz20) < ClIFL = Fall 20

where C > 0 is a constant that depends on C, K, &, A, M, ro, L, and () only.

3. Proof of the stability estimates. To prove our main stability results, we proceed by
reducing the Maxwell system (1.2) into a Neumann boundary value problem for which we
recall standard estimates that will be needed for the arguments in the proofs of our stability
results.

3.1. Technical results. In what follows we recall standard estimates for the solution of
Neumann boundary value problems of type

(3.1)

V- (oVu) =-V-E in
(cVu+E)-v =0 on 0f.

Such estimates are standard in the theory of elliptic partial differential equations and we recall
them, together with their proof, for the sake of completeness. For a detailed proof, we recall
[8, section 2], [37, section 2].

Proposition 3.1. Let o € CY5(Q) be a matriz-valued function satisfying the uniform ellip-
ticity condition

(3.2) AYEP <o(z)E- <AL forae.xzeQ VEER?,

and let E € L*(Q) be a vector-valued function. The Neumann problem (3.1) has a unique
solution v € H(Q) (up to an additive constant) that satisfies

(3.3) [IVul| 2 ) < Al|E|] 2 0)-
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Proof. As a straighforward consequence of

(3.4) /aVu-Vudm:—/E~Vud:r:,
Q Q
we obtain
(3.5) ATVl < - /Q E - Vudz| < || Bl Vull 2o,
which concludes the proof. |

Proposition 3.2. Let v; satisfy (2.4), (2.5) fori=1,2.
1. If Ac A and o;(z) = A(yi(z)), € Q fori=1,2, then we have

(3.6) Eaqyollers) <C1 fori=1,2,
3.7) EA(v) — Baga)llz2) < Csllm — 20l 20,

where E 4,y s the unique solution to (1.2), with o; = A(vy;) for i =1,2 and C1, Cs
are positive constants depending only on A, ro, L, K, &1, M, and u(Q).
2. Similarly, if and A€ A’ and o;(z) = A(z,7v:(z)), © €Q for i=1,2, then we have

(3.8) B¢ ollore) <Co fori=1,2,
(3.9) HEA( ) = Eac )Lz < Calln —2ll2 ),

where E 4.,y is the unique solution to (1.2), with o; = A(+,7;) for i = 1,2, with Cy,
Cy being positive constants depending only on A, ro, L, K, &1, M, and u(Q).

Proof. As the proof follows the same line of [8, Proof of Proposition 2], we only highlight
the main steps of case 1. and only point out where case 2. differs from it, as such modifications
are minor. For case 1. we start by noticing that for £ = %(—y, 7,0) we have that V x (E4(,,) —

E) =0fori=1,2 and Ey E + Vu;, where u; solves the Neumann problem

Vi) =
(3.10) { V- (A(vi) V) ~ =-V- (A(%)E) in Q,
' (A(v:)Vui+ A()E) v =0 on 0N

for i =1,2. Thus, estimate (3.6) is a straightforward consequence of (2.5) and Proposition 2.3
(see also [22, chapter 9], [23]).

To prove (3.7), we start by simplifying our notation. We denote FE,,,), simply with E;
for i=1, 2. Noting that V x E; =V x Fj, we write

(311) VU:El —EQ,

where v is the unique solution to

(3.12) { V- (A7) V) =-V-((A(m)—A(y2)E2) in Q,
. (A(m)Vu+ (A(m1) — A(2))E2) -v =0 on Of)
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and

(3.13) /mv—o.

Thus by Cauchy—Schwarz we obtain

(3.14) / A(v1)Vv - Vodx < / ((A(m) — A(y2))E2) - Vo dz,
Q Q
which, combined with (3.6) and the uniform ellipticity condition (2.3), leads to

(3.15) [[Vv[| 20y < AC[A(71) — A(92)| L2 (0)-
From the Lagrange theorem, for every x € Q, there exists t(x), 0 < t(z) < 1, such that

dA(t) )
dt  lt=c(z)

(3.16) Ami(x)) = A(2(2) = (1 —12) (@)

)

where ¢(x) =y2(z) + t(z) (71 (2) — 12(x)). Hence we obtain

dA(t)
. 2 < - 2 .

(3.17) 190l 220 < A =l || “g | o ]

and

(3.18) [[E1 = E2||r20) < Csllv — 2ll2(0)s

where C3 =A&E1C1.

For case 2., estimate (3.8) follows, similarly to (3.6), from (2.5) and Proposition 2.6. With
a similar argument to case 1., from the Lagrange theorem, for every z € Q, there exists t(z),
0 <t(x) <1, such that

(3.19) Alwn(e)) = Al ala)) = (n =) 0) 22|

where ¢(x) = 72(z) + 1(z) (71 (z) — ya(x)), which leads to

(3.20) |E1 — Ea|p20) < ACh||m — 72HL2(Q)H8A§; ) ‘t:c(.)HLOO(Q),

hence

(3.21) 11 — Eal|r2(0) < Culln — 12l 20

where Cy = AEC. [ |
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3.2. Proof of the stability estimates.
Proof of Theorem 2.7. We write the difference in the data Fy — F5 as

( ) F1 — F2 =V- (A(’yl)El X Bo) -V (A(’yQ)EQ X Bo)

3.22

=V ((A(y) = A(2)Br x Bo) + V- (A(32)(By — B2) x Bo),

and from the Lagrange theorem, for every x € (), there exists ¢(x), 0 < t(z) <1, such that

dA
(323) F—F=V. ((w - WQ)E(t)L_C(A)El x Bo> + V- (A() (By - B2) x By,
where c(z) =v2(z) +t(z)(71(x) —v2(x)). Then, we can split F; — F5 into three contributions
(324) Fi—F=L+1+Is,
where

L=V ((71 —72)E1 x Bo),
(3.25) =V ((n =) (G 0], ~1)E % Bo).
=V <A(72)(E1 ~ By) x Bo>,

where I denotes the 3 x 3 identity matrix. To extract information about v, — y2 in 2 we
multiply the data difference Fy — F5 by 71 —~2 and integrate over ). We do this by considering
each contribution [;, i =1,2,3, to the data separately. Starting with I;, we obtain

/(’Yl —y2)[1dx = / (71 —72)*V - (E1 x By)
0 0

+2¥( — )2 (Br x Bo)da

(3.26) 2

= 5 / (71 — ’yg)ZV . (E1 X Bg)d.fc
Q

1
= §H’Yl - ’72’\%2(9)7

where in the second equality of (3.26) we performed integration by parts and used the fact
that v; and 79 share the same boundary values. In the last equality, we used the fact that
V'(El XBo):l.

Multiplying I> by 1 — 72, we have

_‘/ = 72)2V - ((Cf;;l(t)‘ , I) Ele())
o + (1 =)V << I) E1 x B0> dz

/( )V << I)Ele())da:

<CCi(& + DI —2lli2 @

('Yl v2)Iadz
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where in the second equality of (3.27) we again performed integration by parts and again
recalled that 71 and 2 share the same boundary. In the inequality, estimate (2.2), (2.14), and
(3.6) have been used.

Finally, multiplying Is by v1 — 72, leads to

'/Q(% — o) I3dx| = ‘/QV(% —72)- (A(’)/Q)(El ~ By x Bo)d:c

< CACs||y1 — 72”%2(9)’

where the first equality in (3.28) is derived again by performing integration by parts and
noticing that v; and 7, share the same boundary values. In the inequality, (2.3), assumption
(2.14), and (3.7) have been used.

Hence, for CC1 (€1 + 1) + CAC; < 3, we obtain

(3.28)

(3.29) [ (1 =) = Py > Clin = el

where C =1 —C <01 (E1+1)+ ACg) > 0, which concludes the proof. [ ]
Proof of Theorem 2.8. Similarly to the proof of theorem 2.7, we write the data difference

as

(3.30) F(y) = F(y2) =V (A(,m) E1 X Bo) = V - (A(+,72) B2 X By)

=V ((A(,m) = A 72)) Er x Bo) + V- (A 72)(E1 — E2) X Bo).
From the Lagrange theorem, for every x € Q, there exists t(x), 0 < t(z) < 1, such that
0A(z,t) ‘
ot li=c(z)’
where ¢(z) =v2(z) + t(z)(71(x) — y2(x)). Therefore, we obtain

(3.31) Az, m) — A, 72) = (71— 72)(2)

(3.32) B —-F=V. ((71 - 72)8‘4;; 2 t:c(a:)El X BO) + V- (A(+, 72)(E1 — E3) x By).
By splitting again F} — F as
(3.33) By —Fy=1+ 1)+ I3,
where
L=V ((71 —72)Er X Bo>,
(3.34) L=V- <(71 —72) <8A8(; £ L:c(.) - I) Ey x Bo> ;

,=V- (A(-, 1) (B — Ey) x BO>,

with a similar procedure as that of the proof of Theorem 2.7 we obtain the following estimates:

1
(3.35) /(’Yl —72)idz =Sl — 2ll720)»
Q

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/29/23 to 131.111.5.15 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

STABLE RECONSTRUCTION OF ANISOTROPIC CONDUCTIVITY 625

DA(-, t) ) )

_ Id _ o V _ . — 1| E{ xB d
(3.36) /Q(’n 2)Tada /(71 VO =) << ot ‘t:C(') A
<CCy(E2+ 1)1 —22ll72(0»

/(71 —y2)I3dx| = / V(1 —92) - (A(; 72(+)) (B1 — E2) x Bo)dx
0

< CAC4||’71 - ’YQHLZ(Q)-

(3.37)

By combining (3.35)—(3.37) together and choosing the parameters such that (CCo(E; + 1) +
CACy) < %, we finally obtain

(3.38) /Q (1 =72 (F(n) — F(12))dz > Clln — 7]y

where C' =1 — (CCy(& + 1) + CACY) > 0, which concludes the proof. [ ]
4. Reconstruction of ~.

4.1. The functional framework and the algorithm. We denote by <. the true scalar
function to be reconstructed, leading to the true anisotropic conductivities A, := A(y,) and
Ai:=A(-, ), when A€ A and A € A, respectively. When A € A, the forward operator is

(4.1) F(y) =V -(A(y)Ea) x Bo),

where F4 := F () solves

(4.2) V-A(v)E4 =0 on Q,

{ V x E4 =By in Q,

A(v)Es-v =0 on 09,

and the scalar function v is updated by solving a stationary advection-diffusion equation as
shown in Algorithm 4.1 below. Similarly, when A € A’; the forward operator is

(4.3) F(y)=V-(A(,7)Ea x Bo),

where Ey := Fy(. ) solves

(4.4) V-A(,v)E4 =0 on Q,

{ V x E4z =By in €,
A(,v)Ea-v =0 on 09,
and the scalar function ~ together with the electric field E are updated as per Algorithm 4.1.

4.2. Convergence analysis. Under a smallness condition on dflgt) and 6’46;;’0, on [A71, )]

with respect to I, for A€ A and A € A, respectively (see (4.9) and (4.13), respectively), we
obtain the following convergence results.
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Algorithm 4.1 (reconstruction)

e We choose an initial conductivity v; satisfying (2.4), (2.5) and set k= 1.
e At step k, defining Ay := A(7x), we solve the boundary value problem

(4.5) V-ALE, =0 on £,

{ VxE, =By in Q,

AkEk v =0 on 0
to update the electric field Ej.

e By solving the stationary advection-diffusion equation with the inflow boundary
condition, we calculate the updated conductivity Ay/s:= A(7k41) as follows:

(4.6) Vo (Apy1)2EBk X By) =V - (AEa, X By) in Q,
: Vi1 = Y on 007,
where
dA(t
0N = {g;e o0 ’ dl(f)’t ( )Ek(x) X By - v(z) <O} for AeA,

=7« (T

and

0N~ = {a: € 00 ‘ ({)A((;tm‘t ( )Ek(m) X By - v(x) <0} for Ae A

=v.(z

Theorem 4.1. Suppose that the true scalar function ~y. satisfies (2.4), (2.5) and that the
true conductivity A, = A(7.) satisfies

(4.7) V(A X By) < FV- (7€ X By)  forany z€R3, forany £eR?
for some constant F1>0. Let Ac A and, additionally, assume that

dA
(4.8) o € Ct (A AL Sym)

and that there is a constant f:’l, 0< <‘:’1 <1 such that

A -
(4.9) sup sup|V- [(d—l> Ekag] <&
te[A -1\ 2EQ dt
If either
1.
Ve = Ve on 08, forany k, k>1,;
or
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A
Ve = Y« on 09" and sup d—Ek X By-v>0 on 00T,
ter-1,n At

for any k, k>1,

then, for an appropriate choice of C, A, Cy, Cs, &1, and &, there ezists a constant C, 0 < C < 1
such that

(4.10) k1 — Vel lL2() < Cllvke — vl 22 (@)

Theorem 4.2. Suppose that the true scalar function v, satisfies the conditions of Theorem
4.1 above and that the true conductivity A, = A(-,7«) satisfies

(4.11) V(A X By) < FoV - (7€ x Bg)  forany xz€R3, forany ¢eR?

for some constant .7?2 >0. Let Aec A, and, additionally, assume that

aA('vt)
ot

(4.12) e CH(Q x A1\, Sym)

and there exists a constant 52, 0< gg <1 such that

A 3
(4.13) sup sup (V- Ka(-,t)‘ - I) Ey x Bo} < &.
te[A=1,)] 2€Q ot t=c(")
If either
1.

Vi = VY« on 90Q forany k, k>1,;
or
A(-t
Ve = YV« on 00~ and sup ME;C x By-v>0 on 00T
tep-1y OF
forany k, k>1.

Then, for an appropriate choice of C, A, Cs, Cy s, and &, there exists a constant C 0 < C' < 1
such that

(4.14) k1 = el z2() < Cllve — sl L2 0)-

Proof of Theorem 4.1. We start by subtracting V - (A, Fx X By) from both sides of the
first equation in (4.6), which leads to

(415) V- ((AkJr]_ — A*)Ek X Bo) =V. (A*(E* — Ek) X Bo)
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Multiplying by vx+1 — 7« and integrating over €2 yields

@16) [ (a9 (Anss = 4Bk % Bo) = [ (i =92)V - (Au(B. = Bi) % B,
Using the property that
(4.17) AeC (A1 A, Sym)

from the Lagrange theorem, for every = € Q, there exists t(z), 0 < t(x) < 1, such that

dA

(4.18) A1 — A(v) = (Y1 — ’Y*)E(t)‘tzc(m)’

where ¢(x) = g1 (2) + t(x) (v« (2) — Yp11(x)), hence we get

@19) [ =29 ((Ows=3) G O _ BexBo) = [ (a7 V(AL (B~ ) xBo)

The term on the left-hand side of (4.19) can be estimated from below as follows:

dA
/Q(/Yk—i-l - ’Y*)V : ((’Yk_H — /Y*)E(t)‘t:c(JEk X Bo) dx

5 [ orna = (S0 Bx Bo) viste)

1 o (dA
+ 5 /Q('Vk—f—l - ’Y*) V- (dt(t)’t:c(-)Ek X Bo> dzx,

1 2 dA
> )2 (22 .
>3 /m(wﬂ Vi) ( o (t))tzc(.)Ek X Bg> vds(z)

1
+ §H(Vk+1 - 'Y*)H%Q(Q)

- o (2 _I)\E,xB ‘d .
2/9\%“ Ve Slgllp‘v ((dt ( )’t:c(-) ) & X 0) x

In the second equality in (4.20) we performed integration by parts twice. In either cases 1. or
2., (4.20), combined with (4.9), leads to

(4.20)

dA

/ (V41 = 1)V - ((7k+1 — V)=
0

= (t)’ By x Bo) dz

(4.21) . t=e()
2 5 (1= El (k1 — vl 720

The term on the right hand side of (4.19) can be estimated from above as

' [ Gt =209 (4.(B. ~ Bx) x )

<|vkt1 = llz2 @) IVl L= @) [[(Bx — Er)ll L2 ()
< KCsFu|l[ve+1 — 7*||L2(Q)||7* - '7k:||L2(Q)a

(4.22)
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where we combined estimates (4.7), together with (2.5) and (3.7). Choosing %‘”gl < 3, we
finally derive '

(4.23) [kt = el z2) < Cllve — vl 22 )5

where 0 < C < 1. [ ]

Proof of Theorem 4.2. As this proof is very similar to the one above, we only point where
the two proofs slightly differ. In particular, we take care to point out what are the a priori
constants that come into play. As above, subtracting V - (A Ex x By) from both sides of the
first equation in (4.6) leads to

(4.24) V- ((Ak+1 — A*)Ek X Bo) =V. (A*(E* — Ek) X Bo).
Multiplying by vx1+1 — 7« and integrating over €2 yields
(4.25) /Q(’Ykﬂ =)V ((Agy1 — Ax) By X By) = /Q(’Ykﬂ — %)V - (Au(Esx — Ex) % By).

Using the property that

(4.26) AeC (OAx A1 AL, Sym)

from the Lagrange theorem, for every = € Q, there exists t(z), 0 < t(z) < 1, such that
0A(z,t

(1.27) Al ) = Alern) = Ores =)@ 2

where ¢(z) =11 (z) + () (v« () — Ykr1(x)), hence we have

(4.28)
[Onr =200V (w1 =25 0| BexBo) = [ (e =109 - (4. (B. - B x Bo)

Arguing as above, the left-hand side of (4.28) can be estimated from below as

0A(-,t)
— rx V. — rx - ‘
/Q('Yk+1 Vx) <(’Yk+1 1), e

1 2 (9A(,1)
> = — N i A .
>3 /(m(wm Vi) ( p ch(.)Ek x By | - vds(x)

Ek X BO) dx

(4.29)
1 2
+ 51 = 1) [72

1 2 8A(at)
2/9’7k+1 ’Y*’ Slgllp‘V- <<at‘tc() 1) E, x By )dl‘

and again, in either case, 1. or 2., (4.29), combined together with (4.13), leads to

=309 (6 =7 2
>

(4:30) PP

(1= E)ll(ms1 — 3l s
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The right-hand side of (4.28) can be estimated from above as

‘/ Yet1 — V)V - (Au(Ey — Ey) x By)

< KCiPo|lir1 — vl l 2@l — el 22 (9

(4.31)

where we combined estimates (4.11), together with (2.5) and (3.9). Therefore, choosing
KCyF, ~ 1
NLglio <

we derive
1-&, 2

(4.32) k1 = el z2) < Cllve — vl 22 @)- -

5. Numerical experiments. In this section we present several numerical experiments
where we implement the algorithm described in section 4. In each case, a scalar reference
medium 7, € S (the true scalar function to be reconstructed) is chosen, along with a specific
choice of a 3 x 3 matrix function A belonging to either A or A’. We start by considering a
number of examples in which A € A only (Examples 1-4). We consider the more general case
of A€ A" in Examples 5 and 7, and in Example 6 we add noise to the source data to test the
algorithm’s resistance to noise.

We then compute the synthetic acoustic source data

(5.1) F(v)=V-(A, E, x By),

where E, is the electric field solution to (4.5) corresponding to 7.. For simplicity, in our
examples we always choose reference conductivity 79 = 1. We note that in our examples,
we found that the extra hypotheses for the convergence proof were not needed in practice.
In fact, in three of the examples below, 7, is not in C' (Examples 4, 6, and 7, where 7, is
piecewise affine and piecewise constant). This is to test the reconstruction from nonsmooth
data. Again, it will be part of future work to extend our theoretical framework of sections 2—4
to conductivities with lower regularity assumptions and a more general anisotropic structure.

To compute solutions to both (4.5) and (4.6), we use the Python suite FEniCS. As de-
scribed in the proof of Proposition 3.2, we replace (4.5) with the Neumann problem (3.10) and
solve numerically for ug,1; = u using a standard variational formulation and piecewise linear
finite elements. Recall then that Ejy; is given by

Ej1= Vg1 + E,

where E =0.5[—y,x,0]”. We note that while (3.10) is always a linear conductivity equation,
(4.6) changes more drastically for different choices of A. To compute solutions to this gener-
ally nonlinear transport equation, we used two different approaches; a discontinuous Galekin
method and a built-in FEniCS nonlinear solver. We give more details about these in the first
two examples.

Example 1. For our first example we choose A to be

(5.2) A(y) =

o o

0
0
1

o2 O
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and reference medium -, to be the Gaussian curve independent of z:

(@—05)2  (y—05)
* pu— —_— - 1.
T m P ( 0.02 00z )"

In this case the transport equation (4.6) for v;x41 becomes

V- (41 (Ek X Bo)) =V - (7+(Ex x By)) in Q,
Ve+1 = Vx on 007,

which is two-dimensional (2D) linear isotropic, as was studied previously in [8]. To solve this
linear transport equation, we use a discontinuous Galerkin (DG) method with upwinding,
which we now describe briefly. Given a mesh Tj of 2, we let V be a finite-dimensional
space containing functions not necessarily continuous across mesh elements. We define the
“upwinding” term on the boundary of a triangle by

Ek = 05((Ek X Bo) T+ |(Ek X Bo) . T_i|)
and denote the jump of a function on an internal edge F by

=1 =1,

where fT (f7) is its restriction to the edge from the outflow (inflow) direction, respectively.
Then the variational formulation for the numerical transport problem is as follows:
find 411 =~ € V such that, for all ve V|

/asz vy(Eg X By) - fids + %:/E[[v]][[yEk]]dS— /QV’U -v(Eg X By)dx = /QF(’}/*)Ud.%,

where F(v*) is the source data (5.1). Note that the upwinding term provides numerical
stability. We refer to [14] for more details on DG methods and upwinding. Figure 1 shows
the true ~,, plotted alongside its numerical reconstruction using the above algorithm.

Ezample 2. In this next example we add nonlinearity in the dependence of A on 7. To
solve the transport equation (4.6) in this and all of the examples that follow, instead of DG,
we use the Fenics nonlinear solver with higher order Lagrange elements. We choose here

0.4(y+1)2 0.01 0
(5.3) Aly) = 0.01 3y 0
0 0 v

and reference conductivity 7, to be a sum of Gaussian curves given by

- (r —0.65)%2 (y—0.65)2 (x—0.25)2  (y—0.25)
7*—exp< 0.0 0.02 + 0.5 x exp .

0.05 0.05

With the definitions above, the transport problem (4.6) becomes the nonlinear equation for
Y= V41t

(5.4) a1v? + a2y + agy e + aays — asyy +c=F(v) in €,

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/29/23 to 131.111.5.15 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

632

N. DONLON, R. GABURRO, S. MOSKOW, AND I. WOODS

2.0

Exact (z = 0) Numerical (z = 0)

1.8 18

1.6 164

1.4 1.4+

1.2 12

1.0 1.0

(a) Reference conductivity v+ at z =0 (b) Reconstructed conductivity at z =0

Figure 1. A given by (5.2). The resulting transport equation is linear. Ran for 10 iterations on a mesh of

size 150 x 150 x 1.

18

Exact (z = 0) Numerical (z = 0)

18
1.6 1

144 |0 .

1.4

12

1.0 0.8

(a) Reference conductivity v« at z =0 (b) Reconstructed conductivity at z = 0

Figure 2. A given by (5.3), resulting in transport equation (5.4). Ran for 10 iterations on a mesh of size

75 x 75 x 10.

with inflow condition 7=, on 9Q~, where the spatially varying coefficients are functions of
E= [El, Eg, Eg]T, given by a) = O.4E27x, ag = O.SEQ’x — 3E1’y, a3z = a4 = 0.8E2, as = 3E1, and
c=0.4F> ;. We show the reconstruction in Figure 2.

(5.5)

Ezample 3. In this next example we add nonlinearity on the off diagonals. Let

0.4(y+1)2 0.01y(1—75) 0

A(y) = [0.01y(1 =) 3y 0,
0 0 ¥

and let v, be given by

(r—0.5)2  (y—0.5)
5 5 ) + 1.

Yo, ) = cos (75(z — 0.5)% + 75(y — 0.5)?) exp (— -
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1.8
Exact (z = 0) Numerical (z = 0)
18 1.0 10
. 1.6

1.6 0.8 4 14 ] 0.8
144 |06 121 |06
121 lpa 104 |04
181 oz 084 |02

08 0.0 T T 0.6 0.0

00 02 04 06 08 10 0o 02 04 06 08 10
0.6
(a) Reference conductivity . at z =10 (b) Reconstructed conductivity at z = 0

Figure 3. A given by (5.5), yielding transport equation (5.6). Ran for 10 iterations on a mesh of size

75 x 75 x 10.

In this case the transport equation (4.6) for y;4+1 =~ becomes
(5.6) a1y? + agyyy + azyy + asy + asye + agyye +c= F(7x) in Q,

with v = 7, on 02, where the coefficients are given by a; = 0.4F> ; + 0.01E1 ;, — 0.01F5,,
ag = 0.898E2, az = 0.01E2—3E1, a4 = 0.8E2’m—0.01E1,x—|—0.01E27y—3E1’y, as = O.8E2—0.01E1,
ag = 0.02E7, and ¢ =0.4E5 ;. Reconstruction results are in Figure 3.

Example 4. Here we choose a piecewise affine v, to test the reconstruction of nonsmooth
conductivity. Let

0.4(y+1)* 5 O

(5.7) A(y) = 30 3y 0
0 0 ~

and define v, by

145z —03), 03<z<0.5,
V(2 y) =¢2-5(x—05), 05<z<0.7,

else.
With the definitions above, the transport problem (4.6) becomes find 7 = 7,41 such that

Ey
(v +20)2

Es,— FE : = F(~* Q
+ (,7+20) ( 2,y 17I+7+20> (’y ) mn 9

with v =y, on 9Q~. Numerical reconstructions are show in Figure 4.

(58) (Eaw— Fuy)y+ (Eoye — ( ¥ E) "
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Exact (z = 0) 2.0 Numerical (z = 0)

18

1.6

14

12

0.0 10 0.0
00 02 04 06 08 10 00 02 04 06 08 10

10

(a) Reference conductivity ~. at z =0 (b) Reconstructed conductivity at z =0

Figure 4. A given by (5.7). Ran for 10 iterations on a mesh of size 75 x 75 x 10.

16 16 _
Exact (z = 0) Numerical (z = 0)
L0 1.0 .
14
121
124 |06 0.6
0.4 1 - 1049 (0.4 - -
10
021 - 084 |92 -
0.8
0.0 : : : ‘ 00
00 02 04 06 08 10 0.6 00 02 04 06 08 10
(a) Reference conductivity v« at z =0 (b) Reconstructed conductivity at z =0

Figure 5. A given by (5.9). Ran for 10 iterations on a mesh of size 100 x 100 x 10.

Ezample 5. Next we choose A to be spatially varying as well as dependent on =, as
follows:

04(y+1)%2  0.25(z2+y%)y 0
(5.9) A(Z,v) = [0.25(22 + y?)y 3y 0l,
0 0 ¥

and we let v, be the trigonometric function
Ve (z,y) = sin(10x) sin(5y) sin(7(1 — z)) sin(y — 1) + 1.
Numerical results are given in Figure 5.

Ezample 6. Next, we test the model’s sensitivity to noisy data by adding random variable
7 to the source

(5.10) F(1.) =V - (A, . x Bo) 4,
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Numerical (z = 0.5)

Exact (z = 0.5)

() Reference conductivity v« at z = 0.5 (b) Reconstructed conductivity at z = 0.5

Figure 6. A given by (5.9) with noisy acoustic source data. Ran for 20 iterations on a mesh of size 60 x
60 x 10.

1100

Exact (z = 0.0) 120 Numerical (z = 0.0)
1.075 £ 1.0 .
115
1050 {gq
110
1.025
0.6
1.05
1.000
0.4 1.00
0.975
0.95
09504 [%2]
0.90
0.925 4 0.0 . . T T
00 02 04 06 0.8 1.0 0.85

0.900

Figure 7. Reconstruction for (5.12) at z=0.

where 7 is uniformly distributed averaging 9% of the maximum of the source data. We let

0.4(y+1)2 0.01 0
(5.11) A(y) = 0.01 3v 0],
0 0 v

and we let v, be as in Example 3. The results are presented in Figure 6., where we can see
that the reconstruction is quite stable in the presence of noise.

Ezample 7. Finally, we present an example in which A is spatially varying, as well as
dependent on v, and 7, is z-dependent. We let
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2.0
Exact (z = 0.282)

o Numerical (z = 0.282)

18

0.8

16 0.6

14 0.4
0.2
12
0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

10 0.8

Figure 8. Reconstruction for (5.12) at z =0.282.

2.0 2.0

Exact (z = 0.513) Numerical (z = 0.513)
1.8
1.6

14

12

10 0.8

Figure 9. Reconstruction for (5.12) at z=0.513.

0.4(y +1)2 0.25((x — 0.5)% + (y — 0.5)%)y 0
(5.12)  A(Z,v) = |0.25((z — 0.5)® + (y — 0.5)%)y 3y 0f,
0 0 ¥

and we let v, be a piecewise constant corresponding to a spherical inclusion, that is,

2, (x—05)2+(y—0.5)2%+(2—-05)2<04,

1, else.

’7*(xayvz) = {

Slices of the three-dimensional reconstruction are shown in Figures 7-11.

6. Conclusions. In this work we studied issues of stability and reconstruction of the
anisotropic conductivity ¢ of a biological medium € C R? by the hybrid inverse problem
of magneto-acoustic tomography with magnetic induction (MAT-MI). More specifically, we
considered a class of conductivities which correspond to a one-parameter family of symmetric
and uniformly positive matrix-valued functions ¢ +— A(z,t), which are a priori known to
depend nonlinearly on ¢ € [\™!, \]. This gives rise to the family of anisotropic conductivities
A(z,v(z)), = € , for which the goal is to stably reconstruct the scalar function v in .
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Figure 10. Reconstruction for (5.12) at z=0.718.
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Figure 11. Reconstruction for A given by the z-dependent (5.12) for z=0.897. Ran for 10 iterations on a
mesh of size 40 x 40 x 40.

We showed that if A belongs to certain classes of admissible anisotropic structures, then a
Lipschitz type stability estimate of the scalar function in terms of the data (internal functional)
holds true. In particular, the argument for our theoretical framework requires that v and A
belong to C1#. Our stability estimates extend the results in [8] to the case where o depends
nonlinearly on «, hence allowing us to consider a more general type of anisotropic structures.
Furthermore, we showed that the convergence of the reconstruction algorithm introduced in
[8] extends to this nonlinear case, and demonstrated its effectiveness in several numerical
experiments also showing that the reconstructions were stable in the presence of noise.

Several questions remain, including, as mentioned in [8], the reconstruction of full anisot-
ropy, which we expect will require more measurements at hand. It will also be interesting to
investigate more precisely to what extent the regularity assumptions considered in this paper
are needed for the convergence of the reconstruction algorithm in practice. These questions
are the subject of future work.
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