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ABSTRACT
We develop a global wellposedness theory for weak solutions to the
1D Euler-alignment system with measure-valued density, bounded
velocity, and locally integrable communication protocol. A satisfac-
tory understanding of the low-regularity theory is an issue of press-
ing interest, as smooth solutions may lose regularity in finite time.
However, no such theory currently exists except for a very special
class of alignment interactions. We show that the dynamics of the
1D Euler-alignment system can be effectively described by a nonlo-
cal scalar balance law, the entropy conditions of which serves as an
entropic selection principle that determines a unique weak solution of
the Euler-alignment system. Moreover, the distinguished weak solu-
tion of the system can be approximated by the sticky particle
Cucker–Smale dynamics. Our approach is inspired by the work of
Brenier and Grenier on the pressureless Euler equations.
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1. Introduction

We are interested in the following Euler-alignment system

@tqþrx " ðquÞ ¼ 0, ðx, tÞ 2 Rd & Rþ,

@tðquÞ þrx " ðqu' uÞ ¼
ð

Rd
qðx, tÞqðy, tÞ/ðx ( yÞðuðy, tÞ ( uðx, tÞÞ dy,

8
><

>:
(1)

subject to the initial data

qðx, 0Þ ¼ q0ðxÞ, uðx, 0Þ ¼ u0ðxÞ:

Here q ) 0 and u 2 Rd represent density and velocity, respectively. We shall make the
global assumption that q is normalized to have total mass 1. The term on the right-
hand side of the equation for the momentum qu is the alignment force. The function /
is called the communication protocol, and it governs the strength of the interactions
between the ‘agents’ that comprise the density profile. Throughout the paper, we will
assume / is non-negative, locally integrable, and radially decreasing.
The Euler-alignment system comes from the theory of collective behavior. Its salient

feature is the nonlocal alignment interaction, which for appropriate / leads to a
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remarkable long-time behavior referred to as flocking (a term intentionally reminiscent
of a group of birds). We will discuss flocking in due course, but we do not attempt a
comprehensive overview here. The most complete reference is [1], which also contains
references to many other excellent reviews.
The nonlocality of (1) is a notorious difficulty in the study of the wellposedness and

long-time behavior for this equation. However, there are two important cases where the
nonlocality drops out. If / * 0, then (1) reduces to the well-studied pressureless Euler
equations. This case does not exhibit the alignment features associated with non-degen-
erate /, but its more developed wellposedness theory showcases an arsenal of tools that
one can try out on the Euler-alignment system. The other situation where nonlocality is
not truly present is that of all-to-all coupling, where / is a positive constant. Solutions
of the all-to-all coupled system exhibit most features of the long-time behavior that one
expects for more general /: However, the analysis of this case is simpler: the alignment
force reduces to a linear and local damping.
In this paper, we develop a global wellposedness theory for weak solutions of the 1D

Euler-alignment system (1) with measure-valued density, and bounded velocity. Our
analysis covers the classical setup when the communication protocol / is bounded and
Lipschitz. More interestingly, it also works for the case when / is weakly singular,
namely it has an integrable singularity at the origin. We show an asymptotic flocking
behavior for the solutions we construct. Our approach adapts the sticky particle approxi-
mation, originally developed by Brenier and Grenier [2] to treat the 1D pressureless
Euler equations. We require a detailed understanding of the relationship between the
discrete and hydrodynamic settings; let us therefore review the derivation of (1) from
the Cucker–Smale system.

1.1. A brief derivation of the Euler-alignment system

The Euler-alignment system can be derived as a hydrodynamic version of the celebrated
Cucker–Smale system of ODE’s [3, 4]:

dxi
dt

¼ vi

dvi
dt

¼
XN

xj 6¼xi
j¼1

mj/ðxj ( xiÞðvj ( viÞ,
ðxi, viÞ 2 Rd & Rd, i ¼ 1, " " " ,N:

8
>>>>><

>>>>>:

(2)

This system governs the motion of N agents with masses mi ) 0, positions xi and veloc-
ities vi: As the number of agents goes to infinity, one can derive a kinetic formulation,
using BBGKY hierarchies [5] or mean-field limits [6–8]. The kinetic distribution func-
tion f ðx, v, tÞ solves the Vlasov-type equation

@t f þ v "rx f þrv " ðf Fðf ÞÞ ¼ 0,

Fðf Þðx, v, tÞ ¼
ð

Rd&Rd
f ðy,w, tÞ/ðx ( yÞðw( vÞ dw dy,

ðx, v, tÞ 2 Rd & Rd & Rþ:

8
><

>:

(3)

Define the macroscopic density and momentum by
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qðx, tÞ ¼
ð

Rd
f ðx, v, tÞ dv, Pðx, tÞ ¼ qðx, tÞuðx, tÞ ¼

ð

Rd
vf ðx, v, tÞ dv:

Here uð", tÞ is the macroscopic velocity, well-defined on XðtÞ :¼ x : qðx, tÞ > 0
" #

:

Taking zeroth and first moments on v of the kinetic system then yields

@tqþrx " ðquÞ ¼ 0, ðx, tÞ 2 Rd & Rþ,

@tðquÞ þrx " ðqu' uþRÞ ¼
ð

Rd
qðx, tÞqðy, tÞ/ðx ( yÞðuðy, tÞ ( uðx, tÞÞ dy,

Rðx, tÞ ¼
ð

Rd
ðv( uðx, tÞÞ ' ðv( uðx, tÞÞf ðx, v, tÞ dv,

8
>>>>>><

>>>>>>:

(4)

where R denotes the Reynolds stress tensor. Finally, one obtains the pressureless Euler-
alignment system (1) as a hydrodynamic limit by taking a monokinetic ansatz
f ðx, v, tÞ ¼ qðx, tÞdðv( uðx, tÞÞ, which eliminates R from (4). Rigorous justification (for
bounded /) can be found in [1, 9, 10].
An alternative hydrodynamic limit can be obtained [11–13] by taking an isothermal

ansatz f ðx, v, tÞ ¼ ð2pÞ(d=2qðx, tÞ exp ð(jv( uðx, tÞj2=2Þ, in which case rx "R becomes
a pressure term rxq: The resulting isothermal Euler-alignment system was investigated
in [14, 15]. A more general class of isentropic Euler-alignment system with a pressure
term rxðqcÞ, c ) 1 was considered in [16, 17]. The regularity theories of these cases are
less well-developed than that of their pressureless cousin. We do not treat the pressured
system further in the present work, as the assumption of monokineticity is strongly
embedded in our framework.
Finally, many authors prefer for technical reasons to replace (1)2 with the velocity

equation

@tuþ u "ru ¼
ð
qðy, tÞ/ðx ( yÞðuðy, tÞ ( uðx, tÞÞ dy, (5)

and to define uð", tÞ on all of Rd, or on some domain containing suppqðtÞ: We will not
use the Eq. (5) directly; the divergence form of (1) is more amenable to the framework
we want to build. We mostly do not distinguish between the two formulations in our
discussion of the literature.

1.2. Existing wellposedness theory on the pressureless Euler-alignment system

The global regularity theory for smooth solutions of the Euler-alignment system (1) is
fairly well-established in one space dimension, with different types of alignment
interactions.
The first scenario is when the interaction is regular, namely / is bounded and

Lipschitz. At the heart of many wellposedness results is the following quantity, intro-
duced in [14]:

eðx, tÞ ¼ @xuðx, tÞ þ / + qðx, tÞ: (6)

Here + denotes convolution in the spatial variable. Remarkably, e satisfies the simple
evolution equation
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@teþ @xðueÞ ¼ 0: (7)

This structure yields a precise description of global wellposedness via a critical threshold
condition [14]: if the initial condition is subcritical, satisfying e0 ) 0 on all of R, then
the solution stays globally regular; otherwise, supercritical initial data lead to shock for-
mations in finite time.
The next scenario is when the interaction is weakly singular, that is, when / has an

integrable singularity at the origin, e.g. /ðrÞ , r(s with s 2 ð0, 1Þ: Under this setup, a
similar but distinct critical threshold condition holds [18]; the main additional subtlety
occurs when e0 takes the value 0.
In the presence of vacuum q0ðxÞ ¼ 0, the critical threshold conditions are inaccessible

from physical initial data ðq0,P0Þ: The first author [19] has worked with an antideriva-
tive w of e, defined by

wðx, tÞ ¼ uðx, tÞ þ U + qðx, tÞ, (8)

where U is the unique odd antiderivative of /: The critical threshold condition can
then be expressed in terms of w0, which must be nondecreasing on the support of q0 to
propagate regularity. This condition is also sufficient when the protocol / is regular; for
weakly singular interactions, additional assumptions are needed to propagate regularity.
Sharp conditions are not known. In the present work, we make extensive use of the
quantity w and its discrete analog for the Cucker–Smale system.
Another interesting scenario is when the interaction is strongly singular, namely /

has a non-integrable singularity at the origin. In this case, the alignment produces
nonlocal dissipation that regularizes the solution. It has been shown that solutions are
globally regular for all smooth initial data away from vacuum [20–24]. (However, the
non-vacuum stipulation is important here, c.f. [25, 26].) Moreover, for rough initial
data, the solutions are instantaneously regularized thanks to the strongly singular inter-
action, see e.g. [27–30].
The Euler-alignment system (1) is less well understood in higher dimensions, largely

because of the lack of a scalar quantity e that solves a simple continuity equation like
(7). A natural candidate for a multi-dimensional replacement is e ¼ rx " uþ / + q,
which satisfies the equation @teþrx " ðueÞ ¼ ðrx " uÞ2 ( traceððrxuÞ2Þ: The right-hand
side vanishes if the velocity is unidirectional, i.e., uðx, tÞ ¼ uðx, tÞh with a fixed direction
h 2 Rd; in this case, the same threshold as in the 1D setting holds [31]. However, for
general u, the term ðrx " uÞ2 ( traceððrxuÞ2Þ does not vanish and is difficult to control
(but c.f. [31] for the ‘almost unidirectional’ case). Partial results are available in 2D [32,
33], for radial solutions [34], and recently in higher dimensions [35].
As for the asymptotic behavior, Ha and Liu [7] have shown that the Cucker–Smale

dynamics (2) enjoy the flocking property: when the communication weight / has a fat
tail, namely

ð1

1
/ðrÞ dr ¼ 1, (9)

then the diameter of the positions of all agents remains uniformly bounded in time,
and moreover, the velocities of all agents tend to a common value as time goes to infin-
ity. An analog of this property is inherited by the Euler-alignment system (1), at least
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for smooth solutions: it was proved in [33] that if / satisfies (9), then strong solutions
must flock.

1.3. Weak solutions and the non-uniqueness issue

Though the theory of strong solutions to the Euler-alignment system has been well-
developed over the last decade, little is known about weak solutions, even in one dimen-
sion. This is a serious gap in the theory, as solutions can lose regularity even if they are
initially smooth. Several natural questions arise when considering the possibility of weak
solutions:

- How does a solution evolve after the formation of a shock?
- Do weak solutions flock?
- How are weak solutions connected to the Cucker–Smale dynamics?

The global wellposedness theory we develop in this paper will address these points.
Let us remark that when the interaction is strongly singular and the initial data non-

vacuous, due to instant regularization, solutions are smooth and the existing theory of
strong solutions applies. Therefore, we shall focus on the case when the communication
protocol / is locally integrable, so the interaction can be either regular or weakly singu-
lar. A theory of weak solutions is needed, especially for supercritical initial data.
It is not difficult to formulate a satisfactory definition of a distributional weak solu-

tion of the Euler-alignment system (1). However, it is well-known that such solutions
are not unique. In fact, Carrillo et al. [36] studied weak solutions to Euler systems with
a general class of nonlocal interactions and showed that there exist infinitely many
weak solutions that dissipate the kinetic energy. What we need, therefore, is an add-
itional selection principle that will single out a unique weak solution.
The non-uniqueness issue is better understood for the 1D pressureless Euler system

@tqþ @xðquÞ ¼ 0,

@tðquÞ þ @xðqu2Þ ¼ 0:

8
<

: (10)

A well-known class of entropy inequalities for (10), introduced by Lax [37], requires
that for any positive convex entropy g,

@tðqgðuÞÞ þ @xðqugðuÞÞ . 0: (11)

These entropy inequalities can be adapted to the 1D Euler-alignment system, by replac-
ing gðuÞ with gðwÞ, where w is defined in (8). However, the entropy inequalities (11)
do not guarantee uniqueness. Bouchut [38] showed there are infinitely many entropic
solutions to the 1D pressureless Euler equations that satisfy (11). He also presented an
instructive example with atomic initial data: Consider a configuration where two par-
ticles move toward each other with velocities v1 > v2: One can impose different rules
when they collide. As long as the collision preserves momentum, and the post-collision
velocities v01, v

0
2 2 ½v2, v10, this setup generates an entropic solution for the 1D pressure-

less Euler equations. Two particular solutions are: (i) no collision: v0i ¼ vi, i ¼ 1, 2;
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(ii) completely inelastic collision: v01 ¼ v02: Hence, a stronger selection principle is
required to obtain a unique solution.

1.4. Sticky particle dynamics and selection principles

Among all the collision rules, the completely inelastic collision dissipates the most
energy. Since the post-collision velocities are the same, the two particles stick to each
other and travel together after the collision. This sticky particle model was originally
proposed by Zeldovich [39]; it generates atomic weak solutions to (10). Grenier [40]
also used the sticky particle dynamics to prove existence (but not uniqueness) of solu-
tions to (10). The sticky particle dynamics underlie at some level all of the successful
selection principles that we discuss below for the theory of (10) and related systems.
One line of results on the theory of (10) is related to a so-called generalized vari-

ational principle due to E, Rykov, and Sinai [41], which is compatible with the sticky
particle dynamics and can serve as a selection principle. Huang and Wang [42] proved
existence and uniqueness of weak solutions satisfying the one-sided Lipschitz condition

uðx2, tÞ ( uðx1, tÞ
x2 ( x1

. 1
t
, t > 0: (12)

Their construction is based on a generalized potential and has strong ties to the vari-
ational principle of [41] (c.f. also the earlier works [43, 44]). The framework of [42] has
been adapted to the 1D Euler-alignment system with all-to-all coupling [45, 46], where
the alignment interaction reduces to a linear, local damping. It is not clear whether this
approach can be extended to the truly nonlocal case of a general communication proto-
col /; to our knowledge, this question has not been treated in the literature.
Another type of selection principle for (10) is based on the entropy conditions for a

related scalar equation. This approach was pioneered by Brenier and Grenier [2], who
study (10) by connecting it to the scalar conservation law

@tM þ @xðAðMÞÞ ¼ 0, (13)

where M is the cumulative distribution function of the density q, and the flux A only
depends on the initial data q0 and u0: The entropy conditions for (13) select a unique
solution M, which determines a distinguished weak solution of the pressureless Euler
equations through q ¼ @xM, qu ¼ @xðAðMÞÞ: Hence, the entropy inequalities for the
scalar conservation law (13) serve as a satisfactory selection principle for (10).
Moreover, the entropy solution of (13) has an elegant connection to the sticky particle
dynamics: with a discretized initial condition M0

N and flux AN , the sticky particle
dynamics generate the entropy solution of the scalar conservation law by tracking the
locations of all the shocks of MN :
Bouchut and James have developed a related but alternative theory of duality solu-

tions [47, 48] for solutions to (10). Their theory relies on properties of monotone solu-
tions to (13), and they prove uniqueness under an assumption similar to (but stronger
than) (12). The framework of [2] has been successfully applied to the 1D Euler–Poisson
equations [49–51]. To handle the additional nonlocal Poisson force, a nonlocal scalar
conservation law (13) is generated, with a time dependent flux A ¼ AðM, tÞ: A similar
argument also works for the 1D Euler-alignment system with all-to-all coupling [52].
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The sticky particle approach to the pressureless Euler equations and related systems
has continued to garner attention, through the lens of optimal transport [49–51, 53,
54], and also from a probabilistic perspective [55–60]. An exhaustive review of the lit-
erature on the pressureless Euler system is far beyond the scope of the present work.
However, the approaches described above provide sufficient context for the ideas devel-
oped in our paper.

1.5. Scalar balance laws for the Euler-alignment system

We are interested in the 1D Euler-alignment system with general alignment interac-
tions.

@tqþ @xðquÞ ¼ 0,

@tðquÞ þ @xðqu2Þ ¼ qð/ + ðquÞÞ ( quð/ + qÞ:

(
(14)

The major challenge is to appropriately treat the nonlocality from the alignment interac-
tions. Unfortunately, the system cannot be connected to a scalar conservation law of the
type (13), except for special cases, e.g. constant /:
We introduce a new scalar balance law connected to the 1D Euler-alignment system:

@tM þ @xðAðMÞÞ ¼ ð/ +MÞ@xM: (15)

The contribution from the alignment interaction is split between the flux term and the
nonlinear, nonlocal right-hand side of (15). Following the framework of Brenier and
Grenier, we establish a global wellposedness theory for (15) and show that there is a
unique entropy solution. We then construct a unique weak solution to the 1D Euler-
alignment system (14), using the entropy conditions for (15) as our selection principle.
The intrinsic nonlocality embedded in (15) requires a significant advancement of the
analytical techniques used for (13), in terms of both the global wellposedness theory
and (more significantly) the precise connection with (14). For example, we prove that
solutions M of (15) are stable with respect to perturbations of the initial data M0 and
the flux A. Our bound is the same as the one for scalar conservation laws (c.f.
[Theorem 3, 61]); however, we need to use monotonicity of Mð", tÞ (built into our def-
inition of entropy solution) in an essential way to treat the nonlocal term, whereas this
assumption is not needed to treat (13). Another distinctive feature of (15) is that
@xðAðMÞÞ does not represent the momentum qu; rather, it is equal to qw: We use the
relation (8) to recover the momentum. Finally, when / is merely locally integrable, the
fact that / +M may not be differentiable presents challenges in both the existence and
stability proofs: The term corresponding to ð/ +MÞ@xM in our definition of entropy
solution is the most subtle with respect to convergence of the discretization.
Furthermore, it necessitates an additional application of the BV chain rule and the use
of a delicate cancelation in our uniqueness and stability argument.
We also explore the connection between (15) and the sticky particle Cucker–Smale

dynamics, introduced in Section 3. We show that the entropy solution of (15) can be
constructed through an approximation by a sequence of solutions to the sticky particle
Cucker–Smale dynamics. Ultimately, our approach yields a uniquely determined solu-
tion to (14), through a discrete approximation by sticky particle Cucker–Smale

COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS 759



dynamics, for measure-valued data. Under additional assumptions on the initial condi-
tions and protocol /, we obtain an error estimate for the approximation, with an expli-
cit convergence rate of up to OðN(1Þ: The rate echoes the work of Lucier [61] on scalar
conservation laws. This paves a clean path for the numerical implementation of our
solution through the sticky particle approximation.
Finally, we study the asymptotic behavior of our constructed solution to (14).

Applying uniform estimates on the sticky particle Cucker–Smale dynamics and the con-
vergence result of the approximation, we establish the same flocking property that is
enjoyed by strong solutions: If / satisfies (9), our weak solutions must flock.

Remark 1.1 (Interpretation of the solution). Our method of construction and the ‘sticky
particle’ framework are naturally compatible with the monokinetic ansatz mentioned in
Section 1.1. Different closure assumptions (e.g., a Maxwellian) will require different techni-
ques. A recent work of Amadori and Christoforou [62] treats the global existence and
asymptotic behavior of weak solutions to the Euler-alignment system with all-to-all cou-
pling (/ * 1) and an additional pressure term resulting from a Maxwellian ansatz. Their
solutions are generated by a front-tracking scheme, but their analysis otherwise has little
overlap with our work or with the sticky particle-based literature described previously.
In this work, our primary interest in the sticky particle Cucker–Smale dynamics relates

to their role in selecting a unique solution of the Euler-alignment system. However, one
can interpret them physically as an ‘extreme’ case of strong local alignment. We conjecture
that this heuristic can be rigorously justified, and we plan to address it in future work.

1.6. Main results and structure of the paper

We study the following three systems and their connections. The sticky particle collision
rule in the Cucker–Smale dynamics corresponds to the entropy conditions for the scalar
balance law, which in turn serves as the selection principle to the unique weak solution
of the 1D Euler-alignment system.

Our results are summarized in the following points. The explicit statements appear in
the text.

- Existence, Uniqueness, and Stability.
- For monotone initial data M0 and Lipschitz flux A, the scalar balance law (15) has

a unique entropy solution M, which is BV in space and time (Theorem 5.1(a)).
The solution is stable under perturbations of both M0 and A (Theorem 5.1(c)).

- Given q0 2 PcðRÞ (a compactly supported probability measure) and u0 2
L1ðdq0Þ, a unique solution of (14) can be generated from the unique entropy
solution of (15) with corresponding initial data M0 and flux A (Theorem 6.3,
the entropic selection principle).
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- Discretization and Approximability.
- The sticky particle Cucker–Smale dynamics determine the entropy solution of the

scalar balance law (15) for discretized initial data M0
N and flux AN (Theorem 4.1).

- he sticky particle Cucker–Smale dynamics approximate the unique solution of
(15) and (14) for general initial data (Theorems 5.1(b) and 6.5), with an explicit
convergence rate depending on / and u0 (Theorem 6.7).

- Long-Time Behavior and Flocking.
- Our constructed weak solution to the 1D Euler-alignment system (14) exhibits

the flocking phenomenon (Theorem 7.2): If / which decays slowly enough, the
velocity u converges to a constant, and q converges to a traveling wave q1:

Outline of the paper
In Section 2, we give a formal derivation of the scalar balance law (15) from the Euler-
alignment system and derive the associated Rankine–Hugoniot condition and Oleinik
entropy condition. In Section 3, we discuss the properties of the sticky particle Cucker–
Smale dynamics that are needed for our wellposedness theory. In Section 4, we connect
the sticky particle Cucker–Smale dynamics to the entropy solution of the discretized
scalar balance law (15). In Section 5, we present the wellposedness theory for entropy
solutions of (15) and prove the convergence of the sticky particle approximation. In
Section 6, we establish rigorously the connection between solutions to the scalar balance
law (15) and the 1D Euler-alignment system (14), construct a unique weak solution,
and study the approximation by the sticky particle Cucker–Smale dynamics. Finally, in
Section 7, we study the asymptotic flocking behavior.

2. Derivation of the scalar balance law and entropy conditions

2.1. The scalar balance law

We give a formal derivation of the scalar balance law (15) from the 1D Euler-alignment
system (14), assuming all functions involved are as regular as necessary. Rigorous justifi-
cation of the equivalence between the two systems will be made in Section 6.
We begin by reformulating the 1D Euler-alignment system as follows. Integrating (7)

yields

@twþ u@xw ¼ 0, (16)

where w ¼ uþ U + q as in (8), and

UðxÞ ¼
ðx

0
/ðyÞ dy: (17)

The 1D Euler-alignment system can then be expressed in terms of the pair ðq, qwÞ :

@tqþ @xðquÞ ¼ 0,

@tðqwÞ þ @xðqwuÞ ¼ 0:

(

(18)

The velocity can be recovered from w and q via the relation (8):

u ¼ w( U + q: (19)
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Since q and qw satisfy the same continuity Eq. (18), their primitives

Mðx, tÞ ¼ ( 1
2
þ
ð

ð(1,x0
qðy, tÞ dy, Qðx, tÞ ¼

ð

ð(1,x0
qwðy, tÞ dy (20)

will satisfy the transport equations

@tM þ u@xM ¼ 0, @tQþ u@xQ ¼ 0:

Let A be a map (depending only on the initial data ðM0,Q0Þ) such that A 1M0 ¼ Q0:
If ðx, tÞ lies on a characteristic path originating at ðx0, 0Þ and governed by the velocity
field u, then

Qðx, tÞ ¼ Q0ðx0Þ ¼ AðM0ðx0ÞÞ ¼ AðMðx, tÞÞ:

Using this identity Q ¼ AðMÞ, as well as the definitions of q and w, we can write

u@xM ¼ qw( qU + q ¼ @xQ( @xM " ð/ +MÞ ¼ @xðAðMÞÞ ( @xM " ð/ +MÞ,

which leads to the scalar balance law (15).

Remark 2.1. We include a shift of ( 1
2 in the definition of M in (20) to make sense of

the convolution / +M: We will always work with q such that qðtÞ is supported in a
compact interval ½(RðTÞ,RðTÞ0 for any t 2 ½0,T0, so that Mð6x, tÞ ¼ 6 1

2 for any x )
RðTÞ: For R ) RðTÞ, we define

/ +Mðx, tÞ ¼
ð2R

(2R
/ðzÞMðx ( z, tÞ dz, for all x 2 (R,R½ 0: (21)

Since / is even, the choice of R is inconsequential to the value of / +M; consequently,
the definition (21) defines / +Mðx, tÞ for all x 2 R, t 2 ½0,T0: Moreover,

/ +Mðx, tÞ ¼ UðyÞMðx ( yÞ
iy¼2R

y¼(2R
þ
ð2R

(2R
UðyÞqðx( y, tÞ dy ¼ U + qðx, tÞ,

for all x 2½( R,R0: Both boundary terms take the value 1
2Uð2RÞ and hence cancel with

each other.
Finally, it is easy to see that / +M ¼ U + q is bounded (by Uð2RÞ) and continuous

(since U is).

2.2. Entropy conditions to the scalar balance law

The scalar balance law (15) admits a natural admissibility criterion via entropy inequal-
ities. Let g : ½( 1

2 ,
1
20 ! R be a convex and Lipschitz function and suppose q : ½( 1

2 ,
1
20 !

R satisfies q0 ¼ g0A0: The pair ðg, qÞ is known as an entropy/entropy-flux pair, and the
entropy inequality for (15) associated to each such pair reads

@tðgðMÞÞ þ @xðqðMÞÞ . ð/ +MÞ @xðgðMÞÞ, (22)

in the sense of distributions. That is, for any nonnegative test function f 2 C1
c ðR&

ð0,TÞÞ, we require
ðT

0

ð

R
gðMÞ@tfþ qðMÞ@xfþ fð/ +MÞ@xðgðMÞÞ
$ %

dx dt ) 0: (23)
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Let us comment on the last term in (23). When / is bounded and Lipschitz, it is
easy to check that / +M is Lipschitz. In this case, the integral can be realized as

ðT

0

ð

R
fð/ +MÞ@xðgðMÞÞ dx dt ¼ (

ðT

0

ð

R
@xfð/ +MÞ þ f@xð/ +MÞ½ 0gðMÞ dx dt:

For general locally integrable communication protocol /, note that gðMÞ 2 BVlocðRÞ
(e.g. by Lemma 5.2) and is constant outside of ½(R,R0: Hence, @xðgðMÞÞ is a Radon
measure with support in ½(R,R0: Since / +M 2 Cbð½(R,R0Þ, it follows that the integral
is well-defined.

Definition 2.1. We say M : R& ½0,T0!½( 1
2 ,

1
20 is an entropy solution to the scalar bal-

ance law (15) if

- The entropy inequality (22) is satisfied for every entropy/entropy flux pair ðg, qÞ, in
the sense outlined in the discussion above.

- Mð", tÞ is nondecreasing, for any t 2 ½0,T0:
- There exists an RðTÞ > 0, such that Mð6x, tÞ ¼ 6 1

2 , for any x ) RðTÞ and t 2 ½0,T0:

We say M : R& ½0,þ1Þ!½( 1
2 ,

1
20 is an entropy solution if its restriction to any

compact time interval [0, T] is an entropy solution in the sense above.
By a standard approximation argument, one deduces that the collection of all

entropy/entropy flux pairs in Definition 2.1 may be replaced a smaller class. The
entropy solution can be equivalently defined if the entropy inequality (22) is satisfied
for every Kruzkov entropy pair

gðmÞ ¼ jm( aj, qðmÞ ¼ sgnðm( aÞðAðmÞ ( AðaÞÞ, a 2 ( 1
2
,
1
2

& '
: (24)

We will use the definition (24) in the proofs of existence and uniqueness of entropy sol-
utions to (15).
Next, we state the Rankine–Hugoniot condition and the Oleinik entropy condition

for (15). Since the nonlocal term on the right-hand side of (22) plays a role in the con-
ditions, we shall outline the derivation.
Suppose M takes the values M‘ and Mr on two sides of a shock along a curve C ¼
ðx, tÞ : x ¼ sðtÞ

" #
: We denote by rðtÞ ¼ _sðtÞ the speed of the shock. The entropy condi-

tion (23) becomes
ð

C
ð gðMÞ½ 0½ 0!tðsÞ þ qðMÞ

$ %$ %
( ð/ +MÞ gðMÞ½ 0½ 0

( )
!xðsÞÞf ds ) 0,

where ! ¼ ð!x, !tÞ ¼ ð1þ r2Þ(
1
2ð1,(rÞ is the unit normal vector along C, and we have

used the notation ½½gðMÞ00 ¼ gðM‘Þ ( gðMrÞ and ½½qðMÞ00 ¼ qðM‘Þ ( qðMrÞ: This implies

ðrþ ð/ +MÞÞ gðMÞ½ 0½ 0 . qðMÞ
$ %$ %

, along C:

Taking g ¼ id and q ¼ A, and noting that equality should hold in (23), we get the
Rankine–Hugoniot condition
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rþ / +M ¼ AðMÞ½ 0½ 0
M½ 0½ 0 : (25)

For M‘ < Mr, we take gðmÞ ¼ ðm( hÞHðm( hÞ and qðmÞ ¼ ðAðmÞ ( AðhÞÞHðm( hÞ
for h 2 ðM‘,MrÞ: Here, H denotes the Heaviside function. This leads to the Oleinik
entropy condition

rþ / +M . AðhÞ ( AðM‘Þ
h(M‘

, h 2 ðM‘,MrÞ: (26)

3. The sticky particle Cucker–Smale dynamics

3.1. Definitions and notation

Consider a system of particles of positive masses ðmiÞNi¼1 and configurations ðxiðtÞ, viðtÞÞNi¼1
following the Cucker–Smale dynamics (2) in one dimension

dxi
dt

¼ vi,
dvi
dt

¼
XN

xj 6¼xi
j¼1

mj/ðxj ( xiÞðvj ( viÞ: (27)

We always assume the total mass is 1:

XN

i¼1

mi ¼ 1: (28)

The system (27)–(28) allows particles to pass through each other. We propose a modi-
fied system: the sticky particle Cucker–Smale dynamics, which follows (27) except at
times when two or more particles collide, i.e., occupy the same position (for the first
time). We insist that colliding particles remain stuck together for all future times. We
refer to the unmodified system (27)–(28) as the Cucker–Smale dynamics without colli-
sions, in order to emphasize the distinction between the two sets of dynamics.
Let us now define precisely the collision rules for the sticky particle Cucker–Smale

dynamics. We fix the notation JiðtÞ to represent the set of indices j such that particle j
is stuck to particle i at time t:

JiðtÞ :¼ j 2 1, :::,N : xjðtÞ ¼ xiðtÞ
" #

:

The collision rules have two ingredients:

- Each collision is completely inelastic, and particles stick to each other after collisions:

JiðtÞ 2 JiðsÞ, whenever t ) s ) 0; (29)

- The collision conserves momentum:

viðtþÞ ¼
P

j2JiðtÞmjvjðt(Þ
P

j2JiðtÞmj
: (30)

We will always index the particles in increasing order from left to right:

x1ðtÞ . x2ðtÞ . " " " . xNðtÞ:
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Since the collision rules do not allow particles to cross each other, the order stays
unchanged for all time. It will be convenient to set notation for lowest and highest indi-
ces in a given JiðtÞ:

i+ðtÞ ¼ min JiðtÞ, i+ðtÞ ¼ max JiðtÞ:

A time t is called a collision time if the cardinality of one or more of the Ji’s increases
at time t. At collision times, we make the convention that the vi’s are right continuous,
i.e., viðtÞ ¼ viðtþÞ: We set vjð0(Þ ¼ v0j by convention, to account for the possibility that

some of the x0i ¼ xið0Þ’s might coincide and create a ‘collision’ at time zero. It is clear
that at most N ( 1 collisions can occur. Thus global-in-time existence and uniqueness
of the sticky particle Cucker–Smale dynamics is a triviality.

3.2. Basic properties for the sticky particle Cucker–Smale dynamics

We begin by stating the maximum principle on ðviÞNi¼1, which is well-known for the
Cucker–Smale dynamics without collisions.

Proposition 3.1. Suppose ðxiðtÞ, viðtÞÞNi¼1 follows the sticky particle Cucker–Smale dynam-
ics associated to the data ðx0i , v0i ,miÞNi¼1. Then

min
1.j.N

vjðsÞ . viðtÞ . max
1.j.N

vjðsÞ, for any i ¼ 1, :::,N, t ) s ) 0: (31)

Consequently, if x0i
" #N

i¼1 3 ½(R0,R00, then

xiðtÞ
" #N

i¼1 3 (RðtÞ,RðtÞ½ 0, RðtÞ :¼ R0 þ tmax
1.j.N

jv0j j, for all t ) 0: (32)

Proof. On collisionless time intervals, the bounds (31) follow immediately from the
dynamics of vi in (27). It is also clear that the collision rule (30) respects the maximum
principle (31). The assertion (32) follows immediately from (31). w

Remark 3.1. A nondegenerate alignment forcing in the velocity equation will often
decrease the best possible RðtÞ in (32). In fact, under appropriate assumptions on the
size and support of /, the radius RðtÞ may be chosen independent of t, and each viðtÞ
will converge to the average !v ¼

P
imiv0i as t ! 1: These phenomena are known as

flocking and velocity alignment and are well-known for the Cucker–Smale dynamics
without collisions, c.f. [7]. We will discuss these properties in the context of the sticky
particle Cucker–Smale dynamics and the Euler-alignment system in Section 7.

We now consider some properties of the sticky particle Cucker–Smale dynamics that
are unique to the 1D setting. These properties are connected to the quantity

wiðtÞ ¼ viðtÞ þ
XN

j¼1

mjUðxiðtÞ ( xjðtÞÞ, (33)

where U is the odd antiderivative of /, defined in (17). The quantity wi is a discrete
analog of the macroscopic w from (8). It plays the same role in many respects that the
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particle velocities vi do in the absence of alignment force. Indeed, wi ¼ vi in the degen-
erate case where / * 0: The quantities wi have been used to study the 1D Cucker–
Smale dynamics without collisions [63, 64]. In the 1D sticky particle setup, they play a
crucial role in the analysis of collisions. We list two basic properties below.

Proposition 3.2. The quantities wi have the following properties.

(a) Each wiðtÞ is constant in time in the absence of collisions; for any t that is not a
collision time,

d
dt

wiðtÞ ¼ 0: (34)

(b) If t is a collision time, we have

wiðtþÞ ¼
P

j2JiðtÞmjwjðt(Þ
P

j2JiðtÞmj
: (35)

Eq. (34) is verified by differentiating the formula for wiðtÞ and using (27). It is a dis-
crete analog of (16). To prove (35), we apply the collision rule (30) and use the continu-
ity of the trajectories xiðtÞ:

wiðtþÞ ¼ viðtþÞ þ
XN

k¼1

mkUðxiðtÞ ( xkðtÞÞ

¼
P

j2JiðtÞmjvjðt(Þ
P

j2JiðtÞmj
þ

P
j2JiðtÞmj

PN
k¼1mkUðxjðtÞ ( xkðtÞÞ

* +

P
j2JiðtÞmj

¼
P

j2JiðtÞmjwjðt(Þ
P

j2JiðtÞmj
:

3.3. The barycentric lemma

We are now in a position to state the following barycentric lemma, which is the key to
connecting the sticky particle dynamics with the entropy solutions of (15). A similar
argument has been implemented in [2, Lemma 2.2] for the pressureless Euler equation,
when / * 0:

Lemma 3.3. Fix an i 2 1, :::,Nf g and a time t > 0. For any k 2 JiðtÞ, we have
Pk

j¼i+ðtÞmjwjðt(Þ
Pk

j¼i+ðtÞmj
)
P

j2JiðtÞmjwjðt(Þ
P

j¼JiðtÞmj
¼ wiðtþÞ )

Pi+ðtÞ
j¼k mjwjðt(Þ
Pi+ðtÞ

j¼k mj

: (36)

Proof. It suffices to establish the following monotonicity property:

wi+ðtÞðt(Þ ) wi+ðtÞþ1ðt(Þ ) " " " ) wi+ðtÞðt(Þ: (37)

However, (37) follows directly from the corresponding obvious monotonicity property
for the velocities

vi+ðtÞðt(Þ ) vi+ðtÞþ1ðt(Þ ) " " " ) vi+ðtÞðt(Þ,

after taking into account that wjðt(Þ ( vjðt(Þ is independent of j 2 JiðtÞ: w
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4. Entropy solutions to the discretized balance law

In this section, we study the following discretized scalar balance law

@tMN þ @xðANðMNÞÞ ¼ ð/ +MNÞ@xMN , MNðx, 0Þ ¼ M0
NðxÞ: (38)

as a first step toward understanding (15). Eqs. (38) and (15) are identical except for
notation; we write (38) separately to highlight the special discretized initial data M0

N
and flux AN under consideration.
Let us describe our hypotheses. We assume M0

N is piecewise constant, of the form

M0
NðxÞ ¼ ( 1

2
þ
XN

j¼1

mjHðx ( x0j Þ, (39)

where the mj’s are all strictly positive and sum to unity, as in (28). We also assume x01 .
x02 . " " " . x0N , and we use H to denote the right-continuous Heaviside function, with
Hð0Þ ¼ 1: Note that the range of MN is discrete, consisting of the values ðhiÞNi¼0 defined by

hi :¼ ( 1
2
þ
Xi

j¼1

mj: (40)

We define AN as a continuous and piecewise linear function, with breakpoints only at
ðhiÞN(1

i¼1 :

AN : ( 1
2
,
1
2

& '
! R, AN is linear in each interval hi(1, hi½ 0, for any i ¼ 1, :::,N:

(41)

Our main purpose in this section is to demonstrate that one can generate an entropy
solution to (38) using the sticky particle Cucker–Smale dynamics. This builds a connec-
tion between the collision rules (29)–(30) and the entropy conditions for the scalar bal-
ance law (15). This connection will be further developed later into a selection principle
for a unique weak solution of the 1D Euler-alignment system.

Theorem 4.1. Consider the scalar balance law (38) with discrete initial data M0
N and flux

AN, satisfying the hypotheses (39) (for some mi’s and x0i ’s as described above) and (41),
respectively. For each i ¼ 1, :::,N, define w0

i via

miw
0
i ¼ ANðhiÞ ( ANðhi(1Þ, (42)

and put

v0i ¼ w0
i (

XN

j¼1

mjUðx0i ( x0j Þ: (43)

Let ðxiðtÞ, viðtÞÞNi¼1 follow the sticky particle Cucker–Smale dynamics associated to the
masses ðmiÞNi¼1 and the initial conditions ðx0i , v0i Þ

N
i¼1. Then

MNðx, tÞ ¼ ( 1
2
þ
XN

i¼1

miHðx ( xiðtÞÞ (44)
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is an entropy solution of the discretized balance law (38). Moreover, we have

AN 1MNðx, tÞ ¼ AN ( 1
2

, -
þ
XN

i¼1

miwiðtÞHðx( xiðtÞÞ: (45)

Proof. Since MNð", tÞ in (44) is piecewise constant, it suffices to check that the shock dis-
continuities along the curves Ci ¼ ðxiðtÞ, tÞ : t ) 0

" #
satisfy the Rankine–Hugoniot condi-

tion (25) and the Oleinik entropy condition (26), with the shock speed riðtÞ ¼ viðtÞ:

Fix a point ðxiðtÞ, tÞ on Ci: By definition (44), we get

MNðxiðtÞ(, tÞ ¼ hi+ðtÞ(1, MNðxiðtÞþ, tÞ ¼ MNðxiðtÞ, tÞ ¼ hi+ðtÞ:

We denote the jump of a function f across Ci by ½½f 00 ¼ f ðxiðtÞþÞ ( f ðxiðtÞ(Þ: Thus

MNð", tÞ½ 0½ 0 ¼ hi+ðtÞ ( hi+ðtÞ(1 ¼
X

j2JiðtÞ
mj,

and from (42)

AN 1MNð", tÞ½ 0½ 0 ¼ ANðhi+ðtÞÞ ( ANðhi+ðtÞ(1Þ ¼
X

j2JiðtÞ
mjw

0
j :

Applying (35), we verify the Rankine–Hugoniot condition (25)

AN 1MNð", tÞ½ 0½ 0
MNð", tÞ½ 0½ 0

¼
P

j2JiðtÞmjw
0
jP

j2JiðtÞmj
¼ wiðtÞ ¼ viðtÞ þ / +MNðtÞ, along Ci:

Next, we check the Oleinik entropy condition (26), that is,

viðtÞ þ / +MNðxiðtÞ, tÞ .
ANðhÞ ( ANðhi+ðtÞ(1Þ

h( hi+ðtÞ(1
, h 2 ðhi+ðtÞ(1, hi+ðtÞÞ:

Since AN is piecewise linear, it suffices to check the inequality for h ¼ hk, k 2
i+ðtÞ ( 1, :::, i+ðtÞ

" #
: Applying Lemma 3.3, we obtain

ANðhkÞ ( ANðhi+ðtÞ(1Þ
hk ( hi+ðtÞ(1

¼
Pk

j¼i+ðtÞmjw
0
j

Pk
j¼i+ðtÞmj

)
P

j2JiðtÞmjw
0
jP

j2JiðtÞmj
¼ wiðtÞ ¼ viðtÞ þ / +MNðxiðtÞ, tÞ:

Finally, we check (45). The equality is trivial when x < x1ðtÞ: For x ) x1ðtÞ, let k be the
smallest index such that x ) xkðtÞ: Then we have MNðx, tÞ ¼ hk, so that, recalling (42),
we have

ANðMNðx, tÞÞ ¼ ANðh0Þ þ
Xk

i¼1

ðANðhiÞ ( ANðhi(1ÞÞ ¼ AN ( 1
2

, -
þ
Xk

i¼1

miw
0
i :

The conservation of momentum (35) implies that for our choice of x, we have

Xk

i¼1

miw
0
i ¼

Xk

i¼1

miwiðtÞ ¼
XN

i¼1

miwiðtÞHðx( xiðtÞÞ,

which ends the proof. w
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Remark 4.1. The flux AN need not be exactly piecewise linear in order for the analysis
above to work, but it does need to satisfy certain requirements. More specifically, let ~AN

be a Lipschitz function such that ~ANðhiÞ ¼ ANðhiÞ for each i. One can repeat the ana-
lysis of this section, with ~AN replacing AN , and obtain the exact same weak solution
MNðtÞ of the discretized system (38). This weak solution will be an entropy solution of
the discretized system (with flux ~AN) if ~AN ) AN , as one can readily check. On the
other hand, if the x0i ’s are all distinct and if ~ANðmÞ < ANðmÞ for some m, then it is
immediate that MNðtÞ is not an entropy solution.

5. The scalar balance law

In this section, we focus on developing global wellposedness theory for the scalar bal-
ance law (15), which we recall for the reader’s convenience:

@tM þ @xðAðMÞÞ ¼ ð/ +MÞ@xM, Mðx, 0Þ ¼ M0ðxÞ: (46)

The existence and uniqueness theory for entropy solutions of scalar conservation laws
has been well-established. The additional feature of (46) is the right-hand side of the
equation, which is both nonlinear and nonlocal, requires extra treatment. We show that
the entropy solution of (46), in the sense of Definition 2.1, exists and is unique.
Furthermore, it can be approximated by the sticky particle Cucker–Smale dynamics. We
also obtain stability bounds with respect to the initial condition M0, as well as the flux
A. Our main theorem is stated as follows.

Theorem 5.1. Consider the scalar balance law (46). Assume the initial condition M0 is a
nondecreasing function and that there exists an R0 > 0 such that M0ð6xÞ ¼ 6 1

2 for any
x ) R0. Let the flux A : ½( 1

2 ,
1
20 ! R be a Lipschitz function.

(a) (Existence and Uniqueness) Given any T > 0, the Cauchy problem (46) has a
unique entropy solution

M 2 BVðR& 0,T½ 0Þ:

(b) (Approximability) For any T > 0, the entropy solution M of (46) on [0, T] can be
approximated by the discretized balance law (38), and hence by the sticky particle
Cucker–Smale dynamics, in the following sense. There exists a sequence of (explicit)
discrete initial data M0

N and fluxes AN, satisfying the hypotheses (39) and (41),
respectively, such that the associated entropy solutions MN of (46) satisfy

MN (M ! 0 in Cð 0,T½ 0; L1ðRÞÞ, (47)

and

@tMNð", tÞ *
+
@tMð", tÞ in MðRÞ: (48)

for any t 2 ½0,T0 . Here, M is the space of measures.
(c) (Stability) Let ~M be the entropy solution of the scalar balance law

@t ~M þ @xð~Að ~MÞÞ ¼ ð/ + ~MÞ@x ~M, ~Mðx, 0Þ ¼ ~M0ðxÞ

with initial data ~M0 and flux ~A that satisfy the same assumptions as M0 and A
respectively. Then for any t ) 0 , we have the following stability bound:
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kMð", tÞ ( ~Mð", tÞkL1ðRÞ . kM0 ( ~M0kL1ðRÞ þ tjA( ~AjLip: (49)

The rest of the section is devoted to the proof of this theorem. Before beginning in
earnest, however, we note the following. In our argument, we will need to differentiate
the composition of a Lipschitz function and a BV function. To make sense of such an
operation, one can use Vol’pert’s theory of the BV calculus [65]. The precise version of
the BV chain rule that we need is stated in [66, Lemma A2.1].

Lemma 5.2. Suppose W 2 BVlocðRÞ and f is Lipschitz. Then f 1W belongs to 2 BVlocðRÞ,
and in the sense of measures,

....
d
dx

ðf 1WÞ
.... . jf jLip

....
d
dx

W
....: (50)

5.1. Existence and approximability

We start with the existence part of Theorem 5.1(a). The plan is to construct an entropy
solution of (46) using the front-tracking scheme, c.f. [Chapter 14, 67]. A front-tracking
approximation of (46) follows precisely the dynamics of the discretized balance law
(38); therefore, we will construct a sequence of approximated solutions MN , extract a
limit M, and show that M is an entropy solution of (46).

Step 1: Constructing an approximation sequence
For a given N, we construct an initial conditionM0

N and flux AN for the discretized balance
law (38). As long as the hypotheses (39) and (41) are satisfied, we can apply Theorem 4.1 to
get a solution MN of the form (38). We give slightly more detail in this step than what is
strictly necessary for the proof of Theorem 5.1(a); we do this to allow for the reader to easily
compare the approximation scheme we use here with the one we use later in Theorem 6.7.
We begin with an N-tuple of positive masses ðmi,NÞNi¼1 that sum to unity (28). We

also assume

lim
N!1

max
1.i.N

mi,N ¼ 0: (51)

A typical choice is mi,N ¼ 1
N , so all particles have the same mass. Next, we define x0i,N by

x0i,N ¼ inf x : M0ðxÞ ) hi,N
" #

, i ¼ 1, :::,N: (52)

where hi,N is defined in (40). It is easy to check that x0i,N
" #N

i¼1 3 ½(R0,R00: Then, M0
N

can be constructed from (39). Finally, we define AN as the piecewise linear approxima-
tion of A such that

ANðhi,NÞ ¼ Aðhi,NÞ, i ¼ 0, :::,N: (53)

The M0
N and AN constructed through the procedure above clearly satisfy the hypothe-

ses (39) and (41). Moreover, they approximate M0 and A in the following sense.

Lemma 5.3. The following inequalities hold:

kM0
N (M0kL1ðRÞ . 2R0 max

1.i.N
mi,N , sup

m2 (1
2,
1
2½ 0
jANðmÞ ( AðmÞj.j AjLip max

1.i.N
mi,N : (54)

In particular, M0
N (M0 ! 0 in L1ðRÞ and AN ! A uniformly, as N ! 1:
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Proof. Denote x00,N :¼ (R0: We have

kM0
N (M0kL1ðRÞ ¼

XN

j¼1

ðx0j,N

x0j(1,N

ðM0ðxÞ (M0
NðxÞÞ dx .

XN

j¼1

mj,Nðx0j,N ( x0j(1,NÞ

. 2R0 max
1.j.N

mj,N ,

which proves the first inequality in (54). Note that we may allow x0j(1,N ¼ x0j,N for some

j’s, and the estimate above still holds. As for the second inequality in (54), fix m 2
½( 1

2 ,
1
20 and choose i such that m 2 ½hi(1,N , hi,N 0: Then (41) and (53) imply

ANðmÞ ( AðmÞ ¼ m( hi(1,N

mi
ðAðhi(1,NÞ ( AðmÞÞ þ hi,N (m

mi
ðAðhi,NÞ ( AðmÞÞ,

which easily implies the second inequality. w

Step 2: Extracting a limit M
Fix a time T > 0: For any t 2 ½0,T0, since MNðtÞ is uniformly bounded and nonde-

creasing, we may apply Helly’s selection theorem and find a convergent subsequence
MNkðtÞ in L1locðRÞ: Using a diagonal argument, we can get a further subsequence, still
denoted by MNk , that is convergent for all rational t 2 ½0,T0 in L1locðRÞ: We provisionally
denote the limit by MðtÞ: We want to upgrade the convergence MNkðtÞ (MðtÞ ! 0
from L1locðRÞ to L1ðRÞ and also extend our conclusion to irrational times. The following
observation will help us achieve this.
Note that by (42), (43), and the monotonicity of U, we have the following N-inde-

pendent bound on the initial velocities v0i,N :

jv0i,N j ¼ w0
i,N (

XN

j¼1

mj,NUðx0i,N ( x0j,NÞ

......

......
. jAN jLip þ Uð2R0Þ . jAjLip þ Uð2R0Þ: (55)

Then, (32) implies that for t 2 ½0,T0, we have xi,NðtÞ
" #N

i¼1 3 ½(RðTÞ,RðTÞ0, where

RðTÞ ¼ R0 þ TðjAjLip þ Uð2R0ÞÞ: (56)

It follows that MNð6x, tÞ ¼ 6 1
2 for all x > RðTÞ and t 2 ½0,T0, and thus we have

MNkðtÞ (MðtÞ ! 0 in L1ðRÞ for all rational times t 2 Qþ: The extension of this con-
vergence to irrational times is an easy consequence of the time regularity estimate

ð

R
jMNðx, tÞ (MNðx, sÞj dx .

XN

i¼1

mijxi,NðtÞ ( xi,NðsÞj. max
i
jv0i,N j " ðt ( sÞ (57)

. ðjAjLip þ Uð2R0ÞÞðt ( sÞ:

We used (44) to get the first inequality, then the maximum principle (31) to get the
second, and finally the bound (55) to finish.
Combining (57) with the established convergence MNkðtÞ (MðtÞ ! 0 at rational

times, we conclude
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MNk (M ! 0 in Cð 0,T½ 0; L1ðRÞÞ:

The limit M has the desired properties: For each t 2 ½0,T0, the function Mð", tÞ is non-
decreasing, with Mð6x, tÞ ¼ 6 1

2 for all x ) RðTÞ: Moreover, the time regularity esti-
mate (57) implies a uniform bound

k@tMNkðx, tÞkM . jAjLip þ Uð2R0Þ, for all t 2 0,T½ 0:

Then, extracting a further subsequence, still denoted by MNk , we obtain the weak-+ con-
vergence

@tMNkð", tÞ *
+
@tMð", tÞ in MðRÞ:

This also allows us to conclude that M 2 BVðR& ½0,T0Þ:

Remark 5.1. Once we show M is the unique entropy solution of (46) (through an argu-
ment independent of the existence proof), we can conclude that the whole sequence MN

converges to M, finishing the proof of Theorem 5.1(b).

Step 3: Verifying the entropy conditions
Finally, we show that the function M we have constructed above is indeed an entropy

solution of (46). We do this by verifying the entropy inequality (23) for all Kruzkov
entropy pairs ðg, qÞ in (24).
We know from Theorem 4.1 that MN is an entropy solution of (38). Thus the

entropy inequality (23) is satisfied for ðg, qNÞ, where gðmÞ ¼ jm( aj and qNðmÞ ¼
sgnðm( aÞðANðmÞ ( ANðaÞÞ: It reads

ðT

0

ð

R
½gðMNÞ @tfþ qNðMNÞ@xfþ ð/ +MNÞf @xðgðMNÞÞ0 dx dt ) 0:

Now we pass to the limit. To simplify the notation, we write MN instead of MNk in
what follows. Define qðmÞ ¼ sgnðm( aÞðAðmÞ ( AðaÞÞ, as in (24). For a fixed t 2 ½0,T0
(for which we suppress the notation), we use Lemma 5.3 and get

kgðMNÞ ( gðMÞkL1 . jgjLipkMN (MkL1 ¼ kMN (MkL1 ! 0,

kqNðMNÞ ( qðMÞkL1 . kqNðMNÞ ( qðMNÞkL1 þ kqðMNÞ ( qðMÞkL1
. 2RðTÞkAN ( AkL1ð (1

2,
1
2½ 0Þ þ jAjLipkMN (MkL1 ! 0:

This establishes convergence for the first two terms. The last term is more subtle; we
argue as follows.
First, we claim that / +MN converges uniformly to / +M with respect to x, and that

this convergence is furthermore uniform with respect to t on [0, T]. This is immediate
if / is bounded; otherwise we can consider a mollification /d of / and estimate as
follows:

k/ +MN ( / +MkL1 . k/( /dkL1kMN (MkL1 þ k/dkL1kMN (MkL1 :

We can first choose d so that the first term on the right is small, then choose N large
enough to finish.
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Next, we note that (by Lemma 5.2) @xðgðMNÞÞ is a bounded sequence in MðRÞ:
k@xðgðMNÞÞkM . jgjLip:

The same bound holds for @xðgðMÞÞ: Now we can write
ðT

0

ð

R
ð/ +MNÞf@xðgðMNÞÞ dx dt (

ðT

0

ð

R
ð/ +MÞf@xðgðMÞÞ dx dt

.....

.....

.
ðT

0
kfðtÞkL1k/ +MN ( / +MkL1k@xðgðMNÞÞkM dt

þ
ðT

0

ð

R
ð/ +MÞf @xðgðMNÞÞ ( @xðgðMÞÞ½ 0 dx dt

.....

.....:

The first term on the right side of the above inequality goes to zero in light of the above
arguments. We can establish the vanishing of the second term similarly: Mollifying / +
M if necessary, we write

ðT

0

ð

R
ð/ +MÞf @xðgðMNÞÞ ( @xðgðMÞÞ½ 0 dx dt

.....

.....

.
ðT

0
kfð/ +M ( ð/ +MÞdÞkL1k@xðgðMNÞÞ ( @xðgðMÞÞkM dt

þ
ðT

0
k@xðfð/ +MÞdÞkL1kgðMNÞ ( gðMÞkL1 dt:

Note that mollification is unnecessary if / is bounded. In any case, the continuity of
/ +M and the compact support of f guarantee that kfðð/ +MÞ ( ð/ +MÞdÞkL1 can be
made as small as desired by choosing d appropriately, after which we can choose N
large enough to make kgðMNÞ ( gðMÞkL1 small. We thus obtain the entropy inequality
(23) and conclude that M is an entropy solution of (46).

5.2. Uniqueness and L1 stability

We now prove the stability estimate (49). Note that uniqueness is a direct consequence
if we set ~M0 ¼ M0 and ~A ¼ A: We use Kruzkov’s doubling of the variables strategy,
with additional treatment of the nonlocal term on the right-hand side of (46).
For fixed ðy, sÞ, consider the Kruzkov entropy pair (24) with a ¼ ~Mðy, sÞ, and a test

function fðx, tÞ ¼ wðx, t, y, sÞ to be specified later. Entropy inequality (23) reads

0 .
ð ð

jMðx, tÞ ( ~Mðy, sÞj@twðx, t, y, sÞ dx dt

þ
ð ð

sgnðMðx, tÞ ( ~Mðy, sÞÞðAðMðx, tÞÞ ( Að ~Mðy, sÞÞÞ@xwðx, t, y, sÞ dx dt

þ
ð ð

ð/ +MÞðx, tÞð@xjMðx, tÞ ( ~Mðy, sÞjÞwðx, t, y, sÞ dx dt:

We omit the bounds of integration in most of the computation below. Unless otherwise
specified, the spatial variables x and y are integrated over R, while the time variables t,
s are integrated over [0, T].
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We perform the analogous manipulations, with ~A replacing A and the roles of
Mðx, tÞ and ~Mðy, sÞ interchanged. Integrating over the remaining free variables in both
cases and adding the results yields

0 .
ð ð ð ð

jMðx, tÞ ( ~Mðy, sÞjð@twþ @swÞðx, t, y, sÞ dx dt dy ds

þ
ð ð ð ð

sgnðMðx, tÞ ( ~Mðy, sÞÞ ðAðMðx, tÞÞ ( Að ~Mðy, sÞÞÞ@xwðx, t, y, sÞ
$

þð~AðMðx, tÞÞ ( ~Að ~Mðy, sÞÞÞ@ywðx, t, y, sÞ
%
dx dt dy ds

þ
ð ð ð ð

wðx, t, y, sÞ ð/ +MÞðx, tÞ@xjMðx, tÞ ( ~Mðy, sÞj
$

þð/ + ~MÞðy, sÞ@yjMðx, tÞ ( ~Mðy, sÞj
%
dx dt dy ds:

(58)

We introduce the auxiliary variables

!x ¼ x þ y
2

, !y ¼ x ( y
2

, !t ¼ t þ s
2

, and !s ¼ t ( s
2

,

and we take a test function of the form

wðx, t, y, sÞ ¼ be
x ( y
2

, -
be

t ( s
2

, -
g

x þ y
2

, -
hd

t þ s
2

, -
¼ beð!yÞbeð!sÞgð!xÞhdð!tÞ,

where be, g, hd are smooth, nonnegative functions satisfying the following properties.

- The functions ðbeÞe>0 approximate the Dirac delta distribution as e ! 0þ : We
take be to be a standard mollifier, supported in ð(e, eÞ and having integral 1.

- The function g is identically 1 on ½(RðTÞ,RðTÞ0 and is compactly supported.
- The functions ðhdÞd>0 approximate the indicator function of [s, t] as d ! 0þ : We

take hd to be identically 1 on [s, t], identically zero outside ½s( d, t þ d0, and linear
on ½s( d, s0 and ½t, t þ d0:

To proceed, we shall substitute our test function into (58), using the auxiliary varia-
bles. Observe that

@t þ @s ¼ @!t , @x þ @y ¼ @!x, @x ( @y ¼ @!y:

We now rewrite our inequality in terms of the new variables. In particular, the brack-
eted part of the second term on the right side of (58) can be rewritten as

ðAþðMÞ ( Aþð ~MÞÞ @!xwþ ðA(ðMÞ ( A(ð ~MÞÞ @!yw,

where we have used the shorthand notation

A6ðmÞ :¼ AðmÞ6~AðmÞ
2

and suppressed the arguments of M and ~M: The latter will be equal to ðx, tÞ ¼ ð!x þ !y,
!t þ!sÞ and ðy, sÞ ¼ ð!x ( !y,!t (!sÞ, respectively, for the rest of the computation below.

Note that if the fluxes A and ~A are identical, then Aþ reduces to their common value,
while A( vanishes. Hence, A( encodes information about stability with respect to the flux.
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Next, we rewrite the bracketed part in the last term of (58) (again suppressing argu-
ments) as

/ +M þ / + ~M
2

" @!xjM ( ~Mjþ / +M ( / + ~M
2

" @!yjM ( ~Mj:

Substituting the above into (58) then yields

0 .
ð ð ð ð

jM ( ~M @!twþ sgnðM ( ~MÞðAþðMÞ ( Aþð ~MÞÞ@!xw
.. %

d!x d!t d!y d!s
h

þ
ð ð ð ð

sgnðM ( ~MÞðA(ðMÞ ( A(ð ~MÞÞ@!yw d!x d!t d!y d!s

þ 1
2

ð ð ð ð
ð/ +M þ / + ~MÞw " @!xjM ( ~Mj d!x d!t d!y d!s

þ 1
2

ð ð ð ð
ð/ +M ( / + ~MÞw " @!yjM ( ~M d!x d!t d!y d!s

..

(59)

We want to take e ! 0, which will effectively set !y and !s equal to zero. Before we can
do this, however, we need to deal with the !y derivatives. We treat the second integrable
above first, making use of the following lemma to justify the necessary integration by parts.

Lemma 5.4. The function

cðM, ~MÞ :¼ sgnðM ( ~MÞðA(ðMÞ ( A(ð ~MÞÞ

is Lipschitz in both variables M and ~M, with

jcð", ~MÞjLip . jA(jLip, jcðM, "ÞjLip . jA(jLip:

Proof. Fix an ~M and pick M1 < M2: We consider two cases. First, if M1 and M2 are
both greater or both less than ~M, then

jcðM1, ~MÞ ( cðM2, ~MÞj¼j A(ðM1Þ ( A(ðM2Þj.j A(jLipjM1 (M2j:

If on the other hand we have M1 . ~M . M2, then

jcðM1, ~MÞ ( cðM2, ~MÞj.j A(jLipð ~M (M1Þ þ jA(jLipðM2 ( ~MÞ ¼ jA(jLipjM1 (M2j:

The estimate jcð", ~MÞjLip . jA(jLip follows. The other bound can be obtained in the
same way. w

Now, we apply (50) with f ðzÞ ¼ cðz, ~MÞ,W ¼ M and f ðzÞ ¼ cðM, zÞ, W ¼ ~M:
Lemma 5.4 yields

d
d!y

cðM, ~MÞ
....

.... . jA(jLip @1Mð!x þ !y,!t þ!sÞ
.. ..þ jA(jLip @1 ~Mð!x ( !y,!t (!sÞ

.. ..:

Here @1 denotes differentiation with respect to the first (spatial) argument.
We also use the following estimate in the fourth integral of (59):

d
d!y

jMð!xþ !y,!t þ!sÞ ( ~Mð!x( !y,!t (!sÞj
....

.... . @1Mð!xþ !y,!t þ!sÞ þ @1 ~Mð!x( !y,!t (!sÞ
.. ..:
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We now collect all the estimates above and take e ! 0 in (59). For simplicity, we revert
to the notation ðx, tÞ in rather than ð!x,!tÞ in this inequality and the following ones. We
obtain

0 .
ð ð

jMðx, tÞ ( ~Mðx, tÞj gðxÞh0dðtÞ þ sgnðM ( ~MÞðAþðMÞ ( Aþð ~MÞÞg0ðxÞhdðtÞ
$ %

dx dt

þ
ð ð

jA(jLipðj@xMjþ j@x ~MjÞgðxÞhdðtÞ dx dt

þ 1
2

ð ð
/ + ðM þ ~MÞ " @xjM ( ~Mjþ ð/ + jM ( ~MjÞ "j @xM þ @x ~Mj
$ %

gðxÞhdðtÞ dx dt:

Next, we recall our choices of g and hd: We can drop the second term in the first
integral above, since g0 * 0 in ½(RðTÞ,RðTÞ0; we also replace g by 1 for the rest of the
terms. Taking d ! 0, we get

ð
jMðx, tÞ ( ~Mðx, tÞj dx

.
ð
jMðx, sÞ ( ~Mðx, sÞj dxþ 1

2
jA( ~AjLip

ðt

s

ð
j@xMjþ j@x ~Mj dx ds

þ 1
2

ðt

s

ð
U + ð@xM þ @x ~MÞ " @xjM ( ~Mjþ j@xM þ @x ~MjðU + @xjM ( ~MjÞ
$ %

dx ds:

(60)

Up to this point, we have not used the fact that M and ~M are nondecreasing. We take
advantage of it in this final step by replacing j@xMj with @xM, etc. Under these replace-
ments, the second term in (60) becomes jA( ~AjLipðt ( sÞ, while the last term in (60)
vanishes identically due to the oddness of U: The stability bound (49) follows immedi-
ately, upon taking s ¼ 0:

6. The entropic selection principle for the Euler-alignment system

In this section, we come back to our main 1D Euler-alignment system (14). Recall

@tqþ @xðquÞ ¼ 0,

@tðquÞ þ @xðqu2Þ ¼ qð/ + ðquÞÞ ( quð/ + qÞ,
qðx, 0Þ ¼ q0ðxÞ,
uðx, 0Þ ¼ u0ðxÞ:

((
(61)

We construct a uniquely determined weak solution of (61), using the entropy condi-
tions (22) for the scalar balance law (15) in our selection principle. Theorem 6.3 details
the process by which our solution is constructed; we prove that the resulting object
meets the requirements of Definition 6.2 below. Finally, we explicitly connect our solu-
tion to the sticky particle dynamics (27)–(30). We demonstrate in Theorem 6.5 that the
sticky particle Cucker–Smale dynamics can always be used to approximate the solution.
Moreover, Theorem 6.7 gives a much stronger conclusion under additional hypotheses,
by fashioning an explicit rate of convergence of the sticky particle approximation for
the density profile.
Let us denote by PcðRÞ the space of probability measures with compact support. We

will use the Wasserstein-1 metric to quantify the distance between elements of PcðRÞ:
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Definition 6.1 (Wasserstein-1 metric). Let q, ~q 2 PcðRÞ: The Wasserstein-1 distance
between them is

W1ðq, ~qÞ ¼ sup
Lipðf Þ.1

ð

R
f ðxÞdqðxÞ (

ð

R
f ðxÞd~qðxÞ

....

....:

It is well-known that if M and ~M are cumulative distribution functions for q and ~q
defined in (20), respectively, then W1ðq, ~qÞ ¼ kM ( ~MkL1 : We will consider PcðRÞ
equipped with the Wasserstein-1 metric. In this setting, W1 convergence is equivalent
to weak-+ convergence in the sense of measures.
Next, we make precise what we mean by a weak solution of (61).

Definition 6.2 (Weak solution). Let q0 2 PcðRÞ and u0 2 L1ðdq0Þ: Define P0 ¼ q0u0,
which lies in the space of signed measures MðRÞ: We say that ðq,PÞ ¼ ðq, quÞ is a
weak solution to the Euler-alignment system (61) if for any T > 0,

- q 2 Cð½0,T0;PcðRÞÞ:
- Pð", tÞ2 Mð RÞ for any t 2 ½0,T0: Moreover, Pð", tÞ is absolutely continuous with

respect to qð", tÞ, with the Radon-Nikodym derivative uð", tÞ 2 L1ðdqðtÞÞ, where
uð", tÞdqð", tÞ ¼ dPð", tÞ, for any t 2 ½0,T0:

- ðq, uÞ satisfies (61) in the sense of distributions.
- The initial condition ðq0,P0Þ is attained in the following weak sense for every f 2

C1
c ðRÞ:

lim
t!0þ

ð

R
f ðxÞdqðx, tÞ ¼

ð

R
f ðxÞdq0ðxÞ; lim

t!0þ

ð

R
f ðxÞdPðx, tÞ ¼

ð

R
f ðxÞdP0ðxÞ: (62)

6.1. Construction of the solution

Let us start by introducing the generalized inverse of a nondecreasing function M, defined as

M(1ðmÞ ¼ inf x 2 R : MðxÞ ) m
" #

, m 2 ( 1
2
,
1
2

, '
:

It is a left-continuous function.
Now, we construct our solution through the procedure in the following theorem,

which aligns with the formal derivation in Section 2.1.

Theorem 6.3 (The entropic selection principle). Let q0 2 PcðRÞ, u0 2 L1ðdq0Þ and
P0 ¼ q0u0. We construct a unique pair ðq,PÞ from the following procedure:

(i) Let M0ðxÞ ¼ q0ðð(1, x0Þ ( 1
2 and w0 ¼ u0 þ U + q0. Define a Lipschitz flux

A : ½( 1
2 ,

1
20 ! R by

AðmÞ ¼
ðm

(1
2

aðm0Þdm0, where aðmÞ ¼ w0 1 ðM0Þ(1ðmÞ: (63)

(ii) Let M be the unique entropy solution of (15) associated to the initial data M0 and
the flux A.
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(iii) Define ðq,PÞ from M via the formulas

q ¼ @xM, P ¼ (@tM ¼ @xðA 1MÞ ( ð/ +MÞ@xM: (64)

Then ðq,PÞ is a weak solution of the 1D Euler-alignment system (61) in the sense of

Definition 6.2. Moreover, we can define uð", tÞ ¼ dPðtÞ
dqðtÞ to be the Radon-Nikodym derivative

of PðtÞ with respect to qðtÞ: uðtÞ is uniquely defined qðtÞ-a.e.

Remark 6.1. The definition (63) of the flux A is made to guarantee that AðM0Þ ¼ Q0 ¼Ð
ð(1,"0w

0dq0 (c.f. Section 2.1). However, the identity AðM0Þ ¼ Q0 determines A uniquely

only on ImM0, which is a proper subset of ½( 1
2 ,

1
20 if q

0 has a singular part. What if one

defines A differently away from ImM0? It turns out that if ~A is a Lipschitz function that
agrees with A on ImM0, and such that ~A ) A, then the procedure above produces the
same M (and thus the same ðq, uÞ) regardless of whether A or ~A is used. Making sure
~A is chosen according to these conditions can be thought of as enforcing the ‘stickiness’
at time zero. We have already seen the discrete version of this observation in Remark
4.1. We leave the details to the interested reader.

Proof. Our first step is to check that M0 and A satisfy the assumptions of Theorem 5.1.
The required properties of M0 follow directly from the fact that q0 is a nonnegative,
compactly supported probability measure. Indeed, the number R0 can be chosen so that
suppq0 3 ½(R0,R00: As for A, we note that

kw0kL1ðdq0Þ . ku0kL1ðdq0Þ þ Uð2R0Þ,

which is bounded. It follows that A as defined in (63) is Lipschitz. Since M0 and A are
of the desired form, we can apply Theorem 5.1 and obtain a unique entropy solution
M 2 BVðR& ½0,T0Þ of (46), for any fixed time T > 0:
Now, we verify ðq,PÞ is a weak solution of (61). First, q 2 Cð½0,T0;PcðRÞÞ follows

from (47), and PðtÞ ¼ (@tMðtÞ2 Mð RÞ is a direct consequence of (48). Let us turn
our attention to u. Since M 2 BVðR& ½0,T0Þ, we can perform BV calculus, e.g. [Lemma
4.2, 48], and deduce that there exists a measurable function w ¼ wðx, tÞ, bounded by
jAjLip and uniquely defined qðtÞ-a.e., such that

@xðAðMÞÞ ¼ w@xM, @tðAðMÞÞ ¼ w@tM, (65)

in the sense of measures. Then PðtÞ defined by (64) is given by

PðtÞ ¼ ðw( ð/ +MÞÞ@xMðtÞ ¼ ðw( U + qÞqðtÞ,

so that u ¼ w( U + q inherits the required boundedness and uniqueness properties
from w and q:
Next, we show that ðq, uÞ satisfies (61) in a distributional sense. From (46), (64) and

(65) we get

@tq ¼ @tð@xMÞ ¼ @xð@tMÞ ¼ (@xP ¼ (@xðquÞ,

@tðqwÞ ¼ @2
txðAðMÞÞ ¼ @xðw@tMÞ ¼ (@xðwPÞ ¼ (@xðquwÞ:
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We then recover the momentum equation in exactly the form (61)2 as follows:

@tðquÞ þ @xðqu2Þ ¼ ð@tðqwÞ þ @xðquwÞÞ ( @tðqðU + qÞÞ ( @xðquðU + qÞÞ
¼ (ð@tqþ @xðquÞÞðU + qÞ þ qðU + @xðquÞÞ ( quðð@xUÞ + qÞ
¼ qð/ + ðquÞÞ ( quð/ + qÞ:

Finally, we check the initial conditions (62). From continuity of q in time, we have
W1ðqðtÞ, q0Þ ! 0, which implies the first equation in (62). For the second equation, we
apply (64) to obtain

ð

R
f ðxÞdPðx, tÞ ¼ (

ð

R
f 0ðxÞAðMðx, tÞÞ dx(

ð

R
f ðxÞð/ +MÞðx, tÞdqðx, tÞ:

We can pass to the limit as t ! 0þ for the two terms separately. For the first one, we have
ð

R
f 0ðxÞAðMðx, tÞÞ dx (

ð

R
f 0ðxÞAðM0ðxÞÞ dx

....

.... . jAjLipkf
0kL1kMð", tÞ (M0kL1 ! 0:

As for the second one, we write
ð

R
f ðxÞð/ +MÞðx, tÞdqðx, tÞ (

ð

R
f ðxÞð/ +M0ÞðxÞdq0ðxÞ

....

....

.
ð

R
f ðxÞððU + qÞðx, tÞ ( ðU + q0ÞðxÞÞdqðx, tÞ

....

....þ
ð

R
f ðxÞðU + q0ÞðxÞ dqðx, tÞ(dq0ðxÞ

$ %....

....:

We note that the weak-+ convergence qðtÞ *+ q0 implies that the second term above
vanishes as t ! 0þ, and also that U + qðtÞ ! U + q0 pointwise; the latter allows us to
conclude that the first term also vanishes as t ! 0þ, after an application of the domi-
nated convergence theorem.
From our construction, we have Pð0Þ ¼ ðw0 ( U + q0Þq0 ¼ q0u0 ¼ P0, so the above

calculations finish the proof. w

6.2. Approximation by sticky particle Cucker–Smale dynamics

One of the most important features of our entropic selection principle is that it associates
to atomic initial data a solution of the Euler-alignment system that is described by the
sticky particle Cucker–Smale dynamics. The proposition below gives the precise statement.

Proposition 6.4. Consider the 1D Euler-alignment system (61) with atomic initial data

q0NðxÞ ¼
XN

i¼1

mi,Ndðx ( x0i,NÞ, P0
NðxÞ ¼

XN

i¼1

mi,Nv0i,Ndðx ( x0i,NÞ, (66)

where the x0i,N ’s all belong to a fixed compact set and the mi,N ’s satisfy (28). Let
ðxi,NðtÞ, vi,NðtÞÞ be the solution of the sticky particle Cucker–Smale dynamics with initial
data ðmi,N , x0i,N , v

0
i,NÞ

N
i¼1. The solution of the 1D Euler-alignment system selected by the

procedure in Theorem 6.3 takes the form

qNðx, tÞ ¼
XN

i¼1

mi,Ndðx ( xi,NðtÞÞ, PNðx, tÞ ¼
XN

i¼1

mi,Nvi,NðtÞdðx( xi,NðtÞÞ: (67)
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Proof. Let M0
N , w0

N , AN , and aN be defined as in the step (i) of the procedure in
Theorem 6.3. Let hi,N ¼

Pi
j¼1mj,N for i ¼ 0, :::,N: Clearly M0

N can be expressed as

M0
NðxÞ ¼ ( 1

2
þ
XN

i¼1

mi,NHðx ( x0i,NÞ, (68)

and we have

ðM0
NÞ

(1ðmÞ ¼ x0i,N , m 2 ðhi(1, hi0, i ¼ 1, :::,N:

It follows that aN is piecewise constant and AN is piecewise linear, with breakpoints
at the hi’s. Thus the hypotheses of Theorem 4.1 are satisfied. Furthermore, the quanti-
ties w0

i,N defined as in (42) satisfy

w0
i,N :¼ A0

NðmÞ ¼ aNðmÞ ¼ wðx0i,NÞ, m 2 ðhi(1, hiÞ:

We define ~v0i,N by (43) and verify that it coincides with v0i,N from (66):

~v0i,N :¼ w0
i,N (

XN

j¼1

mj,NUðx0i,N ( x0j,NÞ ¼ ðw0
N ( U + q0NÞðx

0
i,NÞ ¼ v0i,N :

Next, we apply Theorem 4.1 to obtain the entropy solution MN of (38) associated to
M0

N and AN : According to (44) and (45), we have

MNðx, tÞ ¼ ( 1
2
þ
XN

i¼1

mi,NHðx ( xi,NðtÞÞ,

AN 1MNðx, tÞ ¼
XN

i¼1

mi,Nwi,NðtÞHðx ( xi,NðtÞÞ,
(69)

where

wi,NðtÞ ¼ vi,NðtÞ þ
XN

j¼1

mj,NUðxi,NðtÞ ( xj,NðtÞÞ, i ¼ 1, :::,N:

It immediately follows that qN ¼ @xMN is given by (67).
As for PN , we write

PNðx, tÞ ¼ @xðAN 1MNÞðx, tÞ ( ð/ +MNÞ@xMNðx, tÞ

¼
XN

i¼1

mi,Nwi,NðtÞdðx( xiðtÞÞ ( ðU + qNÞðx, tÞ
XN

i¼1

mi,Ndðx( xi,NðtÞÞ

¼
XN

i¼1

mi,N wi,NðtÞ (
XN

j¼1

mj,NUðxi,NðtÞ ( xj,NðtÞÞ

2

4

3

5dðx ( xi,NðtÞÞ

¼
XN

i¼1

mi,Nvi,NðtÞdðx ( xi,NðtÞÞ,

which finishes the proof. w
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A direct application of Theorem 5.1(b) gives a convergence result for the sticky par-
ticle approximation.

Theorem 6.5. Let ðq0,P0Þ satisfy the hypotheses of Theorem 6.3, and let ðq,PÞ be the
unique weak solution to (61) that it generates. There exists a sequence of (explicitly con-
structed) atomic initial data ðq0N ,P0

NÞ
1
N¼1 such that if ðqN ,PNÞ denotes the solution associ-

ated to ðq0N ,P0
NÞ by the entropic selection principle, then for any time t > 0, as N ! 1,

we have

W1ðqNðtÞ, qðtÞÞ! 0, (70)

and

PNðtÞ *
+ PðtÞ, in MðRÞ: (71)

Proof. Let A, a, M, and ðq, uÞ be defined from ðq0, u0Þ through Theorem 6.3. We take
ðq0N ,P0

NÞ as in (66), with ðmi,N , x0i,NÞ
N
i¼1 chosen according to (51) and (52), and ðv0i,NÞ

N
i¼1

defined by

v0i,N ¼ 1
mi,N

ðhi,N

hi(1,N

aðmÞ dm(
XN

j¼1

mj,NUðx0i,N ( x0j,NÞ: (72)

By the proof of the above proposition, the solution ðqN ,PNÞ generated by the entropic
selection principle is given by (67). Moreover, defining discretized initial data M0

N and
flux AN from ðq0N ,P0

NÞ, we have that MN defined by (69) is the associated entropy solu-
tion of (38). Now, we can apply Theorem 5.1(b). In particular, (70) is equivalent to
(47). Since @tMN ¼ (PN and @tM ¼ (P in the sense of measures, we get (71) directly
from (48). w

Next, we provide a refined estimate of (70), with an explicit convergence rate on the
sticky particle approximation to our solution.
For q0 2 PcðRÞ, let us denote by ½x0‘ , x0r 0 the smallest interval such that suppq0 4

½x0‘ , x0r 0: The diameter D0 is defined as

D0 ¼ diam suppq0 :¼ x0r ( x0‘ :

We start by constructing a well-prepared atomic approximation of q0, described in the
next proposition.

Proposition 6.6. Let q0 2 PcðRÞ. For any fixed N 2 N, there exists ðmi,N , x0i,NÞ
N
i¼1 such

that

kM0 (M0
NkL1ðRÞ .

D0

N
, kðM0Þ(1 ( ðM0

NÞ
(1kL1ð(1

2,
1
20
. D0

N
, (73)

where M0
N is defined in (68).

Proof. We first locate all the large internal vacuum intervals of q0, namely Ik ¼
ðak, bkÞ 3 ½x0‘ , x0r 0 such that bk ( ak > D0

N and q0ðIkÞ ¼ 0: There are clearly fewer than N

such intervals. Let Sð1ÞN ¼ akf gKk¼1 be the collection of all left endpoints of the Ik’s. We
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take N ( K additional points, equally distributed, to partition ½x0‘ , x0r 0 into a total of N

intervals. More precisely, we map ½x0‘ , x0r 0n[K
k¼1Ik to a single interval [0, L], with L <

ðN(KÞD0

N , and we take equally distributed nodes iL
N(K

( )N(L
i¼1 : Note that the distance

between adjacent nodes is L
N(K < D0

N : If the location of some node coincides with the

image of a point in Sð1ÞN , we can perturb the node slightly, in such a way that the dis-

tance in [0, L] between any two adjacent nodes is still less than D0

N : Now, we can take

the inverse map of the selected nodes to ½x0‘ , x0r 0n[K
k¼1Ik and form a set Sð2ÞN : We then

order the set SN ¼ Sð1ÞN [ Sð2ÞN to obtain an N-tuple ðx0i,NÞ
N
i¼1: Our construction is illus-

trated in Figure 1.

We define an important quantity x+i,N as follows. If i( 1 2 Sð1ÞN , i.e., x0i(1,N ¼ ak, we

set x+i,N ¼ bk: If i( 1 2 Sð2ÞN , we set x+i,N ¼ x0i(1,N : For i ¼ 1, we set x+1,N ¼ x0‘ : Our con-
struction clearly guarantees

0 < x0i,N ( x+i,N . D0

N
, i ¼ 1, :::,N: (74)

Next, we define mi,N ¼ q0ððx0i(1,N , x
0
i,N 0Þ for each i ¼ 1, :::,N: (We take x00,N ¼ (1 for

convenience.) By construction, each mi,N is strictly positive. As usual, define hi,N ¼
( 1

2 þ
Pi

j¼1mj,N , i ¼ 0, 1, :::,N: It is easy to check that the x0i,N ’s as defined above satisfy

x0i,N ¼ inf x : M0ðxÞ ) hi,N
" #

, i ¼ 1, :::,N:

Moreover, we have

M0
NðxÞ ¼ ( 1

2
þ
XN

i¼1

mi,NHðx( x0i,NÞ . M0ðxÞ,

with equality attained at x ¼ x0i,N , as well as when x 2 Ik: This implies
ð

R
jM0ðxÞ (M0

NðxÞj dx .
XN

i¼1

mi,Nðx0i,N ( x+i,NÞ .
D0

N
:

where we have used (74) and
PN

i¼1mi,N ¼ 1:

Figure 1. A sample construction of the N-tuple ðx0i,NÞ
N
i¼1: The shaded areas represent the support of

q0: In this example, N ¼ 10, and there are two large vacuum intervals ða1, b1Þ and ða2, b2Þ: Thus
Sð1ÞN ¼ a1, a2f g, and the set Sð2ÞN is constructed by taking 8 equally distributed points in [0, L] and
mapping back to ½x0‘ , x0r 0:
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For the second inequality in (73), take any i ¼ 1, :::,N and m 2 ðhi(1,N , hi,N 0: By def-
inition, ðM0

NÞ
(1ðmÞ ¼ x0i,N : We claim that ðM0Þ(1ðmÞ 2 ½x+i,N , x0i,N 0: Indeed, in the case

x0i(1,N 2 Sð2ÞN , we have M0ðx+i,NÞ ¼ hi(1,N < m and therefore ðM0Þ(1ðmÞ ) x+i,N ; on the

other hand, if x0i(1,N 2 Sð2ÞN or if i ¼ 1, then since qððx0i(1,N , x
+
i,NÞÞ ¼ 0, we have

M0ðx+i,N(Þ ¼ hi(1,N < m, which also implies ðM0Þ(1ðmÞ ) x+i,N : Finally, we apply (74)
and conclude by writing

0 . ðM0
NÞ

(1ðmÞ ( ðM0Þ(1ðmÞ . x0i,N ( x+i,N . D0

N
:

w

Under an additional regularity assumption on / and on u0, we can now apply the
stability estimate (49) in Theorem 5.1(c) to obtain an explicit error estimate for a sticky
particle approximation to our solution, with the approximate initial density chosen
according to the previous proposition.

Theorem 6.7. Let b, s 2 ð0, 10. Assume there exists a neighbourhood of 0 inside which
/ðxÞ . csjxjs(1 for some cs > 0. Suppose q0 2 PcðRÞ and u0 2 Cbð½x0‘ , x0r 0Þ. There exists a
sequence of (explicitly constructed) atomic initial data ðq0N ,P0

NÞ
1
N¼1 such that the corre-

sponding solution of (61) satisfies

W1ðqðtÞ, qNðtÞÞ . Cð1þ tÞN(c, c ¼ min s, bf g, (75)

for any t > 0, where the constant C depends on D0, /, cs, s, b, and ju0jCb :

Proof. First, we construct the approximated initial data ðq0N ,P0
NÞ via (66), with

ðmi,N , x0i,NÞ
N
i¼1 chosen according to Proposition 6.6, and ðv0i,NÞ

N
i¼1 defined as follows. Set

w0 ¼ u0 þ U + q0 as in Theorem 6.3. Note that our assumption on / guarantees that U
is locally Cs; the same is therefore true of U + q0: Thus w0 2 Ccð½x0‘ , x0r 0Þ, with

jw0jCcð x0
‘
,x0r½ 0Þ . ju0jCcð x0

‘
,x0r½ 0Þ þ jU + q0jCcð x0

‘
,x0r½ 0Þ: (76)

We can then simply take w0
i,N ¼ w0ðx0i,NÞ and define v0i,N using (43).

Next, we apply the stability estimate (49) with ~M ¼ MN , to get

W1ðqðtÞ, qNðtÞÞ ¼k Mð", tÞ (MNð", tÞkL1ðRÞ . kM0 (M0
NkL1ðRÞ þ tka( aNkL1ð(1

2,
1
20
:

The first term can be estimated directly from (73). We calculate the second term as
follows:

ka( aNkL1ð(1
2,
1
20
¼ kw0 1 ðM0Þ(1 ( w0

N 1 ðM0
NÞ

(1kL1ð(1
2,
1
20

. jw0jCcð x0
‘
,x0r½ 0Þ kðM0Þ(1 ( ðM0

NÞ
(1kcL1ð(1

2,
1
20
þkð w0 ( w0

NÞ 1 ðM
0
NÞ

(1kL1ð(1
2,
1
20

. jw0jCcð x0‘ ,x
0
r½ 0ÞN

(c:

Here, since ðM0
NÞ

(1 maps ð( 1
2 ,

1
20 to ðx0i,NÞ

N
i¼1, we only need to make sense of the func-

tion w0
N on ðx0i,NÞ

N
i¼1, where we have w0

Nðx0i,NÞ ¼ w0ðx0i,NÞ by construction. This
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eliminates the last term in the penultimate line. The last inequality is then obtained
using (73), and (75) follows immediately. w

7. Asymptotic behavior of the solution

In this section, we discuss the asymptotic behaviors of our weak solutions ðq,PÞ to the
1D Euler-alignment system (61). The expected flocking phenomenon has two main
ingredients.
First, we denote by DðtÞ the diameter of the support of qð", tÞ,

DðtÞ :¼ diam suppqðtÞ ¼ xrðtÞ ( x‘ðtÞ, (77)

where ½x‘ðtÞ, xrðtÞ0 is the smallest interval that contains suppqðtÞ: We say that the solu-
tion experiences flocking if DðtÞ remains uniformly bounded for all time, i.e., there
exists a constant !D > 0 such that

DðtÞ . !D, for all t ) 0: (78)

Second, we say that the solution experiences velocity alignment if the variation of the
velocity uð", tÞ decays to zero as time approaches infinity. Since our weak solutions
ðq,PÞ only determine the velocity uð", tÞ uniquely qðtÞ-a.e., we shall make sense of the
maximum and minimum velocities as follows:

uþðtÞ ¼ sup
f2F

Ð
Rf ðxÞdPðx, tÞÐ
Rf ðxÞdqðx, tÞ

, u(ðtÞ ¼ inf
f2F

Ð
Rf ðxÞdPðx, tÞÐ
Rf ðxÞdqðx, tÞ

, (79)

where

F ¼ f 2 C1
c ðRÞ :

ð

R
f ðxÞdqðx, tÞ > 0

0 1
:

One can check that the definition of uþ in (79) is equivalent to the essential supremum
of u:

uþðtÞ ¼ inf c : qðtÞ x : uðx, tÞ > c
" #( )

¼ 0
" #

:

Now, we are ready to define VðtÞ, the variation of uð", tÞ, by
VðtÞ ¼ uþðtÞ ( u(ðtÞ: (80)

Velocity alignment happens when VðtÞ ! 0 as time approaches infinity. In particular, if
VðtÞ decays to zero exponentially in time, we say the solution has the fast alignment
property.
The fact that both mass and momentum are conserved for the Euler-alignment sys-

tem implies that whenever velocity alignment occurs, the limiting state of u must be

given by the ratio !u ¼
Ð
q0u0 dxÐ
q0 dx

: We say that strong flocking occurs (c.f. [1]) if q also

converges to a limiting state q1, in the following sense:

W1ðqð" þ !ut, tÞ, q1Þ ! 0, as t !þ1 : (81)

For regular solutions, it has been shown in [33] that if / has a fat tail (9), then strong
solutions must flock: any smooth solution ðq, uÞ of the Euler-alignment system (1)
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experiences flocking and fast alignment. (See also [68] for strong flocking in the sense
above.) We will show that the same flocking phenomenon occurs for our weak solu-
tions. Our strategy is to obtain flocking estimates for solutions to the sticky particle
Cucker–Smale dynamics which are uniform in the number of particles N. Then we will
use the convergence results for the approximations from Section 6.2 to pass the proper-
ties to ðq,PÞ:

7.1. Uniform flocking estimates on the sticky particle approximations

The flocking phenomenon for the Cucker–Smale dynamics (2) has been first studied for
general protocols / in [7]. The idea can be easily adapted to the sticky particle
dynamics.
Consider a sequence of sticky particle Cucker–Smale dynamics ðmi,N , xi,NðtÞ, vi,NðtÞÞ

that approximates the Euler-alignment system ðq,PÞ: The discrete analog of the diam-
eter is

DNðtÞ :¼ max
1.i,j.N

jxi,NðtÞ ( xj,NðtÞj¼ xN,NðtÞ ( x1,NðtÞ, (82)

and the variation of velocity becomes

VNðtÞ :¼ max
1.i,j.N

jvi,NðtÞ ( vj,NðtÞj¼ max
1.i.N

vi,NðtÞ ( min
1.i.N

vi,NðtÞ: (83)

Note that using the approximations of the initial data ðmi,N , x0i,N , v
0
i,NÞ constructed in

Theorem 6.5, it is easy to verify that

DNð0Þ . D0, VNð0Þ . V0: (84)

We are ready to establish uniform flocking estimates for the sticky particle Cucker–
Smale dynamics.

Theorem 7.1. Let ðxi,NðtÞ, vi,NðtÞÞNi¼1 be a sequence of sticky particle Cucker–Smale
dynamics associated to the initial data ðmi,N , x0i,N , v

0
i,NÞ

N
i¼1. Define DNðtÞ and VNðtÞ as in

(82) and (83). Assume (84) holds, and that

sup
R>0

UðRÞ > E0 :¼ UðD0Þ þ V0, (85)

where we recall the definition (17) of U. Then for all t ) 0, the sticky particle dynamics
satisfy the following estimates, uniformly in N.

Flocking : sup
t)0

DNðtÞ . !D :¼ U(1ðE0Þ < þ1; (86)

Fast alignment : VNðtÞ . V0 exp ð(/ð!DÞtÞ; (87)

Proof. It is well-known that on time intervals where ðxiðtÞ, viðtÞÞNi¼1 follow the (collision-
less) Cucker–Smale dynamics, the quantities DNðtÞ and VNðtÞ are Lipschitz continuous
and satisfy the following differential inequalities at every time t where they are differen-
tiable:
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_DNðtÞ . VNðtÞ, (88)

_VNðtÞ . (/ðDNðtÞÞVNðtÞ: (89)

Define a Lyapunov functional ENðtÞ ¼ UðDNðtÞÞ þ VNðtÞ: It clearly follows from (88)
and (89) that ENðtÞ is nonincreasing along intervals during which no collisions occur.
On the other hand, if t is a collision time, then VNðtÞ . VNðt(Þ by the maximum prin-
ciple, while UðDNðtÞÞ is continuous at time t. Therefore ENðtÞ is nonincreasing on all
of ½0,1Þ:
Let us now assume that (85) holds. Since ENðtÞ is nonincreasing, we have

UðDNðtÞÞ .E NðtÞ . ENð0Þ . E0, for all t ) 0:

This implies (86). Note that U is a nondecreasing function in ½0,1Þ, and the assumption
(85) guarantees that E0 lies in its range. Therefore, !D ¼ U(1ðE0Þ ¼ inf R : UðRÞ ) E0

" #
is

well-defined and takes a nonnegative finite value.
Finally, combining (86) and (89) and using the fact that / is radially decreasing, we

obtain (87). w

7.2. Flocking for the 1D Euler-alignment system

Theorem 7.2. Let ðq0,P0Þ satisfy the hypotheses of Theorem 6.3, and ðq,PÞ be the associ-
ated solution. Assume (85) holds. Then the solution ðq,PÞ experiences

Flocking : sup
t)0

DðtÞ . !D :¼ U(1ðE0Þ < þ1; (90)

Fast alignment : VðtÞ . V0 exp ð(/ð!DÞtÞ; (91)

Strong Flocking : W1ðqð" þ !ut, tÞ, q1Þ ! 0, as t !þ1 , for some q1 2 PcðRÞ:
(92)

When the communication protocol / has a fat tail (9), we get limR!1UðRÞ ¼ 1:
Therefore, (85) holds for any finite D0 and V0: Hence, Theorem 7.2 implies that our
weak solutions must flock in the presence of a fat-tailed /:
Before giving the proof, we state the following Lemma.

Lemma 7.3. Let q, ~q 2 PcðRÞ. Denote D and ~D the diameter of the support of q and ~q,
respectively. Suppose ~D < D. Then, there exists a constant c > 0, depending only on q
and D( ~D, such that W1ðq, ~qÞ ) c:

Proof. Let ½x‘, xr0 be the smallest interval that contains suppq, so that D ¼ xr ( x‘:
Define e ¼ D( ~D > 0: Since supp~q has the smaller diameter, we must have ~qðIÞ ¼ 0
for at least one of the intervals I ¼ ½x‘, x‘ þ e

2Þ or ðxr (
e
2 , xr0: Consider the first case. Let

fN be a Lipschitz function which is supported in ½x‘ ( e, x‘ þ e
2Þ, takes the value 1 in

½x‘ðtÞ, x‘ðtÞ þ e
40, and satisfies jfN jLip . 4e(1: Then
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W1ðq, ~qÞ )
4
e

ðx‘þe
4

x‘
dqðxÞ ¼ clðq, eÞ > 0:

A similar argument works for the other case and yields W1ðq, ~qÞ ) crðq, eÞ > 0:
Thus, we get a positive lower bound c ¼ min clðq, eÞ, crðq, eÞ

" #
> 0, which only depends

on q and e: w

Proof of Theorem 7.2. Let ðqN ,PNÞ
1
N¼1 be a sequence of sticky particle approximations.

We will establish (90) and (91) using the uniform flocking estimates on ðqN ,PNÞ fur-
nished by Theorem 7.1, as well as the convergence results for the sticky particle
approximation in Theorem 6.5. Note that (72) guarantees that

PN
i¼1mi,Nv0i,N ¼

Ð
q0u0 dx

for each N; therefore we may assume without loss of generality that both are zero, by
Galilean invariance.
We first show (90) by contradiction. Assume there exists a time t such that DðtÞ ¼

!Dþ e, with some e > 0: We apply Lemma 7.3 below with q ¼ qðtÞ and ~q ¼ qNðtÞ and
get W1ðqðtÞ, qNðtÞÞ ) c > 0, where c ¼ cðq, eÞ is independent of N. This uniform posi-
tive lower bound contradicts the convergence (70).
Next, we turn to (91). Fix a time t ) 0: In view of (79), we can find a sequence of

test functions fk 2 C1
c ðRÞ, normalized by

Ð
RfkðxÞdqðx, tÞ ¼ 1, such that uþðtÞ ¼

limk!1
Ð
RfkðxÞdPðx, tÞ: For each k, we apply the convergence results (70) and (71) to

get

lim
N!1

ð

R
fkðxÞdqNðx, tÞ ¼

ð

R
fkðxÞdqðx, tÞ ¼ 1, lim

N!1

ð

R
fkðxÞdPNðx, tÞ ¼

ð

R
fkdPðx, tÞ:

We therefore obtain
ð

R
fkðxÞdPðx, tÞ ¼ lim

N!1

Ð
RfkðxÞdPNðx, tÞÐ
RfkðxÞdqNðx, tÞ

:

Similarly, we find a sequence of normalized test functions gk such that u(ðtÞ ¼
limk!1

Ð
RgkðxÞdPðx, tÞ: We may thus write

ð

R
fkðxÞdPðx, tÞ (

ð

R
gkðxÞdPðx, tÞ ¼ lim

N!1

Ð
RfkðxÞdPNðx, tÞÐ
RfkðxÞdqNðx, tÞ

(
Ð
RgkðxÞdPNðx, tÞÐ
RgkðxÞdqNðx, tÞ

 !

. lim sup
N!1

max
1.i.N

vi,NðtÞ ( min
1.i.N

vi,NðtÞ
* +

¼ lim sup
N!1

VNðtÞ . V0 exp ð(/ð!DÞtÞ,

where we have used the uniform fast alignment estimate (87) in the last inequality.
Finally, we take k ! 1 and use the definition (80) to conclude (91).
We finish by showing that the sequence ðqðtÞÞt>0 is Cauchy in ðPcðRÞ,W1Þ, which

allows us to conclude the existence of a q1 such that (81) holds. We compute as fol-
lows, leveraging the estimates (90) and (91) that we have just established. For 0 . t1 .
t2, we have
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W1ðqNðt1Þ, qNðt2ÞÞ .
XN

i¼1

mi,N jxi,Nðt1Þ ( xi,Nðt2Þj.
XN

i¼1

mi,N

ðt2

t1
jvi,NðtÞj dt

.
XN

i¼1

mi,N

ðt2

t1
2V0 exp ð(/ð!DtÞÞ dt

. 2V0

/ð!DÞ
exp ð(/ð!DÞt1Þ,

Pick t1 large enough so that the right side of the above is small. Choosing any t2 ) t1,
then N ¼ Nðt1, t2Þ large enough, we may conclude that

W1ðqðt1Þ, qðt2ÞÞ .W 1ðqðt1Þ, qNðt1ÞÞ þW 1ðqNðt1Þ, qNðt2ÞÞ þW 1ðqNðt2Þ, qðt2ÞÞ

can be made as small as desired. This completes the proof. w

Remark 7.1. The structure of the measure q1 has been analyzed extensively in [68] in
the context of classical solutions (c.f. also [69]). In [68], the authors studied mass con-
centration in the limiting profile q1 by demonstrating a correspondence between the
set where e0 is zero and the singular support of q1: It would be interesting to study the
structure of q1 for the weak solutions considered in this paper—it is far from straight-
forward to predict the outcome from the initial data. We leave further consideration of
this question for future work.
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