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ABSTRACT: Kohn—Sham density functional theory is the most
widely used method for electronic structure calculations of solid-
state systems. The screened-exchange functionals developed
following the influential work of Scuseria and co-workers in
2003—2006 have significantly improved the accuracy of the
predictions of solid-state properties. This work assesses six
screened-exchange density functionals for the prediction of 60
band gaps (database BG60) and 68 lattice constants (database
LC68). The band gaps are calculated with both consistently
calculated lattice constants and experimental lattice constants.
Results for the nonlocal screened-exchange functionals are
compared with those for six widely used or recently developed
local functionals. The results show that all the screened-exchange
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functionals have smaller mean absolute errors (MAEs) than any of the local functionals. All the functionals except HLE17
overestimate (on average) the lattice constants, and M06-SX gives the best performance among the compared functionals, with a
MAE of 0.051 A. All the functionals underestimate (on average) the band gaps, and M06-SX outperforms all other functionals, with
a MAE of 0.47 eV. M06-SX also has the lowest root-mean-squared error for both LC68 and BG60. For the subdatabases of BG60,
MO06-SX shows better performance for ionic crystals and systems with large band gaps, while HSE12s gives better results for
semiconductors and systems with small band gaps. Overall, M06-SX shows the best performance for solid-state systems, followed by
N12-SX and HSE12s. The best-performing local functionals are M06-L, revM06-L, and HLE17 for band gaps and M06-L and
revMO6-L for lattice constants. We found that M06-SX, revM06-L, and N12-SX not only are well optimized for a broad array of
chemical properties but also have very good performance for the databases in this paper, making them well-suited for applications

involving heterogeneous chemistry.

1. INTRODUCTION

Kohn—Sham density functional theory (KS-DFT) is a
powerful tool in physics, chemistry, and materials."™* In the
present work, we are especially focused on its ability to aid
material design and evaluation by predicting the lattice
constants and band gaps of crystals.”~'" The band gap is an
important optical and electrical property of materials and it
plays a key role in the design of semiconductor devices,
batteries, and photocatalytic schemes, among others."'~'* The
lattice constant has an important effect on many other
properties, including band gaps.' ™'

Although KS-DFT is in principle exact, the accuracy in
practice is limited by the necessarily approximate nature of the
exchange—correlation (XC) functionals."”'® The original
density functionals involved only the local electron spin
density. Later progress involved other local properties such as
density gradients (as in gradient approximations (GAs), i.e.,
generalized gradient approximations (GGAs)'*™*' and non-
separable gradient approximations (NGAs)) and kinetic
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energy densities (as in meta GAs, ie., meta-GGAs and meta-
NGAs). The most popular local functional in solid-state
physics is the PBE functional,”* which is a GGA proposed in
1996. As compared to local spin density approximations
(LSDAs),”> GGAs reduce the underestimation of lattice
constants and improve the accuracy of band gap predic-
tions.””***” The meta-GGAs,”*">* such as TPSS** and M06-
L,***° add the kinetic energy density to the components of a
GGA,* but although they yield more accurate chemical
properties they do not necessarily improve the prediction
accuracy for the properties of solids.”’ ™" The functionals
mentioned so far are local functionals, which means that the
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Table 1. All the Solid-State Systems Calculated in This Work”

semiconductors

C (227), Si (227), Ge (227), SiC (216), BP (216), BAs (216), AIP (216), AlAs (216), AlSb (216), GaN (216), GaN (186), GaP (216), GaSb

(216), GaAs (216), InN (186), InP (216), InAs (216), InSb (216), MgS (216), MgSe (225), MgTe (216), BaS (225), BaSe (225), BaTe
(225), ZnO (186), ZnS (216), ZnSe (216), ZnTe (216), CdS (216), CdSe (216), CdTe (216)

ionic insulators

ALO, (167), LiH (225), LiF (225), LiCl (225), NaF (225), NaCl (225), KF (225), KCI (225), MgO (225), CaF, (225), AgCl (225), AgBr

(225), Agl (216), CuCl (216), CuBr (216), Cul (216), RbBr (225)

metals Li (229), Na (229), Ca (225), Pb (225), Sr (225)

other solid-state

systems (221), MoS, (194), TiC (215), h-BN (194)

“The space group number is indicated in parentheses.

Kr (225), SiO, (152), SiO, (227), BN (216), AIN (216), AIN (186), SnO, (136), SnSe (62), SnTe (225), TiO, (136), TiO, (141), SrTiO,

exchange—correlation energy density at a point in space
depends only on properties (densities, density gradients, and
kinetic energy densities) evaluated at that point. Global hybrid
functionals, which replace a percentage of local exchange with
nonlocal Hartree—Fock exchange,40 are usually preferred for
chemistry because they reduce delocalization error due to
unphysical electron—electron self-interaction when one uses
local functionals. However, including Hartree—Fock exchange
globally make calculations too expensive for many applications
to solids because Hartree—Fock exchange has high computer-
time requirements in plane-wave codes. In addition, Hartree—
Fock exchange leads to an anomalous divergence of the one-
electron velocity at the Fermi level for metals.*!

A major step forward for solid-state calculations by KS-DFT
came in 2003, when Heyd, Scuseria, and Ernzerhof proposed a
new density functional for calculating the exchange energy of a
system based on the screened Coulomb potential called
HSE03 (or HSE), which is a screened-exchange functional.*”
In such a functional, the percentage of Hartree—Fock exchange
is not a global constant, as it depends on the interelectronic
separation r and decreases to zero as r tends to oco. This
reduces the computational expense as compared to a global
hybrid functional for plane-wave calculations on solids while
maintaining the advantages of decreasing unphysical self-
interaction.”> Furthermore, the screening eliminates the
spurious singularity for metals,*' which allows one to introduce
Hartree—Fock exchange to reduce self-interaction even for
systems with no gap.

In 2006, Krukau et al,** re-examined the impact of the
exchange screening parameters and proposed a reparametrized
version of HSEO3, named HSE06, that replaces HSEO03.
Compared with the local functionals, the screened-exchange
functional HSEQG is more accurate in terms of lattice constants
and band gaps and is currently the preferred functional of most
workers for band gap calculations.

Benchmark calculations are important in evaluating the
performance of existing functionals and developing new
functionals.** ™ Tran and Blaha*’ constructed a database of
76 solid-state band gaps, including magnetic materials and
solids with large band gaps, and used it to test band gap
predictions using experimental lattice constants. They found
the most accurate energy functionals (of those they tested,
excluding a potential that does not have a corresponding
energy functional) to be the global hybrid B3PW91 with a
mean absolute error (MAE) of 0.73 eV, the surprisingly
accurate local exchange functional AK13 with an MUE of 0.75
eV, and HSE06 with an MUE of 0.82 eV; however, they did
not test the functionals mentioned in the next paragraph. Tang
and Tao constructed a data set (22 data) of lattice constants
for ionic solids consisting of alkali metal halides, silver halides,
and other ionic solids.”* Borlido et al. compiled a large data set
(472 band gap data for nonmagnetic materials) to benchmark
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12 functionals.” Their results again show good performance
by HSE06. HSE06 performed well for these solid-state
benchmarks, but few studies have evaluated the performance
of other screened-exchange functionals.

Over the past decade, several additional screened-exchange
functionals have been developed, such as N12-SX and MN12-
SX proposed by Peverati and Truhlar in 2012°° and HSE12
and HSEI12s proposed by Moussa et al,, also in 2012.°” In
2020, we proposed M06-SX,”® which added the screened HF
exchange energy to our previously developed revMO06-L>’
functional. The computational expense of any of these
screened hybrid functionals is smaller than that of the global
hybrid functionals, and here we test their relative accuracy for
predicting band gaps and lattice constants of solid-state
systems.

In this work, we focus on benchmarking the performance of
screened-exchange functionals for electronic band gaps and
lattice constants of solids. First, we compiled a lattice constant
database called LC68 and a band gap database called BG60;
these databases include Ge, BAs, GaAs, and InP, and other
systems were added for the diversity of the data set. Second,
we selected six screened-exchange functionals and six widely
used or recently developed local functionals for the
calculations. The performance of the selected functionals for
band gaps and lattice constants is compared in detail.

2. METHODS AND COMPUTATIONAL DETAILS

2.1. Databases. The new databases (see Table 1) contain
most of the solids considered in the literature**%***%%%! gng
include a large variety of solids, namely, metals, weakly bound
solids, various semiconductors, ionic insulators, and transition-
metal compounds.

The lattice constant database LC68 is a combination of four
subdatabases: 31 common semiconductors (SLC31), 17 ionic
insulators (ILC17), 5 metals (MLCS), and 15 other solids
(OLC15). OLC1S includes strongly interacting crystals,
ternary compounds, and oxide crystals.

Compared with LC68, the band gap database BG60 removes
five metals and RbBr, TiC, and h-BN. The metals were
removed because they have no band gap, and the three other
compounds were removed because there are no experimental
values for the band gaps. Thus, the BG60 database consists of
three subdatabases: 31 common semiconductors (SBG31); 16
ionic insulators (IBG16), excluding RbBr; and 13 other solids
(OBG13), excluding TiC and h-BN. The Cartesian coor-
dinates, lattice constants, and band gaps that constitute the
LC68 and BG60 databases are available in section S2 of the
Supporting Information.

2.2, Basis Sets. To compute the LC68 and BG60
databases, the selection and modification methods of the
basis sets and relativistic effective core potentials are obtained
from ref 12. We used basis sets of Gaussian-type orbitals, and
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the basis sets used for different systems are listed in Table S1
(tables and figures with the prefix S are in the Supporting
Information). For the elements of the first three periods, we
started with the 6-311G* basis set. For heavier elements,
except for Kr, we started with a small-core relativistic effective
core potential with a polarized double-{ valence basis set (cc-
pVDZ-PP or Stuttgart-RSC-1997); for Kr, we started with the
def2-TZVPP basis set. Modifications of these starting basis sets
applied to solids are necessary for applications to solids
because the highly optimized Gaussian basis sets developed in
computational chemistry include low-exponent functions to
simulate tails of wave functions, but these tails are not present
in the interiors of solids.'”**®* These diffuse functions make
the Coulomb near-field of the fast multipole method slower,
unnecessarily slowing down the computation, and they lead to
linear dependence in the basis set. Therefore, the starting basis
sets in ref 12 were modified, primarily by deleting basis
functions with exponents below 0.12, and we used these
modified basis sets, which are denoted by an m-prefix, such as
m-6-311G*, m-cc-pVDZ-PP, m-Stuttgart-RSC-1997. These
modified basis sets are available in section S3 of the Supporting
Information.

2.3. Functionals. Table 2 lists the names and types of all
the functionals®>*>**##90759635% yeed for computations in

Table 2. All the Functionals Computed in This Paper

name type ref
local functionals
PBE GGA 22
TPSS meta-GGA 32
MO06-L meta-GGA 34
MN1S-L meta-NGA 63
revMO06-L meta-GGA 59
HLE17 meta-GGA 64
screened-exchange functionals
HSE06 hybrid GGA 44
HSE12s hybrid GGA 57
HSE12 hybrid GGA 57
MN12-SX hybrid meta-NGA 56
N12-SX hybrid NGA 56
MO06-SX hybrid meta-GGA S8

this work. There are six local functionals and six screened-
exchange functionals. In terms of functional selection, we
chose not only the popular functionals PBE, M06-L, and
HSEQ6 but also newly developed functionals such as M06-SX,
revM06-L, HLE17, and two interesting functionals developed
in Chelikowsky’s group, namely, HSE12 and HSEI12s.
Therefore, we not only focus on the difference between
screened-exchange functionals and local functionals but also
compare the performance of different screened-exchange
functionals and assess the newly developed functionals.

2.4. Calculations. We optimized the structures of the
materials for every functional. We compare these equilibrium
lattice constants directly to experiment, but the reader should
keep in mind that experimental lattice constants represent—
depending on the experiment—an average over the zero-point
motion and possibly the thermal motion of the phonon
vibrations. A previous study where this effect was estimated for
58 materials found an average increase in the calculated lattice
constants of only 0.24% when the zero-point motion was
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included and also found little change in the error statistics of
the calculated lattice constants.”!

The band gaps were calculated with both the optimized
lattice constants for that material and functional and the
experimental geometry for each functional. The band gaps
calculated here may be described as vertical band gaps in the
sense of the Franck—Condon principle, which means that the
lattice is frozen on the time scale of the electronic excitation.®®
Furthermore, as usual in this kind of calculation, we consider
only the ground-state equilibrium structure and we do not
average over the vibrational motion in the electronic ground
state. If the excited state is long-lived and if the measurement
yields the vibronic ground state rather than the vertical
excitation energy, the band gap will also contain a contribution
from the difference in the phonon zero-point energy between
the excited state and the ground state. A straightforward way to
account for the electron—phonon coupling upon the electronic
excitation of the solid is to compute the phonon frequencies
for the ground state occupation of the electronic bands and for
the excited-state occupation.’® At 0 K, all the phonon modes
are in their ground state, and the resulting change in the zero-
point energy would be added to the vertical electronic
excitation energy; this correction is called zero-point
renormalization (ZPR).67 At nonzero temperatures, one can
use thermal populations of the phonon modes to calculate the
temperature dependence of the band gap. One can
equivalently frame the problem as the effect of the phonon
modes on the electronic energies.éé’67 Another contribution to
the temperature dependence of the band gap is due to the
expansion of the crystal as the temperature increases, usually
decreasing the band gap; this effect is believed to be smaller
than the change in phonon energy. Including full electron—
phonon coupling considerably raises the effort;*® it is usually
not included, and is it not always clear whether it should be
included for comparison to a particular experimental measure-
ment. In the present work, we simply calculate the vertical gap
without including electron—phonon coupling. The vertical gap
(which is sometimes called the clamped-nuclei gap) is defined
here as the lowest excitation energy at the fixed equilibrium
lattice of the ground state. As an estimate of how large the
neglected electron—phonon coupling effect on some measure-
ments might be, we refer to two systematic studies. Karsai et
al.?’ calculated the ZPRs of 18 semiconductors (all of which
were 2—6, 3—S, or group 4 semiconductors); depending on the
method, the median ZPR was only —0.06 or —0.05 eV. Engel
et al.>® studied 28 materials. For LiF, they calculated a ZPR of
—1.23 eV; for 10 oxides, the average was —0.41 eV; and for the
17 other crystals (not a fluoride or oxide) in their study, the
average was —0.12 eV. In all cases, the ZPR is negative,
meaning that if one added it to the vertical excitation energy
the predicted band gap would decrease.

The previous literature mainly emphasizes two motivations
for developing screened-exchange functionals: cost consid-
erations in plane-wave codes and the ability to eliminate the
Hartree—Fock singularity at the Fermi level in metals even
while gaining the advantages of Hartree—Fock exchange at
small interelectronic distances. The latter motivation is
important even in codes that do not use plane waves. Codes
employing a linear combination of atom-centered basis
functions (rather than or in addition to plane waves) for
density functional calculations are also in wide use, and they
are gaining more attention as they become more computa-
tionally efficient.”’™* This makes the present study even more
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important, since hybrid functionals are relatively more
affordable in codes employing linear combinations of atom-
center basis functions. An example of a recent improvement in
such a code is the recent extension by Dona et al. of the solid-
state (sol-3c) DFT method in the CRYSTAL17 code, which
improved the efficiency of the large-scale high-throughput
screening of material properties.”® Popular codes employing
linear combinations of atom-centered basis functions include
BAND,”” which uses Slater-type basis functions, and CP2K,”°
CRYSTAL,”” Gaussian,*"** PySCF,”* and TURBOMOLE,”
which use Gaussian-type basis functions. The present work
uses Gaussian.

2.5. Software. All the calculations for the present work
were carried out with Gaussian 09,*' Gaussian 16,°> and
Minnesota Gaussian Functional Module (MN-GFM, ver.
6.11).** For calculations with periodic boundary conditions
(PBC), we used the default k-point selection of the program
for each system, ranging from 112 to 4044 k-points, with the
most common number being 868. For each system, the k-
points are the same for all functionals. The integration grid was
set to (99, 590) to make the structural optimization robust.

2.6. Data Analysis. Experimental data were used as
references to evaluate the performance of the functionals
using performance statistics commonly used in benchmark-
ing.”* For each system and property x (calculated band gap
value or lattice constant), there is a signed error err,, which is

the difference between the calculated value «x. and
experimental value .,
eIl = Xeal — xexp (1)

The mean signed error (MSE) is the arithmetic mean of the

err,

1 N
MSE = — Z err,

x=1

)

where N is 68 for LC68 and 60 for BG60. MSE underestimates
the true error of the method due to the cancellation of errors
with opposite signs;85 therefore, we also consider the mean
absolute error (MAE), also known as the mean unsigned error
(MUE).%

N
1
MAE = MUE = — Y lerr,|
N2 3)
x=1

We use MAE as the primary statistic for evaluating
functional performance. The root-mean-squared error
(RMSE)"” was calculated by

(4)

We also used the mean absolute percentage errors
(MAPESs).

1 N err,
MAPE = — Z x
N 21| %ewp ()

The best-performing method should yield near-zero MSE
values and low MAE, MAPE, and RMSE values.
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3. RESULTS AND DISCUSSION

In this work, we collected 68 data for the lattice constant
calculations and 60 data for the band gap calculations. All the
systems are listed in Table 1, and the data and references are
listed in Table S1. The data set is comprehensive and includes
semiconductors (four representative systems, i.e., Ge, BAs,
GaAs, and InP), ionic insulators, metals, oxides, weakly
interacting crystals, ternary compounds, and oxide crystals.
Six local and six screened-exchange hybrid functionals were
chosen for comparison, as listed in Table 2.

3.1. Lattice Constants. We considered the lattice
constants of 68 solid-state systems. Tables S2 and S3 show
the results for the 68 lattice constants of six local functionals
and six screened-exchange functionals. Table 3 presents the
errors (A) of these 12 functionals for the database LC68.

Table 3. Errors for the Lattice Constants Database (LC68)
of 12 Functionals®

functional MAE" MSE® RMSE“ MAPE®
screened-exchange

MO06-SX 0.051 0.011 0.089 0.96%
N12-8X 0.054 0.016 0.094 1.04%
HSEI12s 0.068 0.035 0.118 1.26%
HSE12 0.068 0.038 0.123 1.26%
HSE06 0.074 0.047 0.127 1.38%
MN12-SX 0.085 0.041 0.192 1.55%
local

MO06-L 0.094 0.057 0.146 1.71%
revM06-L 0.099 0.058 0.240 1.78%
TPSS 0.102 0.074 0.179 1.90%
PBE 0.105 0.079 0.149 1.97%
MNI1S5-L 0.107 0.047 0.159 1.96%
HLE17 0.122 —0.048 0.187 2.50%

“The functionals are sorted in ascending order of the MAEs. “MAE is
the mean absolute error in A, as shown in eq 3. “MSE is the mean
signed error in A, as shown in eq 2. “RMSE is the root-mean-squared
error in A, as shown in eq 4. “MAPE is the mean absolute percentage
error, as shown in eq S.

The MSE is a measure of systematic errors. Table 3 shows
that 11 of the functionals have positive MSEs, ranging from
0.01 A for M06-SX to 0.08 A for PBE. We conclude that most
density functionals tend to overestimate lattice constants.

Table 3 shows that we draw the same conclusions about the
rank ordering of the top five functionals from MAE, RMSE, or
MAPE. To streamline the discussion, we will focus it on MAEs,
top performing functionals, and noteworthy special issues, but
readers interested in more details of the statistics may consult
the tables.

Table 3 shows that M06-SX and N12-SX give the smallest
MAEs for LC68, with MAE values of 0.05 A. M06-L and
revMO6-L have the lowest MAEs among the selected local
functionals, with the values of 0.09—0.10 A. The error statistics
for MN12-SX and revMO06-L are skewed by large errors for
SnTe (absolute errors of 1.3 and 1.7 A, respectively);
eliminating SnTe decreases the MAEs to 0.022 and 0.033 A,
respectively.

The LC68 database can be divided into four subsets: 31
semiconductors (SLC31), 17 ionic insulators (ILC17), S
metals (MLCS), and 15 other solid-state materials (OLC1S).
Tables S4—S7 list the error statistics for these subsets of the 12
selected functionals. Figure 1 shows the results of Tables S4—
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Figure 1. Results for the subdatabases of LC68 for 12 selected functionals. SLC31 contains the lattice constants of 31 common semiconductors,
ILC17 contains the lattice constants of 17 ionic insulators, MLCS contains the lattice constants of 5 metals, and OLC15 contains the lattice

constants of 15 other solids (see Table 1).
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Figure 2. Calculated band gaps by PBE, HLE17, HSE12s, and M06-SX compared with the experimental values (eV).

S7 as bar graphs. The functionals are ordered in these tables
and this figure in ascending order of the MAEs for LC68.

For SLC31, N12-SX and M06-SX give the best performance,
with MAEs of 0.02 A. If we considered only local functionals,
we would recommend revMO06-L for SLC31; the MAE is 0.05
A. The MAE of HSE06, which is much more expensive than
the local functionals, is 0.04 A.

For ILC17, M06-SX and MN12-SX are the most accurate
functionals, with MAEs of 0.0S and 0.06 A, respectively. We
find that revMO06-L is the best local functional for ionic
insulators, with a MAE of 0.07 A.

For MLCS, the best functionals are HSE12s and HSE12,
with MAEs of 0.13—0.14 A. M06-SX and HSE06 are right
behind with MAEs of 0.14 A. The best local functionals are
TPSS and revMO06-L, with MAEs of 0.15 A.

For OLC1S, M06-SX and N12-SX give the smallest MAEs
of 0.07—0.08 A, with the third-best functional, HSE12s, some
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distance away at 0.12 A. MO6-L is the most accurate local
functional, with a MAE again equal to 0.12 A. However,
revMO06-L, which has the smallest MAEs for SLC31 and MLCS
and the second smallest MAE for ILC17 among the six local
functionals, has the largest MAE among the 12 selected
functionals; the main reason for the large mean errors of
revMO06-L and MN12-SX for OLCIS is, as already discussed,
their poor performance for SnTe.

In summary, the best-performing functionals are N12-SX,
MO06-SX, HSE12s, and M06-SX for SLC31, ILC17, MLCS, and
OLCIS, respectively. These three functionals are also the best-
performing functionals for the overall database LC68. Among
the six local functionals, M06-L and revMO06-L are the best
performers for LC68 if we ignore SnTe.

3.2. Band Gaps at Consistently Optimized Geo-
metries. The band gap database BG60 includes 60 of the
68 solid-state systems that were used for lattice constant
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calculations. In this section, we discuss band gaps calculated
using the structure optimized by the functional under
consideration. Tables S8 and S9 show the results for BG60
using the six local functionals and the six screened-exchange
functionals.

By comparing the minimum gap to the minimum direct gap,
it is possible to ascertain the type of gap, namely, direct or
indirect. The results of Tables S8 and S9 refer to the minimum
gap, which may be direct or indirect, and Tables S10 and S11
provide the minimum direct gap. Examination of the tables
shows that the predicted band gap types of most materials are
consistent among the functionals tested. The following solids
have indirect band gaps with all functionals: Kr, C, Si, SiC,
Si0,, SiO,, BN, BP, BAs, AIN, AIN, AIP, AlAs, AlSb, GaP,
SnSe, SnTe, LiH, MgSe, CaF,, BaS, BaSe, BaTe, TiO,, SrTiO;,
MoS,, AgCl, and AgBr; the space groups are given in Table 1.

Figure 2 shows the comparison of the calculated minimum
band gaps and the experimental band gaps for PBE, HLE17,
HSE12s, and M06-SX. The left plot of the figure shows all the
calculated and experimental band gaps for BG60, and the right
plot zooms in on band gaps lower than 5 eV. Figures S1—-S12
show these kinds of plots for each functional. The diagonal
lines in these figures indicate where the calculated band gap
value would be equal to the experimental value.

As can be seen from these figures, the results of screened-
exchange functionals are more accurate than the results of local
functionals. The local functionals typically underestimate the
band gaps, with most points to the right of the diagonals in the
figures. PBE and TPSS underestimate the band gaps of almost
all 60 systems in BG60. For the systems with large band gaps
(higher than S eV), the screened-exchange functionals also
show systematic underestimations. One exception is Kr, whose
band gap is overestimated by most functionals. For the systems
with small band gaps (lower than 2 eV), the local functionals
underestimate the band gaps while the screened-exchange
functionals overestimate them.

Table 4 shows the error statistics of the 12 selected
functionals for BG60. As was the case for lattice constants, the
screened-exchange functionals outperformed the local func-

Table 4. Errors for the Band Gaps of BG60 When
Calculated with Consistently Optimized Lattice Constants”

functional MAE" MSE* RMSE? MAPE®
screened-exchange

MO06-SX 0.471 —0.165 0.689 17.3%
HSE12s 0.497 —-0.296 0.775 12.0%
HSE12 0.527 —0.114 0.774 18.1%
N12-SX 0.578 —0.353 0.862 16.4%
MNI12-SX 0.594 —0.383 0.890 15.9%
HSEO06 0.679 —0.527 1.011 15.8%
local

HLE17 0.677 —0.500 0.956 19.3%
revMO06-L 0.875 —0.571 1.237 28.5%
MNI15-L 1.266 —1.225 1.692 33.0%
MO06-L 1.269 —-1219 1.626 35.3%
TPSS 1.595 —1.551 1.989 44.3%
PBE 1.770 —1.748 2.193 49.2%

“The functionals are sorted in ascending order of the MAEs. "MAE is
the mean absolute error in eV, as shown in eq 3. “MSE is the mean
signed error in eV, as shown in eq 2. “RMSE is the root-mean-squared
error in eV, as shown in eq 4. “MAPE is the mean absolute percentage
error, as shown in eq S.
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tionals for band gaps. The results are especially good for M06-
SX, which gives the lowest MAE (0.47 eV) and RMSE (0.69
eV), although the MAPE of 17% is not the best. Another
functional with a MAE lower than 0.5 eV is HSE12s (0.497
eV), which gives the lowest MAPE (12%) and the third lowest
RMSE (0.78 eV). Among the local functionals, HLE17 is the
best-performing functional, giving the lowest MAE (0.68 eV),
RMSE (0.96 eV), and MAPE (19%); HLE17 is comparable in
accuracy to the screened-exchange functional HSE06. The
second-best-performing local functional is revMO06-L.

The MSE:s of all functionals are negative, indicating that all
functionals underestimate the band gaps on average. This is
consistent with the results shown in Figures 2 and S1.

3.2.1. Subsets Organized by the Type of Solid. We divided
BG60 into three subsets: SBG31, which includes 31 semi-
conductors; IBG16, with 16 ionic crystals; and OBG13, with
13 other solids. Tables S12—S15 list the error statistics of the
12 selected functionals for these subsets, which are sorted in
the ascending order of the MAEs for BG60. Figure 3 shows the
results of Tables S12—15 in bar graphs.

For SBG31, the smallest MAE is obtained by HSE12s (0.20
eV). N12-SX gives the smallest RMSE (0.30 eV) and the
second-smallest MAE (0.24 eV). Among the local functionals,
HLE17 is the best performer with the smallest MAE (0.31 eV).
The revMO06-L functional is the second-best local functional for
SBG31, with an MAE of 0.45 eV.

The errors for ionic crystals are unacceptably large. M06-SX
is the most accurate functional for IBG16, with the lowest
MAE (0.85 eV), RMSE (1.09 eV), and MAPE (12%). We note
that M06-SX is also the best of all the functionals for ILC17, so
using M06-SX to calculate both the band gaps and the lattice
constants of ionic insulators is recommended. The MAEs of
HSE12s and HSE12 for IBG16 are 0.92 and 0.98 eV, making
them second- and third-best. Among the local functionals,
HLE17 has the smallest MAE, while its RMSE (1.50 eV) is
smaller than those of MN12-SX (1.51 eV) and HSE06 (1.65
eV) and its MAPE (16%) is smaller than those of N12-SX
(18%) and HSE06 (20%). Therefore, HLE17 is generally
better than HSE06 and comparable to MN12-SX and N12-SX.
In summary, M06-SX and HLE17 are the most-recommended
screened-exchange and local functionals, respectively, for
IBG16.

For OBG13, M06-SX gives the smallest MAE (0.55 eV),
MN12-SX gives the smallest RMSE (0.69 V), and HSE12s
gives the smallest MAPE (14%). Among the local functionals,
revM06-L and HLE17 are the best performers, with the lowest
MAEs (0.86 and 0.90 eV, respectively), the lowest RMSEs
(1.10 and 1.07 eV, respectively), and low MAPEs (26%). The
lowest MAPE among local functionals is 24% from MN15-L.

Overall, M06-SX and HSE12s are the most-recommended
functionals for band gap calculations. Among the local
functionals, HLE17 gives the best results for SBG31 and
IBG16 and the second-best result for OBG13, while revM06-L
gives the second-best results for SBG31 and IBG16 and the
best result for OBG31. Therefore, HLE17 and revMO06-L are
both recommended for band gap calculations among the local
functionals.

3.2.2. Subsets Organized by the Size of the Band Gap.
Because the band gaps of different systems vary greatly
(spanning from 0 to 16 eV), we also divided BG60 into three
subsets based on the experimental values of the band gaps,
namely, “0—2 eV” (15 data), “2—S5 eV” (30 data), and “5—16
eV” (15 data). Tables S16—S19 list the full error statistics of
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Figure 3. Results for the subdatabases of BG60 for 12 selected functionals. SBG31 contains 31 semiconductors, IBG16 contains 16 ionic insulators,
and OBG13 contains 13 other solids (see Table S1).
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Figure 4. Results for the subdatabases of BG60 for 12 selected functionals. The BG60 is divided according to the experimental values of the band
gaps, namely, “0—2 eV”, “2—5 eV”, and “5—16 eV”.

the 12 selected functionals for these subsets, which are sorted

in ascending order of the MAEs for BG60. Figure 4 shows the
results of Tables S16—S19 in bar graphs.
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For the “0—2 eV” subset, the smallest MAE (0.17 eV),
RMSE (0.23 eV), and MAPE (19%) are obtained by the
hybrid GGA functional HSE12. MN12-SX also performs well

https://doi.org/10.1021/acs.jctc.2c00822
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Figure S. Statistical errors of each functional for BG60 and LC68.

MAPEs for BG60 (%)

for this subset, with a MAE of 0.22 eV. Among the local
functionals, HLE17 and MN15-L perform the best, and their
MAEs and MAPEs are lower than those of MO06-SX and
HSE12. HLE17 also gives a very low RMSE (0.275 eV),
second only to HSE12s. The screened-exchange functionals
tend to overestimate the band gaps of systems with small band
gaps, and the local functionals tend to underestimate them. To
sum up, the screened-exchange functional HSE12s and the
local functional HLE17 are recommended for band gap
calculations of systems with band gaps lower than 2 eV.

For the “2—5 eV” subset, HSE12s gives the smallest MAE
(0.31 eV) and MAPE (9%) and a relatively small RMSE (0.40
eV). HSE12 and M06-SX also give good performances. The
best local functional is HLE17, with MAE, RMSE, and MAPE
of 0.49 eV, 0.59 eV, and 15%, respectively. Combined with the
performance of the “0—2 eV” subset, the results show that the
calculations of the systems with band gaps lower than S eV can
be performed best by the screened-exchange functional
HSE12s and the local functional HLE17.

For the “5—16 eV” subset, M06-SX is the most accurate
among all the tested functionals, giving the lowest MAE (0.97
eV), RMSE (1.22 eV), and MAPE (10%). The MAEs of
HSE12 and HSE12s are 1.15 and 1.20 eV, respectively, which
are the second- and the third-smallest. The best local
functional is HLE17, with MAE, RMSE, and MAPE of 1.47
eV, 1.70 eV, and 15%, respectively; these values are smaller
than those of HSE06 (1.62 eV, 1.84 eV, and 16%). In
summary, the hybrid meta-GGA MO06-SX and meta-GGA
HLE17 are recommended for the calculations of band gaps
larger than S eV.

In summary, M06-SX and HSE12s are the most-recom-
mended functionals for band gap calculations. HSE12s is more
recommended for systems with small band gaps, and M06-SX
is more recommended for systems with large band gaps.
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Among the local functionals, HLE17 gives the best results for
all subsets. Therefore, HLE17 is recommended for band gap
calculations among the local functionals.

By comparing Figures 1 and 3, we see that M06-SX gives the
most balanced good performance for both lattice constants and
band gaps of semiconductors and ionic crystals. HSE12s and
N12-SX give relatively well-balanced results for other solids.

3.3. Band Gaps at Experimental Geometries. In this
section, we discuss the band gap errors for each functional
when the band gaps are based on the experimental lattice
constants (LC-exp). Here and in the following section, the
suffixes -opt and -exp are used to denote optimized and
experimental structures, respectively. For each system in BG60,
BG-opt and BG-exp are the band gaps calculated based on LC-
opt and LC-exp, respectively. BG-opt and BG-exp were
calculated with the same grid, convergence, and k-points to
ensure that the results were comparable and only affected by
the lattice constants. In Tables S20 and S21, we list the BG-exp
values and statistical errors calculated by the local and
screened-exchange functionals. Figure S13 shows the statistical
errors (MAEs, MSEs, RMSEs, and MAPEs) of each functional
for BG60-opt and BG60-exp. When a data point in this figure
is near the diagonal, the band gaps are very similar for the two
possible lattice constants; when a data point is close to the
origin, the band gaps are most accurate. For the revMO06-L,
MN15-L, M06-L, and the screened-exchange functionals, the
errors of BG60-opt and BG60-exp show little difference. The
points for HLE17 in Figure S13 are located above the diagonal,
and we see that HLE17 performs significantly better on BG60-
opt than BG60-exp. For PBE and TPSS, the MAEs of BG60-
exp are smaller than those of BG60-opt.

3.4. Overall Analysis. Figure S shows the statistical errors
in band gaps and lattice constants for each functional, and
different markers and colors are used for different types of
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functionals (squares represent hybrid meta-GAs, triangles
represent hybrid GAs, circles represent meta-GAs, and the
diamond represents the PBE GGA).

Figure SA shows the MAEs of all the functionals for LC68
and BG60. As can be seen, all the screened-exchange
functionals are in the lower-left portion of the figure, and the
MAEs of screened-exchange functionals for both LC68 and
BG60 are substantially smaller than those of the local
functionals. M06-SX is positioned closet to the lower-left
corner and is thus the best-performing functional. N12-SX is
the second-best-performing functional for lattice constants and
band gaps. Among the local functionals, revM06-L gives the
second-best results for both LC68 and BG60.

Figure 5B shows the MSEs of the 12 selected functionals for
the lattice constants and band gaps. It clearly shows that all the
functionals have negative MSEs for BG60 and most functionals
have positive MSEs for LC68. HLE17 is the only functional
with a negative MSE for LC68.

Figure SC shows the RMSE results; this figure mainly leads
to the same conclusions as Figure SA. The only significant
exceptions are revM06-L and MN12-SX, where the RMSE is
greatly increased by the bad prediction on SnTe.

Figure 5D shows the MAPEs. For LC68, the rankings sorted
by the MAPEs are completely the same as those sorted by the
MAEs. Moreover, the rankings for the subdatabases of LC68
sorted by the MAPEs are also almost the same as those sorted
by the MAEs. However, for BG60, the rankings of the
screened-exchange functionals sorted by the MAPEs are quite
different from those sorted by the MAEs, and the MAPEs of
other screened-exchange functionals are very close to each
other except for HSE12s. The main reason for this difference is
that the values of experimental band gaps vary widely. When
calculating the percentage errors, a small error divided by a
small experimental value (e.g., InSb 0.24 eV and SnTe 0.36
eV) would yield a large MAPE. Therefore, the influence of the
small band gap systems is larger for MAPEs than for MAEs. As
a result, HSE12s is recommended for band gap calculations of
small band gap systems. The revM06-L functional gives the
second smallest MAPEs for both LC68 and BG60.

HSEOQ6 is known to provide useful accuracy for band gaps of
solids with the efficiency of a screened-exchange functional,
and it is widely used for that purpose; however, in the present
analysis we find that there are recently developed screened-
exchange density functionals that have superior performance
compared to HSE06 for the calculation of solid-state
properties. This illustrates that density functionals are still
being improved.

HSE12 and HSE12s were developed by adjusting the overall
fraction of Fock exchan_ge and the length scale for exchange
screening from HSE06.%” Their functional forms are the same,
but the results of HSE12 and HSE12s are clearly better than
those of HSE06. We conclude that the parameter optimiza-
tions were very worthwhile. The MO06-SX functional was
developed based on revMO06-L by adding a percentage of
screened HF exchange energies. The MO06-SX functional is
clearly on the right track, improving the accuracy by nearly
47% on LC68 and reducing the MAE by 0.41 eV on BG60 as
compared to revMO6-L.

When developing revM06-L, MN15-L, M06-SX, MN12-SX,
and N12-SX, the training set included LC18, which consists of
18 lattice-constant data (Li, Na, K, Al, NaCl, NaF, LiCl, LiF,
MgO, Cu, Rh, Pd, Ag, Si, GaN (216), GaN (186), ZnSe, and
InSb). Of these, 12 lattice constants (Li, Na, NaCl, NaF, LiCl,
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LiF, MgO, Si, GaN (216), GaN (186), ZnSe, and InSb) are
included in LC68 of the present work. Table S22 lists the
MAEs and rankings of the 12 tested functionals for LC18 and
LC68. The results of LC18 are from refs 58 and 64. Table S22
shows that M06-SX and N12-SX show good transferability for
lattice constants. However, the training on lattice constants is
not always so effective. The MAE of revMO06-L for LC18 is
only 0.041 A, which is only about half of that of M06-L, but
the MAEs of revMO06-L and MO06-L for LC68 are similar to
each other, with values of 0.099 and 0.094 A, respectively. The
optimization of the two parameters of HSE12 and HSE12s”’
involved the SC/40 database, which contains both band gaps
and lattice constants of 40 solids. All 40 solids in SC/40
database are included in LC68 and BG60, and S of them are
included in LC18. HSE12 and HSE12s show excellent
performance for these databases. Therefore, parametrization
does improve the performance of functionals for the trained
properties, but the training set need to be large enough and
diverse enough to ensure transferability.

3.5. Chemical Properties. For applications like catalysis,
photocatalysis, and electrochemistry, we want functionals that
not only give good solid-state properties but also give good
chemistry. Tables S23 and S24 list the results of the 12
functionals studied here on the 26 subdatabases and 8
subdatabase groups of AME418 in Minnesota Database
2019; AME418 contains 418 atomic and molecular energetic
data.®® The results for HLE17 are calculated in this work, and
the others are from reference 58. Tables S23 and S24 show
that among the 12 functionals studied here, MN15-L, M06-SX,
and revMO6-L give the best performance for AME418, with
MUEs of 2.29, 2.85, and 2.96 kcal/mol, respectively. For the
chemical energies, the screened-exchange functionals do not
always perform better than the local functionals, but M06-SX is
a good compromise for applications involving heterogeneous
chemistry studied with plane-wave codes. More generally,
MO06-SX and revMO6-L are seen to give good performance for
both solid-state chemistry and molecular chemistry and thus
can be recommended for a wide range of applications.

4. CONCLUSIONS

In the present study, we constructed a lattice constant database
LC68 and a band gap database BG60. We evaluated the
performance of six screened-exchange functionals (HSEO6,
HSE12, HSE12s, MN12-SX, N12-SX, and M06-SX) and six
local functionals (PBE, TPSS, M06-L, MN15-L, revM06-L,
and HLE17) on both LC68 and BG60. We found that all
screened-exchange functionals are superior to local functionals
in terms of MAEs, RMSEs and MAPE:s for these databases, and
MO06-SX is the best-performing functional for both BG60 and
LC68 when evaluated by MAEs. The best local functionals for
LC68 are M06-L and revMO06-L, the best local functionals for
BG60 are HLE17 and revMO06-L, and the most well-balanced
local functional among the six selected representative local
functionals is revMO06-L. Most functionals tend to overestimate
the lattice constants and underestimate the band gaps.

We divided LC68 and BGG60 into subsets and further
analyzed which functionals are more suitable for specific kinds
of systems. For lattice constants, N12-SX has the smallest MAE
for simple binary semiconductors, M06-SX has outstanding
performance for ionic insulators, and HSE12s is better than
other functionals for metals. For band gap predictions, M06-SX
is more suitable for ionic insulators and solids with large band
gaps, and HSE12s performs better on semiconductors and
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solids with small band gaps. In conclusion, M06-SX performs
better in general for both lattice constants and band gap
predictions. The N12-SX and HSE12s functionals also show
good performance for both band gaps and lattice constants.
For local functionals, revM06-L and M06-L are the most highly
recommended.

A final consideration is the performance of the various
functionals for chemistry, since many applications, for example
solar energy and heterogeneous photocatalysis, require not
only good lattice constants and band gaps but also chemical
thermodynamics and kinetics. M06-SX, revM06-L, and N12-
SX not only have very good performance for the databases of
this paper but also are well-optimized for chemical properties,
as explained in previous papers’®*®* and shown in the
Supporting Information.
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