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Flow-like signals including the ridge structure observed in small collision systems that are similar to 
those in large collision systems have led to questions about the onset of collectivity in nuclear collisions. 
In this study, we use the string melting version of a multi-phase transport model with or without 
the sub-nucleon geometry for the proton to study multiparticle cumulants in p + p collisions at 13 
TeV. Both versions of the model can produce negative c2{4} values at high multiplicities. In addition, 
the dependences of c2{4} and c2{2} on the parton cross section σ are found to be strong and non-
monotonous, where only an intermediate range of σ values leads to negative c2{4}. Furthermore, the 
model with sub-nucleon geometry better describes the multiplicity dependence of c2{4}, demonstrating 
the importance of the sub-nucleon geometry for studies of small systems.

 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

1. Introduction

The quark-gluon plasma (QGP) with deconfined parton de-
grees of freedom is created at relativistic heavy ion collisions such 
as those at the Relativistic Heavy Ion Collider (RHIC) and the 
Large Hadron Collider (LHC). Many final state observables, such as 
hadron spectra, collective flows and fluctuations, can be sensitive 
to the formation of the QGP. In particular, the long-range “ridge” 
structures in two-particle azimuthal correlations observed in large 
system A+A collisions [1–4], small system A+A collisions [5–7] and 
the even smaller p+A or p + p systems [8–10] are strikingly similar.

The ridge structure in large system A+A collisions is generally 
thought to be produced by the hydrodynamic expansion [11,12]
or multiple parton collisions [13–15] of the hot and dense mat-
ter. For small systems, however, hydrodynamics-based models are 
expected to be different from transport models because there are 
not many rescatterings per parton or per hadron. Indeed, a non-
equilibrium parton escape mechanism is found to dominate the 
development of anisotropic flows for collisions at energies that are 
not high enough and for small systems [16,17]. A key question 
about the ridge is whether it is due to collective flow (i.e., many 
particles that correlate with a common event plane) or nonflow 
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such as resonance decays and momentum conservation. The multi-
particle cumulant method has been applied to p+Pb and p + p col-
lisions [18–22] to suppress the nonflow effects and better extract 
the flow signals. For example, a negative four-particle cumulant 
c2{4} is expected for A+A collisions when the correlation mostly 
comes from the collective flow [23]. For small systems, however, 
the situation is more complicated since flow fluctuations and non-
flow effects become important [24–27].

A hydrodynamics-based hybrid model has been used to inves-
tigate the c2{4} in p + p collisions, and c2{4} > 0 is found from 
different analysis methods including the standard cumulants, two-
subevent and three-subevent cumulants [18]. In this work, we ap-
ply a multi-phase transport (AMPT) model [28–30] to study the 
multiparticle cumulants including c2{4} using both the standard 
cumulants and three-subevent cumulants.

The paper is organized as follows. First, we introduce the AMPT 
model used in this study in Sec. 2. Then the multiparticle cumu-
lant methods including the standard cumulants and the subevent 
cumulants are described in Sec. 3. In Sec. 4, we present the results 
and discussions. Finally, conclusions are given in Sec. 5.

2. A multi-phase transport model

The string melting version of the AMPT model [13,28] contains 
four main parts to describe nuclear collisions: a fluctuating initial 
condition from the HIJING model, elastic parton scatterings from 
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the Zhang’s parton cascade, hadronization from a quark coales-
cence model, and hadronic scatterings based on the ART model. 
The model is able to reasonably describe the collective flow from 
small to and large systems at RHIC and LHC energies [22,31–34].

In this work, we use a recently developed version of the AMPT 
model, which uses a new quark coalescence model [35], a modern 
set of parton distributions functions in the proton and an impact 
parameter-dependent nuclear shadowing [29], and improved heavy 
quark productions [36,37]. This model has been shown to work 
well in describing the particle yields and pT spectra in p + p and 
A+A collisions at high energies. Note that for this work on p + p
collisions we take the same values for the Lund string fragmenta-
tion parameters: aL = 0.8 and bL = 0.4 GeV−2 [29,37].

In addition to the above normal AMPT model, where the proton 
is treated as a point particle, we also use a modified AMPT model 
that includes the sub-nucleon geometry of the proton following a 
recent study [38]. The sub-nucleon geometry has been shown to 
lead to different spatial fluctuations and affect the collective flow 
of the small systems [39–42]. The matter distribution of the pro-
ton, based on the proton charge form factor, is given by ρ(r) ∝
e−r/R with R = 0.2 fm [38]. In the constituent quark picture, a 
proton is assumed to consist of three constituent quarks, which 
coordinates are sampled according to the matter distribution. Then 
the proton-proton collision can be extended to the participant 
quark geometries within the Glauber model framework [38]. In 
this study, we name the AMPT version with sub-nucleon geom-
etry of the proton as “3-quark AMPT” while the version without 
the sub-nucleon geometry is named “normal AMPT”. For both ver-
sions, the parton cross section is given by σ = 4.5πα2

s /µ2, where 
the parameter µ represents the Debye screening mass [28].

3. Multiparticle cumulants

An advantage of the multiparticle cumulant method is that it 
suppresses nonflow effects such as those from jets and dijets. Re-
cently the method has been widely applied to A+A collisions and 
small system collisions. The multiparticle cumulant method using 
moments of Q vectors is called the standard cumulants, direct cu-
mulants, or Q cumulants [43], where Q n ≡ ∑

i einφi are the flow 
vectors. The extended method of subevent cumulants can further 
suppress the nonflow effects [26].

We calculate the two-particle cumulants using the standard 
method and four-particle cumulants using both the standard and 
three-subevent methods. In the standard cumulant method, two-
particle and four-particle cumulants are given by

〈〈{2}n〉〉 = 〈〈ein(φ1−φ2)〉〉,
〈〈{4}n〉〉 = 〈〈ein(φ1+φ2−φ3−φ4)〉〉, (1)

in which the double brackets mean the weighted averaging over 
all particles in an event and then over all events. We then have

cn{2} = 〈〈{2}n〉〉,
cn{4} = 〈〈{4}n〉〉 − 2〈〈{2}n〉〉2. (2)

In the subevent method, the overall events are organized into 
multiple subevents according to pseudorapidity η, where each 
subevent covers a non-overlapping η interval. In particular, in the 
three-subevent method, the overall events are divided into three 
subevents: a within −ηmax < η < −ηmax/3, b within −ηmax/3 <
η < ηmax/3, and c within ηmax/3 < η < ηmax. Then the corre-
sponding four-particle cumulants are defined as

〈〈{4}n〉〉three−sub = 〈〈ein(φa
1+φa

2−φb
3−φc

4)〉〉. (3)

Note that we follow the experimental three-subevent method [20,
26] by interchanging the η for subevent a with that for subevent 
b or c and then averaging over the resulting three c2{4} values.

In the comparisons with the ATLAS data, we use ηmax = 2.5 to 
match the ATLAS detector coverage. Specifically, the multiparticle 
cumulants are calculated in three steps [19,20]. First, multiparticle 
correlations 〈{2k}n〉 are calculated for reference (charged) particles 
with 0.3 < pT < 3 GeV/c for each event. Second, these 〈{2k}n〉 cor-
relations are averaged over all events with the same Nsel

ch , which 
represents the number of charged particles within a given pT range 
(0.3 < pT < 3 GeV/c being the default range, plus pT > 0.2 GeV/c, 
pT > 0.4 GeV/c, or pT > 0.6 GeV/c). This leads to the correspond-
ing cn{2k} values that are averaged over events with the same 
Nsel

ch . Third, the cn{2} and cn{4} values for a given range of Nsel
ch

are mapped to the final cn{2} value and cn{4} value at the corre-
sponding Nch (pT > 0.4 GeV/c) value. Note that all results of cn{2k}
shown in this study are for reference particles within 0.3 < pT < 3
GeV/c, where the standard cumulant method and the pT range 
0.3 < pT < 3 GeV/c for Nsel

ch are used unless stated otherwise. Typ-
ically we simulate about 150 million p + p events for each case.

4. Results and discussions

Fig. 1 shows the comparison of the c2{2} results from the AMPT 
model with different parton cross sections in comparison with the 
ATLAS data [19]. Note that the standard cumulant method is used 
here, both reference particles and particles used for Nsel

ch are within 
0.3 < pT < 3 GeV/c, and the AMPT results without (left panel) and 
with (right panel) the sub-nucleon structure for the proton are 
both shown. We see that c2{2} is very sensitive to the value of 
the parton scattering cross section σ . When σ is set to zero and 
the hadron cascade is also turned off, the AMPT model has no sec-
ondary scatterings and gives the gray curves in Fig. 1, which in 
both panels are lower than the c2{2} data. On the other hand, at 
certain σ values c2{2} from the AMPT model can be larger than 
the data at the same multiplicity. The σ -dependence of the results 
also shows a surprising non-monotonous behavior. For example, 
within the multiplicity range Nch (pT > 0.4 GeV/c) ∈ (40, 150), the 
c2{2} value first increases with the parton cross section and then 
decreases once σ ≥ 1.5 mb.

We also see that the sub-nucleon structure has a significant ef-
fect on the multiplicity dependence and σ -dependence of c2{2}. In 
Fig. 1(a), the c2{2} values at 0.3 mb or 3 mb from the AMPT model 
without the sub-nucleon structure are relatively close to the ATLAS 
data; while in Fig. 1(b) the c2{2} values at 3 mb from the AMPT 
model with the sub-nucleon structure are relatively close to data. 
However, none of the results at a constant σ can well reproduce 
the ATLAS c2{2} data.

To further suppress the nonflow effect, a separation in pseudo-
rapidity of |'η| > 2 for the two hadrons forming a pair is applied 
to the c2{2} calculation, and the corresponding model results are 
presented in Fig. 2 in comparison with the experimental data. We 
see that the c2{2, |'η| > 2} values are much smaller than the cor-
responding c2{2} values at low Nch, which is also the case for the 
experimental data. This means that the nonflow effect is especially 
significant at low multiplicities. On the other hand, the decrease 
of c2{2} due to the pseudorapidity gap from the AMPT model can 
be quite different from that in the data. For example, the AMPT 
results at σ = 0.15 mb from both the normal AMPT and 3-quark 
AMPT are mostly below the ATLAS data in Fig. 1 but above the data 
in Fig. 2. This shows that the AMPT model does not have the cor-
rect nonflow [6]. Again, none of the model results at a constant σ
can well reproduce the ATLAS c2{2, |'η| > 2} data. We have also 
checked the differential flow v2(pT), which results are consistent 
with the c2{2} results including similar deviations from the exper-
imental data.
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Fig. 1. c2{2} for reference particles within 0.3 < pT < 3 GeV/c and |η| < 2.5 from (a) the normal AMPT model and (b) the 3-quark AMPT model in comparison with the 
ATLAS data; the event averaging uses Nsel

ch within 0.3 < pT < 3 GeV/c.

Fig. 2. Same as Fig. 1, but for c2{2, |'η| > 2}.

Fig. 3. c2{4} for reference particles within 0.3 < pT < 3 GeV/c and |η| < 2.5 from (a) the normal AMPT model and (b) the 3-quark AMPT model in comparison with the 
ATLAS data.

In Fig. 3, we show the c2{4} results from the standard cumu-
lant method at different parton cross sections. First, we see that 
the c2{4} values from the AMPT model without any parton or 
hadron scatterings (gray curves) are all positive for both the nor-
mal and 3-quark AMPT models. Also, all the c2{4} values at very 
low multiplicities (i.e., Nch) are positive, qualitatively similar to 
the experimental data, reflecting the contribution from nonflow 
effects such as the global momentum conservation [21]. At the 
quantitative level, however, results from the AMPT model at low 

Nch disagree with the experimental data, partly because the model 
does not have the correct nonflow.

When the parton cross section is non-zero, the c2{4} values at 
high multiplicities are often negative. In Fig. 3(a), the normal AMPT 
model σ = 0.15 mb or 0.3 mb both produces mostly negative c2{4}
values when Nch > 32, quite different from the ATLAS data [20]
that show the sign change at Nch ∼ 130. At σ = 1.5 mb or 3 
mb, c2{4} from the normal AMPT model has large negative val-
ues at relatively low multiplicities before becoming positive; this 
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Fig. 4. (a) c2{4} and (b) c2{2} from the 3-quark AMPT model at different multiplici-
ties versus the parton cross section, where the standard cumulant method is used.

multiplicity dependence is very different from the ATLAS data. In 
Fig. 3(b), on the other hand, the c2{4} results from the 3-quark 
AMPT model do not show large negative values at relatively low 
multiplicities, and the results at certain σ values show a multiplic-
ity dependence that is qualitatively similar to the ATLAS data. We 
see that the c2{4} values at σ = 0.15 mb or σ = 1.5 mb are close 
to each other and both become negative at Nch ∼ 80. It is also ob-
vious that c2{4} has a non-monotonous dependence on the parton 
cross section σ . For example, the c2{4} results for σ = 0.3 mb are 
not in-between the results for σ = 0.15 mb and 1.5 mb. Also, the 
c2{4} value at Nch ∼ 100 first decreases with σ and becomes neg-
ative, and then it increases with σ and becomes positive again. 
This is the case for both the normal and 3-quark AMPT models. 
Overall, from Figs. 1-3 we see that the experimental data on c2{2}
decreases with the multiplicity, the c2{2, |'η| > 2} data are rather 
flat, while the c2{4} data decrease strongly at low Nch and be-
come slightly negative at certain high Nch. Only the model results 
at σ = 0.15 mb are seen to share these qualitative features, while 
the model results strongly depend on the σ value.

In Fig. 4, we examine in detail the non-monotonous depen-
dence of c2{4} and c2{2} on the parton cross section σ , where 
we show the results from the 3-quark AMPT model with the stan-
dard cumulant method versus σ at three multiplicities. Note that 
the points plotted at σ = 0.01 mb actually represent the AMPT re-
sults where both parton and hadron rescatterings are turned off. 
Because the sign change of c2{4} in the ATLAS data appears at 
Nch ∼ 130 [20], we show the results around that Nch value. We see 
in Fig. 4(a) that for all three multiplicities the c2{4} values cross 
zero at σ * 0.15 mb and at σ * 1.5 mb, where c2{4} is negative 
when the parton cross section is between these two values. It is 
interesting to see that c2{4} is so sensitive to the parton cross sec-
tion as it changes sign at a very small σ value. Fig. 4(b) shows that 
c2{2} also has a non-monotonous dependence on the parton cross 
section. However, c2{4} reaches a minimum at an intermediate σ
while c2{2} peaks at an intermediate σ ; this opposite behavior is 
partly understandable from their relationship in Eq. (2).

We have seen from Figs. 1 and 2 that the multiplicity depen-
dence of c2{2} in the normal AMPT model is quite different from 
that in the 3-quark AMPT model. In addition, Fig. 3 shows that 

the c2{4} shapes from the two models are often quite different. 
For example, c2{4} from the normal AMPT model has large nega-
tive values around Nch ∼ 40, which is not the case for the 3-quark 
AMPT model. We can partially understand these differences from 
the spatial eccentricity ε2, which is calculated using the spatial dis-
tribution of all initial partons [44]. Here an “initial” parton refers 
to a parton at its formation time, which is determined by the en-
ergy and transverse mass of its parent hadron [28], and a parton 
is assumed to free stream from its production point during its for-
mation time. As shown in Fig. 5(a), the event-averaged ε2 from the 
normal AMPT model shows an overall decrease with Nch, while the 
3-quark AMPT model shows a rather flat ε2 versus Nch [38]. This 
helps to explain why c2{2} from the normal AMPT model often 
shows a peak at moderate multiplicities in Figs. 1 and 2.

Since flows are directly related to the initial eccentricity, one 
can expect the flow fluctuations to depend on the eccentricity fluc-
tuations:

cεn {2} = 〈ε2
n〉, cεn {4} = 〈ε4

n〉 − 2〈ε2
n〉2, (4)

where the bracket represents the averaging over all events. If one 
assumes v2 ∝ ε2 event-by-event [45,46], c2{4} would be propor-
tional to cε2 {4}. Fig. 5(b) shows cε2 {4} versus the charged parti-
cle multiplicity, where the normal AMPT behaves very differently 
from the 3-quark AMPT with both models using σ = 3 mb. We 
see some similarities between the Nch dependences of cε2 {4} here 
and c2{4} of Fig. 3. For example, at Nch (pT > 0.4 GeV/c) ∈ (20, 70)
both cε2 {4} and c2{4} are negative from the normal AMPT while 
both are positive from the 3-quark AMPT. On the other hand, the 
development of c2{4} depends not only on cε2 {4} but also sensi-
tively on the parton interactions such as σ as shown in Fig. 4.

We note that, due to the geometrical interpretation of cross sec-
tion, cascade programs like ZPC usually suffer from the causality 
violation at large densities and/or cross sections. Although the ef-
fect can be reduced with the particle subdivision or test particle 
method [47], particle subdivision alters the event-by-event corre-
lations and fluctuations and is thus not well suited to this study. 
On the other hand, it has been shown that the effect of causal-
ity violation in the ZPC results on elliptic flow for semi-central 
Au+Au collisions at 200A GeV and σ = 3 mb is very small [48]; 
this suggests that the effect of causality violation is also small 
on the results of this study at small cross sections such as σ ≤
3 mb.

In Fig. 6, we choose different pT ranges for the calculation of 
Nsel

ch in the event averaging procedure and compare the results 
with the ATLAS data [20]. Results from the normal AMPT model 
for σ = 0.15 mb are shown in Fig. 6(a), while results from the 3-
quark AMPT model for σ = 0.15 and 1.5 mb are shown in Fig. 6(b) 
and (c), respectively. In all three cases, we see that the model re-
sults and the ATLAS data show the same qualitative behavior, in 
that c2{4} at low Nch decreases significantly with the increase 
of the minimum pT used for Nsel

ch while c2{4} at intermediate 
Nch changes much less. Also, the c2{4} values for the pT range 
pT > 0.6 GeV/c are mostly negative in both the model results and 
the experimental data. Looking more closely, we see that the re-
sults from the normal AMPT model can be quite different from 
the 3-quark AMPT results. For example, the c2{4} curve for the pT
range pT > 0.4 GeV/c in Fig. 6(a) from the normal AMPT model 
are almost all negative, while the c2{4} values from the-3 quark 
AMPT model in Fig. 6(b) and (c) change from positive to negative 
at Nch ∼ 60 similar to the data.

To suppress the nonflow effects, we also apply the three-
subevent cumulant method, and the corresponding c2{4} results 
for different pT ranges for the calculation of Nsel

ch are shown in 
Fig. 7 in comparison with the ATLAS data [20]. Compared with 
the results from the standard cumulant method shown in Fig. 6, 
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Fig. 5. (a) Event-averaged spatial eccentricity of initial partons and (b) cε2 {4} versus Nch from the normal AMPT and 3-quark AMPT models.

Fig. 6. c2{4} results from (a) the normal AMPT model at 0.15 mb, (b) the 3-quark AMPT model at 0.15 mb, and (c) the 3-quark AMPT at 1.5 mb when different pT ranges are 
used for Nsel

ch in the event averaging. Lines with symbols represent the ATLAS data while shaded bands represent the AMPT model results.

Fig. 7. Same as Fig. 6, but using the three-subevent method.

the decrease of c2{4} with the increasing pT cut used for Nsel
ch

is generally less. In addition, more c2{4} values from the three-
subevent cumulant method are negative. These features can be 
observed from both the AMPT model results and the ATLAS data. 
Overall, although the c2{4} magnitudes from the AMPT model are 
often quite different from the experimental data, our results show 
that c2{4} including its sign change location in Nch depends sen-
sitively on the sub-nucleon geometry for the proton, and generally 
the 3-quark AMPT model that includes the sub-nucleon geometry 

performs better than the normal AMPT model without the sub-
nucleon geometry.

We note that the AMPT model used here is able to reasonably 
describe the charged particle production [29,30]. In Fig. 8, we com-
pare with the ALICE data for inelastic events (INEL>0), i.e., events 
having at least one charged particle within |η| < 1 [49]. Fig. 8(a) 
shows the pseudorapidity distributions of charged particles from 
the normal AMPT model at σ = 0.15 mb and the 3-quark AMPT 
model at 0.15 mb, 1.5 mb and 3 mb, where all the model results 
are close to each other and similar to the data. Fig. 8(b) shows the 
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Fig. 8. (a) The pseudorapidity distributions and (b) the pT spectra of charged particles from the normal AMPT and 3-quark AMPT models in comparison with the ALICE 
data [49].

pT spectra of charged particles within |η| < 0.8; the model results 
are close to each other and follow the data qualitatively, but there 
are some quantitative differences from the experimental data.

5. Conclusions

We have studied multiparticle cumulants including c2{2} and 
c2{4} in p + p collisions at 13 TeV with a multi-phase transport 
model. Both the normal string melting version of the AMPT model 
and a 3-quark version that includes the proton sub-nucleon geom-
etry are found to be able to, at certain parton scattering cross sec-
tions, produce negative c2{4} values at high multiplicities. We also 
find that both c2{2} and c2{4} depend strongly on the parton cross 
section σ and that the dependences on σ are non-monotonous. 
Furthermore, the c2{4} value from the standard cumulant method 
is negative only when σ is within a limited range, approximately 
[0.15, 1.5] mb. Quantitatively, however, none of the model results 
with a constant σ can well reproduce either the ATLAS c2{4} data 
versus the charged particle multiplicity or the c2{2} data with and 
without the pseudorapidity gap. Further studies are thus needed 
for quantitative understanding of these observables in high en-
ergy p + p collisions, for example, with a better constraint of the 
nonflow effects and improved modeling of the proton sub-nucleon 
structure.

Nevertheless, certain results from the AMPT model share many 
qualitative features as the experimental data. They include the 
c2{4} sign change from positive at low multiplicities to negative 
at high multiplicities for the standard cumulant method and the 
default pT range after parton scatterings, which demonstrates the 
importance of nonflow effects at low multiplicities and also indi-
cates a collective behavior at high multiplicities. They also include 
the decrease of c2{4} when a higher pT cut is applied to charged 
particles in the calculation of Nsel

ch used for the event averag-
ing, and the decrease of c2{4} when the three-subevent cumulant 
method is used. In addition, we find that the results from the 3-
quark AMPT model are in better agreements with the experimental 
data than the normal AMPT model, for example, in the shape of 
the multiplicity dependence of c2{4}. This indicates the importance 
of including the sub-nucleon geometry of the proton in studies of 
small collision systems such as p + p collisions.
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