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The paper studies the equilibrium configurations of inextensible elastic membranes exhibiting lateral fluidity.
Using a continuum description of the membrane’s motions based on the surface Navier–Stokes equations with
bending forces, the paper derives differential equations governing the mechanical equilibrium. The equilibrium
conditions are found to be independent of lateral viscosity and relate tension, pressure, and tangential velocity
of the fluid. These conditions suggest that either the lateral fluid motion ceases or non-decaying stationary
flow of mass can only be supported by surfaces with Killing vector fields, such as axisymmetric shapes. A
shape equation is derived that extends the classical Helfrich model with an area constraint to membranes of
non-negligible mass. Furthermore, the paper suggests a simple numerical method to compute solutions of the
shape equation. Numerical experiments conducted reveal a diverse family of equilibrium configurations. The
stability of equilibrium states involving lateral flow of mass remains an unresolved question.

I. INTRODUCTION

Motivated by applications in cell biology, there has
been extensive research on studying equilibrium con-
figurations of fluid membranes, their stability, and
transformations1–7. A now-classical energetic approach
to describe the statics and dynamics of fluid membranes
was pioneered by Canham8 and Helfrich9. According to
the Canham–Helfrich theory, an equilibrium shape of a
membrane minimizes a curvature energy functional sub-
ject to possible constraints.

More complex models account for in-plane fluidity ex-
hibited by the membranes. In a continuum-based mod-
eling approach, the membrane is represented by a mate-

rial surface that supports a density flow and may deform
driven by both elastic and hydrodynamic forces. The de-
velopment and analysis of continuum-based models and
their application to numerical simulation of fluid mem-
brane dynamics is an area of active research10–19. In
Ref.20, such models of elastic fluid thin sheets were given
the name fluid deformable surfaces.

A system of equations governing the motion of fluid
deformable surfaces consists of the surface Navier-Stokes
equations coupled with an elasticity model and posed on
a time-dependent surface, while the surface evolution is
defined by the hydrodynamic part of the solution; see
Sec. II for further details. The governing equations rep-
resent the conservation of momentum so that a steady
state of the system is a mechanical equilibrium. Ex-
isting research on fluid deformable surfaces mainly ad-
dresses the system evolution, with only a few papers ad-
dressing the problem numerically12,17,19–21, among which
Refs.17,19 considered relaxation to equilibrium. In the
present study, we are interested in equilibrium configu-
rations.

Assuming a steady state solution to the surface Navier–
Stokes equations with vanishing external lateral forces,

a)maolshanskiy@uh.edu; www.math.uh.edu/˜molshan

we deduce three conditions for such solutions to exist:
the radial motions are zero, the lateral motions corre-
spond to a Killing field on manifold, and the third con-
dition requires that a specific surface pressure (defined
in (12)) is constant. The first two conditions imply that
only two scenarios of equilibrium are possible: Either
the fluid motion ceases and the problem reduces to the
well studied one of finding a shape of minimal curvature
energy under the area constraint, or an additional ge-
ometrical constraint arises for the equilibrium shape to
support a non-decaying lateral fluid flow. The constraint
is satisfied by axisymmetric shapes.

To explore the second scenario, we utilize the third con-
dition and a specific elasticity model (the simplest Hel-
frich model in this paper) to derive the shape equation,
which is an equation satisfied by geometrical quantities
of the system in equilibrium. We introduce a numerical
approach to solve the shape equation, which takes advan-
tage of the axial symmetry of the unknown surface. We
solve the shape equation numerically to obtain branches
of shapes with a fixed surface area and varying interior
volume for several sets of physical parameters. In partic-
ular, we find steady states of the surface fluid equations
with vanishing elastic forces, which correspond to equi-
librium configurations of ‘pure fluidic’ membranes. The
stability of the discovered equilibrium states remains an
open question.

The remainder of the paper is organized into four sec-
tions. Section II reviews the continuum model of a fluid-
elastic membrane and derives the equilibrium conditions
and the shape equation. Section III introduces a numer-
ical solver. The computed shapes are discussed in Sec-
tion IV. Section V provides a few concluding remarks.

For the model setup and analysis, this paper em-
ploys elementary tangential calculus14,22 in embedding
R

3 space, thus avoiding any calculations in local surface
coordinates.
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II. A DEFORMING FLUID–ELASTIC MEMBRANE

Following the continuum-mechanical description, we
represent the membrane as a smooth closed time-
dependent surface Γ(t) ⊂ R

3 with a density distribution
ρ(x, t)23,24. Let u be a smooth velocity field of the den-
sity flow on Γ, i.e., u(x, t) is the velocity of the material
point x ∈ Γ(t). In general, u is not necessarily tangential
to Γ, and its normal component defines the geometric
evolution of Γ.

To formulate equations governing the motion of the
membrane, we need a few surface quantities and tangen-
tial differential operators. Let n be an outward-pointing
normal vector on Γ, and let P = I−nnT denote the nor-
mal projector. The surface gradient ∇Γp of a scalar func-
tion p : Γ → R can be defined as ∇Γp = P∇pe, where pe

is an arbitrary smooth extension of p in a neighborhood
of Γ. Also, ∇Γu = P(∇Γu1,∇Γu2,∇Γu3)

T is a surface
gradient of a vector field u = (u1, u2, u3)

T : Γ → R
3. In

other words, ∇Γu is a covariant gradient if u is tangen-
tial to Γ, divΓu = tr(∇Γu) is the surface divergence, and
∆Γp = divΓ∇Γp is the Laplace-Beltrami operator. For
a tensor field A = [a1,a2,a3] : Γ → R

3×3, the surface
divergence divΓA is defined row-wise.

We assume an inextensible viscous membrane and use
the Boussinesq–Scriven constitutive relation for the sur-
face stress tensor. Conservation of mass and linear mo-
mentum for an arbitrary material area γ(t) ⊂ Γ(t) leads
to the evolving surface Navier-Stokes equations for the
viscous thin material layer14:




ρ
.

u = −∇Γp+ 2µ divΓ(DΓ(u)) + b+ pκn,

divΓu = 0,
.

ρ = 0,

on Γ(t).

(1)
Here, κ is the double mean curvature, p is the surface
pressure, µ is the viscosity, DΓ(u) =

1
2 (∇Γu+∇Γu

T ) is

the surface rate-of-strain tensor23, and b represents area
forces, which may include elastic and external forces. If
ρ is smoothly extended to a space-time neighborhood of
Γ(t), then the following identity holds:

.

ρ =
∂ρ

∂t
+ (u · ∇)ρ,

which is independent of the particular extension. The
same identity holds for the componentwise material
derivative of u.

The geometric evolution of the surface is defined by
the normal velocity VΓ of Γ, which is given by the normal
component of the material velocity u:

VΓ = u · n on Γ(t). (2)

If b is given or defined through other unknowns, then
equations (1)–(2) form a closed system of six equations
for six unknowns: u, p, ρ, VΓ, subject to suitable initial
conditions. Note that the domain Γ(t) where the system
is posed is not known a priori but is defined by VΓ and

the initial surface Γ(0). We emphasize this observation
by counting VΓ as an independent unknown, although
it is simply equal to the normal part of u. Despite its
appearance, the system (1)–(2) is (strongly) nonlinear
through the presence of the material derivative

.

u, the
dependence of the surface Γ(t) on u, and a possible de-
pendence of b on the shape of Γ(t). We assume that
ρ = const at t = 0, and then

.

ρ = 0 implies that the
density stays constant for all times:

ρ = const.

This assumption of uniform density is applied further
throughout the paper.
We further distinguish between area forces b coming

from the adjacent inner–outer media and elastic forces
generated by the bending and stretching of the mem-
brane,

b = bext + belst. (3)

Since the purpose of this paper is finding equilibrium
configurations, we assume the external force given by a
constant pressure difference across the membrane,

bext = pextn, with pext = const. (4)

For the elasticity, we consider the Helfrich model with
the Willmore energy functional8,9:

H =
cκ
2

∫

Γ

(κ− κ0)
2, ds+ cK

∫

Γ

K, ds, (5)

whereK is the Gauss curvature, and material parameters
cκ > 0, cK > 0, κ0 have the meaning of bending rigidity,
Gaussian bending rigidity, and spontaneous curvature,
respectively. In this paper we restrict our interest to the
simplest model with

κ0 = 0.

For closed surfaces that do not change their topology
during evolution, the Gauss–Bonnet theorem implies that
the second term in the Willmore energy functional equals
2π times the surface Euler characteristic. Hence this term
does not contribute to the variation of the energy and
thus to the elastic forces. By the principle of virtual
work, we obtain

∫

Γ(t)

belst · v ds = −
dH

dΓ

∣∣∣∣
v

,

where dH
dΓ |v is the variation of the energy functional on

the (infinitesimal) displacement of Γ given by the vector
field v.

The shape derivative of H can be computed to take
the form of

dH

dΓ

∣∣∣∣
v

= cκ

∫

Γ(t)

(−∆Γκ−
1

2
κ3 + 2Kκ)(v · n) ds. (6)
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The result in (6) is well-known due to Willmore25. For
completeness, we give in Appendix a short proof using
elementary tangential calculus. From (6) it is clear that
the release of the bending energy produces a force in the
normal direction to the surface:

belst = cκ(∆Γκ+
1

2
κ3 − 2Kκ)n. (7)

Remark 1 The fluid system (1)–(2) with a generic force
b was independently derived in Ref.14 from balance laws
of continuum mechanics and in Ref.26 from energetic
principles (with b = 0). Equations for moving fluid
membrane were also derived in local (curvilinear) coor-
dinates10,15. If translated into the language of tangential
calculus, the equations from Refs.10,15 were shown27 to
also yield (1)–(2). A relation between different formula-
tions found in the literature was also discussed in Ref.28.

A. Conditions of equilibrium

We are interested in the equilibrium state solutions to
(1)–(2) with external and bending forces (4), (7). The ge-
ometric equilibrium requires Γ(t) to be time-independent
(in the sense of a shape). This and (2) immediately im-
plies the first equilibrium condition:

u · n = 0. (8)

Case u = 0. Let us start with considering the case of
no-flow, u = 0. The momentum equation in (1) yields
∇Γp = belst + (pext + pκ)n. The left hand side of this
identity is tangential to Γ, while the right hand side is
orthogonal, and so both are zero yielding p = const (the
implication of ∇Γp = 0 along Γ). Denote this constant
surface pressure by p0. Then 0 = belst+(pext+pκ)n and
(7) imply

cκ(∆Γκ+
1

2
κ3 − 2Kκ) + p0κ+ pext = 0. (9)

Equation (9) was also derived in Ref.29 as the optimality
condition for finding the minimum of Willmore energy
(5) subject to conserved surface area and enclosed vol-
ume, with constants p0 and pext playing the role of La-
grange multipliers for the area and volume constraints,
respectively. This constrained minimization problem has
been extensively studied in the literature in the context
of finding the shapes of vesicles2–4,6,30.

We conclude that for the static equilibrium (u = 0)
the system (1)–(2), (4), (7) coincides with a well-studied
problem of Willmore energy constrained minimization.
The membrane fluidity does not play a role in this sce-
nario. We now consider the case of dynamic equilibrium.

Case u 6= 0. The geometric equilibrium condition still
implies u · n = 0 (only lateral motions are allowed). To
deduce other conditions, we consider the tangential part
of the momentum equation (1). This can be done by
applying the orthogonal projectionP to the first equation

in (1) and noting that Pn = 0 and hence Pb = 0. We
get

ρP
.

u = −∇Γp+ 2µP divΓ(DΓ(u)).

For tangential field u we have Pu = u and so P(u∇u) =
P(∇u)u = P(∇u)Pu = (∇Γu)u. For a geometrically
stationary surface we also have ∂P

∂t
= 0. This and

P(u∇u) = (∇Γu)u imply the following identity for the
projection of material derivative:

P
.

u = P
(∂u
∂t

+(∇u)u
)
=
∂u

∂t
+(∇Γu)u =

∂u

∂t
+(u·∇Γ)u.

We therefore get the following system satisfied by u, such
that u · n = 0, and p:




ρ

(
∂u

∂t
+ (u · ∇Γ)u

)
= −∇Γp+ 2µP divΓD(u)

divΓu = 0

(10)

on a geometrically stationary Γ. The system (10) is the
Navier–Stokes equations on a Riemann manifold31.

Multiplying the first equation in (10) with u, integrat-
ing over Γ and integrating by parts brings us to the en-
ergy equality

ρ

2

d

dt

∫

Γ

|u|2 ds = −2µ

∫

Γ

|DΓ(u)|
2ds.

We see that the kinetic energy of the lateral flow decays
for all motions with DΓ(u) 6= 0. Therefore, the equilib-
rium flow must satisfy the second equilibrium condition:

DΓ(u) = 0. (11)

‘Tangentially rigid’ motions satisfying (8) and (11) corre-
spond to Killing vector fields on manifolds32,33. A non-
zero Killing field generates a continuous one-parameter
group of transformations Γ → Γ which are isometries,
and the ability of Γ to support it is a geometric con-
straint. In particular, among 2D compact closed surfaces
only those of genus 0 and 1 may have non-zero Killing
fields and the corresponding group of transformations is
1 with the exception of surfaces of constant curvature,
i.e. those isometric to a sphere (3 parameter group) or a
flat torus (2 parameter group)34. Moreover, the intrinsic
geometry of such surfaces is rotationally symmetric, see
e.g. Ref.32 and lemma 0.1 in Ref.35. Additional assump-
tions on the Gauss curvature ensure (see Ref.36 where
the proof is given if K > 0 on Γ or more recent treat-
ment in Ref.37) that there is a unique smooth isometric
embedding of such surface into R

3 as a classical surface
of revolution. We have not found results in the literature
from which one may conclude that without additional
assumptions on K the classical surface of revolution is
the only representation in R

3 of a connected compact
closed smooth surface with a Killing field, although such
conclusion looks very plausible. We note that Killing
fields often appear in the studies of fluid equations on
manifolds14,38–41.
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With the help of ∇Γ|u|
2 = 2(∇Γu)

Tu, which holds
if u · n = 0, and (u · ∇Γ)u = (∇Γu)u one verifies the
identity

(u · ∇Γ)u = 2DΓ(u)u−
1

2
∇Γ|u|

2.

Using this identity in (10) we see that for steady flow
fields satisfying (11) the momentum equation reduces to
∇Γp −

ρ
2∇Γ|u|

2 = 0. We thus get our third equilibrium

condition:

p−
ρ

2
|u|2 = p0 with some p0 := const. (12)

According to (12) the in-surface pressure in an equilib-

rium state splits into a constant term and a term rep-
resenting the kinetic energy density. For a pure fluid
membrane (cκ = 0), p can be interpreted as the surface
tension coefficient, which is found to depend on the in-
plane flow.

Summarizing, we obtain three conditions for the veloc-
ity and pressure of the fluid membrane in an equilibrium.
These conditions (8), (11), and (12) are independent of
an elasticity model and we use them below together with
the particular elasticity model to derive the shape equa-
tion.

B. Shape equations

The Weingarten mapping (shape operator) H : Γ →
R

3×3 is given by H = ∇Γn. Note that H = HT ,
Hn = 0. Eigenvectors of H orthogonal to n are the
principle directions on Γ and the corresponding eigen-
vectors are the curvatures κ1 and κ2. In particular,
κ = κ1+κ2 := tr(H). We also need the following identity
for the material derivative of n (see eq. (2.14) in Ref.14):

.

n = Hu−∇Γ(u · n). (13)

To deduce the shape equation, we first take the normal
part of the momentum equation (1),

ρn ·
.

u = 2µn · divΓDΓ(u) + pκ+ n · b. (14)

The first term on the right-hand side vanishes due to (11).
For the normal projection of the material derivative we
compute with the help of u · n = 0 and (13)

0 =
.

(n · u) = n ·
.

u+ u ·
.

n = n ·
.

u+ uTHu.

Substituting this and (12), (4), (7) in (14) gives the shape
equation

− ρuTHu−
ρ

2
κ|u|2

= p0κ+ cκ(∆Γκ+
1

2
κ3 − 2Kκ) + pext (15)

with some p0 = const and tangential velocity u. At equi-
librium, the term ρuTHu on the left-hand side can be in-
terpreted as the normal component of a centrifugal force

generated by the material flow along a curved trajectory.
This interpretation becomes evident when we restrict to
axisymmetric shapes below. Therefore, the shape equa-
tion (15) represents the balance between the normal com-
ponent of the centrifugal force, the effective membrane
tension (p0+

ρ
2 |u|

2)κ, the bending force, and the osmotic
pressure pext. In turn, the effective membrane tension
can be split into the ’static’ term p0κ and the ’dynamic’
term ρ

2 |u|
2κ.

Summarizing, the problem of finding dynamic equilib-
rium of a fluid–elastic membrane can be formulated as
follows: For the given density ρ, bending rigidity cκ, os-
motic pressure pext, and surface area A = area(Γ) find a
shape Γ, tangential flow u and parameter p0 that solve
(11) and (15). Alternatively, one may ask to find Γ, u,
p0, and pext such that (11) and (15) hold with given ρ,
κ, A = area(Γ) and V = vol(Γ).

Any surface of revolution supports a non-zero Killing
field. Moreover, it looks plausible that only surfaces of
revolution support non-zero Killing fields among closed
compact smooth surfaces isometrically embedded in R

3;
see the discussion following (11). This motivates us to
restrict further considerations to such surfaces. Without
loss of generality, we let Oz to be the axis of symmetry
for Γ. Then tangential u satisfying (11) is a field of rigid
rotations given by

u(x) = w ez × x, x ∈ Γ, (16)

with the angular velocity w ez. With the exception of a
sphere, functions u in (16) represents the entire family of
Killing fields on Γ. Henceforth, we consider only u given
by (16). It holds

|u(x)| = |w| r, with r = dist(x, Oz).

For an axisymmetric surface, the first principle direc-
tion is tangential to the generating curve and the sec-
ond one is the azimuthal direction and coincides with the
direction of u. Since the principle directions are given
by the eigenvectors of H, the later observation implies
uTHu = κ2|u|

2. Now (11) yields the shape equation for

an axisymmetric surface:

− ρ
(
κ2 +

κ

2

)
(w r)2

= p0κ+ cκ(∆Γκ+
1

2
κ3 − 2Kκ) + pext, (17)

with some p0 = const. Thus, further in the paper we
are interested in the following problem: Find an axisym-

metric Γ, p0, and p
ext such that (17) holds with given ρ,

κ, |w|, A = area(Γ) and V = vol(Γ). We remark that
instead of prescribing w one may consider the prescribed
angular momentum (a conserved quantity). In such for-
mulation, w should be treated as unknown.

Remark 2 For u = 0 eqs. (15) and (17) naturally sim-
plifies to (9), which is the optimality condition for con-
strained minimization of the energy functional (5) with
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conserved surface area and enclosed volume. However,
for the general case of u 6= 0, it is not clear how the
shape equation can be related to an energy minimiza-
tion problem. A recent work by Krause et al.19 deduced
a variant of (17) by recognizing Killing fields in (16) as
equilibrium solutions of the surface Navier-Stokes equa-
tions on axisymmetric surfaces. The shape equation in
Ref.19, however, uses a generic surface pressure variable
(p0 and dynamic pressure do not appear). This makes
the problem much harder to address numerically or re-
late to the classical constrained minimization problem for
the ceasing lateral flow.

Remark 3 (scaling) A scaling property well-known for
(9) extends to (17): If a triple {Γ, p0, pext} solves (17),
then for any R > 0 the triple {R−1Γ, R2p0, R

3pext} solves
(17) with w → R2w. Choosing a representative solution
with area(Γ) = 4π2, it is therefore convenient to param-
eterize solutions by their reduced volume

V̂ = V̂ (Γ) := 3vol(Γ)/(4π), V̂ (Γ) ∈ (0, 1], (18)

where V̂ = 1 corresponds to the unit sphere, a trivial
solution of (17) for w = 0 and p0, p

ext satisfying 2p0 +
Rpext = 0. Same scaling argument holds for solutions of
(11), (15).

III. PARAMETRIZATION OF THE SHAPE EQUATION

AND A NUMERICAL SOLVE

An axisymmetric Γ can be described by its profile curve

s→ (r(s), z(s)),

so that Γ is generated by rotating the profile curve around
the z-axis in R

3. Assuming s is the arc-length parameter,
one computes (cf. Section 3C in Ref.42) principle curva-
tures to be κ1 = −rsszs+rszss, κ2 = zs

r
. It is convenient

to introduce the tilt angle ψ(s) (an angle between the
Or-axis and tangent vector to the profile curve). Writing
geometric quantities in terms of ψ, one gets

rs = cosψ, zs = sinψ, κ1 = ψs, κ2 = sinψ
r
.

One also computes ∆Γκ = 1
r
(rκs)s. Denote the length

of the profile curve by L. Then the boundary conditions
at s = 0 and s = L are obviously r(0) = 0, r(L) = 0,
ψ(0) = 0, ψ(L) = π. The area and volume of the surface

Γ can be computed as 2π
∫ L
0
r ds and π

∫ L
0
r2 sinψ ds, re-

spectively. Now, we can formulate the problem of finding
a stationary shape as follows:
Given an angular velocity w ≥ 0, surface area A > 0
and volume V > 0 (satisfying the isoperimetric inequal-

ity V ≤ 1/(6π2)A
3

2 , i.e. necessary condition for a sur-
face to exist), find L ∈ R+, ψ(s), r(s) : [0, L] → R,
p0, p

ext ∈ R satisfying the following system of ODEs, in-

FIG. 1. Convergence of the numerical solutions for refined
meshes.

tegral and boundary conditions:

−ρw2r( 12rψs +
3
2 sinψ)

=p0κ+ cκ
(
r−1(rκs)s +

1
2κ

3 − 2Kκ
)
+ pext, (19)

rs =cosψ, (20)

2π

∫ L

0

r ds = A, π

∫ L

0

r2 sinψ ds = V (21)

r(0) = 0, r(L) = 0, ψ(0) = 0, ψ(L) = π. (22)

with κ = (ψs +
sinψ
r

), K = ψs sinψ
r

.
The system (19)–(22) is further discretized using a

staggered grid for ψ and r with a uniform mesh step ∆s =
L/N . We prescribed r-unknowns to nodes xi = i∆s,
i = 0, . . . , N and ψ-unknowns to nodes x̂j = (j − 1

2 )∆s,
j = 0, . . . , N+1. Then equations (19)–(20) are discretized
(using standard finite differences) in the inner ψ-nodes,
integrals (21) are computed with the help of compos-
ite trapezoid and rectangular (using averaging for r un-
knowns), respectively. After we approximate boundary
conditions in (22) by r(x0) = r(xN ) = 0, ψ(x̂0)+ψ(x̂1) =
0, and ψ(x̂N ) + ψ(x̂N+1) = 2π, we obtain a non-linear
system of 2N+6 algebraic equations for 2N+6 unknowns:
L, p0, p

ext, r(xi), i = 0, . . . , N , and ψ(x̂j), j = 0, . . . , N+1.
The system of algebraic equations is solved using a non-
linear least-square method with the trust-region-dogleg
algorithm, which finds search directions and is imple-
mented in the ‘fsolve()’ Matlab™ procedure. To ver-
ify the convergence of the numerical method, solutions
were computed for a sequence of refined meshes with N
taking values from 40, 80, 160, 320, 640. The finest grid
solution was taken as the reference, and the error was
computed as the ℓ∞ norm of the difference between the
solutions for N ∈ 40, 80, 160, 320 and the finest grid so-
lution. The method demonstrates second-order conver-
gence, as shown in Fig. 1, for two examples of shapes,
prolate and oblate.

Assuming axial symmetry is a common approach to
simplify the numerical study of minimal energy shapes.
In particular, a shape parametrization using ψ and r was
employed in, e.g., Refs.3,4,30,43,44. However, we believe
that the numerical scheme presented in this work is novel.
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IV. STATIONARY SHAPES

To minimize the number of parameters we let

cκ ∈ {0, 1}, ρ/2 = 1, A = 4π2.

This can be always ensured by a proper re-scaling of w,

p0, and pext. We then vary w and V̂ and solve (17) to
find Γ, p0, p

ext.

FIG. 2. Branches of oblate–biconcave and prolate–dumbbell
shapes for pure elastic membrane.

Case w = 0, cκ = 1.

Setting w = 0 (pure elasticity, no fluidity) results in
two branches of solutions to (9), consisting of oblate
and prolate shapes, as shown in Fig 2. To initiate each
branch, we perturb the unit sphere by the second spher-
ical harmonic as an initial guess for our nonlinear solver.
The branch of oblate shapes continues with biconcave dis-
cocytes until approximately V̂ ≃ 0.51, while the branch
of prolate shapes continues with increasingly elongated
dumbbell forms. The resulting shapes and corresponding
p0 and pext are in perfect agreement with results known
in the literature2,4,6.

FIG. 3. A branch of oblate–biconcave shapes for fluid–elastic
membrane with w = 4. Top panel visualizes the 3D shape for

V̂ = 0.51.

Case w = 4, cκ = 1.

We now set w = 4 to investigate how the equilibrium
state is affected by the balance between bending forces
and forces generated by fluid motion. Starting from an
oblate perturbation of the unit sphere, we find a branch
of oblate ellipsoids that continues with biconcave shapes

as the reduced volume V̂ decreases; see Fig. 3. However,
the transition to biconcave forms occurs later than for
w = 0. The surface begins to self-intersect for V̂ . 0.41.
Similar oblate ellipsoidal shapes were reported in Ref.19

as limit equilibrium solutions to the full system (1)–(2)
with bext = 0 and belst as in (7). These solutions were
obtained as stationary limits of 3D numerical solutions
that start from a spherical shape with a Killing field as
the initial condition.
Starting with a prolate perturbation of the sphere, we

were unable to find a branch of prolate ellipsoidal shapes
in the vicinity of the unit sphere. Instead, we discovered
two branches of oblique forms, as shown in Figs.4 and 5.
We were unable to compute shapes on these branches
much beyond the smallest reported reduced volumes, i.e.,

V̂ = 0.35 and V̂ = 0.625, respectively. It is worth noting
that the limit shape is close to pearling, a phenomenon
known for pure Helfrich membranes with nonzero spon-
taneous curvature4.
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V̂ p0 pext

0.35 -174 29.0

0.45 -95.7 18.9

0.55 -74.8 17.0

0.65 -39.9 8.25

0.75 -38.6 9.11

0.85 -42.6 11.8

0.95 -56.1 18.6

FIG. 4. The first branch of oblique shapes for w = 4. Left panel visualizes the 3D shape with V̂ = 0.66.

V̂ p0 pext

0.625 72.2 -198

0.698 89.7 -229

0.771 102 -260

0.844 115 -294

0.917 130 -330

0.99 10.3 -57.5

FIG. 5. The second branch of oblique shapes for w = 4. Left panel visualizes the 3D shape with V̂ = 0.66.

V̂ p0 pext

0.62 2.88 -31.5

0.666 3.25 -28.8

0.712 3.30 -26.0

0.758 4.34 -27.5

0.804 5.73 -30.5

0.85 7.82 -35.9

FIG. 6. A branch of sand watch shapes for w = 4. Left panel visualizes the 3D shape with V̂ = 0.66.
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Another branch of solutions was found for reduced vol-
umes V̂ ∈ [0.62, 0.85]. The branch consists of sand watch

shapes, as shown in Fig. 6. For V̂ < 0.62 the neck of
the shape is closing. The non-linear solver also failed to
converge to any solution for reduced volumes larger than

V̂ ≈ 0.85.
Two branches of dumbbell shapes were found for re-

duced volumes V̂ ≤ 0.6, as shown in Figs.7 and 8. The
first branch somewhat resembles the dumbbell shapes
found for w = 0; compare the shape profiles in Fig.7
and Fig.2. In the second branch, the dumbbell surfaces
are distinctly different, featuring flatter concave discs as
the reduced volume decreases. Our results suggest that

around V̂ ≃ 0.61, there may be transition points where
the oblique II and sand watch shapes yield two branches
of dumbbell shape solutions.

In the present study, we do not address an important
question regarding the stability of the newly found equi-
librium states. It should be noted that the existing stabil-
ity analysis of shapes of minimal bending energy, as pre-
sented in, for example, Refs.45,46, does not directly apply
to dynamic equilibrium since the latter is not known to
minimize an energy functional. In particular, when the
membrane relaxes from any non-axisymmetric perturba-
tion of an equilibrium shape with w 6= 0, it must dissipate
kinetic energy. Therefore, under general shape perturba-
tions, the system cannot relax to the same state and may
find a close stationary state, transit to another branch,
or relax to complete rest with w = 0. A numerical illus-
tration of the fluid deformable surface evolution from an
oblate-biconcave shape towards prolate-dumbbell shapes
with different symmetry axes can be found in Ref.19.

Remark 4 The shape branches reported above were
computed by trying different initial guesses in the alge-
braic solver. For example, the shapes in Fig. 4 resulted
from setting the initial guess to be the perturbation of
the unit sphere by 1

10S2, where S2 is the 2nd spheri-

cal harmonic, and V̂ = 0.95. After the first shape was
computed, we continued to “move” along the branch by

gradually decreasing V̂ until the solver failed to converge
starting from the previous shape as an initial guess.

Larger w and cκ = 0 cases.

To conclude this section, we will examine some shape
transformations that occur when fluid inertia forces dom-
inate over bending forces. Figure 9 depicts a branch of

disc-like shapes for a reduced volume of V̂ = 0.51. The
branch begins with a biconcave shape that solves equa-
tion (17) for w = 0, and continues with solutions for a
sequence of increasing w. As w becomes larger, we ob-
serve that the discs become less concave and eventually
converge to a shape resembling an oblate ellipsoid.

If the limit (for w → ∞) smooth surface exists, it solves
the shape equation (17) for the “pure fluid” case, in which

the elastic forces are neglected by setting cκ = 0. Me-
chanically this models a “heavy” fluid membrane such
that inertia dominates over elasticity. We solved (17) for
cκ= 0 and found two branches of solutions consisting of
oblate and prolate shapes, as shown in Fig.10. In this
limit case, we did not find any equilibrium states with
concave or saddle shapes, as both principle curvatures
were always positive. Additionally, we did not find any
other solutions besides the two branches illustrated in
Fig.10. The coefficients p0 and pext corresponding to the
shapes in Fig.10 are reported in Table I.

When seeking solutions to (17) using the non-linear
solver, we always used initial guesses that were symmet-
ric with respect to the xy-plane. Therefore, asymmetric
solutions are not reported in this study. However, we
note that for the pure elastic model, asymmetric solu-
tions are known to bifurcate from branches of symmetric
shapes; see, for example, Refs.2,6, or the discussion in
Sections 3.1.4, 3.4 of Ref.6. Therefore, asymmetric sta-
tionary solutions may also exist for w 6= 0.

V. CONCLUSIONS

The mechanical equilibrium of a fluid inextensible
membrane with non-negligible mass is achieved through
steady-state solutions of the surface Navier-Stokes equa-
tions coupled with an out-of-plane elasticity model. As-
suming the Boussinesq-Scriven constitutive law for vis-
cous stresses, we derived three conditions for membrane
equilibrium, namely (8), (11), and (12), which are inde-
pendent of the elasticity model.

The second condition implies that there are only two
possible scenarios: either the lateral motions of the mem-
brane completely cease, or the equilibrium shape sup-
porting a stationary flow is the surface with a Killing
field. Accounting for a specific elasticity model leads to
the shape equation. For elasticity models with an energy
functional, the shape equation under the first scenario re-
duces to the optimality condition for the functional with
area and volume constraints. For the second scenario, the
shape equation represents a balance between the normal
components of centrifugal, elastic, tension, and external
forces. For axisymmetric surfaces, the equation can be
efficiently parameterized and solved numerically.

Numerical studies using the simplest Helfrich elastic-
ity model show that the equilibrium shapes depend on
lateral motions and may differ significantly from those
known for w = 0. In particular, new branches of so-
lutions appear. We also found some equilibrium states
for a pure fluid membrane, which correspond to station-
ary solutions of the evolving-surface Navier-Stokes equa-
tions with no elastic forces and external forces given by
a constant force acting in the normal direction (i.e., the
constant osmotic pressure). Determining which of the
computed equilibrium states are stable is an important
open question that we leave for future research.
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V̂ p0 pext

0.40 21.8 -115

0.44 18.3 -89.8

0.48 15.7 -72.9

0.52 13.8 -61.4

0.56 12.5 -53.7

0.60 11.4 -48.3

FIG. 7. The first branch of dumbbell shapes for w = 4. Left panel visualizes the 3D shape with V̂ = 0.48.

V̂ p0 pext

0.40 12.8 -57.2

0.44 14.0 -64.6

0.48 16.7 -78.2

0.52 18.2 -89.5

0.56 20.7 -107

0.60 23.8 -130

FIG. 8. The second branch of dumbbell shapes at w = 4. Left panel visualizes the 3D shape with V̂ = 0.48.

w 0 2 4 8

p0 4.10 0.69 -10.3 -57.6

pext (-0.016 -0.017 -0.018 -0.016)×103

w 16 32 64 128

p0 -251 -1036 -4183 -16775

pext ( 0.011 0.148 0.728 3.081)×103

FIG. 9. Evolution of shapes with increasing w for V̂ = 0.51.
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FIG. 10. Two branches of shapes for a pure fluid membrane, cκ = 0.

Oblate shapes Prolate shapes

V̂ 0.51 0.59 0.67 0.75 0.83 0.91 0.99 0.40 0.498 0.597 0.695 0.793 0.892 0.99

w = 0, cκ = 1

p0 4.11 4.64 5.12 5.55 5.91 6.17 6.17 21.1 13.6 9.46 6.93 5.15 5.08 5.74

pext -16.1 -15.7 -15.3 -14.8 -14.2 -13.6 -12.5 -105 -54.5 -31.7 -19.9 -13.0 -11.4 -11.6

w = 1, cκ = 0

p0 -1.02 -1.04 -1.07 -1.11 -1.19 -1.39 -3.06 2.17 0.424 0.232 0.147 0.097 0.063 0.038

pext 0.19 0.26 0.36 0.50 0.72 1.21 4.70 -5.57 -1.879 -1.367 -1.086 -0.881 -0.709 -0.555

TABLE I. Surface tension coefficient p0 and osmotic pressure pext recovered for branches of oblate and prolate shapes for pure
elastic and pure fluid shapes.
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Appendix A

Consider a smooth closed Γ embedded in R
3. For a

smooth vector field v : O(Γ) → R
3 define Γ(t) = {y ∈

R
3 | y = x(t, z), z ∈ Γ}, t ∈ [0, ε), where the trajectories

x(t, z) solve the Cauchy problem dx
dt

= v(x),x(0, z) =
z ∈ Γ, and a small ε > 0 such that Γ(t) ∈ O(Γ) for all
t ∈ [0, ε). Obviously, we have Γ(0) = Γ. Applying the

surface Reynolds transport theorem, one computes

dH

dΓ

∣∣∣∣
v

=

(
d

dt

cκ
2

∫

Γ(t)

κ2 ds

)∣∣∣∣∣
t=0

=
cκ
2

∫

Γ

( .
κ2 + κ2 divΓv

)
ds

=
cκ
2

∫

Γ

(
2κ
.

κ+ κ2 divΓv
)
ds.

(A1)

Let d = d(t) : O(Γ) → R be a sign distance function for
Γ(t) which is smooth in the sufficiently small neighbor-
hood O(Γ). Then n = ∇d, κ = divΓ n are extensions of
the normal vector field and mean curvature to O(Γ). We
split v into tangential and normal component:

v = vT + vNn.

Since κ is defined in a neighborhood of Γ, we can expand

.

κ = ∂κ
∂t

+v·∇κ = ∂κ
∂t

+vT ·∇Γκ+vN (n·∇)κ on Γ. (A2)

Integration by parts along Γ proves the identity

2

∫

Γ

κvT · ∇Γκ ds = −

∫

Γ

κ2 divΓvT ds. (A3)
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The identity divΓ n = κ yields

divΓv = divvT + divΓ(vNn)

= divvT + n · ∇ΓvN + vNκ

= divvT + vNκ.

(A4)

Using (A2), (A3) and (A4) in (A1) gives

dH

dΓ

∣∣∣∣
v

=
cκ
2

∫

Γ

(
2κ(∂κ

∂t
+ vN (n · ∇)κ) + κ3vN

)
ds (A5)

We assume that the neighborhood O(Γ) is sufficiently
small such that the closest point projection p : O(Γ) →
Γ(t), p(x, t) = x− dn is well defined. We then have

∂d

∂t
= −veN in O(Γ) (A6)

where veN (x, t) = vN (p(x, t), t). With the help of (A6)
and κ = divΓ n = divn = ∆d, we compute

∂κ
∂t

+ vN (n · ∇)κ

= ∆∂d
∂t

+ vNn · ∇ divn

= −∆veN + vNn · ∇ divn

= −∆ΓvN + vNn · ∇ divn

on Γ(t). (A7)

Taking the divergence of the identity∇n2 = 0, we get 0 =
n ·∆n+∇n : ∇n implying that −n ·∆n = tr((∇n)2) =
tr(H2) = κ21 + κ22. We use this and ∆ = ∇ div−∇×∇×
to handle the last term in the right-hand side of (A7):

n · ∇ divn = n ·∆n+ n · (∇×∇× n)

= −(κ21 + κ22) + n · (∇×∇× n)

= −(κ21 + κ22).

(A8)

For the last equality we used ∇ × n = ∇ × (∇d) = 0.
Substituting (A7)–(A8) in (A5) we obtain

dH

dΓ

∣∣∣∣
v

=
cκ
2

∫

Γ

2κ(−∆ΓvN − (κ21 + κ22)vN ) + κ3vN ds

=
cκ
2

∫

Γ

2κ(−∆ΓvN − (κ2 − 2K)vN ) + κ3vN ds.

Integration by parts yields the result in (7).
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44F. Jülicher and R. Lipowsky, “Shape transformations of vesi-
cles with intramembrane domains,” Physical Review E 53, 2670
(1996).

45S. T. Milner and S. Safran, “Dynamical fluctuations of droplet
microemulsions and vesicles,” Physical Review A 36, 4371
(1987).
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