RIGIDITY AND CONTINUOUS EXTENSION FOR CONFORMAL
MAPS OF CIRCLE DOMAINS

DIMITRIOS NTALAMPEKOS

ABSTRACT. We present sufficient conditions so that a conformal map between
planar domains whose boundary components are Jordan curves or points has
a continuous or homeomorphic extension to the closures of the domains. Our
conditions involve the notions of cofat domains and CNED sets, i.e., countably
negligible for extremal distances, recently introduced by the author. We use
this result towards establishing conformal rigidity of a class of circle domains.
A circle domain is conformally rigid if every conformal map onto another circle
domain is the restriction of a Mobius transformation. We show that circle
domains whose point boundary components are CNED are conformally rigid.
This result is the strongest among all earlier works and provides substantial
evidence towards the rigidity conjecture of He—Schramm, relating the problems
of conformal rigidity and removability.

1. INTRODUCTION

One of the most intriguing open problems in complex analysis is Koebe’s conjec-
ture, predicting that every domain in the Riemann sphere is conformally equivalent
to a circle domain, a domain whose boundary components are circles or points.
The best known result so far is the validity of the conjecture for countably con-
nected domains, established in a seminal work of He-Schramm [HS93]. See the
references in that paper for the history of the problem and also [Sch95,Raj21| for
other approaches to the same result.

Although the existence in Koebe’s conjecture is open in the general case, it is
well known that uniqueness fails. Whenever the uniqueness fails for a domain U,
there exists a conformal map f; from U onto a circle domain V; and a conformal
map fo from U onto a circle domain V; such that the composition f; o fi Lis not
a Mobius transformation. A circle domain is conformally rigid if every conformal
map onto another circle domain is the restriction of a Mobius transformation of the
sphere. Thus, V5 and V5 are not rigid.

The class of rigid circle domains includes finitely connected domains [Koe20],
countably connected domains [HS93|, domains whose boundary has o-finite Haus-
dorff 1-measure [HS94], and domains whose quasihyperbolic distance satisfies a
certain integrability condition [NY20], which is valid, for example, in John and
Holder domains. On the other hand, circle domains whose boundary has positive
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area are not rigid, as follows from work of Sibner [Sib6§|. He and Schramm pre-
dicted that there is a strong connection between the problem of rigidity and the
problem of conformal removability, and formulated the following conjecture.

Conjecture 1.1. A circle domain is conformally rigid if and only if every compact
subset of its point boundary components is conformally removable.

Here a compact set E is conformally removable if every homeomorphism of the
Riemann sphere C that is conformal in the complement of F is necessarily a Mobius
transformation. The problem of characterizing conformally removable sets remains
open. Recently, in an attempt to resolve this, the author has introduced the class of
CNED sets, i.e., countably negligible for extremal distances, which is a generalization
of the classical NED sets, studied by Ahlfors—Beurling |[AB50|. Roughly speaking,
a set F/ in the Riemann sphere is CNED if the conformal modulus of a curve family
is not affected when one restricts to the subfamily intersecting F at countably
many points. It is shown in [Nta23blNta23a| (see also [Nta2l|) that CNED sets are
conformally removable and that they include several classes of sets that were known
to be removable, such as sets of o-finite Hausdorff 1-measure and boundaries of
domains satisfying the above-mentioned quasihyperbolic condition. Conjecturally,
CNED sets coincide with conformally removable sets.

Our first main result verifies the rigidity conjecture for the class of CNED sets.

Theorem 1.2 (Rigidity). A circle domain is conformally rigid if every compact
subset of its point boundary components is CNED.

This result is the strongest so far towards Conjecture [I.1] implying the rigidity
results of He-Schramm [HS93,[HS94] and the joint result of Younsi with the author
[INY20]. Moreover, it provides substantial evidence for the conjecture and its proof
is much more conceptual compared to proofs of previous results. The proof is given
in Section

Another version of Conjecture [L.1] asserts that a circle domain is rigid if and
only if its entire boundary is conformally removable. It is not known if the the
assumption that the boundary is removable is equivalent to the assumption that
every compact subset of point boundary components is removable. However, this
was shown to be the case by Younsi [Youl6| for circle domains whose boundary is
the union of countably many circles, Cantor sets, and singletons.

As in all previous works related to the rigidity conjecture, the first steps in the
proof of Theorem [I.2] are to establish that a conformal homeomorphism between
circle domains extends continuously and then homeomorphically to the closures
of the domains under some conditions. The problem of continuous extension is
interesting in its own right and has a venerable history.

Question 1.3. When does a conformal map between domains in the Riemann sphere
extend continuously or homeomorphically to the closures of the domains?

This fundamental question was first answered for simply connected domains by
Carathéodory, who showed that a conformal map from the unit disk onto a simply
connected domain D extends continuously to the closures if and only if 0D is locally
connected. Moreover, the extension is homeomorphic if and only 9D is a Jordan
curve. This result extends with the same techniques to finitely connected domains
bounded by Jordan curves |Con95| p. 82, Theorem 3.4]. However, for domains of
infinite connectivity it is well known that these results fail.
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Schramm [Sch95| studied the extension problem in a class of domains resembling
circle domains. Namely, he considered generalized Jordan domains, that is, domains
whose boundary components are Jordan curves or points with diameters shrinking
to zero, and he imposed the assumption of cofatness of the domains. A domain is
cofat if each complementary component P satisfies the estimate

Area(P N B(x,7)) > 712

for every ball B(x,r) centered at a point of P that does not contain P. Here 7 > 0
is a uniform constant. In modern terminology, P is Ahlfors 2-regular. Specifi-
cally, Schramm showed that a conformal map between countably connected, cofat,
generalized Jordan domains extends to a homeomorphism of the closures.

He-Schramm [HS94] later developed further these techniques, while approaching
the rigidity conjecture, and showed that a conformal map f: U — V between
cofat generalized Jordan domains such that OU has o-finite Hausdorff 1-measure
extends to a homeomorphism of the closures. This is the first non-trivial result
beyond the countably connected case. Younsi and the author [NY20] developed
techniques that establish the same result for cofat generalized Jordan domains such
that the quasihyperbolic metric on U satisfies a certain integrability condition that
is discussed above.

It is quite remarkable that the same conditions appear in three different prob-
lems: conformal rigidity, conformal removability, and continuous extension. Our
second main theorem reveals the connection of CNED sets to the problem of con-
tinuous extension and puts in common framework all previous results.

Theorem 1.4 (Extension). Let f: U — V be a conformal homeomorphism between

generalized Jordan domains U,V C C such that U is cofat and every compact subset
of the point components of OU is CNED.

(i) If the diameters of the complementary components of V lie in (2, then f
has an extension to a continuous, surjective, and monotone map F': C—C

such that F~1(V) =U.
(ii) If V is cofat, then f has an extension to a homeomorphism F: C — C.

Here a map is monotone if the preimage of every point is a continuum. Moreover,
continuous, surjective, and monotone maps of the sphere as in are precisely
uniform limits of homeomorphisms [You4§].

Our result also improves on a recent result of Luo—Yao [LY22] Theorem 1], who
obtain a continuous extension under the much more restrictive assumptions that
the point components of QU have o-finite Hausdorff 1-measure and the diameters
of the complementary components of V' lie in ¢!, rather than in /2. However, their
results extend to domains beyond circle domains and beyond the cofat category.
Our techniques extend to that setting as well; in addition, one can slightly relax
the assumptions in Theorem [I.4] imposing no assumptions on finitely many com-
plementary components of U, V. We do not discuss these generalizations here as
they are not related to the rigidity conjecture.

The proof of Theorem is given in Section [ It relies on the notions of
Sierpinski packings and packing-conformal maps that were recently introduced by
the author in [Nta22]. We first establish in Section [3| that conformal maps as
in Theorem [I.4] satisfy a certain transboundary upper gradient inequality. This
inequality is then combined with results from [Nta22| to give T heorem Without
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further assumptions, the extension provided by [(i)|is not a homeomorphism. We
provide an example in Section [6]

Proposition 1.5. There exists a conformal map f from a circle domain U such
that OU has no point components onto a generalized Jordan domain V' such that the
diameters of the complementary components of V' lie in €2, but f does not extend
to a homeomorphism of the sphere.

Acknowledgments. The author would like to thank Malik Younsi for his com-
ments on an earlier draft of the paper and the anonymous referee for providing
valuable comments and suggestions.

2. PRELIMINARIES

Throughout the paper we will use the spherical metric o and spherical measure
% on C = CU {oo}. The Euclidean metric on C is denoted by e. In a metric space
the open ball with center z and radius r is denoted by B(z,r). If B = B(x,r) and
k > 0, then kB denotes the ball B(z, kr). We use the notation N, (A) for the open
r-neighborhood of a set A.

The 1-dimensional Hausdorff measure H(E) of a set E C C is defined by

W (E) = lim H3(E) = sup HA(E),
>0

where

Hi(E) = inf Zdiam(Uj) :EC UUj, diam(U;) < ¢
J J
for § € [0,00]. When § = oo, the latter quantity is called the 1-dimensional Haus-

dorff content of E. The Hausdorff 1-content is an outer measure on C. We always
have trivially

min{H'(E),diam(E)} > H. (E).
Moreover, if E is connected, then
HL (E) = diam(E).

This can be proved by following the argument in [BBIO1, Lemma 2.6.1, p. 53].

Let 7 > 0. A measurable set K C C is 7-fat if for each z € K and for each ball
B(x,r) that does not contain K we have X(B(z,r) N K) > 7r2. A set is fat if it is
7-fat for some 7 > 0. Note that points are automatically 7-fat for every 7 > 0. A
more modern terminology for fatness Ahlfors 2-regularity. See [Nta22, Lemma 2.7]
for a proof of the next lemma.

Lemma 2.1. Let a > 1 and {b; }ics be a collection of non-negative numbers. Sup-
pose that { D, }icr is a family of measurable sets and {B; = B(x;,7;) bicr s a famaly
of balls in C such that D; C B; and X(B;) < aX(D;) for each i € I. Then

Z bix B, Z bixp;

i€l i€l

< c(a)
£2(0)

L*(©)
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2.1. CNED sets. A curve or path in C is a continuous function v: I — @, where
I is an interval. The trace of ~ is the set |y| = v(I). A path is simple if it is
injective.

We give the definition of 2-modulus of a curve family in the sphere. Let I' be a
family of curves in C. We say that a Borel function p: C — [0, 0] is admissible for

the curve family T if
/ pds >1
~

for each locally rectifiable curve v € I'. We then define the 2-modulus or else
conformal modulus of T as

Mod, T' = inf / p2dx,
P

the infimum taken over all admissible functions p.

For a set E C C we denote by F5(E) the family of curves « intersecting the
set E at countably many points; that is, the set E N |y| is countable. For two
sets Fy, F, C C we denote by I'(F}, Fy) the family of curves 7: [a,b] — C with
v(a) € Fy and v(b) € Fy. A set E C C is CNED if for every pair of non-empty,

~

disjoint continua Fi, Fo C C we have
Mod, P(Fl, Fg) = MOdQ(F(F17 FQ) n fg(E))

We remark that CNED sets are not assumed to be compact. In [Nta23blNta23a]
CNED sets are assumed to be subsets of C but one can also work more generally
with subsets of C using the conformal invariance of modulus and the fact that the
spherical and Euclidean metrics on C C C are conformally equivalent. We list
several properties of CNED sets.
(C1) If HY(E) < oo, then E is CNED |Nta23a, Theorem 1.6] (or [Nta21, Theo-
rem 1.5]).
(C2) Every measurable CNED set has measure zero [Nta23a, Lemma 2.5] (or
[Nta21, Lemma 2.5]).

(C3) If E C C is a compact CNED set and f is a bi-Lipschitz embedding from a
neighborhood of E into C, then f(F) is CNED |Nta23a), Corollary 4.2] (or
[Nta21l Corollary 7.2]).

(C4) A countable union of compact CNED sets is CNED |[Nta23a, Theorem 1.2]
(or |Nta21, Theorem 1.7]).

The next theorem is a special case of [Nta23a, Theorem 4.1 (V)] (or [Nta2l]

Theorem 7.1 (V)]), which gives a characterization of compact CNED sets.

Theorem 2.2. Let E C C be a compact CNED set. Then for each Borel function
p: C — [0, 00] with p € LQ(@) there exists a path family To with Moda Ty = 0
satisfying the following statements. For every rectifiable path ~y: [a,b] — C outside
Ty with v(a),v(b) ¢ E and v(a) # v(b) and for every € > 0 there exists a rectifiable
simple path 5 with the same endpoints as v and a finite collection of non-constant
paths {7;}ier such that the following statements are true.

(i) The set EN[y] is countable.

(i) 7] € VU Uier 1l € Ne(lv])-

(i) D ier (vi) <e
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(iv) Zie[ f% pds < €.
Moreover the paths v;, i € I, can be taken lie outside a given path family I'y with
MOdQ Fl =0.

CNED sets play an important role in the theory of quasiconformal maps, as they
are removable in the following sense.

Theorem 2.3 ([Nta23b, Corollary 1.3], [Nta21, Corollary 1.4]). Let E C C be
a compact CNED set. Then every homeomorphism f: U — V between open sets
U,V C C that is (quasi)conformal on U \ E is (quasi)conformal on U.

We also have a more general statement for sets F that are not compact. We
define the eccentricity of an open set A in a metric space (X, d) by

E4(A) = inf{M > 1 : there exists an open ball B C A C M B},

Suppose that A, is a sequence of open sets containing x with diam(A,) — 0. If
x € C, then E.(4,) = (1 +0o(1))E;(A,) as n — oo. This allows us to drop the
subscript o or e from the eccentricity of sets. Moreover, if f is a map between
open subsets of the sphere that is conformal in a neighborhood of z, then E(A,) =
(14+0(1)E(f(A,)) as n — oo.

Let f: U — V be a homeomorphism between open subsets of C. The eccentric
distortion of f at a point z € U, denoted by Ey(z), is the infimum of all values
H > 1 such that there exists a sequence of open sets A, C U, n € N, containing
2 with diam(A4,,) — 0 as n — oo and with the property that E(A,) < H and
E(f(An)) < H for each n € N. By the above, the eccentric distortion Ej is
invariant under pre- and post-compositions of f by a conformal or anti-conformal
map. We now state the main theorem of [Nta23b] (or [Nta2l]).

Theorem 2.4 ([Nta23b, Theorem 1.2], [Nta2l, Theorem 1.2]). Let E C C be a
CNED set and let f: U — V be an orientation-preserving homeomorphism between
open sets U,V C C. If there exists H > 1 such that Ef(x) < H for each point
x € U\ E, then f is quasiconformal, quantitatively.

Moreover, if Ey =1 a.e., then f is conformal, as expected. We show this in the
next lemma; see also [BKMO09, Lemma 6.1] for a similar statement.

Lemma 2.5. Let f: U — V be a quasiconformal homeomorphism between open
sets U,V C C such that E¢(x) =1 for a.e. x € U. Then f is conformal.

Proof. By post-composing f with an isometry of (67 we assume that we have a
quasiconformal map g: U’ — V' between planar domains with the property that
for a.e. x € U’ there exists a sequence of open sets A,,, n € N, containing = and
shrinking to z such that F(4,) — 1 and E(g9(A,)) — 1 as n — oo. It suffices to
show that g is conformal.

Let 2 € U’ be a point of differentiability of g. We may assume that x = g(z) = 0.
We let 7, = diam(A,,), which converges to 0 as n — oo, and define

gn(y) =17 g(rny)
in a neighborhood of 0. As n — oo, this map converges locally uniformly in C to
the linear map Dg(0). Since E(A,) = E(r;'A,) — 1, the sets r, 1A, converge in
the Hausdorff sense to a non-degenerate closed ball containing 0. Therefore, the
sets

gn(rrlen) = r;lg(An)
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converge in the Hausdorff sense to a compact set containing 0. Since E(r,,1g(A,)) =
E(g(A,)) — 1, we conclude that this compact set is a possibly degenerate closed
ball. Every linear transformation that maps a non-degenerate ball to a ball is
conformal. This implies that ||Dg|| = J, a.e., so g is conformal on U’. O

2.2. Sierpinski packings and packing-quasiconformal maps. Let {p;};en be
a collection of pairwise disjoint, non-separating continua in C such that diam(p;) —
0 as i — oo. The collection {p;}ien is called a Sierpinski packing and the set
X =2=C \ Ujenpi is its residual set. When there is no confusion, we call X a
Sierpinski packing and the underlying collection {p; };en is implicitly understood.
The continua p;, ¢ € N, are called the peripheral continua of X. A Sierpinski
packing (resp. domain) is cofat if there exists 7 > 0 such that each of its peripheral
continua (resp. complementary components) is 7-fat.

Let X = @\Uiel p; be a Sierpinski packing or a domain, where in the latter case
the collection {p;};cr is understood to comprise the complementary components.
We consider the quotient space £(X) = @/{pi}iel, together with the natural pro-
jection map 7y : C — £(X). We use the notation E = mx (E) for sets E C C. The
decomposition of C into the singleton points of X and the continua p;, ¢ € I, is al-
ways upper semicontinuous. Therefore, Moore’s theorem |[Moo25| implies that the
space £(X) is a topological 2-sphere. See [Nta22| Section 2] for a further discussion.

Following |[Nta22|, for two Sierpiriski packings or domains X,Y, we define the

notion a packing-quasiconformal map between the associated topological spheres
E(X),E(Y) as follows.

Definition 2.6. Let X = C \Ujerpi and Y = C \ U,cr @ be Sierpiniski packings
or domains. Let h: £(X) — £(Y) be a continuous, surjective, and monotone map
such that h(p;) = ¢; for each i € I. We say that h is packing-quasiconformal if
there exists K > 1 and a non-negative Borel function p, € L2(C) with the following
properties.
(i) (Transboundary upper gradient inequality) There exists a curve family T'g
in C with Mod, T’y = 0 such that for all curves v: [a,b] = C outside I'y we
have

dist(my " 0 homx(v(a)), w0 ho mx (v(b))) g/phds+ S diam(g:).
K i:piN|y|#0

(ii) (Quasiconformality) For each Borel set E C C we have
/ ppdY < KX(ENY).
mx! (b=} (zy ()

In this case, we say that h is packing-K -quasiconformal. If K = 1, then h is called
packing-conformal.

The following theorem summarizes Theorems 6.1 and 7.1 from |[Nta22|. This will
be the main tool for establishing Theorem

Theorem 2.7. Let X = C\ Uienpi and Y = C\ Uien @ be Sierpiriski packings
such that the peripheral continua of X are uniformly fat closed Jordan regions or
points and the peripheral continua of Y are closed Jordan regions or points with
diameters lying in (>(N). Let h: £(X) — E(Y) be a packing-K -quasiconformal
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map for some K > 1. Then there exists a continuous, surjective, and monotone
map H: C — C such that 7y o H = honx and H~Y(int(q;)) = int(p;) for each
1 € N. If, in addition, Y is cofat, then H may be taken to be a homeomorphism of
the sphere.

3. TRANSBOUNDARY UPPER GRADIENT INEQUALITY OF CONFORMAL MAPS

For a domain U C C we denote by C(U) the family of complementary components
of U. Let f: U — V be a homeomorphism between domains U,V C C. Then f
induces a homeomorphism f: £(U) — (V) such that my o f = fomy on U. We
define the set function

f =it o fom

from subsets of C to subsets of C. We note that if p e C(U), then f*(p) is precisely
the complementary component of V with the property that { f(z,) }nen accumulates
at f*(p) whenever {z,}nen is a sequence in U accumulating at p. Furthermore, f*
has the following properties.

(F1) For each continnum E C C, f*(E) is a continuum.

(F2) If E,, n € N, is a sequence of compact sets in C with E,i1 C E,,n €
N, converging in the Hausdorff sense to a compact set F, then f*(E,)
converges to f*(E).

The first property relies on the fact that 7y is a monotone map and the second
follows from the continuity of WV,]?, and 7y. See Sections 2.3-2.5 from [Nta22| for
more background. For a conformal homeomorphism f: U — V we consider the
derivative |Df|: U — (0,00) in the Riemannian metric of C. If z, f(z) € C, then

DA = i

The first step of the proof of Theorem [T.4]is to show that conformal maps as in the
statement satisfy a transboundary upper gradient inequality, as stated in the next
theorem.

Theorem 3.1. Let f: U — V be a conformal homeomorphism between generalized
Jordan domains U,V C C such that U is cofat, every compact subset of the point
components of OU is CNED, and the diameters of the complementary components
of V lie in €. Then there exists a family of curves Ty in C with Mods 'y = 0 such
that for all curves v: [a,b] — C outside Ty with ~v(a),~v(b) € U, we have

P S0 < [ IDfwds+ 3 diam( @)
peC(U)
pN|v[#0
The exclusion of a family 'y of modulus zero is necessary. Indeed, if F is a
totally disconnected subset of a geodesic curve v such that #!(E) > 0 and f is the
identity mapon U =V = C \ E, then the transboundary upper gradient inequality
fails along 7.

Proof. Let {p;}icr be the collection of non-degenerate complementary components
of U. Since U is a generalized Jordan domain, I is a countable set and we may
assume that I C N. We also set ¢; = f*(p;), ¢ € I. We define p = |Df|xy. We
will show that there exists a curve family I'g of 2-modulus zero such that for all
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rectifiable curves 7: [a,b] — C outside Ty with y(a),v(b) € U and ~y(a) # v(b) we
have

(31) o(fG@) F®) < [pdst Y dim(a),
v i:pi N |y |#0
In order to simplify the presentation, we assume that I is an infinite set; of course,

all arguments below are valid when 1 is finite too. For the convenience of the reader,
we split the proof into sections.

Enlarging the complementary components. We fix n € N. By property
for each i € I we can find a Jordan region W;(n) such that

pi C Wi(n) C Wi(n) C Naiam(p:)/n(pi) and
q; C f*(Wz(n)) C f*(W’L(n)) - Ndiam(qi)/n(qi)-

Moreover, we require that

(3.2)

for each ¢ € I and n € N. Observe that diam(W;(n)) — 0 as i — oo, since
diam(p;) — 0. Also, W;(n) converges to p; as n — oo in the Hausdorff sense.

For each i € I consider a ball B; ,, centered at a point of W;(n) and with radius
diam(W;(n)). Consider the function

diam(g; )

hy =3
2 diam (W (m)) 27

The uniform fatness of p; implies that
S(2Bi,n) S diam(Wi(n))? S (1+2/n)? diam(ps)? S S(p;)

for each 7 € I. By Lemma and the fact that the sets p;, ¢ € I, are disjoint, we
have

5 diam(q;) ? diam(g;)?
||hn||L2(@) S / (iel (:wapi> d¥ ~ Z (dlam(Wl(n))Qz(pl))

iel
< E:diam(qi)2 < 00.
iel

(3.3)

This implies that there exists a path family I';(n) of 2-modulus zero such that

/hnds<oo
y

for each v ¢ I'y(n). We now fix a non-constant path v ¢ I';(n). Let J be the set of
indices i € I such that W;(n) N |y| # 0 and ~ is not contained in 2B, ,,. Then

/XQBM ds > diam(W;(n))
¥
for ¢ € J. Thus,

di i
Zdiam(qi) < / wxggm ds < /hn ds < 0.
ieJ Y
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Since + is non-constant and diam(2B; ,,) — 0 as ¢ — 0o, there exist at most finitely
many ¢ € I\ J. Therefore, for non-constant paths v ¢ I'y (n) we have

(3.4) Z diam(g;) < oo.

Wi (n)N|y|#0

Preliminary reductions. We will show that for each n € N there exists a curve
family T'g(n) of 2-modulus zero such that for all rectifiable curves 7: [a,b] — C
outside I'g(n) with y(a),v(b) € U and vy(a) # v(b) we have

(3.5) a(f(v(a)), F(x(b))) S/Pd8+(1+2/n)' Y. diam(g).

Wi (n)N|y|#0

We now show how this implies (3.1). We define

Lo=T1(1)U U Lo(n),
neN
which has 2-modulus zero. If v ¢ Ty, then holds for each n € N. Recall that
pi C Wi(n+1) C Wi(n) for each i € I, n € N, and W;(n) — p; as n — oo. This
implies that the index set {i € I : W;(n) N |y| # 0} contains {i € I : p; N |y| # 0}
and decreases to that set as n — oco. Moreover, for each n € N, the set {i € I :

W;(n)N|y| # 0} is contained in {z € I : W;(1)N|y| # 0}. Since v ¢ T'1(1), by
we have

Z diam(g;) < oo.
Wi (1)N|v[#£0
The dominated convergence theorem implies that

Z diam(g;) — Z diam(q;)

Wi (n)N|vy|#£0 impiN|y|#0

as n — oco. Hence, by taking limits in (3.5)) we obtain (3.1)).

Length bounds. From now on, we fix n € N throughout the remainder of the
proof and we focus on establishing (3.5). We also set W; = W;(n) and B; = B, ,,
i € I. Consider the set E = (C\ U) \ U;c; Wi. This is a compact set of point

boundary components of U, so it is CNED by assumption.. For a path 7: [a,b] — C
we denote by I(y) the family of indices i € I such that W; N |y| # 0. Note that the

set EUUiel(,y) W, is compact. Indeed, diam(W;) — 0 as i — o0, so each limit point
z of Uier(y W, that lies outside that set is necessarily contained in |y| N (C\ U).

Since z € |7\ Uier() Wi = |71\ Uie;s Wi, we conclude that = € E, as desired.
The map f is conformal, so for all rectifiable paths v in U we have

(o0 = [ IDflds.
Y

See [Vii71, Theorem 5.6, p. 14]. Let v: [a,b] — C be a rectifiable path. The
set (a,b) \ v H(EU Uierey) W;) is open so it is a countable union of disjoint open
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intervals Oj, j € J. Each path v|o, is rectifiable and is contained in U, so we have

He (S (VN (E U W) < D HL(F(3(07))) = ) diam(f((0;)))

iel(v) jeJ jeJ
(3.6) <> U(folo,) Z/ |Df|ds
jed jeg /o,

< /pds.
~

Tail bounds. For m € N, consider the function

Im =

diam(g;
( Z)) X2B; < g1 = hy.
iel,i>m

diam(W;
Observe that for each d > 0 there exists N(d) > 0 such that every curve v with
diam(|y|) > d is not contained in 2B; whenever ¢ > N(d). In particular,

(3.7) Z diam(g;) < /gm ds for m > N(d).

i€l(y)NI,i>m

Recall that g1 = h, € L2 C) by (3.3) and f g1ds < oo for all v ¢ T'y, where
'y =T'1(n). In particular, for v ¢ F1 we have

diam(g;
(3.8) /gm ds= % /dlam 9) o ds = 0

i€l i>m
as m — 0o, because these are tails of a convergent series.

Avoiding degeneracies. Consider the set of points components p € U such
that f*(p) is a non-degenerate element of C(V'). Since V is a generalized Jordan
domain, this set is countable. We let I'y be the family of non-constant curves
intersecting that set. Then Mody 'y = 0 [Vai7l, §7.9, p. 23]. Observe that if v is
a non-constant path outside I'y, then for each = € [y[ \ |J;c; pi the set f*(z) is a
singleton. Therefore, if |y|N E is a countable set, then f*(|y|NE) is also countable.

CNED condition. We apply Theorem to the CNED set E and the function
p+ g1 and fix a path family I's with Mods I's = 0 as in the statement. Now, we set
T'y(n) =T'1 UT'yUT's, which is a family of 2-modulus zero. For the remaining of the
proof we fix a rectifiable path 7: [a,b] — C outside T'g(n) such that v(a),y(b) € U
and y(a) # ~(b). Our goal is to show (3.5).

By Theorem [2.2] for each § > 0 there exists a finite collection of non-constant
paths {7,},cs and a rectifiable simple path 7 with the same endpoints as v such
that |¥| N E is countable,

(3.9) 5l € Ivlu U 1l € Ns(D),
jedJ
and
(3.10) Z/ (p+g1)ds <.
jET VI

Moreover, the non-constant paths v;, j € J, can be taken to be outside the family
I's, by the last part of Theorem The definition of I'; and the fact that the
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curves v,7;, j € J, are outside I'y imply that 5 ¢ I's. Since || N E is countable,
f (7] N E) is also countable by the previous, so

(3.11) Hoo(F(FINE)) = 0.

Observe that if a set W; does not intersect ||, then it is also disjoint from Ns(|7|),
and thus from ||, for all sufficiently small 6 > 0. This implies that for each m € N
there exists dg(m) > 0 such that for § < dg(m) we have

(3.12) IG\I() C{i e 1) i = m).

Completion of the proof. We let d = o(vy(a),v(b)) > 0 and fix N(d) > 0 such
that inequality is true for all m > N(d) and for all curves with diameter
larger than d. We fix m > N(d), so for all 6 < do(m) there exists a simple path
7 satisfying the above conditions. Since 7 has the same endpoints as 7, we have

diam(]7|) > d. We now apply (3.12)), (3.7), (3.9), and (3.10) to obtain
Z diam(g;) < Z diam(g;) < /gm ds
;7

i€I(Y\I(7) i€l(y),izm
S/gmd8+2/ gmdsé/gmderZ/ g1 ds
Y jeJV i jeJ v
</gm ds + 9.
v

This inequality and (3.2)) imply that

( U W;)) Z diam(f*(W;)) < (1 +2/n) Z diam(g;)

iel(¥) iel(¥) i€I1(¥)
(3.13)

<(1+2/n) Z diam(q;) /gmds+5

1€1(7y)

Since 7 is a simple rectifiable path, by m m @, and (3.10)) we have

FEN U W) =He (RN EL | )
i€1(¥) i€l(7)
(3.14) /pds</pds+2/ pds
</pds+§.
2l

Finally, by property |(F1) - the set f*(m) is a continuum containing f(y(a)) and
f(y(b)). Therefore, the estimates and ( give

o(f(v(a)), f(7(b))) < diam(f* (WI)) =M (f (I’yl))
<HLAIN U W) +HLUC Y W)

iel(¥) iel(¥)

S/pds+5+(1+2/n) Zdlamql +/gmds+5
2! 2!

i€l(y
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This is true for each m > N(d) and for § < do(m). We first let § — 0. Then we let
m — oo and obtain fﬁ/ gm ds — 0 by (3.8). This gives the desired (3.5]). O

4. CONTINUOUS AND HOMEOMORPHIC EXTENSION

Proof of Theorem[I.]} Let f: U — V be a homeomorphism between generalized
Jordan domains U,V C C. Let {pi}icr be the collection of all non-degenerate
components of C \ U, together with the degenerate components that are mapped
under f* to non-degenerate components of C \ V. We define ¢; = f*(p;), i € I. In
particular, {g;};cr is the collection of non-degenerate complementary components
of V' together with the images under f* of the non-degenerate complementary
components of U. Note that the collection I is countable, since U and V are
generalized Jordan domains.

If p e C(U)\ {p:; : i € I}, then p is a point and for every sequence z, € U
converging to p, the sequence f(z,) converges to the point f*(p) € C(V)\{q;i: i €
I}. This implies that f extends to a continuous and injective map from the set X =
C \Uierpi onto Y = C \ Uies ¢i- The same argument, applied to f~1, shows that
f extends to a homeomorphism from X onto Y. We denote this homeomorphism
by f as well. Observe that X =U and Y = V.

Case 1: Finitely many non-degenerate components. Suppose that the set [ is
finite. Then X and Y are finitely connected domains. If W is an open set such
that W C W C X, then E = W \ U is a compact subset of the point boundary
components of U. By assumption, E is CNED. The fact that f is conformal on
W\ E=WnNU and Theorem imply that f is conformal on W. Since W was
arbitrary, we conclude that f is a conformal map from X onto Y. It is a standard
fact that a conformal map between finitely connected generalized Jordan domains
extends to a homeomorphism of the closures; see [Con95, p. 82, Theorem 3.4] or
[LV73| Chapter I, §8]. In particular f can be extended to a homeomorphism of C.

Case 2: Infinitely many non-degenerate components. Suppose that the set I is
infinite. In this case, X and Y are Sierpinski packings. Recall that f induces a
homeomorphism f: E(U) = (V) such that my o f = fory on U. The spaces €(X)
and £(U) are naturally identified because they are both obtained by collapsing the
non-degenerate components of @\U to points. Similarly £(Y) = £(V) and we have
Ty o f = fo mx on X. We will show that fis packing-conformal, in the sense of

~

Definition Observe first that f(mx(p;)) = 1y (q;) for each i € I.

~

We set p = |Df|xy. For each Borel set E C C, the conformality of f implies
that

/ PPdY =%(ENV)<S(ENY).
FU(ENV)

The function p vanishes on the set W)_(l(f_l(ﬂ'y(E \ V))), since this set is disjoint
from U. Also, 7' (f " Hmy(ENV))) = f~YENV). Thus,

/ ~ pPdY < X(ENY).
T (F (v (E)))

This verifies condition from Definition
Next, we verify condition By Theorem there exists a curve family T'g
in C with Mod2T'y = 0 such that for all curves v: [a,b] — C outside I'y with
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v(a),~v(b) € U, we have
o (f(1(@)), F((B)) < / pds+ Y diam(g,).

v itpiN|y|#£0
By enlarging the exceptional curve family I'g, we assume that if v ¢ Iy, then all
subpaths of « have the same property. The above inequality extends by continuity
to paths v ¢ 'y with y(a),v(b) € X. Suppose that y(a) ¢ X or v(b) ¢ X. If they
both lie in p; for some ¢ € I, then ngofom(('y(a)) = W;lofoﬂ'x(’y(b)) = ¢; and the
transboundary upper gradient inequality as in|(i)|is trivial. Suppose that v(a) and
~(b) do not lie in the same complementary component p;, ¢ € I. Then there exists
an open subpath 71 = v[(4, »,) of 7 that does not intersect the components p;, i € 1,
that possibly contain v(a) or (b) and the points y(ay),v(b1) lie on the boundaries
of the components that possibly contain ~(a),v(b), respectively. Arbitrarily close
to ay (resp. b1) we may find parameters as > a; (resp. by < by) such that vy(az) € U
(resp. y(b2) € U). This implies that
dist(my" o Fomx (1(a)), w0 Fomx (1) < limint o(f(3(02). £ (82)))

G.Q—)D.T

b2 A)bl_

S/pds+ Z diam(g;).
.

i:piN|y|#0

This completes the proof that fis packing-conformal.

Theorem provides us with a continuous, surjective, and monotone map
F: C — C such that my o F = fomy and F~!(int(q;)) = int(p;) for each i € I. In
particular, we have my o F' = my o f on X. This implies that F'= f on X D U and
hence F is an extension of f. Since X =U,Y =V, and F~1(Y) = X, we see that
F~1(V) = U, as desired. Finally, if Y is cofat, then by the last part of Theorem
F may be taken additionally to be a homeomorphism of C. O

5. RIGIDITY OF CIRCLE DOMAINS
The proof below relies on properties of CNED sets from Section [2.1

Proof of Theorem[I.4 Let f: U — V be a conformal map. The first step is to
extend f to a homeomorphism of C. This can be achieved through reflections
across the boundary circles of U. A detailed proof can be found in [NY20, Section
7.1]; see also [BKMO0Y|, Section 5] for similar considerations. Here we highlight the
important features of the extension procedure.

We denote by S;, i € I, the collection of circles in oU, by B; C C \ U the open
ball bounded by S; and by R; the reflection across the circle S;, i € I. Here,
we regard [ as a subset of N. Consider the free discrete group generated by the
family of reflections {R;};cr. This is called the Schottky group of U and is denoted
by T'(U). Each T € T'(U) that is not the identity can be expressed uniquely as
T=R; o---oR;,, where i; #i;4; for j € {1,...,k —1}. We also note that I'(U)
contains countably many elements.

By Theorem f extends to a homeomorphism between U and V. Thus, there
exists a natural bijection between I'(U) and I'(V'), induced by f. Namely, if R} is
the reflection across the circle S¥ = f(S;), then for T = R;, o --- o R;, we define
T* = Rf o---oR; . By [NY20, Lemma 7.5], there exists a unique extension of
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f to a homeomorphism f of C with the property that 7% = fo To ffl for each
T € T'(U). We will verify that f is conformal. For simplicity, we use the notation
f instead of f.

For each point x € C we have the following trichotomy; see Lemma 7.2 and
Corollary 7.4 in [NY20].

(I) (Interior type) « € T(U) for some T € T'(U).
(IT) (Boundary type) x € T(9U) for some T € T'(U).
(III) (Buried type) There exists a sequence of indices {;}jen with ¢; # 4,41 and
disks Do = B;,, Dy = R;, 0 ---0 R;, (B;,,) such that Dy, C Dy, for each
k>0 and {z} = ey Dr-

At each point z of interior type the mapping f is conformal, so it maps in-
finitesimal balls centered at x to infinitesimal balls centered at f(x); in particular
E¢(xz) = 1. If z is of buried type then there exists a sequence of balls Dy,
k € N, shrinking to x such that f(Dy), k € N, are balls shrinking to f(x). It follows
that Ef(.%‘) =1.

For points of boundary type we have a further distinction. For each i € I
and n € N, we consider a Jordan region W;(n) such that

(51) B, C Wiln) C (1+1/n)B; and F(By) C f(Wi(n)) C (1+1/n)f(By).

We let E, = 0U \ J;c; Wi(n), which is a compact subset of U. Denote by F' the
points of QU that do not lie on E = J,, .y En or on S = (J;o; Si. Thus, each point

z €C of boundary type satisfies one of the following conditions.
(IL.a) x € T(E) for some T € I'(U).

(ILb) = € T(S) for some T € T'(U).
(IL.c) = € T(F) for some T € T'(U).

By assumption, E,, is CNED for each n € N. Also, each T' € I'(U) is bi-Lipschitz,
so by property [(C3)]in Section [2.1] the set T'(E,,) is also CNED. For each T € I'(U)
and i € I the circle T'(S;) is rectifiable so it is CNED by [(C1)l Now |(C4)| implies

that the set
¢= |J eus)= | UUTE.

Ter(U) Tel'(U)neNiel

is also CNED, as a countable union of compact CNED sets. In particular the
collection of points of boundary type and |(IL.b)|is CNED.

Next, we treat points of boundary type [(IL.c)}] Suppose that F # (. If x € F,
then z € U, x does not lie on any circle of OU, and = € |J;c; Wi(n) for each
n € N. Observe that for each i € I we can have z € W;(n) only for finitely
many n € N, since otherwise we have z € 5;, a contradiction. We conclude that
the index set [ is infinite, in which case we may assume that I = N, and there
exists a sequence i, € I with i, — oo such that € W, (n). In particular,
the regions W, (n) shrink to x. By we have E(W; (n)) < 1+ 1/n and
E(f(W;,(n))) <14 1/n. We conclude that Ef(z) = 1. If € T(F) for some
T € T(U), then T~!(x) € F so there exists a sequence W, (n) as above that shrinks
to T71(x). The fact that T and T* are conformal implies that E(T(W;, (n))) — 1
and E(f(T(W;,(n)))) = E(T*(f(W;,(n)))) — 1. Summarizing E;(xz) = 1 for all
points of boundary type
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2
1/4
1/2n—1 =1/23 -
/ /| \\ A 1/4
2
o 1/4
1/22 /
1/2 1/n=1/4

FIGURE 1. The sets Q(4) and S(4).

Altogether, we have shown that E;(x) = 1 for all points z ¢ G. By Theorem
f is quasiconformal on C. The set G has measure zero by [(C2)} so Ef =1 a.e.
on C. Finally, Lemma implies that f is conformal. O

6. AN EXAMPLE

Here we present an example showing that a conformal map f from a circle
domain U onto a generalized Jordan domain V' whose complementary components
have diameters in £? need not extend to a homeomorphism of the closures without
any further assumption. The reason is that a circle of the boundary of U might
correspond to a point component of V. Although this type of construction is
known to the experts, some further attention is required to ensure the £ condition.

For simplicity, the domain V in our example will be a slit domain whose bound-
ary consists of a point and of countably many isolated non-degenerate slits that
accumulate at that point. However, upon opening slightly the slits (e.g. quasicon-
formally) one can obtain a generalized Jordan domain.

For each n € N, n > 2, consider a closed thombus R(n) C [-1,1]? as in Figure
where we see R(4). We set Q(n) = [-1,1]2 \ R(n). We also consider a slit
rectangle S(n) = ([—1/n,1/n]\ {0}) x [—1,1] as in the figure, where we see S(4).
We subdivide Q(n) into trapezoids, as shown in the figure. Each trapezoid in Q(n)
is subdivided into two triangles via a diagonal and mapped in a piecewise linear
way to a corresponding square of S(n). This map is uniformly quasiconformal,
with distortion independent of n, because the angles of the triangles are uniformly
bounded away from 0. In this way we obtain a uniformly quasiconformal piecewise
linear map from @(n) onto the slit rectangle S(n).
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(0,0) (1,0) (0,0) (1,0)
1/ky
1/ KKK KK ALK o
1/7€3‘<>K>K>K>K>K>K>K>K>K>K>K>K>K>K>K>‘ Tt
y:—L: | n2
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ng
k3

FIGURE 2. The construction of the piecewise linear map f.

We consider scaled and translated copies of the sets Q(n) and S(n), correspond-
ing to different parameters n, and create a piecewise linear homeomorphism f from
a domain in [0, 1] x (—L, c0), namely, the complement of the rhombi, onto a domain
inside [0,1] x (—L’, 00), namely, the complement of the slits, for some parameters
L, L’ € (0, 00], as shown in Figure Specifically, the map f is set to be the identity
on [0,1] x (0,00). The first row in the left consists of k; scaled copies of Q(n1) with
height 1/k; that are mapped to the first row in the right, which consists of k; scaled
copies of slit rectangles S(n1). Note that the height of these rectangles is nq/k;.
The map f is linear on the entire bottom line of the first row. On the gray rectangle
between the first and second rows we define f to be a translation, mapping it to
the corresponding rectangle of the same dimensions on the right side. The height
of this gray rectangle, which serves as a transition zone, can be arbitrary, so we set
it equal to a number d; < 1/k;. We proceed in the same way with the other rows.
Note that the map f is quasiconformal in the complement of the rhombi.

We require that

21 > n;

(2
E k—z < oo and E E =00
i=1 =1

so that L < oo and L' = oco. The map f projects under z — e~2™* to a qua-
siconformal map F from a domain U C C outside a disk B(0,e2"%), bounded
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by countably many distorted rhombi accumulating at that disk, onto a radial slit
domain V', whose slits accumulate at the origin.

We claim that the domain U is cofat. This follows from the facts that the rhombi
are uniformly fat and the map z — e 2™ is conformal and distorts the rhombi
in a controlled fashion by Koebe’s distortion theorem. One can also argue directly
here, by observing that for any two points z,w with |z — w| < 1/4 one has

—2miz 727riw| ~ 6727”-Z|Z

le —e — w|

with uniform constants. This implies that any 7-fat set of diameter less than 1/4
is mapped by 2z e~ 2™ to a c(7)-fat set. Since 1/k; — 0 as i — 0o, we see that
all but finitely many rhombi are small and the above estimate is true in them. On
the finitely many large rhombi the map z — e~27%* is bi-Lipschitz, so their images
are also fat.

Next, we ensure that the complementary components of V have diameters in
¢%. Observe that the slits at the i-th row have height n;/k; and imaginary part

i—1

smaller than — ijl n;/k; = —a;—1, where ag = 0. Therefore, by the fundamental

theorem of calculus, the image of each of them under z + e~ 2™ has diameter
bounded by Ce~27%-1n, /k;, for some uniform C' > 0. The £2 condition is implied
by

E e dmai-1 b < 0.
k2
i=1

3

We now choose k; = i2, n; = i, s0 a; = 23:1
restrictions are satisfied.

By the He-Schramm [HS93] uniformization theorem (countable Koebe’s conjec-
ture), there exists a conformal map from a circle domain onto U. Moreover, the
cofatness of U implies that all complementary components of the circle domain are
non-degenerate, as shown by Schramm [Sch95, Theorem 4.2]. Therefore, we may
assume that U is a circle domain and F': U — V is a quasiconformal map such that
a circle in QU corresponds to a point in V. Finally, by the work of Sibner [Sib6§],

1/j > log(i + 1). Then all above

there exists a quasiconformal map ¢: C — C such that o(U) is a circle domain
and the map F o ¢! is a conformal map from the circle domain ¢(U) onto V, as
desired.
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