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A fully decoupled, linearized, and unconditionally stable finite element method is
developed to solve the Cahn-Hilliard-Navier-Stokes-Darcy model in the coupled free
fluid region and porous medium region. By introducing two auxiliary energy variables,
we derive the equivalent system that is consistent with the original system. The energy
dissipation law of the proposed equivalent model is proven. To lay a solid foundation, we
first present a coupled linearized time-stepping method for the reformulated system, and
prove its unconditionally energy stability. In order to further improve the computational
efficiency, special treatment for the interface conditions and the artificial compression
approach are utilized to decouple the two subdomains and the Navier-Stokes equa-
tion. Therefore, with the discretization techniques of two existing auxiliary variable
approaches, a fully decoupled and linearized numerical scheme can be developed, under
the framework of a semi-implicit semi-explicit scheme for temporal discretization and
Galerkin finite element method for spatial discretization. The grad-div stabilization is
also employed to further improve the stability of auxiliary variable algorithm. The full
discretization obeys the desired energy dissipation law without any temporal restriction.
Moreover, the implementation process is discussed, including the adaptive mesh strategy
to accurately capture the diffuse interface. Ample numerical experiments are performed
to validate the typical features of developed numerical schemes, such as the accuracy,
energy stability without restriction for time step size, and adaptive mesh refinement
in space. Furthermore, we apply the proposed numerical method to simulate the shape
relaxation and the Buoyancy-driven flows, which demonstrate the applicability of the
proposed method.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Multi-phase flow has important role in computational fluids and industrial engineering. Two-phase flow in coupled free
flow region and porous medium region has become an active area due to its wide applications such as groundwater system
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in karst geometry [1-3], petroleum extraction in oil reservoir [4-11], industrial filtrations in biochemical field [12,13],
evaporation and condensation process in atmospheric physics [14], etc. Therefore, it is necessary to develop physically
faithful models and efficient numerical algorithms to simulate the two-phase flow in free flow region and porous media.

There are several relevant models for two-phase flow in domains composed of free flow and porous media regions
[14-21]. Mosthaf et al. [14] proposed a computational model for two-phase porous flow coupled with single-phase free
flow, which is applied to model soil evaporation in a wind field. Chen et al. [15] considered a coupled two-phase flow
model for free flow overlying porous media regions cooperated with crucial interface conditions, and discussed its well-
posedness. A Robin-Robin domain decomposition method was designed for this model. Diegel et al. [18] proposed a
Cahn-Hilliard-Darcy-Stokes system and devised a mix finite element method for the two-phase flow. Unconditional
solvability and error estimates are rigorously analyzed in two and three dimensions. Han et al. [19] proposed the Cahn-
Hilliard-Stokes-Darcy model with constant density and viscosity for two-phase incompressible flows in karstic geometry
obeying energy dissipative law by exploiting Onsager’s extremum principle, and proved its wellposedness [22,23]. Chen
et al. [17] stated a Cahn-Hilliard-Navier-Stokes-Darcy-Boussinesq system to simulate thermal convection of two-phase
flow in coupled domains. Gao et al. [24] considered a Cahn-Hilliard-Navier-Stokes-Darcy model with different densities
and viscosities.

The Cahn-Hilliard-Stokes-Darcy system with constant density and viscosity is proposed in [ 19], consisting of the Cahn-
Hilliard-Stokes equation in free flow region, the Cahn-Hilliard-Darcy equation in porous media region, and seven interface
conditions to couple the two-phase flow models in two subdomains [16,25]. Partially decoupled numerical methods with
energy stability are constructed for solving the Cahn-Hilliard-Stokes-Darcy model [ 16] and Cahn-Hilliard-Navier-Stokes—
Darcy (CHNSD) model [26]. However, the velocity and pressure are still coupled in free flow region, and sequently one
needs to solve the algebra system with variable coefficients. To further improve the efficiency for solving the CHNSD
model, we will follow the scalar auxiliary variable approach [27,28] to introduce auxiliary variables and design a fully
decoupled, linearized and unconditional energy stable finite element method.

There are several successful techniques that can well handle the stiffness of phase field model, such as the convex-
splitting strategy [29-34], the stabilization method [35-39], the Invariant Energy Quadratization (IEQ) approach [40-46],
and its various version of the scalar auxiliary variable method, for example, the scalar auxiliary variable (SAV) ap-
proach [27,28,47-52], generalized positive auxiliary variable (gPAV) approach [53-55], and the zero-energy-contribution
approach [46,56-61]. Among these options, the SAV and gPAV approaches only need the bounded below restriction of
free energy. They can explicitly treat the nonlinear bulk energy by introducing scalar auxiliary variables independent
of the spatial variable. Eventually the whole system can be decoupled into linear equations with constant coefficients.
Hence we will utilize both of them in this paper. Furthermore, the artificial compressible (AC) method [62-64] is to relax
the divergence-free constraint for incompressible fluid by adding a regularization. Hence it has been intensively applied
to break the coupling between velocity and pressure in numerical procedure [65]. The artificial compressible method
is closely linked to pressure correction, while the spurious pressure boundary condition is not required [66]. Inspired by
these works, multiple auxiliary energy variables and artificial compressible methods shall be assembled as key ingredients
of the exhibited numerical method in this paper.

The main idea of this paper is to employ efficient auxiliary variable schemes admitting fully decoupling and obeying
energy dissipation, while avoiding a nonlinear system, since the CHNSD system is a highly nonlinear and multi-
physics coupling system. On one hand, the auxiliary energy variables are introduced to efficiently deal with the strong
nonlinearity and coupling in CHNSD model and design the semi-implicit semi-explicit temporal discretization. One
efficient technique for domain decoupling between free flow and porous media flow is to deliberately conduct the
discrete interface conditions in breaking the coupling of two subdomains. On the other hand, the tool for decoupling the
velocity and pressure is to employ the artificial compressible method in Navier-Stokes equation. Furthermore, the grad-div
stabilization shall be adopted to improve the stability of completely decoupled numerical algorithm. The finite element
method is utilized for the spatial discretization. The spacial adaptive strategy are introduced to greatly help accelerating
the computation without sacrificing the desired properties and the accuracy. Finally only several linear elliptic equations
and Poisson-type equations are required to be solved at each time step.

The rest of paper is organized as follows. In Section 2, the equivalent CHNSD system based on auxiliary energy
variable approach is derived, the weak formulation is stated with corresponding energy dissipation that we desire to
inherit for numerical schemes, and a coupled linearized time-stepping scheme is discussed. In Section 3, we propose
the totally decoupled, linear full discretization scheme on the baseline of finite element discretization by exploiting
artificial compression and grad-div stabilization, thereby rigorously analyze the discrete energy stability without time step
restriction for fully discretization. The implementation of constructed numerical scheme is also discussed. In Section 4,
ample numerical experiences are simulated to verify the effectiveness of numerical methods. Finally, we give a brief
conclusion in Section 5.

2. Cahn-Hilliard-Navier-Stokes-Darcy model

In this section, we first introduce the Cahn-Hilliard—Navier-Stokes—-Darcy model [19,26] and the two auxiliary variables
to derive the equivalent system. Then we provide the corresponding weak formulation, and show that the dissipative
energy law is satisfied for the reformulated auxiliary variable system in the PDE level.
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Fig. 1. A sketch of the porous media domain £2,,, free fluid domain £2, and the interface I.

2.1. The original model system and the transformed equivalent system

The CHNSD model is considered on a bounded domain 2 = 2. )2, C RY (d = 2, 3) consisting of the free flow
region £2, and the porous media region $2,,. We assume that the boundaries of subdomains 2. and £2,, denoted by 9£2.
and 0£2y,, are Lipschitz continuous. Let the interface of coupled free flow region and porous media be I = 9£2,, N 952, n.
and n,; be the unit outer normal vectors to the conduit and matrix on interface I, respectively, and n. = —n,,. Denote
L =02,\I", I: = 082:\I", a typical geometry in two dimensions is illustrated in Fig. 1.

Let f(¢) be a function of phase variable ¢ such that f(¢) = F'(¢), where F(¢) represents the Helmholtz free energy
and is usually taken to be a non-convex function of ¢. Let ¢;(j = ¢, m) denote the phase function to indicate the different
phases for two immiscible phase flows by taking distinct value £1. The phase variable smoothly varies across the diffusion
interface layer. The thin width of interfacial region between two-phase flow is denoted by e. Let w;(j = ¢, m) and
M;(j = ¢, m) denote the chemical potential and mobility related to order parameter ¢. Variable y represents the elastic
relaxati?n tizme of2 mixing interface. In this paper, we consider the double-well polynomial of Ginzburg-Landau type [67]:
F($) = 3¢ — 2.

The two-phase flow in porous media region §2,, is assumed to satisfy the following Cahn-Hilliard-Darcy (CHD) systems:

1 ouy, _
——" + K 'ty = —Vpy + Wy Vb, (2.1)
x ot
V.u, =0, (2.2)
0m
W +Up - Vo — V- (Mp(édm)Vwn) = 0, (2.3)
Wi + y €A — gf(qsm) =0, (2.4)

where u,, denotes the fluid discharge rate in the porous media, p,, denotes the hydraulic head. x is the porosity of porous
medium. K is the hydraulic conductivity tensor and has the relation K = (I;I 5 with viscosity v and permeability matrix
[]. In this manuscript, K is assumed to be a bounded, symmetric and uniformly positive definite matrix.

The two-phase flow in fluid region £2, is assumed to satisfy the following Cahn-Hilliard-Navier-Stokes (CHNS)
systems:

33% (e - V)tte — V- Tatg, pe) — we Ve = O, (2.5)
V.ou =0, (2.6)

% bt - Ve — V- (Mc(¢e)Vuo) = O, (2.7)

we + yeAd, — %f(qbc) =0, (2.8)

where T(uc, p;) = 2vD(u.) — pcI is the stress tensor, D(u) = (Vu, + VTu.)/2 is the deformation tensor, u, denotes the
fluid velocity, p. denotes the kinematic pressure, v denotes the kinematic viscosity of the fluid, 0 < ¢ < v with positive
constant c.
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The interface conditions on I" connecting the CHD system and CHNS system are considered as follows [19,23]

$c = Pm, (2.9)
We = W, (2.10)
Voo e = =V - iy, (2.11)
Mc(¢c)Vwe - e = —Mp(¢m)Vwn - iy, (2.12)
U - M = —Upy - Ny, (2.13)
1
—n - (T(uc, pc) - nc) + Elucl2 = P, (2.14)
av«/a
=7 - (T(e, pe) - M) = ———=7; - U, (2.15)
trace(])
where 7; (j = 1, ..., d—1) denote mutually orthogonal unit tangential vectors to the interface I". (2.9)-(2.12) describe the

continuity for the phase field function, the chemical potential, and their normal derivatives. (2.13)-(2.15) can be viewed as
the interface conditions of classical single-phase Stokes—-Darcy model [12,68-75] or Navier-Stokes-Darcy model [76-84],
including the mass conservation, the balance of normal force, and the so-called BJS interface condition [85]. These three
interface conditions and the corresponding numerical methods to handle them with various ideas have been extensively
studied and analyzed [86-110].

For simplicity, the boundary conditions are considered as

upn - nm|1"m =0, Vd’m . nm|Fm = Oa Mm(d)m)vwm : nm|1"m =0, (2-16)
and
uc|l} =0, V.- nc'l} =0, Mc(¢)Vwe - nc|l"c =0. (2.17)
The initial conditions are taken as
$;(0.%) = ¢)(x), j=c.m, uc(0,x)=ud(x). (2.18)
The CHNSD system (2.1)-(2.18) obeys energy dissipation associated with the following total energy law [16]
1. ., 1, €5 1
E(um, uc, ¢) = ST luplfdx+ [ Sluc*dx 4y SIVoIT+ —F(¢) ) dx. (2.19)
m 2X Q¢ 2 Q 2 €

Now two new auxiliary variables are introduced for the kinetic energy and free energy as follows

R(t) = VE(©). U= /me+& (2.20)
2

where Ey = [, ﬁ|um|2dx~l—fﬂc HuPdx, & = R H(g):= 12U = L@ ___ and B is a non-negative parameter. The

VE(©)' % I, Fg)dxtB

introduction of the auxiliary variables R and U is the SAV method, which is efficient for treating nonlinear terms explicitly
in energy potential by introducing scalar auxiliary variables. Noting that £ = 1, we reformulate the system (2.1)-(2.8)
into the following equivalent form

d¢

ET +éu-Ve — V- (M(¢)Vw) =0, (2.21)
w+ yerd — LH(@U = o, (2.22)
€
1 oup, .
¥ ot + K up = —Vpm + §wnVém, (2.23)
V-un =0, (2.24)
ou,
th +& - Vue — V- T(u, pc) — Ew Ve = 0, (2.25)
V-u. =0, (2.26)
dR ou 1 ou
ZRE = /;ZC ucT;dx+ ; /;:zm umT:dx+ o &(uc - Viucue + % (V-uc) ucucdx
+f/wmeM—E (V) - e — & (ww%yMM—gfwﬁmm&a (227)
2 2c 2m 2 r
du 1 3
Afsznﬁm. (2.28)
e~ 2/, ot
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Noticing that the additional terms in the right hand of (2.27) is zero since the equality f QE(uc -Vucuc.dx + % f o (V-up)
ucucdx = 1 [ |uc|*u. - n.ds holds.

Remark 2.1. The introduction of auxiliary variables & and U firstly contributes to deduce the linear equivalent system of
(2.1)-(2.8) obeying energy stability property, which enables us to explicitly dealt with the nonlinear coupled term when
the system is discretized. Secondly, with the help of scalar value &, the numerical scheme can be completely decomposed
into individual systems in numerical implementation, the resultant algebraic systems involve constant coefficient, which
only requires to be solved at each time level. Therefore, the proposed numerical scheme has attractive fully decoupled,
linearized, and energy-stable properties by taking advantage of variables & and U.

2.2. The weak formulation

In this section, the weak formulation of the CHNSD model system (2.21)-(2.28) is provided. The Sobolev spaces H™ (£2)
with the norm || - ||, and V = [H (214 = {v € [H(2)]¢ : v|y, = 0} are utilized throughout the paper, where m is
a nonnegatlve integer. The 12 and L[*° norms are 51mply denoted by || - || and || - ||s. Define the Hilbert space to be
H'(£2)) = H'(£2j) N [*(£2;) with inner product (u, v)y1 = f_q Vu - Vv dx where

[2(2)) = (v e [(£2)) | vdx = 0}. (2.29)
2

For the coupled CHNSD system, we introduce the following basic spaces
Xc={weH(Q) | v=0o0n T},
Xm={veH(2)]" | v-n, =00n Iy},
Xjgv ={veX; | V-v=0},
Qn =H'(2n),  Q =L(%),
Y :=H'(2), Y:=H'(2), j=c,m.

For the domain £2;(j = ¢, m), (-, -) denotes the [? inner product on the domain £2; decided by the subscript of integrated
functions, and (-, -) denotes the L? inner product on the interface I". Then we have

(um’vm):/ Unvndx, (uuvc):/ ucvcdx, (u’v):/ umvmdx“f‘/ Ucvcdx,
2m 2 2m 2c

1 1
2 2
2 2 2 2 2
tmll = (/ [tm| dx) o el = (/ |uc| dX) o ull =/ |tm| dx+/ |uc|“dx,
2m Qc 2m 2
d—1

where uy, = u|g, and u. == ul,,. Let P, be the projection onto the tangent space on interface I, i.e. P,u = ijl (u-7j)t;.
We also denote H’' the dual space of H with the duality induced by the L? inner product.

By applying the seven interface conditions (2.9)-(2.15), we obtain the weak formulation of the equivalent system based
on auxiliary variables for CHNSD system as follows: find

(W, Pm» Ue, Pe, @, W) € (X, Qun, X, Qc, Y, Y)

such that

(% V) +EW- Vo, )+ (M($)Vw, Vi) = 0, ¥ € Y, (2:30)
(. 0) = ye(Vo. Vo) = L(H(@)U. 0) =0, Yo e ¥, (231)
%(%m, v) + K ', v) + (VPm, v) — E(wn Ve, v) =0, V v € Xpp, (2.32)
(Um, V@) + (U -nc,q) =0, V q € Qn, (2.33)
(04 & (e V)t ) + 5 (V0 e, )+ 20D(0), D) — (P, ¥ - 0) — §(c Ve, v

+ (v - nc>—§(|uc|2, v-ng) + z:cfmw,uc, Pv) =0, ¥ ve X, (2.34)
(V-u,q)=0,Vqeq, (2.35)
2R = () (R ) 4 €+ e )+ - V) — £V, )

5
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+§((V “U) Ue, Uc) — %(uc U, U - Ne), (2.36)
v 1 9¢
I E(H’ E)’ (2.37)

where t € [0, T], T is a finite time, u,, € L0, T; [L*(£2,2)1%) N L2(0, T; X1), ue € L0, T; [L2(£2:)19) N L2(0, T; X ¢ giv)s
a"c € L*(0, T; X_. 4i,), pj € [*(0,T; Q), j = {c,m}, ¢ € L®(0, T; Y) N L*(0, T; H3(R2)), %—‘f € 1*(0,T;Y"), and w € L[*(0, T; Y).
It is noticing that we only require the space of p,, satisfying mean zero quality [16,17]. Once p;, is uniquely determined,
pc is then also uniquely determined duo to the interface condition (2.14).

The above weak formulation has a desired feature, which is to satisfy the energy dissipation law corresponding to the
definition of total energy as follows:

et)=RRP+ L |U| + X ||V¢|| (2.38)

Lemma 2.1. A smooth solution (U, pm, Uc, Pc, ¢, R, U) of CHNSD system (2.30)-(2.37) obeys the following energy dissipation
law:

d
—&=-D(t 2.39
dt (©) (2.39)
where D is given by
2 = 5 5 ow\/a
D(t) = [V2vD(ue)lI” + VK un||* + [I[vVM($)Vw]” + 7”“6(1_[)(1’1% Pruc). (2.40)

2

Proof. Taking ¢ = w in (2.30) and w = —@ in (2.31), multiplying (2.37) by —yU, and adding these resultants together,
€

we obtain

ye d

jallvfﬁll +* |U| +E@- Vo, w)+ [|VM(@)Vw|? = 0. (2.41)
Choosing v = uy, and Gm = Ppm in (2.32) and (2.33), respectively, and taking the summation, we obtain

%(zit’", ) — E(WnVem, Un) + (Ue - M, P + [|VE 1t ]|? = 0. (2.42)
Take the test function v = u, in (2.34) and q = ¢, in (2.35). Then adding these result equations, we have

(%, uc) + & ((ue - Vyue, ue) + % (V- u)uc, uc) — §(weVepe, uc) — %(Iuclz, uc - ne)

av/d
Vtrace(T])

Summing (2.36) and the above resultants (2.41), (2.42), (2.43), and utilizing the fact (u - V¢, w) fQ - Vo) )wdx =
fQ (Wi V) - Updx + fg (weVee) - ucdx = (W Vom, ) + (we Ve, u), we derive the energy law (2.39), and then
complete the proof of Lemma 2.1. O

+(Pm, e - 1) + [V 20D(ue)|* + (P.uc, Puc) = 0. (2.43)

2.3. Energy stable coupled linearized time-stepping method

We first construct the following coupled linearized time-stepping method, meanwhile maintaining the unconditional
energy stability based on the multiple auxiliary variable approach, and prove its energy stability.

Let0 =ty < t; < --- < ty = T be a uniform partition of [0, T] with time step size At = t,,1 — t, = % Now, we
present the semi-discrete scheme based on the weak formulation (2.30)-(2.37): find

b, pirt it ™ W™ € (X, Qy Xe, QL YL Y)

such that
¢n+l ¢n
() Vo (M(g" V™!, V) =0, ¥ €Y, (244)
(W, w) — ye(Vo"!, Vo) — H“U”+1 w)=0,VYweY, (2.45)
1wt —t
R v)+(Vp:;“, V)~ £ WV 1) =0, Vv e Xy, (2.46)
i, V) + (! ne,q) =0, ¥V q € Qn, (2.47)
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u?“ —u? n+1 n n ;’_-n+1 ny ,mn n+1 n+1
(S 0+ (- V) g v) + 25— (V- ) g, v) 4 20vD(u™), D(v)) = (b7, V- v)
_gn+1 n n _ En-H n n n+1
& (wcvqbc» v) <uc'uc’v'nC>+(pm ALY
d
_i_i(pru'g“, P,v) =0, VveX, (2.48)
trace([])
(V . u?ﬁ-l’ q) =0,V qe QC (249)
Rn+l R" un+1 _ un 1 un+l —ut
R = g T A T £ V)
%-n+1
+ ((V . u?) u?’ ug—H) + Sn-H(un . qu”, er—l) _ €n+l(wcnv¢?’ u?—H)
‘(;:11-*—1
_$n+1(wn Vol unm+1) LR un+1 n), (2.50)
Un+] Un 1 n+1 n
CAL A ) P 9 LA (251)

At 2 At

n+-1 . .
where H" := H(¢"), £™' = 2w =l ifx € 2, u" =, if x € 2.

We now prove the energy stability as follows.

Theorem 2.1. The scheme (2.44)-(2.51) is unconditionally energy stable, in the sense that an approximation (u"m“, p"m“,
uttl pitl g+l R Unt satisfies the following equality:

gl _gh = _pntl (2.52)
where the discrete energy £" is defined as
e = IR + Ly + 22 1vgn, (253)
and the energy dissipation D" is given by
DM = AUVET I + AV 4+ B2V — Vet + R - R+ o — o
ozv\/a

Proof. We first consider Cahn-Hilliard part on whole domain £2. Takmg the test function ¥ = Atw™ ! in (2.44) and

+At| VMMV 2 + At (Pou Py, (2.54)

—(¢™1 — ¢™) in (2.45), respectively, multiplying (2.51) by AtU"“ taking the summation, and utilizing the
equality

2a(a — b) = a®> — b* + (a — b)?, (2.55)
we obtain
%E[IIW”“ I> = 1Ive"I*1+ g[IU”“I2 — P U - U AT (- Vg, w)
—%IIW"+1 — V¢"|I> — AtllyM(¢") Vw12, (2.56)

Next, we study the conduit part on free fluid region. Choosing v = Atu;’+l and q = Atp?“ in (2.48) and (2.49),
respectively, and adding the resultants, we have

(! — )+ A ((uf - V)l ul ) — AE™T (V! ul ) + At|V2uD(ul |12

At n+1 At n+1
+ i (V- ul)ul, ulth) — i ' u’ u™ on)
d
FALp, 'g“~nc>+AtL<P,u2“ Py = 0. (2.57)
trace(]])

Then, we consider the matrix part. We take v = Atu""! in (2.46) and ¢ = —Atp™F! in (2.47), and add the resultants
to derive

1
X(u"“ ul ult + AL VR 2 — At (wl Vel ult ) — At ne, piity = 0. (2.58)
7
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Multiplying (2.50) by At, using (2.55), and summing over (2.56), (2.57) and (2.58), we have

2 Y 2 Y€
IR™1)" — R 4 ;[|U”“| —U"P1+ 7[||V¢>"“ 12 = IV 2] + AtIIVE k12 4+ Atv/2vD(uf )|

€
+ LU U R R AL M@ T+ Ve - v
€
At avy/d
trace(])

namely, (2.52) is obtained. Therefore, the conclusion of Theorem 2.1 follows. O

n+1
c

Pty =0, (2.59)

(P-u .

3. Fully decoupled numerical scheme and its implementation

In this section, we develop the fully decoupled scheme, and incorporate finite elements in spatial discretization to
propose a fully discretized decopled scheme of the weak formulation (2.30)-(2.37). Then we rigorously analyze the
unconditionally stability of discrete energy.

Let 3, be a quasi-uniform regular triangular partition of domain §2. We assume that the finite element spaces Yy, Y,
Xj, and Q;, are the approximation of spaces Y, Y;, X; and Q; with j = ¢, m, respectively. Furthermore, we suppose that
X and Qg satisfy an inf-sup condition for the divergence operator in the following sense: There exists a constant C > 0
independent of h such that the LBB condition

(V- v, qn)
0#dn 0oy |1kllq

holds.
We first recall the following lemma for the estimate of the interface term from [111]:

> Clignll, Y qn € Qeh, vh € Xen

Lemma 3.1. There exists a constant C such that, for v € X¢, qmn € Qmn

v - nc, gmn)| < Cllvlixg, IV qmnll, (3.1

where [|vllg, = [v]* + [V - o]
3.1. Fully decoupled energy-stable numerical scheme

The numerical complexity of CHNSD system mainly arises from its multi-domain and multi-physics coupling features.
In the previous section, we adopt multiple auxiliary variable approach to treat the nonlinear energy potential, hence obtain
a linear system. However, the implementation of coupled linearized scheme (2.44)—(2.51) needs expensive computational
storage and cost since two domains are still coupled by the interface conditions, and the velocity and pressure are solved
simultaneously in Navier-Stokes equations at each time level. On one hand, it requires us to treat the approximation
of interface conditions by several techniques [64,69,112]. On the other hand, we employ the artificial compression
method [65] by adding a perturbed term on the incompressible equations to separately study two independent subphysics
problem of velocity and pressure for Navier-Stokes system. In this work, we modified the artificial compression scheme by
introducing grad-div stabilization [113]. Taking into account the above insights under the framework of the reformulated
system based on the auxiliary variables, we numerically treat the nonlinear bulk free energy according to the SAV
approach [27,28] and handle the trilinearity in Navier-Stokes according to gPAV approach [53-55]. Then we develop
the following fully decoupled linearized stabilized algorithm for (2.30)-(2.37):

Step 1: Find (¢ "', wi™!) € Yy x Yp, such that

opt — @
(%, Yn) + ETN ) - VR, yin) + (M(@])Vwi !, Vi) = 0, Y ¥ € Yy, (3.2)
(wp* on) = ye(VOR!, Van) = LHIU™, o) = S@ ! = ¢f.on) = 0. Y oy € ¥, (3.3)
where Hy := H(¢}) and uj is defined as
u’ X e 82,
ul = { ch ‘ (3.4)
u.,, X e Q.

Step 2: Find p"'! € Qpup, such that

mh

n
—Atn(Vpt, Van) + ;(u?nh, Van) + Atng" N (wh Vel Vay) — BAL(VPET, V)

+(ugy - ne, qn) =0, ¥ gy € Quns (3.5)
where n = (x ' + AtK~ 1)L
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"1 e Xmn such that

Step 3: Find u

1 u —u
L o) KT o)+ (VR ) — 8 iy Ve, ) = 0. Y up € X (3.6)
Step 4: Find ul}'' € X, such that
un’j-l _ u . §n+1 .
( s At )+;§_n+ (( ch V) ugh, vh) + ) ((V-u?h) ch,vh) + 2(vD(u n+ ), D(vp))
1
v u?}T _u?hv _EMH o Y (2t —ptl vy n+1
+§( ) At ) : vh) S (wch d)cha vh) ( pch pch ) : vh) + <pmh » U - nC)
n+1 O{U\/a
—E—(u'c‘h Al vp M) + ———(PulT Prvy) = 0, Y vy € X (3.7)
2 trace(])
Step 5: Find p;" € Qu, such that
1
(P — P> an) = = (V- G 4w, ¥ dn € Qan. (38)
Step 6: Update R™*! by
Rn+l —R" un+1 —u 1 un+l —u
2R = (PR ) (P ) gy - Vg )
STH_]
+ 2 (V- uy) udy, wlt") + ™ (up - vy, with) — £ (W] Vol uly )
; ) é-n+l ;
$n+ (w V(f)mh» u't h)— (uch uch,u?}j— “ne). (3.9)
Step 7: Update U™! by
yntl —yn ¢ﬂ+1 _ ¢
- 3 (g 3.10
At 2( h At ) (3.10)

Remark 3.1. The additional term S((j)”+1 ¢p) is the commonly used stabilization for the explicit nonlinear term f(¢).
The stabilization term ﬂAt(meh , Vqy) is artificially added to ensure the unconditional stability for the linearized scheme
(3.5). The parameter S and 8 depends only on the geometry of 2.

n+1 n
Remark 3.2. The term —¢V(V - u) in (3.7) is a grad-div stabilized term to ensure the stability continuity
equation [113]. Thereafter, this allows us to obtain energy dissipation law under some approximate constant for ¢ without
restriction of time step size.

Remark 3.3. The motivation of numerical scheme (3.5) is from the following time stepping method

lunﬂ U 1 +1 +1 +1

m — n n
X 7At + K + VDouh —&" w,’;thﬁr';h =0, (3.11)
V-ultl =0. (3.12)

From (3.11), we immediately obtain
1
ultl = (7' + AR T [—AtVpE T+ Atg™T Wl Vol + ;u;h]. (3.13)

Taking the inner product of (3.12) by q, € Qup, utilizing the Green’s formula, and applying the discrete interface condition
of mass conservation (2.13), we derive

(', V) — BAL(Vph', Van) + (U - 0, qn) = 0.
Then inserting (3.13) into above equation, we conclude (3.5).

Remark 3.4. The artificial compressible technique is utilized in (3.8) for decoupling the velocity and pressure of Navier—
Stol§es system, which modified the incompressible equation into slight compressible equation. One can firstly compute
n+ b 1
y solving

n+1

uch

_ uch

o + € (uff, - V)l — V- QuDl ) — £ wl Vol + V(2ph, — piy ') = 0. (3.14)

9
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Then, p”“ is updated by the following process

n+1

1
Pt =plh - =V (3.15)

At

Remark 3.5. It is worth noting that the above developed scheme (3.2)-(3.10) is fully decoupled and linearized numerical
method for simulating CHNSD system. Indeed, (3.2)-(3. 3) (3.5),(3.6),(3.7),(3.8),(3.9) and (3.10) are completely decoupled

to obtain numerical approximations (¢ ", wit!), pitT, wlt!, wlbtt, piFl R and U™ successively. More details of

implementation shall be discussed in Section 3.2. Therefore, at each time step, one only needs to solve a sequence of
small linear algebra systems which will provide high efficiency in practice simulation.

We now proceed to prove the energy stability theorem as follows.

Theorem 3.1. The scheme (3.2)-(3.10) is unconditionally stable, in the sense that its approximation ( u;‘nﬁl, p”mJg], ?h* 1 p?,f 1
ot RV, U satisfies the following inequality:

£n+1 en < Dn+17 (3.16)
where the modified discrete energy &; is defined as

y ye ¢ At?
& =R + ;|U"|2 + —||V¢;:||2 + IV u’ 1>+ 7||p?h||2, (3.17)

n+1

and the energy dissipation D, is given by

n+l At” / uﬂ+]” +At” /ZV]D) n+l ” _"_ ”V¢n+1 Vd’;,l”z + |Rn+1 _Rn|2 + %'UTH*] _ Un|2

t?
+7llpch Pl I+ At (¢h)VwZ“II +SAt)gpt — ohl?
ozv\/a

FAt——— (P,u ! P, (3.18)
trace(]_[) ch ch

Proof. We firstly consider the full discretization (3.2) and (3.3) for Cahn-Hilliard equation. Taking v, = Atw"Jrl and

2y
((1)”“ —¢p)in(3.2) and (3.3), respectively, multiplying (3.10) by AtU"Jrl adding these resultants, and exploiting
the equallty (2.55), we derive

f[IIV¢>”“|I - IIV¢}JII2]+ Z[IU"“I2 — U U - U A (- Ve, w wi )
||V<z>"+l VRl — Atlly M(p)Vwy |12 — SAtllgp ™ — ¢pl1%. (3.19)
Next, we consider the conduit part. Taking the test function vy, = Atu’C”,;r Yin (3.7), we obtain
(! =l ult) + A ((ul, - V) ul ul) + f[nv ul 2 = V-l 121+ AtV 2Dl )|

f||v @ —ul)? — Atg™ T (wh Vel ulth) — At2pl, — pi ' V- ulth)

Atg"“ AtE1
+ 2 ((V uch) uch’ un+1) - 2 (uch uch’ u?fjl ”c)
av«/a
FAL P W ne) + At (Pl Pl ) = 0. (3.20)
trace(]])

Taking qn = A?p T, gy = — A2 (P! — 2p", + p' ) in (3.8), respectively, using (2.55), and adding these resulting
equations, we have

fAtZ[Ilp"“IIZ — P17 + lpk — pi 12 = NP5t — 2p0, + pi 1%
= —AHV -u"F! 2p" — pi-1). (3.21)
ch ch

ch >

Now, we estimate the term ||p”+1 —2p%, +th’1 |I> on the left hand side of (3.21). Taking the difference of (3.8) at time
step t"*! and time step t" to derive, for Vg, € Qq,

1
—(pit = 2pt + Pl an) = At(V-(u?h“ ul)), qn). (322)

10
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which implies

—np"“ —2p8, + PP < f||v @ —ul)l? (323)
Taking the sum of (3.20), (3.21) and (3.23) leads to
! —uf, ul ) + f[nv P =Vl 12T+ —[np"“ 12 = 1Ip% 111 + At|v2vD (i |

¢
+7||pch R A G Rt N (CHA S Ay

Al‘%‘n_H At.‘;"‘H

—AtE" N (W] Vel u "+1) + ((V uch) ug,, unH) 5 (ugy - ug, “Z:r] nc)
v/d
oty ong + =SV o p ey < 1 ||v (). (324)
trace([])
Then, we study the matrix part. Combined with (3.13), (3.5) can be rewritten as
(uit!, Vay) — BAL(VDPEEY, Vay) + (Ul - ne, qy) = 0. (3.25)
Choosing v, = Atu”mJg] and q, = —Atpﬁf,f in (3.6) and (3.25), respectively, we add these two equations to obtain
1
— (! — g, wnt D) + BAC| VP + AtIVE U — AT (wh Ve, un')
—At(ul -n.,ptly = 0. (3.26)

Multiplying (3.9) by At and adding (3.19), (3.24) and (3.26) together, we obtain

2 4
IR —IR"|2+*[|U”“| U ]+f[|IV¢"“II Ak ]+*[IIV w2 — IV -y )]

At?
+—[||p”“|| — P4 1I71 + SAtlgpt! — @plI* + At VR Tubt 12 + Atl|V2vD(l )2

2 2
+7||pch pe 1P+ |U"+l U+ IR™ = R + At/ M(op) Vw2
av+/d
+BAC VP I1? + ||V<z>”+1 Vérl® + Atifa’ruz,rl, Pougt)
Vtrace(J])
C
< w2 = S )P A — u) e, p), (327)
where (2.55) and the equality (uf" — g, uf, — u{.‘,:”) —[lul — u |12 are used.
In order to deal with the last term in (3.27), using Lemma 3.1, Young’s inequality and the definition of norm || - ||)2(m_v,
ie. [vlx,, = Ivl*+ IV - v||?, we obtain
At|((uf — ) - ne, piih| < CAtIUGT — uly lxg, | VPR
< fuu”“ — Iy, + CACVPIP
= f||u”“ —ufl® + ||V (i —ul)I” 4+ CA | Vpi . (328)
Therefore, combining (3.28), the inequality (3.27) leads to
gntl _gn < prHl (3.29)

if we impose 8 > 2C and ¢ > %, which only depends on the geometry of §2. This leads to the energy stability of the
numerical scheme (3.2)-(3.10) and completes the proof of Theorem 3.1. O

3.2. Issues of implementation

In order to achieve the fully-decoupled implementation, we split ait!, ufi!, pitt, pitl wit! @it yn+linto the

following linear combination by taking advantage of the scalar number £™1,

n+1 n+1 n+1,,n+1 n+1 n+1 n+1,,n+1

umh - 1mh + S uth’ uch - u1ch + %- u2ch ’ (3'30)
n+1 n+1 n+1,.n+1 n+1 n+1 n+1,.n+1

pmh p]mh +‘é>: pth’ pch _plch +‘§>: p2ch ’ (331)

11
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wZJrl — w);;l _’_$n+lwg;1’ ;11+1 n+l _’_sn+l 3;1, (3'32)
Uttt = gt o gn gt (3.33)
Substituting (3.32) and (3.33) into (3.2), (3.3) and (3.10), respectively, we obtain
pi — @
(= Loym) + (MVwii, V) =0, V gy € Vi, (3.34)
(Wi on) = ye(VO . Van) = LHIUT™ o) = S@I = ¢f.on) = 0. Y oy € Y, (3.35)
¢n+l
(S ¥n) + (- Ve, Yn) + (MVwh Vi) =0, V yy € i, (3.36)
4
(wg,f‘, wp) — y (VL V) — ;(H}ZUSH, wn) — S(P3 " wn) =0, ¥ wp € Yy, (3.37)
U;l+l Un ¢n+1 ¢;11
S g, Hh Thy 3.38
At 2( h At ) (3.38)
U£+1 1 ¢11+1
= —(H", i 3.39
At 2( At ) (3.39)

We continue to split (7", g5, wif!, wi), respectively, to obtain
¢n+1 ¢T$11 + U{l+1¢’112711, ¢n+1 ¢121$11 + Ug+1¢)21;117 (3.40)
wift = wil + UF Wil wiit = wiit + Ut wl (341)
Replacing (¢}, 5, wii!, wif!) in (3.34)-(3.39) by (3.40) and (3.41), and decomposing the derived equations according
to U™ and US™, the solution of the decoupled scheme can be obtained as follows:

Step 1: Find (¢!, wii!) € Yy x Yp, such that

¢ﬁ;’l ¢h n+1 —
(—— : s Yn) + (MVwiy,, V) =0, ¥ Yy € Yy, (3.42)
(Wit @n) — ye(Voil!, Von) — S@1, — @), wn) =0, Y wy € Yy (343)

Find (¢}, wih') € Yn x Yp, such that

¢n+l
( X: L Un) + (MVWiR, Vi) =0, ¥ ¢ € Yy, (3.44)
Y
(W, on) — ye(VolL, Von) — ;(H,’:, wn) — S(P, wn) =0, YV wp € Y (3.45)

Find (5, wii') € Yi x Ya, such that

¢11+]
( 21: L Un) (U V@R ) + (MVwii!, Vi) = 0, V ¢y € Y, (3.46)
(witl, on) — ye(VoSi!, Vo) — S(¢5h!, on) = 0, VY wy € Y. (3.47)

Find (¢35, wis') € Yi x Yp, such that

¢11+]
( 22: )+ (MVwiG! Vi) =0, V gy € Vi, (3.48)
(whi!, on) — ye(Voi!, Vo) — %(Hﬂ, wn) = S(@ s wn) = 0, ¥ o € Y (3.49)

Step 2: Find p'}\ € Qup, such that

—Atn(Vpi, Van) + n(u”mh, Van) — BALVDPIEE V) + (Ul - ne, gn) = 0, ¥ gy € Quun. (3.50)
Find pi"! € Qua, such that

—Atn(Vpitl Van) — BAL(VPEEL V) + Atn(wl, VR, Van) =0, VYan € Qun. (351)
12
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Step 3: Find u"! € X, such that

1mh
n
M o)+ KNl ) + (VP vn) = 0, Y vy € X

Find u}t! € X, such that
1 n+1
;(iir;h, vp) + Kb ) + (VPR vg) — (W Ve, o) = 0, ¥ v € X
Step 4: Find u/}}! € X, such that

1 1 "'h;] —ug,
vp) + 20D, D(vy)) — (2P, — Pl Vo v) + (V- SRV )

At
av/d
trace(])

n+1 n
(u]ch — U
e E—

At

n+1

b (Prulch »Prvh) =0, Vv, € X

+(p1mh; Vp - nc) +

Find u}}' € X, such that

n+1 n+1

u u
(= on) o (- V) ey, vn) + 20D, Do)+ £(V - =2V - 0y) = (w0, Vs, vn)

1 1
+5 (V- ) Gy, 0n) = (0 - Gy, 0 - 1) + (P, v 1)
avvd
LoV
Vtrace(])

Step 5: Find p;' € Qu, such that

(Poush! Povg) =0, ¥ vy € Xy

1
P15 an) = (0. an) — =V ultl q), ¥ qn € Q.
Find p5%' € Qe such that
1
(5t qn) = ——(V - ubtl q), V qn € Qe

At
Step 6: Find U]'*", such that

1 1 1
Ut — > (i P =U" + > (i P — > (Hi 1),

Find U;*!, such that

1 1
5 i N = 5 (Hi, o5ih),

by using (3.40) in (3.38) and (3.39). Step 7: Find £, such that

U£]+l[1 _

A(§n+1)2 + B%-TH»] + C = 0’
R+1

i i i i n+1 _
which is derive from (3.9) by plugging ™' = NG

1 At At
A= ;(u% u%) + At((ugy - Vug, u%]) + B3 ((V : u?h) ug,, “g;zl) - 7<“?h Uy, “gjh] M)

+AL(u - Vo wyth) — AW Ve, uy') — At(wny, Ve, W) — 2E",
1 1
B = (. ugy) + ;(“Tfﬂ — . ) + ;(“Tzﬁv i) + At((ug, - Viug, uih)

At At
+5 (V- uly) uly, ui)) — 7(ugh cul, wlhone) + At(u) - VR, wiih)
— At(wiy Vg, i) — At(wi, Ve, winy) + 2VER",
1
1
C = (ui}) —ug,, up,) + ;("'1#1 — Ui,

To summarize, the scheme can be implemented as follows:

13
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Algorithm 1: Implementation of decoupled method.
1. Solve (¢}, with) from (3.42)-(3.43), (¢}, wi!) from (3.44)-(3.45), independently;
Solve (@5, wii!) from (3.46)-(3.47), (¢!, wi') from (3.48)~(3.49), independently;

Solve pit! from (3.50), p5t! from (3.51), independently.

2: Solve ! from (3.52), u}t! from (3.53), independently;

Solve ut! from (3.54), ul*! from (3.55), independently.
3: Solve pt! from (3.56), p5! from (3.57).
4: Update U™ from (3.58), Uy*" from (3.59).
5: Update ¢, ¢!, wif!, wif! from (3.40) and (3.41), respectively.
6: Solve £™! from nonlinear algebraic system (3.60) by using Newton’s iteration.
7: Update ul+ !, ! p™t1 and p’t" from (3.30) and (3.31);
Update wy!, d),Z’“ and U™ from (3.32) and (3.33).

Remark 3.6. The scalar variable £™*! is solved from nonlinear algebraic Eq. (3.60) by using Newton’s iteration method
with an initial guess £"*! = 1. The cost of this computation is very small and is essentially negligible compared with the
total cost within a time step.

Remark 3.7. It is straightforward to verify that the solution to Eqgs. (3.2)-(3.10) is given by (3.30)(
(3.41) after solving (3.42)-(3.59). Therefore, (3.42)-(3.59) can be reverted to the numerical scheme (3.2
(3.30)-(3.33) and (3.40)-(3.41). Therefore, the energy stability of (3.2)-(3.10) implies that of (3.42)-(3.59

3.33) and (3.40)-
)-(3.10) based on
)-

3.3. Spatial adaptive strategy

The fully discrete scheme (3.2)-(3.10) leads to a sequence of discrete equations at each time step. As we know, for
an equilibrium profile ¢(x) = tanh(x/(+/2¢)), the phase function ¢ varies from —0.9 to 0.9 over a distance of about
2+/2 tanh™1(0.9). Therefore, if we take € as e, = mh/ [2+/2 tanh~(0.9)], we have approximately mh transition layer [114-
116]. This requires the fine discretization to accurately resolved. It is very costly to resolve the interface with a refine
uniform grid on whole domain. In order improve the numerical accuracy of diffuse interface problem, adaptive mesh
refinement are preferable to resolve the transition layer [117], namely, the locally fine mesh is utilized on interface layer,
since small sizes of spatial mesh only required across the thin interface region.

Owning to the works in [118,119], we resort an adaptive mesh strategy in this simulation with the following error
estimators 7 on element K:

nE = hK/ [Vo|?dx, VK € 3. (3.61)
K

The efficiency of adaptive mesh strategy is shown in Example 3 of Section 4.

4. Numerical examples

In this section, we present various numerical examples to illustrate the features of proposed model and numerical
methods. We first provide two examples to show the convergence accuracy and energy dissipation as presented in
Theorem 3.1. Secondly, the shape relaxation is investigated. Finally, the developed numerical method is adopted to study
the interaction of two bubbles under Buoyancy-driven flow in order to illustrate the applicability of the numerical method.

For the second order mixed formulation of the Cahn-Hilliard equation on the whole domain, we consider the quadratic
elements. For Darcy equation on porous medium, we consider the Taylor-Hood pairs. For Navier-Stokes equation on free
fluid region, we consider the celebrated Taylor-Hood elements. That is, for ¢ — w — u; — pn — U — p., We consider the
P, — P, — P, — Py — P, — P; elements. The stabilized parameters are S = 2, { = 5 and 8 = 2 in the following numerical
tests.

Example 1 (Convergence and Accuracy). Consider the CHNSD model problem on §£2 = [0, 1] x [0, 2] where porous region
m = [0, 1] x [0, 1] and free flow region 2. = [0, 1] x [1,2]. Set M, = 1,y =1, e =1, v=1,x =1, M, = 1 and

14
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Fig. 2. Log-Log plots of the L? error norms with different time step size At.

K = I. The exact solutions are chosen as follows

Pm = ¢m = Wy = Z(X)gm(y) cos(rt),
un =u. = [X*(y — 12, — 2x(y — 1)’]" cos(rt), (4.1)
pe = ¢ = we = g(x)gc(y) cos(mt),

where g(x) = 16x%*(x — 1)?, gn(y) = 16y*(y — 1)?, g.(y) = 16(y — 1)>(y — 2)%. The boundary conditions and source terms
correspond with the exact solution. We define the temporal L?>-norm errors between numerical solution v and exact
solution v(t,) as |lel|, = [lvy — v(ty)ll, where v = uc, Uy, pjm, ¢ with fixing spatial mesh size. The numerical test is carried
out up to terminal time T = 0.2. In order to perform the convergence test of the fully decoupled numerical method, we
take mesh size h = 3]—2 and time step size At = 0.02/2%, k = 0, 1,...,5. The numerical errors as well as a reference
line with slope 1 in the log-scale are displayed in Fig. 2, which indicates that the fully decoupled numerical method can
achieve the expected first order accuracy in time for variables u, u,, pr, and ¢.

Example 2 (Energy Dissipation). We simulate the discrete energy dissipation with initial condition
¢o = 0.24 cos(rx) cos(2y) + 0.4 cos(mx) cos(3my). (4.2)

on the computational domain £2 = [0, 1] x [0, 2], where §2,;, = [0, 1] x [0, 1] and §2, = [0, 1] x [1, 2]. The initial velocity,
pressure and chemical potential are set to zero. We choose M = 0.01, y = 0.01,¢ = 0.02,v =1, % =0.01,and K = 0.11.
The discrete mass f o ®rdx and discrete energy is presented in Fig. 3. From Fig. 3, we can clearly observe that the discrete
mass at any time level remains the initial value of mass, which illustrates the mass conservation of the proposed auxiliary
variable method. The discrete energy curve of the numerical solution does decay monotonically with time, which agrees
well with the theoretical result in Theorem 3.1 and validates the interface conditions (2.9)-(2.12).

In the following numerical experiments, adaptive mesh strategy is performed to improve the resolution of the auxiliary
variable method on the fundamental mesh. The root-level mesh is taken to be uniform with h = 31—2

Example 3 (Shape Relaxation to a Disk). We simulate the evolution of perturbed surface of the droplet in the domain
2 = [0, 1] x [0, 2], where £2,, = [0, 1] x [0, 1] and £2. = [0, 1] x [1, 2]. Parameters are M = 0.01, y = 0.01, ¢ = 0.01,
v=1, % = 0.01, and K = 0.1I. The initial ¢ is given in polar coordinates (r, @) as follows

x=(x,y)=(0.5+rcos(w),0.5+rsin(w)) 0<w <2m,

where r = 0.25 + 0.1 cos(new) and n is the oscillation mode. The initial conditions for velocity, pressure and chemical
potential are set to zero. The computations are performed for n = 4. The initial position and adaptive mesh are shown in
Fig. 4. Fig. 5 shows the dynamic morphotype of the bubble profiles and the corresponding adaptive meshes at different
time. This droplet relaxes to a desired circular shape under the effect of surface tension. Similar numerical results were
also presented in [120,121].

15
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Fig. 3. Evolution of discrete mass and energy.
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Fig. 5. The evolution of a phase variable to a disk and corresponding the adaptive mesh refinement.

Fig. 6 demonstrates the normalized mass, discrete total energy, and four components of total energy, namely, kinetic
energy Exin = [, 3 |uc|*dx, interfacial energy Eier = % [, |V¢|*dx and free energy of mixing Emix = £ [, F(¢)dx and
Ginzburg-Landau free energy Esee = Einter + Emix- In Fig. 6, we normalize the discrete mass at any time level by the initial
value. As graphed in Fig. 6(a), the mass is conservative of the proposed numerical method. Fig. 6(b) shows that the discrete
energy of the numerical solution is non-increasing with time and tends to a minimum value, which illustrates the energy
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Fig. 7. The enlarged adaptive mesh refinement on the restricted domain [0.5, 1] x [0.75, 1.25].

stability of proposed numerical algorithm. From Fig. 6(c), there is a fast drop of interfacial energy and a fast increase
of free energy of mixing at the beginning. The expected reasonable results verify the efficiency of developed decoupled
numerical method and clearly confirm the theoretical result proven in Theorem 3.1.

The adaptive meshes on domain [0.5, 1] x [0.75, 1.25] are illustrated in Fig. 7, in which the blue line represents the
interface between the binary phase fluids according to —1 and 1. It is worth noting that the evolution of interface can be
captured accurately. That is, the adaptive meshes are well concentrated near the interface region at each time step under
the adaptive strategy discussed in the previous section.

Example 4 (Buoyancy-Driven Flow). In this test, we study the evolution of a rising bubble in a heavier medium to illustrate
the capacity of proposed numerical method for the case with different density variations. Assuming the density difference
is small, we apply Boussinesq approximation [122,123] to simulate the influence of buoyancy. We add the buoyancy-
driven term B := —g¢@(,01 — p2) to the right side of Darcy Eq. (2.1) and momentum Eq. (2.6) in Navier-Stokes system. Here
p(p) = @(ﬁ + "‘zﬂ, p1 and p; are the corresponding densities of binary fluids, and g is the gravitational acceleration
with g = [0, g].

Choose the computational domain 2 = [0, 1] x [0, 1.5] and the parameters y = 0.01, ¢ = 0.01, v = 1, K = 0.11,
p1 =1, 0 =5g =98and M = /€2 + (1 — ¢)2. The initial position of phase function is located as shown in the
first figure of Figs. 8 and 9 for horizontal and vertical rising bubbles, respectively, where the phase ¢ = 1 represents a
lighter fluid and the phase ¢ = —1 represents a heavy fluid. The dynamics of bubbles are presented in Figs. 8 and 9 under
buoyancy force. From the morphotype evolution recorded in Fig. 8, one can clearly observe the coalescence of two kissing
bubbles and the shape deformation, eventually the rising of a single droplet across the interface between two domains.
From Fig. 9, we can see the deformation of two droplets due to the density different between two fluids. Then they merge
into a single droplet, and gradually evolve into the stable appearance. The reasonable results illustrate the applicability
of the proposed numerical scheme.

5. Conclusions

In this paper, a totally decoupled, linearized, and unconditionally stabilized auxiliary variable scheme is developed to
numerically investigate the Cahn-Hilliard-Navier-Stokes-Darcy system. By introducing two scalar energy variables, the
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(a) t =0.0 (d) t = 5.0
(f) t=17.0 (g) t =8.0 . ) t=11.0 )t =15.0

Fig. 8. The evolution of horizontal rising bubbles in a heavier medium from left to right row by row.

equivalent system is derived obeying corresponding energy law. We employ subtle semi-implicit approach to construct
the unconditionally stable linearized numerical scheme with explicit treatment for the nonlinear terms. In order to further
improve the computational efficiency, the artificial compression technique is utilized to decouple the velocity and pressure
in Navier-Stokes. Meanwhile, we carefully handle the interface conditions connecting the matrix and conduits. Hence we
eventually develop a fully decoupled numerical scheme. The finite element method is utilized in spacial discretization
to construct the fully discrete algorithm. Moreover, the unconditional stability of numerical scheme is achieved by
incorporating modular grad-div stabilization. Based on these ideas, the developed numerical scheme has several desired
features, such as the balance of computational efficiency and cost, the energy stability without time restriction, and the
linear algebra system with constant coefficients only. The energy stability of the proposed method is rigorously proven.
Moreover, we discuss the practical implementation details of proposed numerical scheme. Several numerical tests are
also provided for the validation purpose.

Data availability
Data will be made available on request.
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Fig. 9. The evolution of vertical rising bubbles in a heavier medium from left to right row by row.
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