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Abstract: Quantum linear system algorithms (QLSAs) have the potential to speed up algorithms
that rely on solving linear systems. Interior point methods (IPMs) yield a fundamental family of
polynomial-time algorithms for solving optimization problems. IPMs solve a Newton linear system at
each iteration to compute the search direction; thus, QLSAs can potentially speed up IPMs. Due to the
noise in contemporary quantum computers, quantum-assisted IPMs (QIPMs) only admit an inexact
solution to the Newton linear system. Typically, an inexact search direction leads to an infeasible
solution, so, to overcome this, we propose an inexact-feasible QIPM (IF-QIPM) for solving linearly
constrained quadratic optimization problems. We also apply the algorithm to ¢;-norm soft margin
support vector machine (SVM) problems, and demonstrate that our algorithm enjoys a speedup in
the dimension over existing approaches. This complexity bound is better than any existing classical
or quantum algorithm that produces a classical solution.

Keywords: quantum computing; interior point method; quadratic optimization

MSC: 90C20; 90C51; 81P68

1. Introduction

Linearly constrained quadratic optimization (LCQO) is defined as optimizing a convex
quadratic objective function over a set of linear constraints. Linear optimization is a
special case of LCQO that corresponds to the case where the objective function is linear.
LCQO has rich theory, algorithms, and applications. Many problems in machine learning
can be formulated as LCQO problems, including variants of least square problems and
variants of support vector machine training [1,2]. Some important optimization algorithms
also have LCQO subproblems, e.g., sequential quadratic programming [1].

The modern age of IPMs was launched by Karmarkar’s projective method for linear
optimization (LO). Since then, many variants of IPMs have also been applied to nonlinear
optimization problems, including LCQO problems [3,4]. Contemporary IPMs progress
towards the set of optimal solutions by moving within a neighbourhood of an analytic
curve known as the central path. [IPMs can be categorized according to whether or not the
the sequence of iterates produced by the algorithm satisfies feasibility. Feasible IPMs are
initialized with a strictly feasible solution and maintain feasibility in each iteration, whereas
infeasible IPMs start from an infeasible interior solution and do not require feasibility to be
exactly satisfied at any point of the algorithm. For LCQO problems with n variables, feasible
IPMs can produce an e-approximate solution using O(y/nlog(1/¢€)) iterations, whereas
infeasible IPMs require O(n?log(1/¢€)) IPM iterations to converge to an e-approximate
solution [5,6].

At each IPM iteration, a linear system needs to be solved to obtain the search direction,
called the Newton direction. This so-called Newton linear system is traditionally in the
form of the augmented system or the normal equation system. Classically, these linear
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systems can be solved exactly using Bunch-Parlett factorization if the matrices in the
systems are symmetric indefinite [7], or Cholesky factorization if the matrices are symmetric
positive definite. Solving the Newton linear systems using direct factorization approaches
requires the use of O(n3) arithmetic operations, which suggests that feasible IPMs based on
factoring methods cannot exhibit complexity better than O (n3°1log(1/€)), whereas, with
the partial update, they achieve O(n%log(1/¢)) arithmetic operation complexity. The linear
systems can also be solved inexactly using some inexact methods, e.g., Krylov subspace
methods, which may require fewer iterations if the desired accuracy of the solutions to the
linear systems is not high. However, inaccurately solving the Newton linear systems (i.e.,
the inaccuracy of the search directions) may result in the infeasibility of the sequence of
solutions generated by IPMs; therefore, they have only been used in infeasible IPMs.

The advent of quantum technology has led to the development of many quantum-
assisted algorithms for optimization and machine learning applications, such as linear
regression [8] and the support vector machine training problem [9]. Following the seminal
work on quantum algorithms for solving linear systems of equations [10], researchers have
been studying whether QLSAs could yield quantum speedups in classical optimization
algorithms. In particular, quantum IPMs (QIPMs) that utilize QLSAs to solve the Newton
linear system arising in each iteration have been proposed for LO problems [11,12] and
semidefinite optimization problems [13]. To maintain the feasibility of the iterates using
quantum subroutines, the authors of [13,14] introduce the so-called orthogonal subspace
system (OSS) for SDO and LO problems, and, in particular, demonstrate that a feasible
solution to the original Newton system can be recovered from an inexact solution to the
OSS. However, linearly constrained quadratic optimization problems, which are funda-
mental to both optimization and machine learning, have yet to be formally studied in the
quantum literature.

In this work, we generalize the OSS for LO problems in [14] to LCQO problems and
provide an efficient method for constructing the OSS using a quantum computer. Using the
OSS, we can obtain an inexact feasible IPM, solving for the search directions inexactly but
maintaining the feasibility of the iterates throughout the process of our IPM. The feasibility
of the iterates gives better IPM iteration complexity and the bottleneck becomes solving the
linear system, OSS. In particular, we show that a quantum implementation of our algorithm
with access to quantum RAM (QRAM) obtains an e-approximate solution to a given LCQO
problem with worst-case complexity

671,(2;,% (\/H<” (a_j + Umax(Q)) KyaQ + nz) ) ,

where @ = max; wk, Omax(Q) is the maximum singular value of the Hessian of the objective
function and «kyaq is the condition number of a matrix determined by initial data; see
Lemma 3. We also consider the application of /1-norm soft margin SVM problems, in which
case, an e-approximate solution is obtained with complexity

(I]Z

6’”'”"2’% <(m )’ (e + Umax(Q)) KyaQ + (m+ n)2'5).

Here, m is the number of features and 7 is the number of data points. @, Q, and kyag
are defined similarly from the LCQO formulation of the SVM problem; see Section 4. The
dependence on dimension is better than any existing quantum or classical algorithm.

The rest of this paper is organized as follows: in Section 2, we introduce IPMs for
LCQO and the OSS system; in Section 3, we discuss how to use quantum algorithms to
find the Newton directions and analyze the complexity of our IF-QIPM; in Section 4, we
apply our IF-QIPM to the support vector machine problem. Discussions are provided in
Section 5, and some technical proofs are moved to the Appendix A and Appendix B.
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2. Preliminaries

In this section, we introduce notations before reviewing the theory of IPMs applied to
LCQO, and derive the OSS system for the class of problems.

2.1. Notation

Vectors are typically represented by lower-case letters. We write 0, when referring
to the n-dimensional all-zeros vector, and the n-dimensional all-ones vector is denoted by
e;. When the dimension is obvious from the context, we may write O or e, respectively.
Matrices are typically represented with upper-case letters. The identity of dimension n
is denoted by I, x,, and 0,xm represents the n x m-dimensional all-zero matrix, again,
dropping these subscripts when the dimension is obvious from the context. For a general
n x m-dimensional matrix H, we write H;. to refer to its ith row, and, similarly, denote the
jth column by H.;. For the (i, j)th element of H, we write H;; or H; ;.

For real-valued functions f1, f», and f3, we write

fi=0(f2)
if there exists a positive number k4 such that f; < k4 f,. We write
fi=04(f)

if there exists a positive number ks such that f; < k5 f, x poly log(f3).

2.2. IPMs for LCQO
In this work, LCQO is defined as follows.

Definition 1 (LCQO Problem). For vectors b € R™, ¢ € R", and matrices A € R™*" and
Q € R with rank(A) = m < n and Q symmetric positive semidefinite, we define the primal
and dual LCQO problems as:

1
min ¢/ x + %xTQx, max bTy — ExTQx,
(P) st Ax= b, (D) st. ATy+s—Qx=c¢, @
x>0, s 20,

where x € R" is the vector of primal variables, and y € R™, s € R" are vectors of the dual variables.
Problem (P) is called the primal problem and (D) is called the dual problem.

Since A is of full row-rank, A does not contain any null rows, and we further make
the following assumption on matrix A.

Assumption 1. Matrix A has no all-zero columns.

Remark 1. Suppose that A has zero columns. Without a loss of generality, assume that the nth
column is all-zero. Introducing a new variable x,,. 1, we can rewrite the problem as

T T
. e x 17 «x 0 0nx1] [ x ]
min + = ,
|:0:| |:xn+l:| 2 [xn+1:| [len 0 Xn+1
" A1 [ A(}’I—l) 0m><1 0m><1 X _ b
B VR 0 1 =1 | [*n41 0|

x>0, x,41 >0.

The new LCQO problem is equivalent to the original one, and contains fewer all-zero columns.

Iterating this procedure to eliminate each of the all-zero columns, we obtain a new LCQO problem
satisfying Assumption 1 with no more than 2n — m variables and n constraints in the worst case.
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Assumption 2. There exists a solution (x, y, s) € R" x R™ x R" such that
Ax=b, x >0, ATy—l—s—Qx:c, and s > 0.
The set of primal-dual feasible solutions is defined as
PD = {(x, y,s) ER"XR" xR": Ax =b, ATy—i-s— Qx=c¢, (x,3) > O}
and, similarly, the set of interior feasible primal-dual solutions is given by
PDY = {(x, Y, 5) ER"XxR" xR": Ax = b, ATy—i—s—Qx =c (x,8) > O}.
By strong duality, the set of optimal solutions can be characterized as
PD* ={(x,y,s) € PD:xs =0},

where xs denotes the Hadamard, i.e., component-wise product of x and s. Let € > 0; then,
the set of e-approximate solutions to Problem (1) can be defined as

PD. = {(x, y,s) € PD:xls < ne}. )

Let X and S be diagonal matrices of x and s, respectively. Under Assumption 2, for all
u > 0, the perturbed system of optimality conditions

Ax =1,
Aly+s—Qx =g, 3)
XSe = pe,
(x,8) >0

has a unique solution (x(p), y(u), s(#)), and this set of solutions gives rise to the primal—-
dual central path

CP = {(x,y,s) € PDO|x;s; = pfori € {1,...,n}; for u > 0}.
IPMs apply Newton’s method to solve system (3). At each iteration of infeasible

IPMs, a candidate solution to the primal-dual LCQO pair in (1) is updated by solving the
following linear system to find the Newton direction:

A 0 0] [Ax p
-Q AT 1| |Ay| = |r4, 4)
S 0 X]||As Te
where
rp = b— Ax

rg=c—ATy—s
re = opue — XSe,

are residuals, and ¢ € (0, 1) is the barrier reduction parameter. If rp =0and ry; = 0, then
the solution (x, y, s) exactly satisfies primal-dual feasibility. We can also define residuals
in different ways as we will show later. Once the Newton direction is found, one can
move along the direction but has to stay in a neighbourhood of the central path, which is
defined as

No(9) = { (x,,5) € PD|[|XSe — pell> < 6p}, 5)

where 6 € (0,1).
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Until relatively recently, inexact solution approaches to solve the Newton linear sys-
tem (4) had only been utilized in inexact infeasible IPMs (II-IPMs). For LCQO problems,
ref. [6] proposes an II-IPM using an iterative method to solve the Newton systems and
obtains a worst-case iteration complexity O (n? log(%)). On the other hand, feasible IPMs
for LCQO problems enjoy O(y/nlog(2)) iteration complexity [15-17]. In [5], the author
provides a general inexact feasible IPM for LCQO problems but does not discuss how
the sequence of iterates could be guaranteed to maintain primal-dual feasibility exactly
when using inexact linear system solvers. This is a vital consideration, as the feasible
neighborhood of the central path as outlined in (5) is a subset of the primal-dual feasible
set; if primal and dual feasibility are not satisfied exactly at any point in the algorithm, the
iterates leave this neighborhood and the method fails. Our work fills this gap by using a
method inspired by the QIPMs of [13,14].

2.3. Orthogonal Subspaces System

Assume that (v, y, s) € PD. To maintain the feasibility of the primal and dual
variables, the first two linear equations in system (4) need to be solved with r, = 0 and
rq4 = 0 exactly, which can be guaranteed if Ax lies in the null space of A, denoted as
Null(A), and As = QAx — ATAy. Accordingly, we can rewrite system (4) by representing
Ax as a linear combination of basis elements of Null(A). To achieve this, we partition A as
A= [A B A N] , where Ap is a basis of A. Then, we construct the following matrix:

-1
V= {AB ?N]

Matrix V has a full column rank and satisfies AV = 0, i.e., the columns of V span the
null space of A. Let Ax = VA, where A € R"™™ is the unknown coefficient vector used to
determine Ax. Subsequently, we can rewrite system (4) by substituting Ax and As in the
third equation as

SVA + X(QV/\ — ATAy> =r.& [SV+XQV —XAT]. [A)‘y} = 7. (6)

A similar system was proposed and called “Orthogonal Subspaces System” (OSS)

in [13,14], and we use the same name in this work. The matrix in the OSS system (6) is of

size n X n, and it is nonsingular. Even if the OSS system is solved inexactly, primal and

dual feasibility are preserved by computing Ax = VA and As = QVA — ATAy. Thus, we

can conclude that any inexactness will only impact the third equation of (4), i.e., r, = 0 and

4 = 0. This property of the OSS system is very convenient when analyzing the proposed
inexact IPM, and allows us to obtain the best known iteration complexity for IPMs.

3. Inexact Feasible IPM with QLSAs

In this section, we propose our IF-QIPM for LCQO problems. We begin with the
IF-IPM structure introduced by [5] and describe how to quantize it into an IF-QIPM. Then,
we analyze the construction of the OSS system and conclude by analyzing the overall
complexity of our IF-QIPM.

3.1. IF-IPM for LCQO

In [5], the author studies a general conceptual form IF-IPM for QCLO problems by
assuming the feasibility of the primal and dual iterates, which induces the following system:

A 0 0][Ax 0
-Q AT 1| |Ay| =0/, )
S 0 X||[As e

where r. = ope — XSe, with 0 € (0,1) being the reduction factor of the central path
parameter y, i.e.,, u*“ = ou. When system (7) is solved with 7. = opue — XSe inexactly
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yielding an error 7, if |72 < J||r¢||2 for some 6§ € (0,1), the inexact IPM converges to
an e-approximate solution to Problem (1) in at most O(y/nlog(1/€)) iterations. As we
mentioned earlier, it is not specified in [5] how to preserve primal and dual feasibility when
system (7) is solved inexactly. Thus, it is presently not clear whether one could recover the
convergence conditions described in [5] using inexact approaches, which are reliant on the
assumption of primal-dual feasibility (see, e.g., system (7)).

Now, we present a general procedure of how to solve system (7) inexactly, while the
inexactness error occurs only in the third equation of system (7). Let (A, Ay) be an inexact
solution for system (6) and r be the error at this solution, i.e.,

A
—XATT. =
[SV+XQV —XAT| [Ay} Te + 7.
The corresponding Newton step
Ax =VA
As = QAx — ATAy
satisfies
A 0 O Ax 0
-Q AT 1| -|ayl=1| 0
S 0 X As re+r

Recall that once (A, Ay) is determined, then (Ax, As) is also (uniquely) determined.
An interesting property is that, if (A, Ay) and (Ax, Ay, As) can be deduced from each other,
then the OSS system and system (7) yield the same error term r. Hence, the convergence
conditions built upon system (7) can be directly examined using the residual . and error r
of the OSS system. Let epsg be the target accuracy of the OSS system (6), i.e.,

[(A =A%, Ay — Ay™) |2 < eoss,

where (A*, Ay*) is the accurate solution. According to [5], in order to guarantee that the
IF-IPM converges, we must have

A
7[> = H[sv+xgv —XAT] . [Ay} —7c
<||[sV+XQV —XAT]|,e0ss
< Ofrell2,

2

where 6 € (0,1) is a constant parameter. Therefore, to ensure the convergence of the IF-IPM,
it suffices to set

l[7ell2
SV+XQV —XAT]

€0ss <0 :
I I,

The IF-IPM is presented in full detail in Algorithm 1. In each iteration, we build and
solve system (6) classically. We solve system (6) to the accuracy just introduced above
and then compute the feasible Newton step from the inexact solution and take a full
Newton step.
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Algorithm 1 Short-step IF-IPM

: Choosee > 0,0 € (0,1),0 € (0,1),€ (0,1)and o = (1 — %)
k<0

: Choose initial feasible interior solution (x%,°,s%) € N'(9)

. while (xX,y¥,s*) ¢ PD. do

‘uk - (xkleSk

ebss  Ollrkll2/||[SkV + XkQvE  —Xx*AT]|,
(AKX, Ay¥) < solve system (6) with accuracy e’é S5
Axk = VAK and Ask = — AT AyF
(xEHT k1 k1) o (xk gk F) 1 (AxK, Ayk, Ash)
k+k+1

: end while

. return (x*, ¥, sF)

R N A U o o

_ =

In the quantume-assisted IF-IPM, or IF-QIPM, we propose accelerating Step 7 using
quantum subroutines. In the next sections, we investigate how to use quantum algorithms
to build and solve the OSS system and obtain the Newton direction.

3.2. IF-QIPM for LCQO

The pseudocode of our IF-QIPM is presented in Algorithm 2. At each iteration of
the IF-QIPM, we construct and solve system (6) and compute the Newton direction using
quantum algorithms. To obtain an epgs-approximate solution of system (6), we first block
encode system (8); see Appendix A. Then, we use quantum algorithms to solve for an
€Qrsa-approximate solution of system (8). This solution is normalized but we can rescale
it to obtain an epgs-approximate solution of system (6). Details are discussed later in
this section.

Algorithm 2 Short-step IF-QIPM

1: Choose € > 0,4 € (0,1),6 € (0,69), p € (0,1) and o = (1 — L)
2: k<0

3: Choose initial feasible interior solution (x%,1°,s%) € N/(9)

4: while (xX,y¥,s%) ¢ PD. do

5 ‘uk - (xkr)szk

6 ebs < allrkll/ (V2I|[SFV + XFQUE —xFAT]|,)

7. (AK, AyF) < solve system (6) with accuracy €k ¢ quantumly
8  Ax* =VAFand Ask = —ATAYF

9: (xk+1/yk+1lsk+l) — (xk’yk’ sk) + (Axk, Ayk, Ask)

10 k<« k+1

11: end while

12: return (xK,yk,s)

Here, 6y < 1 and its value will be discussed later. First, we introduce some notations
to simplify the OSS system. In the kth iteration of Algorithm 2, let

/\k
k _ [ck k _ywkaT k _
MK = [$kV + XkQV  —XkAT], 2 [Ayk}

Then, the OSS system can be rewritten as

MFZF =7k,
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As discussed in [14], to solve the OSS system (6) using quantum algorithms, we can
first rewrite it as the normalized Hermitian OSS system

1 [ 0 Mk} ' [0} B 1 [r’g] ®)
V2[[ M LT 0 |2 o] Mo
To use the QLSAs mentioned earlier, we need to turn the linear system (8) into a

quantum linear system using the block encoding introduced in [18]. To this end, we first
decompose the coefficient matrix in linear system (8) as

1 0 MY 1 [0 o], 1 o Mt
\/EHMkHF[(M")T 0}_ﬁ||MkHF[(Mk)T o]*mwkﬂp[o 0], ©)

where
O O On)(n On)(n Oi’lX?l
|:(Mk)T 0] = O(n—m)xn v O(n—m)xn X
Omixcn Omxn —A

(10)

OHXH OI’lX}’l 0n><n Oi’l><7l IVan

0n><n On><n Onxn Onxn On><n
Sk Onxn + On><n Q 0n><ﬂ

0n><n OVan
Xk 04l |-
XK Opxen

To compute matrix V, we need to find a basis matrix Ag of matrix A and we need to
compute the inverse matrix Agl. Both steps are nontrivial and can be expensive. However,
we can reformulate the LCQO problem as follows:

1
min cTx + ExTQx

!/
L [1ooa ;‘,, b
I R B} T |=b
x
x>0, x>0x">0.

In this case, we have an obvious basis

I 0
el
and matrix V can be constructed efficiently
I O] A A
-1
v:[AB_‘I“N}: [o 1] [A} = |-A]l.
—I -1

Since matrix A has no all-zero rows, matrix V has no all-zero rows either. This property
of the reformulation is useful in the analysis of the proposed IF-QIPM but we do not want
to build the complexity analysis on the reformulated problem. Thus, without a loss of
generality we may make the following assumption.

Assumption 3. Matrix A is of the form A = [I  Ay].
To simplify the analysis, we further assume that the input data are integers.

Assumption 4. The input data of Problem (1) are integers.

Based on the two assumptions above, we have the following lemma.
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Lemma 1. Matrix V equals
_ |AN
v=[%]

and
min {[|V;[3} = min{1, min [[(An)i]3} =1,
i=1,...,n i=1,....m

where V;. and (AN );. are the ith row of V and Ay, respectively.

Now, we are ready to give ) in our definition of the central path neighborhood; see (5).

We set . .
6 = mi ) . 11
0 mm{sﬁ 4||QVVT||F+1} )

We also define w* as the maximum of the values of primal variables and dual slack
variables in the kth iteration.

Definition 2. Let (xk, yk, sk) be a candidate solution for Problem (1); then,

Wb = max {xF sk}
ie{l,...n}

As is standard in the literature on quantum algorithms, in this work, we assume access
to quantum random access memory (QRAM). Then, Step 7 of Algorithm 2 consists of three
parts: 1.) use block encoding to build system (8); 2.) use QLSAs to solve system (8); 3.)
use quantum tomography algorithms (QTAs) to extract the classical solution. We use the
block-encoding methods introduced in [18] to block-encode linear system (8).

Proposition 1. In the kth iteration of Algorithm 2, using the block-encoding methods introduced
in [18] and the decomposition described in Equations (9) and (10), a

2 2 k
( VI IATEVR i + v2+ 1), O(polylogn), eQLSA)

|| MK|[F Ki/[k

-block-encoding of the matrix in system (8) can be implemented efficiently and the complexity will be
dominated by the complexity of the QLSA step. Here, s a is the accuracy required for the QLSA
step and x g is the condition number of matrix MF.

Proof. See Appendix A for proof. [

Provided access to QRAM, the complexity associated with block encoding the OSS
system coefficient matrix and preparing a quantum state encoding the right hand side
amounts to polylogarithmic overhead. The cost of these steps is therefore negligible when
compared with the complexity contributed by QLSAs and QTAs, so we ignore it here. To
bound the total complexity contributed by QLSAs and QTAs, we first need to analyze the
accuracy of QLSA characterized by egrs4, the accuracy of QTA characterized by egra, and
their relationship.

In each iteration, we use a QLSA to solve the block-encoded version of system (8)
and obtain an €g;ss-approximate solution. Then, we use a QTA to extract an egra-
approximate solution from the quantum machine. In the context of QLSAs and QTAs, if Z
is an e-approximate solution of z, then Z satisfies

Observe that this definition of accuracy differs from the concept of e-approximate
solutions defined in (2).

I3\
N

N

=
N
=N
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Similar to [12,13], the QLSA we use is proposed by [19] and the QTA we use is
proposed by [20]. Following the argument in Section 2 in [12], we can establish the
relationship among €g;s4, €974, and €](()SS as

1 V2[MME &
€QLsA = €QTA = 5 W€OSS/ (12)
c

where ":I((DS ¢ is defined as the /> norm of the residual when solving system (8) inexactly in
the kth iteration. This coefficient is also used to rescale the solution. According to [12], we
rescale the normalized solution obtained from QLSA and QTA by

&1l

V2| MK

to obtain the e’és g-approximate solution for system (6). Here, we did not add superscript
to €egrsa and egra, and the reason shall be revealed later. Let

Ok
2]
be an inexact solution for system (8) in the kth iteration. Then, the norm of residual of

system (8), which is €k s, and the norm of residual of system (6), which is || MFzK — k||,
satisfies

P 1 {0 Mk] [Ok}_ 1 m
055 | V2IIME|[e LMOT 0 J{24] 2 Mk LO] |,

- |7 Lowro] - s )

2
1 1
> R V)7 —1
V2| MK|| g V2| MK 6|,
1
> ——— || Mk — K.
V2|| MK ‘

Recall that the error arising from the OSS system (6) is the same as the error in the full
Newton system (7); then, we can directly use the convergence condition in [5], i.e.,

k sk k k
HM = rc”Z < 5||rc||2'

We can require
IMF2" — rgll2 < V2 M ||pebss < 6l7Ell2

and it follows that .
S|irell2
k c
€ < —
VAT T

Then, choosing

K 8|7k ||

- ||Mk||P€I(()55 :5

€ = ———"—andepisa = €0TA = —F—— >
RV )V P © N
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ensures the convergence of the IF-QIPM. The complexities for each step are also available
now. Using the QLSA from [19] and QTA from [20], we have the complexity for QLSA

and QTA:
k
~ w
s = 0o (s i)

>‘On'wi< - T )

)
Since we have egra = 5 and d € (0,1) is a constant parameter, we omit €gry4 in the

~ n
Tora = O (
QTA n ot

Big-O notation. Note that the complexity of the block-encoding procedure is dominated by
that of QLSA and QTA and thus we ignore the complexity contributed by block encoding.
In Step 8, the complexity contributed by computing Newton step from OSS solution is
O(n?). The total complexity for the kth iteration of IF-QIPM will be

k
AN nw KMk 2
O(TQTA +n ) = On,d),% (”]\/IkHF +n > (13)

3.2.1. Bound for w* /|| M| ¢

In this section, all of the quantities that we consider are from the kth iteration. For
simplicity, we omit the superscript k in this section unless we need it. Using the property of
trace, we have

IMI% = (MTM)
((
((

- tr(svas) + tr(XviTs) 4 tr(svaQX) + tr(XQVVTQx) + tr(XATAX).

=tr((SV + XQV)(SV + xQV)T + XATAX)

=tr((SV + XQV)(SV + XQV)T) + tr(XATAX)

For the non-symmetric term, due to the cyclic invariant property of trace, we have
tr(XQVVTs) - tr(SXQVVT).

Recalling the central path neighborhood that we defined in (5), we define a matrix E
such that

E— ;G(xs _u). (14)
It is obvious that E is a diagonal matrix and satisfies
[Eell2 <1,
which leads to
|tr(E)| < ||Ee|ly < Vn||E||r = V/n||Ee|l < vVnand I —E > Oand I + E > 0.
With this, we can have
tr(XQVVTS> - tr(SXQVVT)
= tr((6pE +p1)QVVT)
- tr(GyEQVVT) + tr(yQVVT).
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For the second term, we know that Q and VT QV are both positive semidefinite. Thus,
we can have

tr(viT) - tr(VTQv) >0

because of the cyclic invariant property of trace. According to the Cauchy-Schwarz in-
equality, we have

2
w(EQvvT)” < EIRIQVVT .

Thus, we have
tr(EQVVT) > —[|QVVT||p.

Thus, we have
tr(XQVVTs) - tr(GyEQVVT) + tr(yQVVT)
> p(tr(QvvT) —olQvvTe)

> —0ul|QVVT|E
> _F
- 4

where the last inequality holds due to condition (11). Thus, we can bound || M||r by
IMI} =tr(SVVTS) + tr(XQVVTS) + tr(SVVTQX)
ttr (XQVVTQX) ttr (XATAX>
> T T T _K
> tr(SVV s) + tr(XQVV QX) + tr(XA AX) L
Since XQVVTQX = 0, we have
2 T T K
M2 > tr(SVV s) + tr(XA Ax) L
Since X and S are both positive diagonal matrices, we have

IM]||F > tr(svas) —i—tr(XATAX) _ g

=Y st (VVD) i+ Y xf(ATA); — %
i i

> w? — %

As we mentioned in the very beginning of this section, at each iteration, w is indeed
w*, but the superscript is ignored here. Now, we aim to find a bound for y so we can further
bound ||M||2. Since w is the upper bound for the magnitude of the primal and dual slack
variables, we have

w? > X;S;.
Recall the definition of matrix E; see (14). Thus, we have
w? > xis; = p+ OuE; > p—0p = (1 - 0)p.

Thus,

MR > w? - E >0 -
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where the last inequality follows from the bound for 6; see (11). Thus, we have

3.2.2. Bound for 1

Similar to the previous section, we ignore the superscript k unless we need it. We
will start with a general result and then work on the matrix M¥. The following lemma is
a well-known result regarding condition numbers of matrices and can be proven using
Courant-Fischer-Weyl min-max principle [21].

Lemma 2. For any full row rank matrix P € R™" and symmetric positive definite matrix
D e R™", their condition number satisfies

x(PDPT) < x(D)x(PPT).

Next, we analyze the matrix in the OSS system (8). Specifically, we focus on MT M
since we are interested in the spectral property of the OSS system (8). Using the matrix E
defined in (14), we have the following decomposition:

MTM — VI(S+XQ)T(S+XQ)V —VTI(S+XQ)TxAT
T —AX(S+XQ)V AX2AT
VIS +XQ)T(S+XQ)V  —VTu(eE)AT — vIQTX2AT
| —Au(fE)V — AX2QV AX?AT
VT 01[(S+XQ)T(S+XQ) —ubE—Qx?|[vT o0]"
10 A —ubE — X2Q X2 0 A|°

The second equality holds because
—VIsXAT —vIQTX2AT = —vTu(1+6E)AT — vIQTX2AT
= —VTuBE)AT —vTQX2AT,

as AV = 0 and Q is symmetric. Then, plugging (14) into the first diagonal block of the
decomposition we obtained earlier, we have

T~ [VT O] ([S2+2uQ+ u6(EQ + QE) + QX*Q  —pbE — QX*]\ [VT 0 T
1o Al\| —ubE — X2Q X2 0 A
VT 0]/ [S?*+2uQ+ ub(EQ+ QE) —ufE] . [Qx2Q —0Qx2]\[vT o0]"
“lo al\] —ufE o | T X2Q X2 0 A
vl o] /[1 —Q][S*+2uQ fyeE 0
“lo al\|lo 1]| —peE I

Sl wf T
2 =5 | P

The first two matrices are nonsingular, so we can apply the Lemma 2, and thus we
only need to study the middle matrix. Denote the middle matrix by ¥. Observe that ¥
is almost the same as its counterpart in [14]. Subsequently, we have the following result
regarding the spectral property of M¥.



Entropy 2023, 25, 330

14 of 21

Lemma 3. When (x,y,s) € N'(0) and 6 € (0, min{

ber of matrix MF satisfies

11 " )
3 AOVVTT }), the condition num

k\2 k
Ko — O((w ) +Zk(7max(Q)KVAQ>,

where kyaq is the condition number of the matrix viool[r -Q
© 0 A0 I]

Proof. The proof is in Appendix B. O

Putting all of these together, we have the complexity for our IF-QIPM for LCQO
problems.

Theorem 1. The IF-QIPM for LCQO problems stops with the final duality gap less than € in at

most O (\/ﬁ log(1/ e)) IPM iterations and, in each IPM iteration, the Newton direction can be

obtained with complexity 6;1 o1 (n (‘%2 + O'max(Q)) KvaQ + nz), where @ = max; w.

Proof. The complexity bound for the IPM iterations comes from the result in [5]. According
to (13), the complexity for obtaining the Newton direction is

k
~ NwW" K sk
O 1| =M 4 n?).
n,0,¢ < ||Mk||1:

Combining this with the result in Sec. 3.2.1, the bound in Lemma 3, and ptk > €, we

have ;
-2
~ nw KMk 2 _ ~ w 2
O”@/l< an +n ) = On,d],% <n(€ +U'max(Q>)KVAQ+Tl )

O

4. Application in Support Vector Machine Problems

In this section, we discuss how to use our IF-QIPM to solve SVM problems. We show
that our algorithm can solve ¢1-norm soft margin SVM problems faster than any existing
classical or quantum algorithms with respect to dimension.

The ordinary SVM problem works on a linearly separable dataset, in which the data
points have binary labels. The ordinary SVM aims to find a hyperplane correctly separating
the data points with a maximum margin. However, in practice, the data points are not
necessarily linearly separable. To allow for mislabelling, the concept of a soft margin
SVM was introduced in [22]. Let {(¢;,¢;) € R™ x {—1,+1}|i = 1,...,n} be the set of
data points, ® be a matrix with the ith column being ¢;, and Z be a diagonal matrix with
the ith diagonal element being ¢;. The SVM problem with an /;-norm soft margin can be
formulated as below.

. 1,
—|wl|3 +C
i gl Il
s.t. gi(<w,¢i>+t)21—(:,‘,1'21,...,7’[
CiZO,izl,...,n.

(15)

Here, (w, t) determines a hyperplane and C is a penalty parameter. In [9], the authors
rewrote the SVM problem as a second-order conic optimization (SOCO) problem and used
the quantum algorithm that they proposed to solve the resulting SOCO problem. They
claim the complexity of their algorithm has O(n?) dependence on the dimension, which
is better than any classical algorithm. However, the algorithm in [9] is invalid. Their
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algorithm is an inexact infeasible-QIPM (II-QIPM), while they used the IPM complexity for
the feasible-QIPM, which ignores at least O(n!) dependence on 1. They also missed the
symmetrization of the Newton step, which is necessary for SOCO problems and makes
their Newton step invalid.

Aside from [9], some pure quantum algorithms for SVM problems are also proposed.
In [23], the authors propose a pure quantum algorithm for SVM problems. They claim the
complexity is O (x3;e~3log(mn)), where kg is the condition number of a matrix involving
the kernel matrix and € is the accuracy. In the worst case, k.t = O(m). Their complexity is
worse than ours regarding the dependence of dimension and accuracy. In addition, their
algorithm does not provide classical solutions. Namely, the solution is in the quantum
machine and we cannot read or use it in a classical computer. However, our algorithm
produces a classical solution.

To convert the problem into standard-form LCQO, we introduce (w,w_) € R} x RY,
(ty,t-) € Ry x Ry, and a slack variable p € R’.. Then, we can obtain the following
formulation:

) 1
w+lwfrr1tl+rt*rglp E
st.i((wy —w_, i)+t —t_ )+ —pi=1,i=1,...,n

(gl Wy, w—, ty, t—/P) > 0.

ooy — w13+ Clig ]

This is a standard-form LCQO problem with non-negative variables (w4, w—_,t4,t_,¢,
p) € R" x R™ x R x R x R" x R" and parameters

(0242
c=| Cey
L On
[ Tnxm —Inxm 0m><(2+2n)
Q= —Inxm Lnscm 0m><(2+2n)
0@ 2n)xm O@t2n)xm  O42n)x(2+2n)

A=[20T —ZOT Z —Z lixn —luxn)
b=e.

Thus, we can use the proposed IF-QIPM for LCQO problems to solve the ¢1-norm soft
margin SVM problems and obtain an e-approximate solution with complexity

~ -2
Opin,o,1 ((m +n)l (“; + Umax(Q))WAQ + (m+ n)2~5),

This dependence on dimension is better than any existing quantum or classical algorithm.

5. Discussion

In this work, we present an IF-QIPM for LCQO problems by combining the IF-IPM
framework proposed in [5] and the OSS system introduced in [14]. Our algorithm has n!->
dependence on 1, which is better than any existing algorithms for LCQO problems. The
dependence on the accuracy is polynomial, which is worse than classic IPMs. Iterative
refinement techniques might help to improve the dependence on the accuracy but they are
beyond the discussion of this work.
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Abbreviations

The following abbreviations are used in this manuscript:

IF-IPM Inexact Feasible Interior Point Method
IF-QIPM  Inexact Feasible Quantum Interior Point Methods

IPM Interior Point Method

LCQO Linearly Constrained Quadratic Optimization
LO Linear Optimization

0SS Orthogonal Subspace System

QIPM Quantum Interior Point Method
QLSA Quantum Linear System Algorithm

QTA Quantum Tomography Algorithm
SOCO Second-Order Conic Optimization
SVM Support Vector Machine

Appendix A. Block Encoding of the OSS System

In this section, we ignore the superscript k for simplicity. As described in Equation (9),
we first block encode each of the matrices involved in (10). We assume that V, A, S, and X
are given and are stored in a quantum accessible data structure (we ignore the complexity
to store the classical information into the quantum machine). For the first matrix

Onxn Onxn Onxn
M; = O(nfm)xn d O(nfm)xn ’
mxn Omxn —A

(\/ IVI2+]A] %,0<polylog<n>>,el)

-block-encoding of M; can be implemented efficiently according to Lemma 50 from [18].
The second matrix
OHXH OHXH

M2 = S Onxcn

Oan OHXH

is both one-row-sparse and one-column-sparse. By the definition of w, each element of
M, /w has an absolute value of at most 1. According to Lemma 48 in [18], a

(1, O(polylog(n)),€2)

-block-encoding of M, /w can be implemented efficiently.
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The third matrix
OHXH OHXTZ 0n><n
M3 = [Onxn Q Onxcn
OHXYL OHXH IHX]’I

can be decomposed into

+ 01’l><?l 071><71 OHXI’I .

07’l><1’l Q 01’l><?l

011><1’l 071><1’l OHXH

Onxn Onxn Onxn Onxn Onxn Onxn
M3 =

OHXH 011><1’l I}’lXi’l

Then, we can block encode the two matrices first, and then apply a linear combination
to obtain Mj3. In fact, a

(I Qe O(polylog(n)), e3)

-block-encoding of the left matrix can be implemented efficiently according to Lemma 50
from [18] and a
(1, O(polylog(n)), 3)

-block-encoding of the right matrix can be implemented efficiently according to Lemma 48
in [18]. With the state-preparation cost of the linear combination coefficient vector (1,1)
neglected, a

(IQllr +1,O(polylog(n)), ([ Qllr +1)e3)

-block-encoding of M3 can be implemented efficiently according to Lemma 52 from [18].
The fourth matrix

Oi’le’l OﬂX}’l
My=1| X Ouxn
X 07l><7’l

is one-row-sparse and two-columns-sparse. After being scaled by %, each element of My/w
has an absolute value of at most 1. According to Lemma 48 in [18], a

(V2 O(polylog(n)), e1)
-block-encoding of My/w can be implemented efficiently.
For the matrix multiplication M3M4/w, a
(V2IIQllr + V2, O(polylog(n)), (| Qs + 1) (v2es +es))
-block-encoding can be implemented efficiently according to Lemma 53 from [18].

For the linear combination My /w + M3zM4/w, the cost for the state-preparation of the
coefficient vector (1,1) is negligible and thus a

V2

-block-encoding can be implemented efficiently according to Lemma 52 from [18].

(ﬁIIQIIF+ﬁ +1,0(polylog(n)), (V2[|Qllr + V2 +1)(es + 1e4>)
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For the matrix multiplication of My (M /w + M3M/w), a

( IVI2+ |AI2(V2]QllF + V2 +1),
O(poly log(n)),

IVIZ+ | AIZ(V2]QllF + V2 +1)(e3 + \264) + (V2| Qllr + V2 + 1)61)

-block-encoding can be implemented efficiently according to Lemma 53 from [18].
Finally, considering that the complexity of the state-preparation of the vector

)

( w w
V2||MlE" V2| Ml

can be neglected, a

2 2
(\/ IVIIE + HAIIF\/EW(\@”QHF Vi),

| M|
O(poly log(n)),

IVIE+ I1AIF V2w
[1M]|¢

(V2|1 Qllr + V2 + 1)2( IVIE + AlIE(es + \264) +61>>

-block-encoding of the coefficient matrix of system (8) can be implemented efficiently
according to Lemma 52 from [18]. We can choose

o forsa 1

! K3 2K

=l
2\/IVIIE + Al

€3 = €7

€4 = \@ez,

where K depends on the initial data

K =V2y/IIVI} + [AIR(V2]QllF + V2 + 1)

Now, considering that the complexity for all of the block-encoding algorithms that we
have used so far has poly-logarithmic dependence on the dimension and accuracy, and
that, fori=1, 2, 3, 4

O(polylog<;>) — O(polylog(ku)),

the complexity for block encoding will be dominated by the complexity for QLSA because
QLSA has linear dependence on xj;, we can ignore the complexity of block encoding.

Appendix B. Spectral Analysis for Matrix ¥

In this section, we provide the spectral analysis for the matrix

_ [$*+2uQ —uéE

* —ubE X?

(A1)
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Just like in the previous section, for simplicity, we ignore the superscript k. We can
perform the following decomposition:

$*+2uQ —ubE] _ [ S*  —pbE L[Q 0
—ubE X? —ubE X2 0 0]

Let us use the following notation:

[ s —uéE
t= [yQE X2 }
2 0

¥, — [ %Q o}

It can be proven that ¥ is positive definite. The majority of the proof of this conclu-
sion comes from the paper [14]. For the reader’s convenience, we provide the complete
proof here.

Matrix ¥ is a block diagonal matrix, with all four blocks being diagonal matrices.
Thus, we can easily compute the eigenvalues using the characteristic polynomial

det(¥; — qI) = det ((X2 —qI) (2 —qI) — 92;42152)
= q ((F—g)(s? —q) — 0%2E3).

Clearly, det(¥; — qI) = 0 gives n quadratic equations and each quadratic equation
gives two eigenvalues. The two eigenvalues from the ith quadratic equation are

1
o = 3 (05 o

and

1
gi- =5 ((xl2 +82) — \/(le +52)2 — 4x?s? + 492P‘2Ei21> :

Recalling the definition of E in (14), we can write

1
Gi- =5 ((xl2 +82) — \/(xl2 + 52)% — 4x2s? + 4(x;8; — ;4)2>

<(9fz2 +57) — \/(xl2 +57)2 + 4(xisi — p+xs) (xisi — p— XiSz‘))

N =

_ ;<<xlz 52) = (2 + 22— dp(2xsi W)

1
=5 <(9fz2 +57) — \/(xf +57)2 — 4p(20pE;; + ﬂ))-

One can verify that the square root always exists because

(x7 4 57)% — 4p(2x;5; — p) > 4(xis:)* — 4p(2x;s;) + 4p°
= 4(x;s; — ;4)2
> 0.
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With 0 € (0, min{ﬁ, W}),we have

v

3(xl2 +s%)
> 0.

This means that matrix ¥ is positive definite and its eigenvalues coincide with its
singular values because ¥ is also real and symmetric. Analogously, we have

1
i+ = 5 <(xi2 +57) + \/(xl2 +57)% — 4p(20uE; + V))

< ((xl-2 +57) + (xF +57) + 24/ (20 + 1)>

N =

<

((xi2 + slz) + (xl2 + slz) + 2;1\@)

N —

= (2 +5%) +V2pu.

Thus, the condition number of ¥ satisfies

K(T) < Omax (Tl) + Omax (TZ)
" Omin (Tl ) + Omin (IPZ)
__ Max; i+ + Omax (IFZ)

minj qj— + Umin(TZ)
< 1’1’1aXZ‘{JCi2 + 512} + \@}l + ZHUmaX(Q)

f— . ’42
M0 362557

3maxi{x% + 512} (maxi{x% + slz} + \/Z‘l/l + Zyamax(Q))
— 2
3w? (CUZ + \/El/l + ZHUmaX(Q))
1”2

<

7

where the last inequality comes from the definition of w. Since w? > x;5; > (1 —0)y,

we have "
K(¥) = O(“’ (w +:jzo'max(Q)))'
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Using Lemma 2, we can also bound the condition number of matrix M by

kv = \/k(MTM)
< \/x(F)rvag

ol o), )
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