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Abstract

We consider fully discrete embedded finite element approximations for a shallow water hyperbolic problem and its
reduced-order model. Our approach is based on a fixed background mesh and an embedded reduced basis. The Shifted
Boundary Method for spatial discretization is combined with an explicit predictor/multi-corrector time integration to
integrate in time the numerical solutions to the shallow water equations, both for the full and reduced-order model. In
order to improve the approximation of the solution manifold also for geometries that are untested during the offline
stage, the snapshots have been pre-processed by means of an interpolation procedure that precedes the reduced basis
computation. The methodology is tested on geometrically parametrized shapes with varying size and position.

1. Introduction

The computational cost associated with the numerical solution of partial differential equations might be in some
cases prohibitive. This is happening, for example, when the numerical solution is required in nearly real time or a
when large number of system configurations need to be tested. Shape optimization problems are a typical example
of the latter case, where a large number of different geometrical configurations need to be analyzed to converge to an
optimal solution. Reduced order models demonstrated to be a viable approach to reduce the computational burden
and have been developed for a large variety of different linear and nonlinear problems [1, 2].

In recent times, immersed/embedded/unfitted methods have seen a great development from the seminal ideas of
Peskin [3]. The key ideas in embedded methods is the use of grids that are not body-fitted, in which the geometry
of the shapes to be simulated is immersed by way of computational geometry techniques. In this work, we base
the reduced order models on the Shifted Boundary Method (SBM), which is an embedded/unfitted finite element
method originally proposed for the Poisson, Stokes and incompressible Navier-Stokes equations [4, 5] and recently
extended to wave equations and shallow water equations (SWE) [6]. In the SBM, a surrogate boundary is introduced
in proximity of the true immersed boundary, and the boundary conditions are imposed on the surrogate boundary, with
appropriate corrections that rely on Taylor expansions [4, 5]. The SBM does not require complicated data structures
and numerical quadratures to integrate the governing equations on cut element, typical of cutFEM/XFEM approaches.
Compared to other embedded finite element methods such as XFEM or cutFEM [7, 8, 9], the SBM has also the
advantage that the degrees of freedom (unknowns) stay the same for varying geometries, hence existing reduced order
model methodologies are more easily adapted. Specifically, the total number of unknowns in SBM is determined by
the background mesh and it is independent of the location of the embedded geometry. In contrast, XFEM and other
enriched finite element methods alike introduce new degrees of freedom such as the Heaviside functions within cut
elements, hence the total number of unknowns typically varies with the embedded geometry locations and/or depends
on a computationally expensive cutting of elements procedure.
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In this article we focus our attention on projection-based reduced order models specifically tailored to geomet-
rically parametrized problems [10, 11]. The idea is to combine the recently proposed Shifted Boundary Method
[4, 5, 12] with Reduced Order Models based on the Proper Orthogonal Decomposition (POD) with Galerkin projection
(SBM-ROM). This combination, that has been recently proposed in previous works in a different setting [13, 14, 15],
allows to avoid the map of all the parametrized solutions to a common reference geometry, see also [16, 17]. In this
paper, the embedded methodology introduced in the mentioned research works is extended to shallow water equations
with explicit time marching schemes. The idea of merging embedded approaches with reduced order models has
been proposed also in [18] where a fictitious domain method was coupled with a Proper Generalized Decomposition
approach to study uncertain geometries. In [19] the authors proposed a projection based reduced order model starting
from an embedded full order simulation applied to evolving interfaces.

With embedded simulations it is in fact easy to work with a common background mesh also in the case of large
geometrical changes. By comparison, body-fitted meshes often require sophisticated re-meshing techniques, when
complex geometrical deformations are present, and maintaining the topology of the underlying mesh is a difficult
task.

In addition, we introduce a new approach to handle degrees of freedom located in the “out of interest/ghost” region
which is based on a radial basis function interpolation. We denote this new approach as SBM-iROM. As shown in
the numerical examples, this approach allows to partially reduce the drawback associated with the slow decay of the
Kolmogorov N-width when dealing with embedded full order models.

Remark 1.1. Embedded computations with parametrized geometries are characterized by a slow decay of the Kol-
mogorov N-width which is caused by two different aspects. The first one is related to the embedded geometry that
can arbitrarily move within the background mesh. Therefore, the boundary condition is applied on different elements,
depending on the position of the true boundary with respect to the background mesh. The second aspect, that we
believe is of minor entity, is related to the discontinuity of the solution in the proximity of the jump between the active
and inactive nodes. The methodology that we have developed contributes to partially deal only with the second aspect.

The article is organized as follows: in section 2 we introduce the mathematical formulation of the full order
problem, the associated weak formulation and the details concerning the specific discretization strategy. Section 3
describes in details the approach used for the construction of the reduced order model with a focus on the relevant
changes required for the specific full order model formulation and introduces the employed interpolation prepro-
cessing. In section 5 we introduce three numerical examples to show the properties and accuracy of the proposed
methodology. Finally, in section 6 we report some conclusions and outlooks for future developments.

2. The model problem and the full order approximation

Before introducing the shallow water model, we briefly review the relevant literature: for linearized shallow water
equations arising from the equations of acoustics we refer to the work [20], where only the generation of the second
harmonic wave is considered (the higher order harmonics being neglected) under the assumption of weak non-linearity,
while a set of uncoupled equations for the primary and secondary wave is discretized in space by a finite element
method, and then solved by using the Newmark-£ integration scheme for time. In [21], weak boundary conditions are
considered for the hyperbolic structure of the wave equation based on stabilized methods and the variational multiscale
analysis as well as we cite [22] for linear elastodynamics and [23] for Nitsche and wave propagation problems. In
[24] one may see the shallow water equations as a symmetric advective-diffusive systems with source terms solved
using SUPG and GLS stabilized methods via a predictor multi-corrector algorithm. The work of [25] treats two-
dimensional shallow water equations applied to solve practical irrigation problems with large friction coefficients,
dry bed conditions and singular infiltration terms. For a three-step shallow water flow explicit scheme, using parallel
computing, and tidal flow in Tokyo Bay, we refer to [26], while a finite element method for the analysis of nearshore
current, which is one of the principal currents in coastal seas analyzing two main characteristics of the wave, i.e.
direction and height is introduced in [27]. Surface wave motion handled by the Helmholtz equation is studied in
[28]. A new combinative method of boundary-type finite elements and boundary solutions to study wave diffraction-
refraction and harbour oscillation problems is presented in [29] with model the mild-slope equation proved as an
effective and accurate method for water surface wave problems. Large-scale computation of storm surges and tidal
flows carried out with finite element methods are discussed in [30]. The work of [31] presents an adaptive boundary-
type finite element method for wave diffraction-refraction in harbors model based on the mild-slope equation and
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an arbitrary reflection condition and in [32] boundary-type finite element method has been investigated and applied
to the Helmholz and mild-slope equations useful for practical analysis. Numerical analysis of tsunamis applying
the finite element method based on the shallow water wave equation with the Lax-Wendroff finite difference method
used also for the analysis of the Tokachi-oki Earthquake tsunami problem and compared with the tide gauge records
is investigated in [33]. A stabilized Residual Distribution scheme for the simulation of shallow water flows with a
nonlinear variant of a Lax-Friedrichs type discretization is proposed in [34] while in [35] a numerical modeling of
seismic body wave propagation problems is introduced. Finally, a space-time SUPG formulation of the shallow-water
equations based on discontinuous Galerkin methods and residual redistribution schemes are examined in [36]. In
particular, a complex morphology of the ocean coastlines in real scenarios is considered and complex coastlines as
reflective walls in the framework of large-scale simulations of fine-scale urban are treated.

2.1. Strong formulation of the shallow water problem

The shallow-water equations, also known as de Saint-Venant equations [37], are a system of hyperbolic partial
differential equations simulating the behavior of a free surface of a fluid [38, 39] when the depth of the fluid bed
is shallow compared to the characteristic horizontal spatial length. Such system of equations is derived from the
Navier-Stokes equations after integrating through the depth and observing that, since the horizontal length scale is
much greater than the vertical length scale, the vertical component of the fluid velocity field is small compared to the
horizontal component and the vertical gradients of pressure are nearly hydrostatic. This allows to conclude that the
horizontal velocity field is constant over the entire depth of the fluid. Settings in fluid dynamics where the horizontal
length scale is much greater than the vertical length scale are common and widely applicable, see e.g. atmospheric and
oceanic modeling. As mentioned in the previous paragraph, the propagation of a tsunami wave can also be simulated
efficiently with the shallow-water equations until it reaches the coast, see e.g. [6] and references therein. The shallow-
water equations we examine are simulating thin layers of fluid in hydrostatic balance (with constant density), with
upper and lower bounds: a free surface and the bed/ground topography, respectively. These systems can be formulated
as

he + (hv)x + (hvp)y, = 0, (2.1a)
1
(hvl)f+(/w%+Eghz)”(hw)y = S, (2.1b)
1
(hvz),+(hv1v2)x+(hv§+Eghz)y = S, (2.1¢)

where we indicate by & the height of the water, z the bathymetry of the water bed, and by n = & + 7 the free surface
measure, as it is visualized in Figure 2.1. The two-dimensional position and velocity vectors in Cartesian coordinate
axes are denoted by x = (x,y) and v = (v, v2). The quantity d/0t expresses derivation with respect to time, and the
source term S = (S1,S2) = gh(S,, =S 4,50, —Sp), for S, = -0z/0x;,i=1,2and S, = fzvi(v% + v%)%h“% to be the
slope of the river bed or ocean floor, and the friction (in terms of the Manning’s roughness coeflicient f) respectively.
Further, g is the acceleration due to gravity. We note that other types of force can be added to the source term if
needed, like wind stress, Coriolis forces, etc.
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Figure 2.1: A sketch of the bathymetry z(x, y) and the water height A(x, y).



2.2. Weak formulation on body-fitted grids

The SWE is solved by a stabilized piecewise linear nodal finite element method (FEM) using two-dimensional
triangular elements. We first introduce the notation and the weak formulation assuming a body-fitted grid and the
extension to embedded boundaries using the Shifted Boundary Method is given in the next subsection. Let us denote
the vector of conserved variables by U = [h, hv, hv,]T and the flux function by F(U) with components F;, 1 <i <
d = 2; then the equation (2.1) can be written compactly as:

U+V-FU)=Z, (x,eDxI[0, T], 2.2)

where Z = [0, S, S,]7. Let 7 be a tessellation of the domain D, we define the globally continuous piecewise linear
solution and trial spaces:

S =V ={U" e [CON™ : U € [PUK)I'™, VK €T} c H(D)x HY(D), (2.3)

where no boundary conditions are specified as they are enforced weakly. The semi-discrete stabilized finite element
method states as finding U" : [0, T] — S" such that forall 0 < r < T and W" € V"

(W', 8,U" = Z)p — (VW", F)p + ayms(W", UM + b(W", U =0 . (2.4)

Here (-, -)p denotes the standard inner product for [? scalar, vectorial, and tensorial functions, a,ms contains a
variational multiscale stabilization (VMS) term, and b contains all boundary terms.

The purpose of the VMS term is to prevent spurious oscillations due to the fact that equal-order interpolation is
used for the velocity and fluid height variables. The spatial and full differential operators in linearized form are defined
as:

LU= ) Ao U, LU=0U~+LU, (2.5)

d
i=1
where A; & oF ;/0U. Then we may compute the dual operator of £ as £L* = Zf-l:l A,-To"'x,. and define the VMS term as:

ayms(W", U") = (LW, 1unsA (LU" = D))o (2.6)

where Tyns s a parameter that scales with time and it is computed as Tyms = cyms4t/2 with At being the time step size
and cyps = O(1) being a user defined parameter. A fixed value cypys = 2.0 is used in all computations in this work.
The matrix A is the Jacobian matrix converting the conservative variables U to primitive ones Y = [h, vy, v2]7:

1 00
Ao=|wn h Of. 2.7
V2 0 h

Other options for the scaling matrix A; !include the Jacobian matrix between conservative and entropy variables, as
suggested in [40]; we adopt (2.7) for simplicity.

Remark. In principle, a discontinuity capturing (artificial viscosity) term could also be included for improved
stability, especially when strong shocks are present. In this work, the problems considered do not involve strong
shocks and we omit the discontinuity capturing operator. We point out however that the proposed methodology can
be applied to the case in which shock capturing operators are used.

Lastly, the boundary condition can be classified into different types depending on the information available, such
as incoming or outgoing flows, or subcritical or supercritical velocities. We shall only consider the boundary terms
that are relevant to the test problem here, namely the Neumann condition, the subcritical inflow condition, and the
subcritical outflow condition, defined on the boundary portions Iy, I, and I'p.g, tespectively, see Figure 5.1; for
a complete list of all boundary conditions the readers are referred to [41]. Particularly, the three boundary conditions
are given by:

V-n=vy, xely, 2.8)
h-n=mryp, v-1=0, x € lrgp, 2.9)
hy -n=mo.gp , x €l'oupb - (2.10)



(a) The geometry D surrounding a disk and its boundary I". (b) The SBM surrogate geometry D, the surrogate boundary I, and
ghost area.

Figure 2.2: Embedded geometry: (A) The geometry of a disk and (B) the SBM surrogate geometry attached with the ghost area.

Here n is the outer unit normal on the boundary, 7 is the tangent vector, and vy, m.qp < 0, and mg.qp > 0 are
prescribed normal velocity, inflow mass rate, and outflow mass rate, respectively. Note that in principle (2.9) and
(2.10) are only valid when the Froude number is smaller than unity, otherwise the boundary condition needs to be
switched to supercritical ones; the latter scenario, however, does not occur in the tests in this work. While we shall
describe the Neumann condition by assuming a general vy, in all cases the value of vy is set to zero so that the
boundary either represent a slippery wall or a symmetry plane. To this end, the boundary term b is given by:

b(Wh’ v = <Wh’ H7V>FN + <Wh’ H;l;sub>r1:sub + <Wh’ HZ;Sub>r0;Sub > (2.11)

where the angle brackets are the inner product on a general boundary piece I that is defined as (W, H)| = fr W-Hdr'.
Particularly, the vectors H’I{,, Hﬁ';mb, and H’(’);mb are given respectively by:

h
hy

1 1

0 1 1 0 0
+ Eghz [n] ) Hﬁmb = MI;sub [(v ] n)n] + ighz [n] , H’(");mb = Mo;sub [v

H' =v
N N n

1
+ —ghz[ ] . (212
2
In the case of an embedded boundary, the boundary term (especially the Neumann one) needs to be modified, as
described next.

2.3. Discretization: the Shifted Boundary Method

In this subsection, we introduce the basic aspects of the Shifted Boundary Method adapted to the shallow water
equations [4, 5, 23, 6]. We consider a surrogate domain 9 and boundary I together with the true computational
domain D and its boundary I", as shown in Figure 2.2 and Figure 2.3a. We indicate by 7 the unit outward-pointing
normal to the surrogate boundary I, which is distinct from the outward-pointing normal 1 to I” as seen in Figure 2.3b.
I consists of the edges that are closest in some sense to the true boundary I', as shown in Figure 2.3b. The mapping

M T >T, (2.13)

is introduced, similarly to [12, Section 2.1], which maps any point & € I" on the surrogate boundary, to a point
x = M'"(&) on the true physical boundary I". Through M", an auxiliary distance vector function dp is defined as

dy(@) =x-& = [M"-T1(&). (2.14)

For brevity, we set d = dp and write d = || d||lv, where v is the unit vector in the direction of d. In the case of
smooth surfaces with one type of boundary condition, the mapping M" corresponds to the closest point projection
and v = n, see e.g. Figure 2.3b. The general construction and analysis of M" are detailed in [12], including the
case when corners are present or the closures of the Dirichlet boundary I"p and the Neumann boundary /"y have non-
empty intersections. Following the analysis therein, we may hypothesize that M" is continuous and Lipschitz. This
assumption makes sense since the true surface is smooth between edges and corners. The mapping M" can be used
to extend the unit normal vector n from the boundary I to the surrogate boundary I" as 7(&) = n(M"(2)). In the
next sections, we use the short-hand notation n(£), which means n(&) at a point & € I". In a similar way, we extend
the boundary conditions on 7" to the boundary I of the surrogate domain.
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(a) The true geometry D, the surrogate geometry D and the corre- (b) The auxiliary distance vector d, the true normal and tangent
sponding boundaries I" and I". vector n and T respectively.

Figure 2.3: The true and the surrogate geometry and boundary, and the SBM related quantities d, 7, n, 72.

2.3.1. Semi-discrete shifted boundary weak formulation

We can now set up the semi-discrete SBM weak formulation relying on the surrogate domain 9 whose boundary
is composed of both body-fitted and embedded portions. With a slight abuse of notation, we indicate with I the
portion of the boundary 99 that is body-fitted, and by I the portion of the boundary 99 that is embedded (see, e.g.,
Figure 5.1, where I consists of the four exterior edges and I is the surrogate boundary associated with the internal
circle). We discretize now D using a mesh triangulation Dy consisting of triangles K that belong to a tessellation 7.
The weak SBM formulation is now given as:

Find U" : [0, T]+— S", such that forall 0 < 7 < T and W" € V":
(W', 8,U" = Z)7) — (YW", F)p, + ayms(W", U") + b(W", U") + (W", U") =0, (2.15)

where S" and V" are obtained by replacing 9 in (2.3) with the surrogate 9. The VMS term remains the same as (2.6),
except the inner product is evaluated on 9; the boundary term b is given by (2.11) for all body-fitted boundaries; and
the second boundary term b is given below in the case of an embedded Neumann boundary (I" = I'y):

BOW", U™y = (W', Hy)r, . Hy = ((ox = 0" Vod)n - i+ (v - T)7 - i)

| 2

+ lghz [2] ) (2.16)

. . o h . . . .
The first term in the definition of H)y attempts to enforce a normal velocity shifted to the surrogate interface by using
Taylor series expansions:

v(X) X)) =[(vEX)  -mr+@X)  1)1]- 0t
~ {[(v(x) = V@) d)n] -n+ @& - 1)1} -fi=(vy - Vvd)n-fi+ -0t

Embedded boundary conditions of other types can be derived similarly but are omitted here, for the sake of brevity,
since they are not applied in the test problems considered here.

2.3.2. Time discretization

An explicit predictor/multi-corrector (PMC) time integration is used to march the numerical solutions in time [23,
6]. To this end, let us denote the time ordinate by ¢ and the spatial coordinate by x. Furthermore, the superscript ”
designates a variable associated with the n'" time step ¢ and a subscript 4 designates a variable associated with a mesh
node x4, 1 < A < nyqe, Where n,04e is the total number of nodes.



The discrete solution vector at ¢ is given by:

Nnode

U, x) ~ U"(x) = ) UsNa(x) | (2.17)
A=1

where N4(x) is the piecewise linear shape function associated with the node x4 and U’} are the degrees of freedom at
the same node. Choosing wh = e;Na(x)forall 1 <A < npoge and 1 < i < 1 + d in the weak formulation (2.4), where
e; is the i unit vector in R'*“, we obtain a system of ordinary differential equations:

MU + RWU) =0, (2.18)

where U(¢) : R* + RU+moe contains all degrees of freedom at all nodes, ie., Uy € R*¢ forall 1 < A < nyoge
and M is the diagonal lumped mass matrix. The operator R : RU*@nmoe 5 RU+dmoe contains the (spatial) residual at
each node for each component of the solution variable and includes the standard finite element terms in continuous
Galerkin formulation, the stabilization term, and the Shifted Boundary Method terms that arise in the transmission
boundary condition at the surrogate boundary.

To update the solution vector from U" to U™*!, the explicit PMC method can be considered as a fixed-point iteration
approximation for the midpoint rule,

MU™! - U") + 6"R((U" + U1 /2) = 0, (2.19)

where 67" = "1 — ¢ > 0 is the time step size. In PMC, one seeks successive approximations to U"*!, denoted by U®

where k = 0, 1, - - -. In particular u &t U" is the “predictor” of U™ and once UP k > 0 is computed, one computes
the next iterate UX*D by:
MU*D — U™ + 67"R(U" + UP)/2) = 0. (2.20)

In practice, one terminates the iteration after a preset number of correctors (each U® with k > 1 is known as a
“corrector”), i.e., (2.20) is performed for k = 0, - - - , npme — 1 where typical values for 7, is between 2 and 4. Finally,
the update U""! = U™ is applied.

Remark 2.1. 1f one sets nyme = 1, the method is equivalent to the explicit forward-Euler method, whereas nppe = 2
gives an implementation of the second-order Runge-Kutta scheme.

3. Reduced order model with a POD-Galerkin method

The reduced order model proposed here is based on a POD-Galerkin approach. It means that the underlying
system of equations is projected onto a linear subspace of smaller dimension spanned by a reduced number of global
basis functions (POD modes). There are different techniques to generate this linear subspace and here we rely on
the POD [42]. The overall methodology is based on the classic offline-online splitting approach [2], which is briefly
recalled in what follows.

Offline Stage

During the offline stage we start with a parametric partial differential equation which is parametrized by means of
a p-dimensional parameter vector i € . The full order model is then solved for a finite dimensional set of training
points in {,ui}?i“i““" cP.

In the current framework we construct one linear subspace which includes both parameter and time variations.
This means that the snapshots matrix on which the POD is based is assembled as:

Sy =@, ), Ulty, 1), ..., Uy, pry, )] € RMN 3.1

is the total number of stored
is the number of training

where N, = (1 + d)nyeqe is the dimension of the FOM solution vector, Ny = N; - N,

Hirain

snapshots where N, is the number of time steps in which we store the solution and N,

Hirain



samples in the parameter space. The POD modes are generated using the method of snapshots as originally proposed
by Sirovich [42] which relies on the solution of an eigenproblem on the correlation matrix:

C=SlSy, (3.2)

and on the computation of the POD bases exploiting the resulting eigenvalues {/li}ﬁ"l ad eigenvectors {zﬁi}ﬁ"l:

1
i = —=Su¥i. (33)
Ai
This operation results into to the POD space:
D = span(y, ..., Pu,). (3.4)

Remark 3.1. Based on the eigenvalue decomposition of the correlation matrix C it is possible to discard some of
the modes and to create a POD space 9, that includes a limited number of the computed POD modes. This space
will be employed for the subsequent Galerkin projection. The correlation matrix has been computed relying onto the
Frobenius inner product. Other options are possible (such as L? or H' norms) but in the current setting, due to the fact
that the underlying background mesh is made of finite elements with a similar size, for the sake of simplicity, we have
decided to rely on the Frobenius norm to calculate the POD modes.

3.1. Snapshots Interpolation, the SBM-iROM

The procedure described above is rather straightforward for body-fitted meshes. For unfitted meshes there are
additional complexities that need to be addressed. One of them is related to the inactive nodes that belong to the
so-called ghost area. These nodes are embedded into the body and do not play a role in the computation. As depicted
in Figure 3.1, the number and location of the inactive nodes is changing depending on the shape of the parametrized
geometry. In order to create a global basis function that can be used for any new parameter configuration it is nec-
essary to handle also the inactive nodes. A possible approach would be to set them to a constant value. However,
this approach would introduce a discontinuity in the solution field on the jump between active and inactive nodes.
Therefore, we have decided to preprocess each snapshot with an interpolation strategy, in order to avoid discontinuity
caused by deactivated elements. Another possible option to avoid this issue would be to compute an harmonic ex-
tension from the boundary to the deactivated nodes [43]. The method proposed here has the advantage of ensuring a
sufficient level of smoothness without the solve of the additional partial differential equation problem required by the
harmonic extension. The interpolant function has been evaluated for each snapshot considering only the active nodes
and the values in the inactive nodes have been evaluated using the interpolant function. Each solution field has been
replaced by:

Naciive m
U@) - U@) = Y. owglllz -zl + ) bipi(), (3.5)
k=1 =1
where wy are weights that needs to be determined imposing the interpolation condition, ¢(||x — x||) are radial basis
functions where x; are the coordinates of the active nodes, {p;(x)};’, are monomials that span the space of polynomials
with a specific degree. Adding polynomials to the RBF interpolant functions helps to properly capture constant and
linear features in the given data and ensures positive-definiteness of the RBF function, which in turn implies solvability
of the interpolation problem [44]. The coefficient vectors w = [wy, ..., a)N,me]T and b = [by,...,b,]" are obtained
solving the following linear system of equations:

{(K +02I)w+ Pb=d, (3.6)

PTw =0,

where (K);; = ¢(llz; — =), (P);j = pj(x;), o is a smoothing parameter that eventually relaxes the interpolation
condition in order to smoothen the “interpolant” function, which on this occasion has been chosen o = 0. Selecting
a RBF which is positive definite of order ¢ with P that has full column rank, the solution is unique provided that the
degree of the monomial terms is at least m = g — 1 [45, 44]. In the specific case, for each snapshot and solution field,
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the interpolant function has been constructed using observation only on the active nodes. The solution field on the
inactive nodes has been reconstructed using the previously defined interpolant function:

U(:Biinactive) = Ul(miinuctive)' 3.7
Here we decided to rely on second-order polyharmonic splines that have the expression:
¢ = (er) log (en), (3.8)

where r = ||z — c|| with  and ¢ the evaluation points and the radial basis center respectively. € is a scalar shape
parameter that in this case is set € = 1.0. This function is conditionally positive definite provided that the order of the
monomial is at least equal to 2 [45, 44]. Therefore, in order to ensure the uniqueness of the solution we have chosen
to use m = 2 in expression (3.5). Using this setting, prior to the POD basis computation, the solution snapshots are

& ¢ N

Figure 3.1: Visualization of active (green nodes) and inactive nodes (red nodes) for two different parametrized geometries

Figure 3.2: Visualization of a solution snapshot for the height of the water field, without interpolation (left image) and with interpolation (right
image) procedure

replaced by the corresponding interpolant function. This operation permits to have a continuous solution field. We
denote this model as SBM-iROM (Shifted Boundary Method with interpolation Reduced Order Model). In Figure 3.2
it is shown, for the height of the water field, a snapshot before and after the interpolation procedure. The hole on the
left part of the picture corresponds to the inactive nodes which belongs to the embedded geometry and are set to zero
by the full order model solver.

3.2. POD-Galerkin Projection

Once the POD bases are computed one can use them to approximate the solution field U € RV with its low dimen-
sional representation U, which is defined as a linear combination of N, global basis functions @, = span(¢1, ..., ¢y,):

U~U, =d,.a, (3.9)
9



Table 1: Sample computational costs associated with the residual term and the rest of (3.11) for Test 1, Case R = 0.08 in Section 5.1. The grid for
this test contains 5,419 vertices and a total of 561 snapshots are used to construct the POD basis; note that only 29 POD modes (in bold fonts) are
needed to produce ROM solution that agrees extremely well with the FOM one, in which case the residual computation takes 94% of the overall
computational cost. All computations are performed in serial using a Linux machine with the Xeon E5026 2.10GHz CPU.

Number of POD Modes. 15 29 52 71 85

Cost on computing R() (sec). 2017 2003 1999 2565 2587
Cost on the rest of (3.11) (sec). 37 136 454 1125 1640

where the basis functions ¢; € RV" are computed by POD applied on the interpolated snapshots. The coefficients of
the POD expansion are then retrieved by means of Galerkin projection of the original system of equations onto the
space spanned by the POD modes. Also at the reduced order level we have decided to use exactly the same time
marching as the one employed at the full order level. This results in:

STM®,(a*V — a") + 57" BTR(P,(a" + a®)/2) = 0. (3.10)

That can be reformulated as:
M,.(a** — a™) + 5" ®TR(P,(a" + a™)/2) = 0. (3.1

In the expression above, M, = #M&, € RV*N: can be precomputed and does not depend on the input parameters
. The problem can be therefore expressed in terms of reduced coefficients a with the only difficulty that we will
have to assemble the residual R also at every iteration of the ROM problem. Moreover, the residual term R has
a nonlinear dependency with respect to the input parameter p which parametrizes the embedded geometry. Such
possibly expensive residual computation could be substituted by point-wise evaluation of the residual function in
some selected points of the domain using an hyper-reduction technique such as the empirical interpolation method
[46], the discrete empirical interpolation method [10, 47] or the Gauss—Newton with approximated tensors (GNAT)
[48]. Further, for a discrete empirical method adapted to embedded methods we refer to [17]. However, in this work,
since the main concern is to test the applicability of the methodology and the application of the proposed interpolation
strategy, we have decided to assemble the full residual and to project it onto the reduced basis spaces at each iteration.
In fact, we observe that the computation time spent on the full residual term R(®,(a" + a®)/2) is significant larger
than that spent on the rest of the algorithm (3.11) for a reasonable number of POD modes, see Table 1. Thus we
expect significant computation time reduction in ROM computations with an appropriate choice of hyper-reduction
technique for the residual term. In what follows, for the sake of completeness, we provide a possible approach to deal
with hyper-reduction of the method.

4. A possible implementation of hyper-reduction using the discrete empirical interpolation method

The most natural approach to have an efficient implementation of the methodology would be to perform hyper-
reduction directly on the residual term R. In what follows we present a possible implementation using the discrete
empirical interpolation method as originally introduced in [47]. During the offline stage there is the need also to store
snapshots of the residual vector R and to assemble a snapshots matrix for the residual vector:

Sg = (R ) Rtz ). ... Rty pawy, )] € RN, @.1)

Then the procedure requires to find a suitable basis @« to interpolate the residual vector and a set of indices iy, where
the interpolation condition is imposed. The basis can be constructed employing POD:

Pr = [¢g,> - - PRy, ] = POD(Sw), (4.2)

where the dimension of the POD space Ny is selected fixing a prescribed number of POD elements or a prescribed
error on the projection error. The residual vector can be then approximated as:

Ng

Rt p) = ) al(t . 4.3)

i=1
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During the online stage, when a new value of the input parameter u need to be tested, for a generic time instant z, it is
necessary to compute the coefficient vector af. This computation requires the evaluation of the residual R(¢, i) only
in the location identified by the indices iy,. The expression to compute the coefficient vector a® is in fact given by:

a®(t,u) = (PT®R)R(t,1) with Ry(t, ) = PTR(t, ), (4.4)

where P and @y are obtained following the procedure reported in algorithm 1. Therefore, the residual function needs
to be evaluated only in a relatively small number of points (magic points) which is usually much smaller with respect
to the total number of degrees of freedom used to discretize the domain.

Moreover, during the online stage, for a new untested geometry we need to check which magic points are marked
as active and which ones are marked as inactive. However, this procedure scales with the number of magic points so
it will not lead to a drastic increase of the online computational cost.

Remark 4.1. With respect to the implementation in a standard scenario with conforming meshes there is an additional
complexity that we believe would require further studies. In the discrete empirical interpolation method, the residual
is in fact interpolated using a basis obtained with snapshots having different sets of active and inactive nodes. It is
therefore important to understand how to deal with the residual values on inactive nodes. We believe that the first step
would be to study if a preprocessing of the residual snapshots matrix, similar to the one used for the snapshots, is
beneficial or a “do nothing” approach is preferred.

Algorithm 1 The DEIM procedure

Input: snapshots matrix Sg = [R(#1, p1), R(#2, 1), . .., R(tn, KN, . ))], tolerance tol.

Output: DEIM basis Functions @ = [¢g,, . - ., PR, I, Interpolation indices i, = [i1, - ., ingl-
compute the DEIM modes @x = [¢x,, ..., ¢JRNR] = POD(Sg)
e=tol+1, k=1

i1 = arg max |(¢g, )l
Jj=1L.N;

Dr = [Pr),  ing =li1], P =le;]
while & > tol do

k=k+1

Solve (PTQS:R)C = PT¢7gk

T = ¢g, — PreC

it = arg max [(r)|

J=1LN,
¢R = [¢‘R9 ¢‘Rk]s P = [P, eik]’ iNR = [iN,R,ik]
end while

5. Numerical experiments

We consider three test cases featuring symmetric SWE flow past a stationary cylinder, based on the configuration in
Figure 5.1. The straight channel is represented by the computational domain 2 = [-1.5, 1.5] x [0.3, 0.3]. Denoting
the unit outer normal vector to Q2 by n, the upper and lower boundary conditions are given by slippery walls, for
which v - n = 0, the left boundary is set to a constant inflow flux iv - n = —0.02, and the right boundary condition is a
constant outflow with flux Av - n = 0.02. The flow direction is indicated by the arrows in the same figure. The cylinder
location determined by two parameters, namely the radius R and the x-coordinate of its center x.. In all computations,
the initial condition is given by the uniform flow condition with 4 = 0.2 and v = (0.1, 0.0) at all active nodes. The
first two test cases consist of geometrical parameterization using a one-dimensional parameter space with either x. or
R fixed, respectively. The third test case consists of a geometrical parameterization with a two-dimensional parameter
space where both x. and R are left free. All results for the test problems are obtained using a background triangular
mesh with 5,419 vertices and 10,476 elements; the average element edge size is 0.02.

In all test cases, we generate the snapshots using FOM solutions that are obtained by a fixed CFL number
@ = 0.5. Denoting the numerical solution at time #* by U" as before, then the snapshots are picked as Ui,
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Figure 5.1: Symmetric SWE flow past a stationary cylinder in a straight channel, together with the two parameters characterizing the configuration
in the numerical examples, namely the cylinder radius R and the x-coordinate of the cylinder center x..

k=1,2,---, where ng.q is the sampling frequency; the solution at the terminal time is always picked as a snapshot, if
not sampled already. To assess the performance of the reduced-order models, we instead compute both the ROM and
FOM solutions using a fixed time step size A¢ = 0.002, which corresponds to a CFL number slightly smaller than 0.5,
to avoid interpolation error at different time steps.

For each test, we consider two sets of ROM computations: the first set uses the unprocessed POD basis vectors!
and the second set uses POD basis vectors with interpolated values at inactive nodes. In all tables and plots, the
two sets are designated by the standard SBM-ROM (without interpolation) and with interpolation (SBM-iROM),
respectively. Given a prescribed energy threshold &g, the number of POD modes used in the ROM computations is
determined by the smallest number # such that:

Z?:] /li
N,
25;1 Ai
where A; > A > --- > Ay, are all the non-zero eigenvalues of the correlation matrix given in (3.2). As the test is

convection dominated, we choose thresholds that are very close to unity, with the particular number of POD modes
summarized in Table 2. In the first row of the table, we also indicate the sampling frequency nyq for each test.

2 apod )

Table 2: Number of POD modes for each ROM computation in all three test cases. “SBM-iROM” and “SBM-ROM” stand for ROM with and
without interpolation, respectively. The row with Epog = 1 corresponds to the sizes of full sets of POD modes.

Test 1 (ngreq = 2) Test 2 (ngreq = 10) Test 3 (nfreq = 10)
Epod SBM-iROM SBM-ROM SBM-iROM SBM-ROM SBM-iROM SBM-ROM
1-107° 15 16 63 67 83 107
1-10"° 29 30 120 127 160 200
1-10""7 52 53 178 181 275 350
1-108 71 72 223 223 465 535
1-107° 85 86 256 256 646 679
1 561 561 344 344 1032 1032

The performance of each set of ROM computations is demonstrated both qualitatively and quantitatively:

e Qualitatively, the final water height solution is plotted and compared among the FOM computation and two
ROM computations, for the latter the number of POD modes is determined by Epoq = 1 — 107°.

¢ Quantitatively, we compute and tabulate the relative error in Frobenius norm of ROM computations using the
POD modes determined using the thresholds Epoq = 1 — 105,1=10°%1-107,1-10"%,and 1 — 107?, and
compare them to the projected FOM solutions (let the interpolated basis functions be @, as before, the projected

I'That is, a constant value zero is filled at all inactive nodes in the snapshots, see Section 3.1 for more details.
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solution of the full-order solution Uy, is given by (dieri,)" dirTUfom). In particular, the Frobenius norm of a
generic solution vector U € R™e® is defined as:

Mnode

def
Wleoney =| D, Ui| - 5.1)

A=1,x4eD

To this end, the relative space-time Frobenius error of the ROM solution is computed as:

1 1
T 2 T 2
(f(; 1Ufom — Urom”}Z:rOb(z“)) dt) /(fo ”Ufom”]z;mb(@) dt) 5 (5.2)

whereas the relative space-time Frobenius error of the projected FOM solution is given by:

1
2

T > T
- 2
( f [Utom — (@] @,) 1¢ZUfom||Fmb@)dr) /( f ||Ufom||§mb@)dz) . (5.3)
0 0

In both (5.2) and (5.3), the time integral is approximated by weighted sum of discrete solutions in a straight
forward manner.

5.1. Test 1: Geometrical parameterization with varying cylinder radius

In this test case we fix x, = 0.0 and generate the FOM snapshots using three radii R = 0.1, R = 0.15, and R = 0.2;
in all tests the computation is performed until 7 = 0.8. A total number of 561 snapshots are created from the three
FOM computations with a sampling frequency ngeq = 2, and we assess the performance of ROM by computing the
flow past cylinders with radii R = 0.08, R = 0.13, R = 0.17, and R = 0.22.

Among the four, R = 0.08 is the most challenging one in the sense that several active nodes are inactive in
all snapshots, hence it is not surprising to see that all ROM computations without interpolation fail to deliver any
reasonable solutions. For the other three radii tested, all active nodes are also active in some snapshots and thus a
solution is obtained whether the interpolation is employed or not; in these cases, we still observe that no interpolation
leads to significantly worse ROM solution, as demonstrated by the height solution surfaces for the case R = 0.13
in Figure 5.2. In particular, SBM-ROM leads to an overall “shift” in the entire computational domain whereas the

Time: 0.8 Time: 0.8

Height Height
2.06e-01 2.06e.01
02032 02032
Xc=0.0, R=0.13. ~0.20025 Xc=0.0, R=0.13. £0.20025
FOM: colored surface. E FOM: colored surface. E
SBM-iROM: solid surface. 2l SBM-ROM: solid surface. §-0-19731

1.94e-01 1.94e-01

Figure 5.2: The solution surfaces for water height at 7 = 0.8 in the case R = 0.13 of Test 1 for SBM-iROM (left panel) and SBM-ROM (right
panel). In both plots, the ROM solution (solid surface) is plotted on top of the FOM one (color surface).

SBM-iROM solution agrees much better with the FOM one. It is worth noting here that in other two tests (that is
when x, is varying), the SBM-ROM solutions demonstrate oscillation with very large magnitude; hence one expects
no significant improvement for ROM without interpolation, even if some non-zero value is used to fill all the inactive
nodes in the snapshots.

Next in Figures 5.3-5.6, we plot the water height solutions at terminal time 7" = 0.8 in all four cases. As mentioned
at the beginning of this section, the ROM computations are performed using POD modes corresponding to the energy
threshold Epog = 1 - 107°, that is, 29 modes for SBM-iROM and 30 modes for SBM-ROM, see also Table 2. Note that
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Time: 0.8 Mmmuwmu [NRRRRRRRRS!

‘M Time: 0.8 Wmm

SBM-iROM, Xc=0.0, R=0.08

Height Height
197601 01984 02002 0202  2.04e-01 Time: 0.0 0.00e+00  0.052 0.1 0.16
HIHH‘HHHHM 1me: 0. MH\HH‘HHHH

2.09e-01

Time: 0.0

SBM-ROM, Xc=0.0, R=0.08 SBM-ROM, Xc=0.0, R=0.08

Figure 5.3: The height (k) in the case of R = 0.08 computed by FOM (top left), SBM-iROM (top right), and initial height of unsuccesstul ROM
computations without interpolation (bottom row). The legend range is set according to the FOM computation except the bottom right panel, where
the SBM-ROM solution is plotted using its own range. All ROM computations are performed using POD modes corresponding to Epog = 1 — 107°.

when R = 0.08, SBM-ROM is unsuccessful and thus only the initial data is plotted (see the bottom row of Figure 5.3);
furthermore, because the SBM-ROM solution is very different from the FOM one, we plot them both in the scale
of the FOM solution and in the scale of its own. In comparison, when all active nodes in the ROM computation is
captured by some snapshots, the SBM-ROM computations are successful and they produce fairly reasonable solutions,
as shown in the bottom rows of Figures 5.4-5.6, where the SBM-ROM heights at the terminal time are plotted in both
the FOM scale and its own scale, respectively.

Height Height
1.94e-01 0.197 0.2 0.203 2.06e-01 1.94e-01 0.197
LULLLLLLLLLLLLEL]

2.06e-01

0.2 0.203
Time: 0.8 [NRRRERRNNRRNRRARS

FOM, Xc=0.0, R=0.13 SBM-iROM, Xc=0.0, R=0.13
Height Height
Ti 0.8 1.94e-01 0A197H o ‘0‘2‘ o ‘(‘)]ZOS 2.06e-01 Time: 0.8 1.93e-01 0A19I7‘ e J?ﬁ\ L l0,2(73 2.06e-01
1me: 0., M M 2 0. M

SBM-ROM, Xc=0.0, R=0.13

Figure 5.4: The height (%) in the case of R = 0.13 computed by FOM (top left), SBM-iROM (top right), and SBM-ROM (bottom row). The legend
range is set according to the FOM computation except the bottom right panel, where the SBM-ROM solution is plotted using its own range. All
ROM computations are performed using POD modes corresponding to Epoq = 1 — 1076,

The relative space-time Frobenius errors of ROM computations using different number of POD modes and the
projected FOM solutions are summarized in Table 3—Table 6 for the four radii, respectively. These errors are also
plotted against the number of POD modes in Figure 5.7. The correspondence between the number of POD modes
and &oq is documented in Table 2. From these figures we see that the errors by SBM-iROM are very close to the
projection error by the same set of POD modes, and these errors typically decrease as the number of modes increases.
In contrast, without interpolation on the one hand the errors by the ROM solutions are far from the projection error,
and they seem to increase as a larger number of POD modes is used.
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Figure 5.5: The height (k) in the case of R = 0.17 computed by FOM (top left), SBM-iROM (top right), and SBM-ROM (bottom row). The legend
range is set according to the FOM computation except the bottom right panel, where the SBM-ROM solution is plotted using its own range. All
ROM computations are performed using POD modes corresponding to Epoq = 1 — 1075,
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Figure 5.6: The height () in the case of R = 0.22 computed by FOM (top left), SBM-iROM (top right), and SBM-ROM (bottom row). The legend
range is set according to the FOM computation except the bottom right panel, where the SBM-ROM solution is plotted using its own range. All
ROM computations are performed using POD modes corresponding t0 Epoq = 1 — 1075,

5.2. Test 2: Geometrical parameterization with varying cylinder center location

In the second test case we fix R = 0.15 and generate the FOM snapshots using three cylinder locations with
x. = —0.5, x, = 0.0, and x, = 0.5, with termination times being T = 0.5, T = 0.8, and T = 0.5, respectively. The
shorter simulation period is selected to avoid interaction between the reflected waves and the left or right boundaries.
A total number of 344 snapshots are created from the three FOM computations with a sampling frequency ngeq = 10,
and we assess the performance of ROM by computing the flow past cylinders with the same radius and locations
x. = —0.65, x, = -0.15, x, = 0.3, and x, = 0.8, with termination times given by T = 0.4, T = 0.7, T = 0.6, and
T = 0.3, respectively.

With varying x., SBM-ROM is highly unstable, as demonstrated by the height solution surfaces for the case
Xx. = —0.15 in Figure 5.8; in contrast, the SBM-iROM solution agrees very well with the FOM one.

Next in Figures 5.9-5.12, we plot the water height solutions at terminal times using FOM and SBM-iROM,; the
SBM-ROM solutions are omitted as they are highly unstable, as also seen by the relative space-time Frobenius errors
reported in Tables 7-10 and Figure 5.13.
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Table 3: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.08 of Test 1. Note that
SBM-ROM fails to deliver any solution.

FOM projection SBM-iROM SBM-ROM
8p0d h hV1 /’lVZ h hV] th h hv1 hV2

1-107 1.53e-3 2.28e2 2.12-1 1.83e-3  3.21e-2  3.02e-1 - - -
1-10% 6.46e-4 1.44e2 1.69e-1 1.30e-3  2.45e-2  2.14e-1 - - -
1-107 3.88e-4 1.23e2 1.54e-1 5.8le-4 1.84e-2 1.98e-1 - - -
1-10"% 3.67e-4 1.19e-2 1.51e-1 5.39e-4 1.8le-2 1.98e-1 - - -
1-10° 3.59-4 1.19e-2 1.50e-1 5.44e-4 18le-2 197e-1 - - -

Table 4: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.13 of Test 1.

FOM projection SBM-iROM SBM-ROM
Spod h hvl /’l\/z h hV] hV2 h hV] hV2

1-107 1.23e-3 1.79e-2  9.81e-2 1.84e-3  2.69e-2 1.3le-1 5.82e-3  9.09e-2  3.97e-1
1-10° 4.75e-4 9.12e-3  6.40e-2 6.97e-4 1.32e-2 7.35e-2 3.51e-3 2.55e-2 1.13e-1
1-1077 2.56e-4 7.02e-3 5.97e-2 4.24e-4 1.14e-2  6.44e-2 3.87e-3  3.03e-2 1.46e-1
1-10"% 238e-4 6.84e-3 5.85e-2 4.29¢-4 1.14e-2 6.33e-2 4.67e-3  4.25e-2  2.12e-1
1-107° 2.29e-4 6.82¢-3 5.80e-2 4.29e-4 1.13e-2 6.37e-2 4.96e-3 4.72e-2 23le-1

5.3. Test 3: Geometrical parameterization study with two-dimensional parameter space

In the last test case, we vary R the same way as in Test 1 and x, the same way as in Test 2; hence there are 9 FOM
computations with a total number of 1032 snapshots sampled with the frequency nseq = 10. The ROM computations
also follow the same variation in R and in x, as in previous two test cases. In Figure 5.14 and Figure 5.15, we plot
the height solution surfaces for the case R = 0.08, x, = —0.15 and R = 0.15, x, = 0.3, respectively. Note that
as all nodes are active in some snapshots, SBM-ROM can handle R = 0.08 (c.f. Test 1), but the solution is highly
unstable. The situation for SBM-ROM slightly improves when R = 0.15; nevertheless, in both demonstrations ROM
with interpolation is significant superior to that without interpolation. Similar as in Test 2, we omit the solution plots
for SBM-ROM, and compare the terminal water height solutions computed by FOM and SBM-iROM in Figures 5.16—
5.19.

Lastly, we summarize the relative space-time Frobenius errors in Tables 11-22 and Figure 5.20.

6. Concluding remarks and future developments

In this article we have proposed and analyzed the coupling between the Shifted Boundary Method and POD-
Galerkin methods for reduced order modelling in presence of geometrical parameters considering a case of hyperbolic
systems. The methodology has been applied to shallow water equations discretized using an explicit time integration
scheme and tested on three numerical benchmarks of increasing complexity.

In order to tackle one of the issues arising with the coupling of immersed methods and projection-based reduced-
order models we proposed a new preprocessing technique applied on the full-order snapshots prior to the POD basis
computation. This interpolation techniques demonstrates to increase considerably the accuracy of the results with
respect to the unpreprocessed approach without any increase of the online computational costs.

The proposed preprocessing approach produces accurate results for cases that would otherwise yield completely
unreliable results. This fact was particularly evident when the reduced-order model required to activate grid nodes
that remained inactive for all training snapshots.

From a general remark, we observe that the coupling of immersed methods and projection based reduced models
suffer from the necessity to use a large number of training points in order to produce accurate results during the online
computations.
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Table 5: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.17 of Test 1.

FOM projection SBM-iROM SBM-ROM
Spod h /’lVl hV2 h ]’lVl hV2 h th hV2

1-107 1.25¢-3 1.79e-2 7.58e-2 1.60e-3 2.45e-2  9.07e-2 5.30e-3 2.45e-2 9.8le-2
1-10° 5.60e-4 1.04e2 5.65e-2 6.90e-4 1.73e-2 7.14e-2 5.75e-3  2.8le-2 1.20e-1
1-1077 3.99e-4 8.84e-3 5.19e-2 5.45e-4 1.45e-2 6.57e-2 8.31e-3  7.65e-2 2.82e-1
1-10% 3.5le4 8.38e-3 4.87e-2 5.28e-4 1.55e-2 6.70e-2 9.85e-3 1.02e-1 3.60e-1
1-10"° 3424 834e-3 4.85e-2 5.09e-4 1.57e-2 6.73e-2 1.0le-2  1.08e-1 3.63e-1

Table 6: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.22 of Test 1.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hV1 ]’le h hv1 /’lVg

1-107 220e-3 295e-2 9.05e-2 2.58e-3  3.67e-2 1.09-1 1.60e-2 4.56e-2 1.15e-1
1-10"% 9.7le-4 1.42e2 4.76e-2 1.53e-3  2.38e-2 7.34e-2 1.60e-2 4.84e-2 1.09e-1
1-107 5.55e-4 9.37e-3 3.70e-2 1.02e-3 1.63e-2  4.63e-2 1.60e-2  7.46e-2 2.04e-1
1-10"% 4.78e-4 8.74e-3 3.52e-2 7.40e-4 1.15e-2 4.28e-2 1.58e-2  7.62e-2 2.3%e-1
1-107° 4.57e-4 8.55e-3 3.47e-2 8.02e-4 1.16e-2 4.4le-2 1.51e-2  7.39e-2  2.00e-1

In future works we aim to study possible approaches in order to circumvent this limitation applying suitable trans-
formations to the POD basis. A promising approach could be the preprocessing of the solution snapshots employing
suitable non-linear transformation using neural networks [49] or other types of transformations [50]. In order to
speed-up the online computations, other interesting aspects are related to the hyper-reduction of the problem using
residual evaluations only in a limited number of nodes. Despite the fact that hyper-reduction techniques are now well
developed, their application to immersed methods might be challenging.

We also plan to extend the proposed methodologies to fluid structure interaction problems.
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Table 8: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case x. = —0.15 of Test 2.

FOM projection SBM-iROM SBM-ROM
Epod h hvy hvy h hvy hvy h hvy hvy

1-10° 193e-3 2.53e2 1.6le-1 3.12e-3  4.50e-2 2.5le-1 6.80e-2 4.76e-1 1.73e+0
1-107% 1.18e-3 1.6le-2 1.29-1 1.97e-3  291e-2 1.72e-1 6.27e-2  5.63e-1 2.17e+0
1-107 1.05e-3 1.33e-2 9.94e-2 1.63e-3  2.78e-2 1.67e-1 6.21e-2  5.2le-1 2.23e+0
1-10"% 1.0le-3 1.21e-2 8.90e-2 1.46e-3 2.64e-2 1.68e-1 5.53e-2 4.76e-1 2.17e+0
1-107 9.82e-4 1.16e-2 8.64e-2 1.44e-3  2.66e-2 1.64e-1 5.33e-2 4.60e-1 2.15e+0

Table 9: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case x. = 0.3 of Test 2.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hv1 hV2 h ]’lV1 /’lVQ

1-107 2423 3.78¢2 2.43e-1 3.67e-3  5.34e-2  3.88e-1 7.06e-2 3.86e-1 1.50e+0
1-107% 1.99e-3 2.86e2 2.16e-1 2.76e-3  4.50e-2  2.90e-1 6.85e-2  4.59e-1 1.99e+0
1-1077 1.84e-3 2.38e-2 1.86e-1 2.68e-3 4.3le-2 2.97e-1 6.54e-2  4.45e-1 2.40e+0
1-10"% 1.76e-3 2.2le2 1.71e-1 2.56e-3  4.15e-2  2.71e-1 6.20e-2 4.43e-1 2.42e+0
1-107° 1.74e-3  2.19e-2 1.68e-1 2.53e-3  4.26e-2 2.74e-1 6.09e-2 4.34e-1 2.40e+0

Table 10: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case x, = 0.8 of Test 2.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 th h hv1 th h hV1 /’lVZ

1-107 4.13e-3 5482 3.63e-1 6.02e-3 8.29e-2  4.90e-1 7.90e-2 3.48e-1 1.69e+0
1-10% 3783 4.68¢2 3.28e-1 5.77e-3  7.39%-2 4.37e-1 7.96e-2 3.86e-1 2.17e+0
1-107 3.69e-3 4.29¢2 3.03e-1 5.87e-3  7.24e-2  4.07e-1 7.86e-2 3.85e-1 2.38e+0
1-10"% 357e-3 4.1le2 2.93e-1 5.57e-3 6.78e-2 3.98e-1 7.72e-2  4.03e-1 2.56e+0
1-10" 3.54e-3 4.05e-2 2.86e-1 5.48e-3  6.69e-2 3.86e-1 7.64e-2  3.99e-1 2.52e+0
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Table 11: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.08 and x. = —0.65 of
Test 3.

FOM projection SBM-iROM SBM-ROM
Spod h hV] hV2 h hV] th h hv1 hV2

1-107° 1.54e-3 326e2 39le-1 2.85e-3  5.62e-2 5.84e-1 5.26e-2  2.70e-1 2.16e+0
1-10° 1.12e-3 2.6le2 3.19%-1 2.14e-3  4.52e-2  4.85e-1 5.14e-2  2.75e-1 2.47e+0
1-107 9.83e-4 1922 2.24e-1 1.67e-3  4.04e-2  4.20e-1 3.60e-2 3.6le-1 5.76e+0
1-10"% 7.49e-4 1392 1.63e-1 9.65e-4 293e-2  3.10e-1 2.69e-2 2.66e-1 2.8le+0
1-107° 6.85e-4 1.15¢-2 1.3le-1 8.53e-4 2.60e-2 2.58e-1 2.63e-2  2.79%-1 2.65e+0

Table 12: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.15 and x. = —0.65 of
Test 3.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hv1 hV2 h hvl hV2

1-107° 2.10e-3 2.75e2 1.71e-1 3.37e-3 5.0le-2  2.74e-1 1.28e-2 1.56e-1 7.46e-1
1-10° 125-3 1.83e2 1.27e-1 1.82e-3  3.19e-2  1.90e-1 1.22e-2  1.38e-1 7.64e-1
1-107 7.10e-4 8.25e-3 7.28e-2 1.10e-3  2.03e-2 1.33e-1 1.05e-2  1.22e-1 6.58e-1
1-10"% 391e4 5.10e-3 4.18e-2 6.49e-4 1.19e-2 8.47e-2 9.78e-3 1.l1le-1 6.37e-1
1-10° 3.06e-4 4.14e-3 3.48e-2 5.05e-4 1.0le-2 6.99%-2 89le-3 1.03e-1 5.78e-1
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Figure 5.17: The height (%) in the case of R = 0.08 (top row), R = 0.15 (middle row), or R = 0.22 (bottom row), and x. = —0.15 computed by FOM

(left panels) and SBM-iROM (right panels), with the legend range set according to the FOM computations. The ROM computations are performed
using POD modes corresponding to Epoq = 1 — 1076,

Table 13: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.22 and x. = —0.65 of
Test 3.

FOM projection SBM-iROM SBM-ROM
8p0d h hv1 th h hV1 hV2 h hv1 hV2

1-107° 2.76e-3 2932 1.50e-1 3.90e-3 5.27e-2 2.6%-1 1.85e-2  2.09e-1 8.46e-1
1-10° 1.68e-3 1.93e2 1.1de-1 2.45e-3  3.39e-2  2.08e-1 1.80e-2 2.11e-1 8.75e-1
1-107 7224 7.85e-3 5.48e-2 1.10e-3  1.64e-2  9.50e-2 1.77e-2  2.06e-1 9.13e-1
1-10"% 4.14e-4 4.83e-3 3.34e-2 7.16e-4 1.14e-2 6.62e-2 1.71e-2  1.99e-1 8.37e-1
1-10"° 287e-4 3.84e-3 2.49e-2 5.67e-4 8.76e-3 4.9le-2 1.62e-2  1.97e-1 7.60e-1

Table 14: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.08 and x, = —0.15 of
Test 3.

FOM projection SBM-iROM SBM-ROM
apod h hv1 hV2 h hv1 hV2 h hv1 th

1-107 133e-3 296e2 3.63e-1 247e-3 5.05e-2 6.32e-1 5.38e-2  3.06e-1 1.99e+0
1-10° 9.88e-4 237e2 3.1de-1 2.04e-3  4.90e-2 4.72e-1 5.20e-2 3.62e-1 2.40e+0
1-107 1.05e-3 1.8le-2 2.28e-1 1.36e-3  4.57e-2 4.35e-1 3.58e-2 4.57e-1 6.0le+0
1-10"% 6.7le-4 1.32e2 1.45e-1 8.2le-4 3.6le-2 3.12e-1 2.57e-2  3.14e-1 2.76e+0
1-10° 5724 1.07e2 1.17e-1 6.48e-4 2.72e-2 2.46e-1 2.3%-2 3.32e-1 2.55e+0
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Figure 5.18: The height (%) in the case of R = 0.08 (top row), R = 0.15 (middle row), or R = 0.22 (bottom row), and x. = 0.3 computed by FOM
(left panels) and SBM-iROM (right panels), with the legend range set according to the FOM computations. The ROM computations are performed
using POD modes corresponding to Epoq = 1 — 1076,

Table 15: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.15 and x. = —0.15 of
Test 3.

FOM projection SBM-iROM SBM-ROM
8p0d h hv1 th h hV1 hV2 h hv1 hV2

1-107° 1.77e-3 2.53e2  1.40e-1 3.26e-3  5.45e-2  2.9%e-1 1.21e-2  1.55e-1 6.19e-1
1-10° 1.15e-3 1.6d4e2 1.13e-1 1.58e-3  3.19e-2 1.73e-1 1.12e-2  1.2le-1 6.49e-1
1-107 6.90e-4 7.94e-3 6.54e-2 1.05e-3  2.59e-2 1l.4le-1 8.07e-3 8.99%-2 4.8le-1
1-10"% 3.46e-4 4.74e-3 3.38e-2 521le-4 1.36e-2 7.70e-2 7.07e-3  8.09¢-2  4.03e-1
1-107° 2.7le4 3.77e-3  2.68e-2 4.34e-4 1.12e-2  6.19e-2 6.19e-3  7.14e-2  3.46e-1

Table 16: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.22 and x, = —0.15 of
Test 3.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hv1 hV2 h hvl th

1-107° 223e-3 2722 1.09%-1 3.44e-3  5.10e-2  2.37e-1 1.96e-2  2.46e-1 7.27e-1
1-10° 1.42e-3 194e2 8.15¢-2 223e-3  3.29e-2 1.35e-1 1.62e-2 1.8%e-1 6.91e-1
1-107 6.86e-4 8.64e-3 4.42e-2 1.16e-3  2.10e-2 9.4le-2 1.43e-2 1.71le-1 6.22e-1
1-10"% 327e-4 5.09e-3 2.49e-2 5.72e-4 1.15e-2 5.33e-2 1.19e-2  1.43e-1 5.20e-1
1-10° 224e-4 398e-3 1.95e-2 4.49e-4 9.05e-3 3.78e-2 1.00e-2 1.23e-1 4.40e-1
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Figure 5.19: The height (%) in the case of R = 0.08 (top row), R = 0.15 (middle row), or R = 0.22 (bottom row), and x. = 0.8 computed by FOM
(left panels) and SBM-iROM (right panels), with the legend range set according to the FOM computations. The ROM computations are performed
using POD modes corresponding to Epoq = 1 — 1076,

Table 17: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.08 and x, = 0.3 of
Test 3.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hV] th h hv1 hV2

1-10° 1.89%-3 4.15¢-2 5.38e-1 2.96e-3  6.30e-2 7.55e-1 5.34e-2  2.79%-1 2.13e+0
1-10° 1.78e-3 3.43e-2  4.99-1 2.26e-3 4.67e-2 594e-1 4.90e-2 3.17e-1 2.42e+0
1-107 1.55e-3 2482 3.59%-1 1.68e-3 4.43e-2  4.89%-1 3.18¢-2 4.06e-1 5.51e+0
1-10"% 1.04e-3 1.67e-2 1.85e-1 9.46e-4 3.52e-2 3.23e-1 231e-2 298e-1 2.50e+0
1-107° 8.60e-4 1.33e2 1.42e-1 6.98e-4 2.95e-2 2.80e-1 2.18e-2  2.92e-1 2.29e+0

Table 18: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.15 and x, = 0.3 of
Test 3.

FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hV1 hV2 h hvl hV2

1-107° 224e-3 3.76e2 2.13e-1 3.34e-3  5.79e-2 3.86e-1 1.28e-2 1.68e-1 7.46e-1
1-10° 1.88e-3 2.88e-2 1.87e-1 247e-3 4.778e-2 2.8le-1 1.32e-2  1.52e-1 7.98e-1
1-107 120e-3 1.38e-2 1.35e-1 1.51e-3  3.58e-2 2.25e-1 9.16e-3 1.04e-1 6.12e-1
1-10"% 63le4 9.09e-3 7.39-2 8.05e-4 2.43e-2 1.57e-1 6.38e-3  7.33e-2  4.45e-1
1-107° 523e-4 7.44e-3 57le-2 7.21e-4 1.98e-2  1.30e-1 5.30e-3  6.29e-2 3.7le-1
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Table 19: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.22 and x, = 0.3 of

Test 3.
FOM projection SBM-iROM SBM-ROM
Spod h hvl l’le h hV] /’ZV2 h l’lV] hV2
1-107 26le-3 3.66e-2 1.44e-1 4.12e-3  6.08e-2 2.72e-1 2.14e-2  2.54e-1 8.82e-1
1-10° 2.02-3 2.72-2 1.13e-1 2.86e-3  4.45e-2  2.09-1 1.74e-2  2.06e-1 7.6le-1
1-107 9.48e-4 1.03e-2 6.58e-2 1.67e-3  2.29e-2  1.14e-1 1.52e-2  1.83e-1 7.02e-1
1-10% 4.93e4 6.32e-3 3.85¢-2 8.07e-4 1.36e-2 7.29e-2 1.07e-2  1.30e-1 5.20e-1
1-10"° 3.85e4 5.07e-3 2.85¢-2 6.24e-4 1.23e-2 6.33e-2 8.90e-3 1.1le-1 4.25e-1

Table 20: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.08 and x, = 0.8 of

Test 3.
FOM projection SBM-iROM SBM-ROM
Spod h hv1 th h hv1 ]’le h hV1 hV2
1-10" 2.6le-3 52le-2 5.99-1 3.40e-3  6.85e-2  7.29e-1 5.36e-2 2.6le-1 2.03e+0
1-10"° 2.52e-3 4.65e-2 5.43e-1 3.43e-3 6.70e-2 6.73e-1 5.37e-2  2.70e-1 2.45e+0
1-1077 2323 3.59-2 4.30e-1 241e-3 5.86e-2 6.16e-1 3.78e-2  3.55e-1 5.02e+0
1-10% 1.67e-3 248e-2 2.75-1 1.77e-3  4.75e-2  4.64e-1 2.95e-2  29le-1 2.89e+0
1-107° 1.42e-3 2.20e-2 2.24e-1 1.66e-3  4.09e-2  3.96e-1 2.88e-2  2.99%e-1 2.70e+0

Table 21: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.15 and x, = 0.8 of

Test 3.
FOM projection SBM-iROM SBM-ROM
Spod h hv1 hV2 h hv1 hV2 h hV1 /’lVg
1-107° 3.45e-3 4.98e-2 3.28e-1 4.67e-3  7.07e-2  4.39e-1 1.51e-2 1.87e-1 1.07e+0
1-10° 2993 4.20e-2 2.78e-1 4.23e-3  6.23e-2  3.74e-1 1.27e-2  1.50e-1  8.85e-1
1-107 220e-3 2.45e-2 1.78e-1 2.89e-3 4.47e-2 2.60e-1 1.20e-2  1.28e-1  9.38e-1
1-10"% 1.15¢-3 1.2le-2 9.76e-2 1.63e-3  2.73e-2  2.00e-1 9.24e-3 9.44e-2  7.28e-1
1-107° 9.35e-4 9.40e-3 7.69-2 1.26e-3 2.20e-2 1.55e-1 9.06e-3 8.98e-2 7.16e-1

Table 22: The relative space-time Frobenius errors of the projected FOM solutions and ROM computations in the case R = 0.22 and x, = 0.8 of

Test 3.
FOM projection SBM-iROM SBM-ROM
8p0d h hvl hV2 h hV1 hV2 h hV1 /’lVQ
1-107 4.52¢-3 4.84e-2 2.77e-1 6.92e-3  8.07e-2 4.10e-1 2.27e-2  236e-1 7.13e-1
1-10° 3.69e-3 3.96e-2 2.24e-1 5.78e-3  6.34e-2  3.22e-1 2.18e-2  2.13e-1 8.23e-1
1-1077 2.71e-3 2.56e-2 1.6de-1 392e-3 4.67e-2 2.56e-1 2.15e-2  2.06e-1 8.63e-1
1-10"% 1.32e-3 1.30e2 8.69e-2 1.93e-3 2.6le-2 1.63e-1 1.91e-2 1.69e-1 7.66e-1
1-10"° 9.58e-4 9.72e-3 6.48e-2 1.56e-3 2.2le-2 1.27e-1 1.87e-2  1.70e-1 7.52e-1
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Figure 5.20: The relative Frobenius errors of Test 3 by SBM-iROM (marked by *), SBM-ROM (marked by x), and FOM projection error (FOM

proj., marked by o) in logarithmic scale plotted against the number of POD modes. The errors in &, hvy, hv; are plotted in black, blue, and cyan
colors, respectively.
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