FAST AND ACCURATE ARTIFICIAL COMPRESSIBILITY ENSEMBLE ALGORITHMS
FOR COMPUTING PARAMETERIZED STOKES-DARCY FLOW ENSEMBLES
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Abstract. Accurate simulations of the Stokes-Darcy system face many difficulties including the coupling of flows in two
different subdomains via interface conditions, the incompressibility constraint for the free flow and uncertainties in model
parameters. In this report, we propose and study efficient, decoupled, artificial compressibility (AC) ensemble schemes based
on a recently developed SAV approach for fast computation of Stokes-Darcy flow ensembles. The proposed algorithms (1) do
not require any time step condition and (2) decouple the computation of the velocity and pressure in the free flow region, and (3)
result in a common coefficient matrix for all realizations after spatial discretization for which efficient iterative linear solvers such
as block CG or block GMRES can be used to greatly reduce the computational cost. We prove the long time stability under two
parameter conditions, without any timestep constraints. In particular, for one single simulation, they are unconditionally stable
schemes. Several numerical tests are presented to demonstrate the efficiency of the algorithms and illustrate their applications
in realistic flow problems.

1. Introduction. The Stokes-Darcy model arises in many geophysical and biological applications, such
as the coupling of surface and groundwater flows, oil filters and blood filtration through vessel walls. Its
numerical approximation has been a subject of intensive study for recent decades, see [6, 8, 15, 16, 19, 25,
46, 60, 63, 64, 73, 80] and the references therein. Despite the fact that highly accurate numerical methods
have become available, accurate simulations and predictions of the coupled flows are still infeasible in many
engineering and industrial applications due to inherent uncertainties in the physical parameters and high
demand for computer resources for uncertainty quantification (UQ). For many popular UQ methods, e.g.,
multilevel Monte Carlo method [2], quasi Monte Carlo method [58], centroidal Voronoi tessellations [77], Latin
hypercube sampling [38], non-intrusive polynomial chaos methods [37, 76], stochastic collocation methods
[1, 88, 74, 24], the computational burden lies in repeated simulations of the underlying physical model within
a prescribed simulation time window. For instance, in numerical weather prediction, the simulation needs to
be finished in a certain amount of time for the prediction to be useful. In such simulations, spatial resolution
is often sacrificed to balance the need of computing a sufficient number of realizations and the limitation of
available computer resources.

To undertake this challenge, efficient ensemble algorithms [47, 48, 43, 35, 36] have recently been proposed
to facilitate fast and accurate simulations of flow ensembles. These are specially designed algorithms that
compute all the realizations at one pass resulting in linear systems with a common coefficient matrix that can
be efficiently solved with block solvers, such as block CG [22], block GMRES [23]. This ensemble timestepping
idea has been extensively tested in different flow problems and shown to be highly efficient in terms of both
storage and computational time, e.g., Navier-Stokes equations [33, 34, 32, 42, 43, 45, 54, 55, 83, 84], natural
convection [20, 21, 44], fluid-fluid interaction [12], MHD flows [7, 53]. Moreover it is competitive in accuracy
in comparison to traditional numerical methods. For Stokes-Darcy flows with random hydraulic conductivity,
fast ensemble methods were developed in [39, 51, 52, 49, 50].

Timestep restrictions remain a significant limiting factor in practical simulations of fluid flows through
highly heterogeneous porous media. Partitioned methods are growing popular due to their ability to reduce
the size of the discrete problems and thus less computer resources for a prescribed accuracy. But they have to
face extra timestep constraints from the decoupling step [63, 64], which degrade quickly as the porous media
become increasingly heterogeneous. In the setting of ensemble simulations, this difficulty remains and may
worsen as the fluctuation of the parameter appears in the timestep condition and a larger fluctuation may
result in a stricter timestep condition [51, 39, 52]. Thus it is desirable to design a more robust decoupling
strategy to avoid such situations and ensure the partitioned schemes achieve their expected efficiency. In [56],
a new decoupling strategy was proposed based on the scalar auxiliary variable (SAV) idea, where a SAV was
introduced to handle the lagged coupling terms in the Stokes-Darcy model. This leads to a modified partial
differential equation (PDE) system which is equivalent to the original Stokes-Darcy model, and an efficient,
fully decoupled discrete system can be derived and proved to be long time stable without any timestep
constraints. It is worth noting in [49] an unconditionally stable numerical scheme was developed based
on a combination of the Crank-Nicolson Leapfrog (CNLF) timestepping and an artificial compressibility
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(AC) technique. Despite its good performance, it does not provide a general framework for developing
unconditionally stable schemes based on other timestepping methods. Instead, the SAV decoupling strategy
studied in [56] can be easily extended to other popular timestepping methods and produce a family of
unconditionally stable numerical schemes. In this report we build on the idea of [56] and incorporate it
with the artificial compressibility technique to develop more efficient ensemble algorithms for numerical
simulations of the Stokes-Darcy flows subject to uncertainties.

Let Dy denote the surface fluid flow region and D, the porous media flow region, where Dy, D, C
R?(d = 2,3) are both open, bounded domains. These two domains lie across an interface, I, from each other,
and Dy N D, =0,D; N D, = I, see Figure 1.1.

Fig. 1.1: A sketch of the porous median domain D), fluid domain Dy, and the interface I.

We consider computing an ensemble of J Stokes-Darcy systems [3, 15, 63], corresponding to J different
parameter sets (u%(;ﬂ?,aj,bj,ff,j,fp,j,le), ji=1,...,J,
O —vAu; + Vp; = fri(z,t), V-u; =0, in Dy,
SoOp; —V - (Kj(2)Ve;) = fp,i(z,t), in D, (1.1)
¢i(z,0) = gb?(x), in Dy, and u;(z,0) = u?(x), in Dy,
¢j(x,t) = bj(z,t), in OD,\I and u;(x,t) = a;j(z,t), in IDF\I.

Here u(x,t) is the fluid velocity , p(x,t) the fluid pressure and ¢(x,t) the hydraulic head. We assume
there are uncertainties in initial conditions u"(x), ¢°(z), Dirichlet boundary conditions a(x,t),b(z,t), forcing
terms fr(x,t), fp(z,t) and the hydraulic conductivity tensor (), and (u?, (;59, a;,bj, fr.j fp.j: ;) is one of
the samples drawn from the respective probabilistic distributions, J is the number of total samples. For the
simplicity of presentation we assume homogeneous Dirichlet boundary condition here, but inhomogeneous
Drichlet boundary conditions will be implemented and tested in the numerical experiments shown in Section
5. Let ny/, denote the outward unit normal vector on I associated with Dy/,, where ny = —n,. The
coupling conditions across I are conservation of mass, balance of forces and the Beavers-Joseph-Saffman

condition on the tangential velocity:

w-ny—KV¢-f,=0and p—vn; -Vu-n; = gepon I,

T P = —QBIS 7 ; =
v -Vu-ny = Te= U T on I, for any tangential vector 7; on I.

see [4], [79], [40]. Here, g, K, v and Sy are the gravitational acceleration constant, hydraulic conductivity
tensor, kinematic viscosity and specific mass storativity coefficient, respectively, which are all positive. The
conductivity tensor K is assumed to be symmetric positive definite (SPD).

We first introduce the scalar auxiliary variables r;(t) that will be added to the governing PDE system
and will play an essential role in the decoupling scheme. Following the SAV ideas in [56, 68], we define

t

rj(t) =exp(=7), =L (1.2)

The true solutions of these scalar variables r; are the same but the approximate solutions from the decoupling
ensemble schemes will be different. They satisfy the following differential equations.
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dry _ 1 !

7T D (cr(uj, ¢;) — er(uj, é5)). (1.3)

where ¢y (u, ¢) is the coupling term from the Stokes-Darcy system, defined by

cr(u,¢) = g/1¢u-ﬁf ds.

To decouple the original Stokes-Darcy system into two subphysics problems, one usually needs to lag
the coupling term cy(u, @) to the previous time steps and this inevitably results in a timestep condition
to ensure long time stability [63, 64] if no other stabilization/decoupling techniques are considered. The
introduction of the zero term cy(uj, ¢;) — cr(uj, ¢;) in (1.3) makes it possible to cancel out the same term
in the partitioned scheme with lagged coupling terms.

One other difficulty in numerical solution of the Stokes-Darcy equations is the incompressibility con-
straint in the free flow region. The projection-type methods are the most frequently employed techniques
to overcome this difficulty, which feature lagging the pressure term to the previous time steps and then
projecting the intermediate velocity into the divergence-free space in a later step, [29]. They were first
introduced by Chorin [10] and Temam [86] in the late sixties and have been intensively studied since then
[17, 26, 30, 31, 81, 82, 87] and widely used in the practice. Unlike the projection-type methods, the artificial
compressibility methods (AC) which were also first studied in the sixties by Chorin [11], Temam [85, 86],
Kuznetsov, Vladimirova and Yanenko [59], are less studied in the literature and have only recently received
increasing attention. The AC methods relax the incompressibility constraint by adding a perturbation, e.g.,
€pt, to the mass conservation equation which facilities decoupling the computation of velocity and pressure
in time marching schemes, see [13, 9, 62, 27, 28, 14, 39, 67, 78] for recent developments. We will incorporate
the AC technique with our SAV decoupling strategy to develop highly efficient ensemble simulation schemes.
It is worth noting the outstanding feature of the AC schemes is that the pressure can be updated directly
without solving a Poisson’s equation which avoids the spurious oscillations in the boundary layer of pressure
due to artificial boundary conditions.

Define the function spaces:

Velocity: Xy :={ve (Hl(Df))d cv=0o0n 0D\I},
Pressure: Q; := L*(Dy)
Hydraulic Head: X, := {1y € H'(D,) : 1 = 0 on 0D,\I}.

We next present two SAV decoupled artificial compressibility ensemble algorithms that based on the
Backward Euler (BE) and the second order backward differentiation formula (BDF2) respectively, for fast
computation of the Stokes-Darcy flow ensembles.

ALGORITHM 1.1 (SAV-BEAC-En). Find (u?“,p?“,gb?“) € X5 xQp x X, and r?“ satisfying for
any (v,vY) € X5 x X,

uﬂ+1 —u”
J n+1 = n+l = ~ n+1
(jAt’v> ) +v(Vuj™, Vo), + Z/Inz(u] 7)) (v-Ty) ds — (pj , V- v)f (1.4)
+ Z/(n- R RN R ds b — e er(w, ) = (70
— J; i, i j i % 61’])(—%) » Py f.i Y
a(pitt = p})+ V-ulT =0, in Dy, (1.5)
¢?+1 — d);b - n+1 - n
P
’I“7»L+1 .
J n _ n+
- mcl(ujaw) = g(fphj )ps
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T?Jrl B T.;l ]' n+1 1 n+1 n n n+1
AT T Tt e (T 0 — e 67) (1.7
1 o 1<
BJS _
where — s i = —e———=, ond i = 7
JXZ: R ! JXZ:

ALGORITHM 1.2 (SAV-BDF2AC-En). Find (u "H,p;”l, (b?“) € Xy xQfxXp, and r;-”l satisfying for
any (v,v) € X5 x X,

3ul Tt — 4y 4t
n 1 n 1 z n+1
( ] 2Ai v | +u(Vuyt va—i—g /77Z + (v- Tz)dS—(ijr,V'U)f (1.8)
f

n+1

+Z/<m,j—m><<2u;?—u;f1>~a)<v-a> dst — Eyen(e, 265 = 07 = (770,
—JI exp(— )
aAt(3py Tt —4p} +p) ) + V- uitt =0, in Dy, (1.9)
A R . VY (267 — -
gSO( v Ha(RVETTL V), 4 (K - K)V(205 - 677, V), (1.10)
P
,,,n-i—l
- W 1(2uf —uf =) = g(fr 0,
3t g 4ot 1 1
! e T L 9¢" — ") —ep (207 —ut T oY) . (111
2At 't exp(—17) (er(ui™, 207 = ¢777) —er(2uf —uj™ ¢7)) . (111)

For Algorithm 1.2, one needs to use another numerical method to compute (u}p;,@l) to start the
algorithm. This can be done with any non-ensemble or ensemble one step method, such as the standard BE
or Crank-Nicolson method, or the SAV-BEAC-En method presented in Algorithm 1.1.

The rest of this paper is structured as follows. In Section 2 we prove the long time stability of both
algorithms without any timestep conditions. The fully decoupled, algorithmic implementation of the schemes
and related linear algebra are discussed in Section 3. In Section 4 we use manufactured analytic solutions to
demonstrate the convergence rates of the proposed schemes, and use several realistic flow problems to test
the performance and demonstrate efficiency of the presented ensemble algorithms. Section 5 concludes the
discussions.

2. Stability Analysis. We denote the L?(Dy/,,) norms by ||| ¢/, and the corresponding inner products
are denoted by (-,-)7/p. Let |- |2 denote the 2-norm of either vectors or matrices. Let kjmin(2), kmin()
be the minimum eigenvalue of the hydraulic conductivity tensor /C;(x), K(z) respectively, and p(z) be the
spectral radius of the fluctuation of hydraulic conductivity tensor K;(x) — K(z). Since both K;(z) and K(z)
are symmetric, |K;(z) — K(z)|2 = pj(z). We then define the following quantities that will be used in our
proof.

U;maz - Hl]aX Iilg‘;{ |77’L'7j (‘I) - 77]7,(.17)| ) ’F}zn” - I;leln 772( ) E:mm = Inelgi Igmin(I% p;nax rnjax Hé%x p]( )
2.1. Stability of SAV-BEAC. We prove long time stability of Algorithm 1.1 under two parameter
conditions, without any timestep conditions.

THEOREM 2.1 (Long time stability of Algorithm 1.1). If the following two parameter conditions hold,

nlmaw < nmzn p;nax < ]_fmina (21)

then Algorithm 1.1 is long time stable: for any N > 1,

N-1

n " 950 e ~
*II N||f+ 5 Atlpy’ ||2+Atz Sl = ppI* + == ||¢N||p+AtZ /IU§V-T¢)2 ds (2.2)
n=0
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gp At =
+ ALV |1 Z i =i+ Dot
n=0

1 " 9Prmas
< Il + S ) + L0 II¢OH2+AtZ S R0 s e gl
N-1 N-1

1 Chsym 9C% n
TR D Dl U R S e [ o 2
0 n—0 (kmin = Pnac)

Proof. Setting v = u"“, P = QS”H in Algorithm 1.1, testing (1.5) by ¢ = p"H, multiplying (1.7) by

T;LH, and adding all four equations yields
1 ~ ~
sl — ol "||f+mtnu”“—u"||f+vuw+1||f+z [t myt myas @)
n+1)2 2, ntl  onp2 . 950 i 950 |\ n 950 nt+l _ n
T e e PR s LA
B 7“7-H_1 7“7-H_1
9KV, Vot + —— e (ufth 0f) — — e (uf, 67 )
exp(—7-) exp(—-7—)
1 1 it
12 2 1 2 12 1 1
g gl gl S T s (e ) —erta 07 )
T

= 7y Uy = 3 g = R R) ds = g((K; — K95 V),

Applying Cauchy-Schwarz and Young’s inequalities to the source terms, for any 8 > 0 we have

(frytuy ™y +g(f"“7¢’-‘“) (2.4)

gCPp

n+1 n+1
+ Sv[[Vu +
LU+ I +

IIf”j1 5 + Bgkminl VT 15

For the other terms on the right hand side of (2.3) we have the following bounds.

_ (A (7 n;m(w =32 n:max n+l  ~\2
Z I(ﬁw 771)('“/3' Tz)(uj dS < Z Tl) ds + 9 I(uj Tl> ds|,
7
= n gpmax gpmaw n
— g ((K; = K)Ve}, Vei™h) < =2 |[Vel | + anﬁluz.

Using above estimates, equation (2.3) becomes

1 ,r]m'Ln n/maflf =R
n+1 n n+1 7 7 n+1 2
a5 15 = gl + v+ 37 B = ] [l 2t i (25)
min /mal‘
§ :77@ |:/ n+1 A{)Q dS—/I( d8:| +§ :[Th ;i :|/I(u31/\1)2 ds
Sont+112 “ 2 Son+l n 12 gSO n—+11(2 gSO n|2
© R = SR + L = a2 — S g

pmaz n gp;na:v n 3
(L= B )k [V 2 + 0 (1N 2~ | 96512)

9Cby | o2
:

4+ 1 Tn+1‘2 1 1 n+l n|2+lrn+1|2
4Bk min

20" " al

02
2 < P.f | pn+1
2At| il 2At| J = 2w 7757117 +



Assuming both of the two parameter conditions in (2.1) are satisfied, and taking 8 = (1 — %4”‘?” ), inequality
(2.5) reduces to

1 i . ~
n+1 1 n+1 2 n 2 n+1(2 2
a5 15— gl + 30 [ m - fagme o] < St - S @

+1 n 2 gSO +1 gSO n gplm.ax +112 n||2
= g + 0 g ||p 9% g2 + ez (9|2 — Ve 2)

1 | n+1|2

2
Ty —
2At f

‘ n2+ |rn+1 'I‘L|2

n+1|2
2At

1

2At

(kml’ﬂ - maw)

Summing (2.6) from n =0 to N — 1 and multiplying through by At we get (2.2).
O

2.2. Stability of SAV-BDF2. We prove long time stability of Algorithm 1.2 under two parameter
conditions, without any timestep conditions.

ﬁmzn
'max ’L
n; S

=l

3 I’ p’rnax < n;)ln N (2'7)

THEOREM 2.2 (Long time stability of Algorithm 1.2). If the two parameter conditions in (2.7) hold,
then the Algorithm 1.2 is long time stable: for any N > 2,

N-1 N-1
ul (13 + (120 = u7HF 4+ D7 uf =20 +ulHF 4+ A 20| Va3 (2.8)
n=1 n=1
—mzn 277’””” —
+At22 / 7)? derAtZ / ul ") ds + 2008 p) |7 + 20882 |2pY — pN 5
N—-1
+20A8 Y [P =297 + 0 3 4 gSollo (15 + 9S0l126) — o I
n=1
N—-1
+950 > 105 =267 + 6575 + 6905as AIVON 17 + 290m0: ALIVET 5 + 7|
n=1
N—-1 N—-1
— n n n— 4At n
+\2r§v—r§\[ 1|2+ Z \TjH—Q?"j +rl 1|2+T |7“j+1|2
n=1 n=1

=min
< ||u ||f+||2u —u0||f+AtZ2nmm/I(u] )% ds +Atz 771 /

+2aA8%|pjl[F + 202825 — pjIIF + gSolle; 15 + gSo||2¢1 - ¢°||p + 690700 AV S 17

N-1 N-1 2
QCP 2
+ 200 AUV + 17 + [2r) =912 + At Y- 2L G+ A Y —yvand 1 for -
n—1 n—1 vmin — Pmaz

Proof. Setting v = u?“, P = gb?“ in Algorithm 1.2, testing (1.9) by ¢ = p?+17 multiplying (1.11) by

r;“rl’ adding all four equations and using the estimate (2.4) yields
-1
4At H n+1||f + — 4At ||2un+1 ?H?” 4AtH an 4At ”2 n_ u;L ||?‘ (2'9)
: B = ~ ~ alt
+m”u?+1 _2u?+u;l 1||?+V||VU§L+1||?‘+Z\/I\7]Z(U’§L+1 Tl)(U;H_l ) d +7H n—i—le
1
alt alt al\t
+ THQp?'HL _p;LH? - T”png?“ - THQPJ —pj ”f + ||pn+1 ij +p] ||?c
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950 n 950 15 950 950 n—
SR 4+ = 1200 — o712 — e - 1267 — 7112

4At 4At ANt ANt
+1
4 350t g 1R+ RV T, — e (4,267 — 67)
4At J J P Jgo o2 rry P eacp(—t";l)
n+1
—%CI(QU?—U?_17¢?+1)+ . |n+1|2 |27’;L+1_ 72
exp(—LL) 4At 4At
1 n|2 n12 n+1 n—1(2 1 n+1(2
RN 4At|2r N By Vi e B
n+1
T (er(u 267 — 1Y) — er(2ul — ) 7))
exp(— )
P QCP
fllf”+1||f+ Svl[Vu ”+1Hf+4ﬂ LAl f2EHI + Bghmin Vo512

J

-> /I(m,j = 7)((2u} —uf ™) - F) (iR ds — g((Kj = K)V(265 — ¢ 71), VT,
Using the inequality (2a — b)? < 6a? + 3b%, we have
=3 g = =) Ry R ds (2.10)
9 n/mam 1 9 Sn/mam +1 9
< Imax L7 i n—=1 = oM ntl | =~
Z [ / 7:)* ds + 5 /I(UJ 7)) ds+ 5 /I(uJ i) ds]

and
I n n—1 n+1 / n|2 gp{rnax n—12 3gp;nagc n+1(2
_g((ICJ _K)v(2¢] _¢J )7V¢J )p < gpmaw‘|v¢] ||p+ T”V(bg ||p+ THV(bj Hp (211)
Using above estimates, equation (2.9) becomes

T+ 2~ — el - i iy (2.12)

= 20 2 y||wn+1||f+z i I (AR RE

|
4At
+Z7712 |:/I(u?+15_\2)2 dS_/I( d8:|—|-z 771 _ (max] /I(U?AZ)Q ds
ﬁmi" nmm (max
+> 5 [/(u}“%)st—/( T dS]JrZ R }/(“?71'?1‘)2‘15
I I !

%

O[At n n n O[At n n n— OéAt n n n—
+ = llp “||f+7||2p L pp|IF - —lp Hr ||2pj—pj 1||f+7|| U 2pt + I3
gSO n+1 2 gSO n+1 n (12 gSO n (12 gSO n n—12
=——||p" 2 — 2 k
520 g2 220 gt — gz — S0 gmy2 - D20 agn — gno2
gSO n n n— 3pma:r 7 n 3gp{ma:1; n n
+ AN =207 + 6T R+ (1= B = ) ki V5 G + = (1965 — IV 7)
gpmaa: n|2 n—12 1 n+1 2 n+1 n|2
Voll|z — |Vl 2 ;
+ Wmes (17682 — [Vgr12) + i i P+ 2 =
1 2 712 +1 —12 1 +12
4At " 4At| Ty Byl ity Pl
P7f n412 gCP,p n412
< =l ' — ' .
< LI+ B



Now if the two parameter conditions in (2.7) both hold, and taking 8 = %( ?’:T"%‘”), inequality (2.12)
reduces to

7L n 1 n 1 n n
4At| R+ 2w =l - gl - gl - (213)

luf = 2u} +up 7+ u||vu”+1||f+zm [/I(ug“-af ds—/l(u;l-a-)? ds]

4At
T e A e A I e e
~ 6 |J,\Y A : Pj oy Pj T Pjlly — 5Py
alt n n n n— gSO n gSO n n
= =5 l120 =P~ ||f+ Hp B R Ryl (O eyl P
gSO n|2 gSO n n—1(2 gSO n+1 n n—1(2
27 — " _ 94n :
4Atll(b (e 4Atll o7 — ¢ ||p+4At||¢ oY K |
3gpmam T n gpmax T n— n
+ 7(IIV¢j“II§ —IVe7I2) + 7(IIV¢- 12 = IV HI2) + 4At|7"]“|2
1 1 1
2n+1 'r_L2_ r_L2 2n_n12 n+1_2 n12 n+12
4At| g vl 4At‘ vl R
2
Chs i m 9Ck n
S FE I + L | o2,

Q(kmm -3 ;nax)

Summing (2.13) from n =1 to N — 1 and multiplying through by 4At yields (2.8).
0

REMARK 2.3. For the first order method (SAV-BEAC-En), the parameter conditions in (2.1) indicate
that the fluctuation needs to be smaller than the mean. Usually they are easy to fulfill in UQ applications
in which the magnitude of the fluctuation is generally much smaller than the magnitude of the uncertain
parameter. The parameter conditions in (2.7) for the second order method (SAV-BDF2AC-En) are a bit
stricter than the ones for the first order method, but can still be easily satisfied in many practical UQ
problems. If they are not satisfied for a large ensemble, one can split the large ensemble into smaller ones to
make these conditions satisfied, and apply the ensemble algorithm to each smaller ensemble.

3. Solution Algorithms and Numerical Implementation. The proposed algorithms SAV-BEAC-
En and SAV-BDF2-En have the scalar variables r; coupled with the primitive variables, which needs to
be decoupled for fast computation of the intended systems. In this section, we present corresponding fully
decoupled solution algorithms that are equivalent to Algorithm 1.1 and Algorithm 1.2 respectively. Detailed
numerical implementation and related linear algebra will also be discussed.

3.1. Solution Algorithms. Let

7,.7_1+1
Sn+1 _ 7 un+1 o ﬂn+1 + Sn+lﬁr}+1
J

¢7}+1 _ (E)?—i-l +S§l+1¢u§ﬂ+1 (31)

exp(_tn;:l)’ J - J j J J

3.1.1. SAV-BEAC-En. Instead of solving (1.4)-(1.7), we solve the following four subproblems for
e é’f}"rl gntl $n+1
R A B

; respectively.

(BE sub-problem 1): Find @' € X satisfying Vv € Xy,

1

At( n—i—l ) —|—V(V n+1 va+2/m An+l 7/: U TZ)dS—Fé(V'ﬂ;H'I,V'U)

f

(f}L;rl, ) Z/ Mi,j — 7i)( ?)(v ) ds—i—(p],v v) in Dy,

ﬁ;?“ = a;.’“, on 0D\I.



(BE sub-problem 2): Find QAS?H € X, satisfying V ¢ € X,

S/ .

A (@) +g(KVET vy,
S|

= g(y )+ 57 (97.0)

gsy“ it on OD,\I.

p

(BE sub-problem 3): Find @}*! € X satisfying Vv € X,

1 vn+1 “n+tl z 1 “n+1
2 (05 740) W 90 3 [ R0 R ds 4 (V5 ),
CI(Uad)j)a in Dfa
@t =0, on dD\I.
(BE sub-problem 4): Find q;?H € X, satisfying V ¢ € X,
gSO In+1 v In+1 n .
A (70) +g(KVET ey, = erwf v), in Dy,
P11 =0, ondD,\I.
Now we need to derive an equation for S;-’“.
P A S i P 3.2
= eacp(—%) T =exp T JR (3.2)
Multiplying (1.7) by r"“ gives
Pl _pn 1 prtl
J i, pntl + —|TT-L+1|2 . J (CI( n+1’¢n) . C[(un,d)n_'—l)) =0. (33)
At J T'"J exp(f%) 7773
Plugging (3.2) into (3.3) gives
(a7 + )07 = g ™ = S (e (™ 6f) — er(ug, 6571)) =0
1 1 2ttt n 1 gntt o
— (g + plean(— ) (S = reap(- S 83
— S+t (c,(a;?“ + ST o) — e (u, 0T + S;?H&gﬂ)) =0
At last, we obtain the equation for S’;‘H as
B7_l+1
n+1 n+1 on+1 n+1\ __ n+1 __ J
ST (AFTISIT BT =0 = S5 =~ (3.4)
where
1 1 2¢ntl . n n Y
= (g e T = e (L 67) + er(u, 65
n+1 1 n thrl n+l n n In+1
B = —rteap(— 1) — (@ 6)) + en(uf, 83,

After getting u”Jrl artt, gntt, QVS’-LH, S;’H

U can be computed directly using formula (3.4), and then we
have

n+1l _ An+1 n+1vn+1
ujt = Ay ST j

R . 1
n+l _ In+l n+1 in+1 n+l _  n n+1
¢' - (bj + Sj ¢j 5 p] pj — av . uj . (35)
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3.1.2. SAV-BDF2AC-En. Instead of solving (1.8)-(1.11), we solve the following four subproblems for
Q?H, cb;“rl, ﬂ;‘“, ¢?+1 respectively.
(BDF2 sub-problem 1): Find ﬂ?“ € X satisfying Vv € Xy,

3 An AN 1 ~n
E( +1 ) (Vu +1 va—i—Z/m (v- TZ)dS“‘m(V-uj'H,V'U)f
n |
= Ut v>f—@<uj L),
~ ~ 4 1 .
—Z/nm 7i)( w7 (on - T) d3+<3 Pj — 3P; LV U>f7 in Dy,

a?"’l = a?"’l on 0D\I.

)

(BDF2 sub-problem 2): Find ¢! € X, satisfying V ¢ € X,,,

3950 (- .
AL (07 w) + eVt v,

= G 0+ 2550 (g 0), — I (g1 )~ gl(K, — )V (26 — 6 Ve),, in Dy,

on 8Dp\l.

)

n+l _ gn+l1
ot =
(BDF2 sub-problem 3): Find ﬂ?“ € X satisfying Vv € Xy,
3 vn+1 wn+1 — rvn+l =~ ~ 1 on+41
AL ( )f —i-V(Vuj ,Vv)f—kz Im(uj Ti)(v-T;) ds + TaAt (V-uj ’V'U)f
= —cr(v,2¢} —¢;7"), in Dy,
7 =0, on OD\I.

(BDF2 sub-problem 4): Find é?“ € X, satisfying V ¢ € X,,,

3950 ( vni1 o Il y1 .
(] ,w)p+g</cwj V), = cr(2ul —ul ), in Dy,

Pt =0, ondD,\I.

Now we need to derive an equation for S?“.
+1 it +1 "
ST = ——— = r T = exp(— ST 3.6
] con—ET) ¢ p(=—)5; (3.6)
Multiplying (1.11) by 7’}”‘1 gives
3rntl —4r? + ! 1
i ot 2 (3.7)
2At 7
n+1
— (e, 267 — 60N — g (2 — w, ) =0,
exp(—*7-)
Plugging (3.6) into (3.7) gives
3 1 +1 2 aonil 1 1,.n+1
Gae + D0 m
—S;’“ (er(uj ™, 205 — 67 71) —er(2uf —uj™, ¢571) =0
3 1 2tn+ n+1\2 2 n tn+1 n+1 1 n—1 tn+1 n+1
:>(2At+ —)exp(— T ) (S77) —Erjexp(— T ) S} +—2Atr] exp(— T ) S}
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= S5 (enlip T S 267 — 0 —en(2uf —uf LG 4 57T ) =0

At last, we obtain the equation for S;L“ as

Bn+1
+1 ([ gn+1 gn+1 +1) _ n+l _
S AT BT =0 = T = (3.8)
where

At = (B Dyeap( 200 267 — 637 + erl2u — )
i T oA T /P T =295 = @5 ety = Uy 5 @;
Byt = —Zmenp(= L)+ o teap(- ) (@ 207 — 037 + er(2uy g,
J At 7 T AL T T i Y J J VARG

After getting @ A"H ﬁ"“, gb"“, qb"“ S"+1 can be computed directly using formula (3.8), and then we
have

WS ST RS G ST = Gt SVt (39)
3.2. Algebraic Systems. The proposed SAV-BDF2AC-En scheme will be compared to other schemes
such as SAV-BDF2AC-NonEn and SAV-BDF2-En stated below for computational efficiency check. Specifi-
cally, the SAV-BDF2AC-NonEn method is using AC decoupling but without ensemble technique; the SAV-
BDF2-En method is an ensemble scheme without using AC decoupling.
ALGORITHM 3.1 (SAV-BDF2AC-NonEn). Find (u T»H'l,p?"'l, QS;-LH) € XyxQpxXp, and 7“5”'1 satisfying
v (0,1/)) S Xf X Xp,

3u T — 4y ! ~
( A ) v WHZ/% LR (0 7) ds — (0L V- 0),
!
,r,n+1
n n—1 n+1
b oy 1 20] =977 = T

aAt(3pitt —dpt +pl ) + Veult =0,

3¢?+1 B 4¢;l + ¢?71 n+1 ;L+1 n n—1 n+1
9% ( oar V) FIVOT Y T e ) = U
3rith gy 4opnd 1
J J J _ +1 +1 n —1 n n—1 +1
24t =TTt ey (0T 26 = ) e~ 65)

ALGORITHM 3.2 (SAV-BDF2-En). Find (u "H,p;LJrl,(b?Jrl) € Xy x Qf x X, and r;-”l satisfying
v (v,q,w) S Xf X Qf X Xp

3u Tt — 4o 4t
n 1 n 1, /\ n+1
< J QAZ I v —|—V(V + va—i—Z/m + (v- Tz)ds—(pj+,v-v)f
Tn+1
+Z/<m,j—m)((%}’—u;?*l)a)(v-a) ds + —2 (0,267 — 6171) = (f1,0);,
—J1 exp(—p— T )

(¢, V-u*h)p =0,

37 —4gn + o7 ! _
gso( it ik ,w> +gRYG}H, V), + (K, ~ K)V (26 — 677), o),
p

rrtl
J n n—1 n+1
- n cr(2uf — uj a"/} :gf i 71/} )
exp(_t ;1) ( J J ) ( P.J )1’
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+1 —1
37“? B 47&? + T? _ 7lrn+1 4+ -
- j nt1
2A¢ T eggp(ftT )

(ex(uf ™, 207 — ¢77") = er(2uff —uf ™" 05 ")).

We then use the finite element method for spatial discretization. Let SZ(£2) and S} (£2) denote the space
of P2 and P1 finite element functions on domain {2 respectively. The basis functions of S7(Dy)?, S}(Dy),
and S (D,) are {x} PN i G } ;21 and {Xj ;”1 respectively. The finite element solutions will be represented
by vectors of nodal values, denoted in bold. A superscript n will be applied to mark the n—th time step, and
a subscript j will denote the j-th sample. Let My, M,, and M, denote the mass matrices for velocity u,
pressure p, hydraulic head ¢, respectively; the matrices S,,,, and S, are the stiffness matrices of the Poisson
operator corresponding to S’,%(Df)2 and S}L(Dp), respectively. We also define matrices Dy, Dyup, Cuug,
Bjy., and S;4 whose entries are given as follows

Duuler = (VX1 V- xi) s Duwpler = X7V x5 [Cuuglir = /IXf(X% “ny)

mmm:ﬁmuﬁﬂuﬁa,ﬁmm:mﬁwwm»

The mean matrices By, = J Z Bjuu, S¢ = J Z S;s will also be used in ensemble algorithms.
Jj=1 Jj=1
The algebraic systems of different schemes that will be considered in efficiency test are listed below.

1. SAV-BDF2AC-En:

AuACunJrl B;H»l’ AuACunJrl B}z+17 A¢¢A);L+1 An+1 A¢¢n+1 v?+1’ Mpp;H»l d;L+1
with
3 35, _
Au —— My, Suu Buu Duu7 Ay=-—M S s
AC = g v FPSuu  Bun 30N TN A

4

L n n n— n n n— n 1 n—
byt = £77 + Muu(Zru) — 70 ™) = (Bjuw — Bua) (20 — uf ™) + Duup (505 — 077,

At ] 2At J
b;‘H_l = 7gCuu¢(2¢;‘l - d)?_l)v

Gl =f 4+ M (250¢" — 320; 1) = (Sjo —So)(2¢] — ¢]7),

] Cuugb( u?_l)7
4 1 1
n+1 n—1 T n+1
dj = MP(§p§l — §pj ) — 3 tDuupuj .

2. SAV-BDF2AC-NonEn:

AEIJA) An+1 An+1 A](J]/i vn+1 _ B;H»l7 A((j)])é;ﬂrl _ fl;-l+1, Ag)i’;Hl — é;H»l’ Mpp;wrl d;L+1

with
: 3 1 Sy 38
A = "My, + vSuu + Bjuy D,., AY=CM,+S
wAG = gyt YSun By 4 g g D, o T gag e T i
4 1
~n+1 _ en+l 2 1 n n—1
& =177 + Muu(z7u) — 58745 )+Duup(3p —3P; )s

h;L-‘rl _ f;’jl +M (2S0 ¢n _ E(ﬁn 1)
3. SAV-BDF2-En:
ﬁﬂ—i-l ﬁanrl ifln+1
J J J
Aworc | . | = o Awoac| | =
p; 0 p;

in+1 _ an+1 g+l un+1
A¢¢j =C; ¢

L n+1
bj
0 )
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with

AuNoac = ’

T
—Diup 0

rh;hLl = fj?jl + Muu(%u}’ — ﬁugfl) — (Bjuu — Euu)@u? — u;l*l).

As one can see, the ensemble scheme results in a common coefficient matrix for all realizations. The
J simulations can be simultaneously handled by a direct linear solver such as LU factorization when the
problem is of small scale and by block iterative solvers when it is in large-scale. In contrast, the non-ensemble
scheme needs to handle J systems for different realizations one by one.

In next section, we will use iterative solvers to observe the computational efficiency of the three schemes
stated above. Specifically, for the SPD matrix Afﬁc, the classical CG solver with multigrid preconditioner
is enough. For the common matrix A,ac, however, the block conjugate gradient (Block CG [75, 71, 41])
solver will be applied to reduce redundant information from different samples. We perform similarly for A

and Ag). As for the coefficient matrix Aynoac, CG can not be applied due to matrix indefinity, two feasible
choices are minimum residual method (MINRES) with block diagonal preconditioner

< 757 Myy + vSuu + Buw 0 )
0 M,
and generalized minimum residual method (GMRES) with block triangular preconditioner
%MMW + vSuu + Buu —Duyup
()

In our work, the later performs better in terms of both the number of iterations and the CPU time. For more
details on preconditioner, one can refer to [18]. While ensembling technique is used in addition, we take the
block GMRES algorithm with deflation [5, BEFEGMRESD(m)] to achieve J realizations simultaneously. To
sum up, the algebraic solvers for above schemes are listed below in the table:

Coeffcient matrix iterative solver preconditioner solver of preconditioner

A ac Block CG Multigrid Multigrid

AU CG Multigrid Multigrid

A NoAC Block GMRES Block Triangular Multigrid preconditioned CG
A, Block CG Multigrid Multigrid

AY CG Multigrid Multigrid

REMARK 3.3. Although ill-conditioning of Ayac is a disadvantage, this ill-conditioning is not severe
when measured by the condition number at the solution, also called effective condition number. This has been
studied recently by Layton and Xu in [65]. The matriz Ayac has condition number

k= 0(cAt ™ +c(v,)h 2 + c(a) At h72).

The effective condition number for a general system Ac = b is defined as k*(c) = [|[A7L|| ”ﬁi“. Note that the
relative error in solving Ac = b is bounded by x*(c) multiplying the relative residual. For the linear system

AuACﬁ;’+1 = b?“, one can prove that

x/an+l -1 _\7 -2 -1 _1||V-ﬁ?+1||
K5(Q]T) < AT + (v, n)hTT 4 c(a)AtTh W
u-
J
gt
by following the steps in [65]. Since the solution is approzimately incompressible, % can be small.
j

Therefore, the effective condition number k*(0 ") can be much smaller than the standard condition number

K, as observed in [65].

ntl
J
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4. Numerical Tests. In this section, we perform numerical experiments to validate the convergence
rate of the proposed SAV-BEAC-En and SAV-BDF2AC-En algorithms, then study the computational effi-
ciency of SAV-BDF2AC-En with stochastic hydraulic conductivity, and finally make a realistic application.
For spatial discretization, Taylor-Hood elements (P2-P1) for the Stokes problem and piecewise quadratic
finite elements (P2) for the Darcy problem are used. In all simulations, the AC parameter « is set to be one.
Our MATLAB implementation is based on the data structure of iFEM package.

Table 4.1: Fluid velocity: errors at T = 5 and convergence rates of the SAV-BEAC-En algorithm (J

with At = h.
At |lup, — u||§’11 Rate ||up — “”f]’f Rate |jup — u||§’13 Rate
1/8 8518 x 1072 - 8.594 x 1072 - 8.749 x 1072 -
1/16  4.226 x 1072 1.01  4.239 x 1072 1.02 4.282x 1072 1.03
1/32  2.090 x 1072 1.02  2.092 x 1072 1.02 2108 x 1072  1.02
1/64  1.038x 1072 1.01 1.038 x 1072 1.01 1.046 x 10=2 1.01
1/128 5168 x 1072 1.01 5.170 x 1073 1.01  5.207 x 107* 1.01

Table 4.2: Fluid pressure: errors at T' = 5 and convergence rates of the SAV-BEAC-En algorithm (J

with At = h.
At llpr — p| fgl Rate ||pn — prf Rate ||pn — p||f§3 Rate
1/8 9.186 x 1072 - 8.986 x 1072 - 9.022 x 1072 -
1/16  4.657x 1072 0.98 4.514x 1072 0.98 4.576 x 1072 0.98
1/32 2335 x 1072 1.00 2272x1072 0.98 2333 x1072 0.97
1/64 1.168x 1072 1.00 1.142x 1072 098 1.181x 1072 0.98
1/128 5841 x 1072 1.00 5.729 x 1073 1.00 5.943 x 102  0.99

Table 4.3: Hydraulic head: errors at 7' =5 and convergence

rates of the SAV-BEAC-En algorithm (J

with At = h.
At |lgn—¢llzi  Rate |¢n — ol Rate |lgn — gl Rate
1/8 7.551 x 1072 - 4.424 x 1072 - 4.563 x 1072 -
1/16 3761 x 1072 1.01 2.174x 1072 1.03 2271 x1072 1.01
1/32  1.865x 1072 1.01 1.067x 1072 1.03 1.131x10"2 1.01
1/64  9.263x 1072 1.01 5269 x 1073 1.02 5.643 x 1073 1.00
1/128 4.614x 1072 1.01 2.617x 1072 1.01 2817x 1073 1.00

=3)

= 3)

= 3)

4.1. Convergence test. A model problem on Dy = (0,1) % (1,2) and D, = (0,1) x (0, 1) with interface
I =10,1]x{1} is considered, in which the physical parameters, g, v, Sy, apss, are set to be one. The hydraulic
conductivity tensor is set as a diagonal matrix diag(ki1, keo) with k11 and koo being constants. The initial
conditions, boundary conditions, and the forcing terms are constructed from the exact solution given by

u(xvyvt) = (ul(xﬂyvt)v UQ(IE,y,t)),
ur (2, y,t) = (22(y — 1) + exp(y/v/k11)) cos(t),
uz(x,y,t) = (%x(l —y)® + koo(2 — wsin(nz)) cos(t),
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Table 4.4: Fluid velocity: errors at T =5 and convergence rates of the SAV-BDF2AC-En algorithm (J = 3)
with At = h.

At |lup, — u||f[’11 Rate ||up — u||1€’12 Rate |jup — u||1€’13 Rate

1/8 2.039 x 1072 - 2.039 x 1072 - 2.039 x 1072 -

1/16  5.033 x 1073 2.02 5.036 x 1072 2.02  5.041 x 102  2.02
1/32  1.254x 1072 2.01 1.255x 1073 2.01 1.256 x 1073  2.00
1/64  3.131x107% 2.00 3.133x107* 2.00 1.137x10"* 2.00
1/128 7.825x 1075 2.00 7.831 x 107°> 2.00 7.841 x 1075 2.00

Table 4.5: Fluid pressure: errors at 7' = 5 and convergence rates of the SAV-BDF2AC-En algorithm (J = 3)
with At = h.

At lpn—pl5' Rate |pn—pl%®  Rate |pn—p|%°  Rate

1/8 2219 x 1072 - 2215 x 1072 - 2216 x 1072 -

1/16 5438 x 1073 2.03 5494 x 1072 2.01 5.565 x 102 1.99
1/32 1.352x 1073 2.01 1371 x 1072 2.00 1.395x 1073 2.00
1/64 3374 x107% 2.00 3.428 x 10~* 2.00 3.494x 10~ 2.00
1/128 8.433x 1075 2.00 8572x107° 2.00 8.744 x 1075 2.00

Table 4.6: Hydraulic head: errors at T = 5 and convergence rates of the SAV-BDF2AC-En algorithm (J = 3)
with At = h.

At lgn — o5 Rate |lgn—o|52  Rate |én — oI5 Rate

1/8  4.928 x 1073 - 4.960 x 1072 - 5131 x 1073 -

1/16  9.405x 107* 239 8.889 x 107* 248 8.944 x 107% 2.52
1/32 2085 x 107 217 1.821x107* 229 1.758 x 10~* 2.35
1/64 4999 x 1075 2.06 4.133 x 107° 2.14  3.859 x 107° 2.19
1/128 1.233x 107° 2.02 9.895x 107% 2.06 9.049 x 1075 2.09

p(z,y,t) = (2 — wsin(mx)) sin(0.5my) cos(t),
d(z,y,t) = (2 — wsin(mx))(1 — y — cos(my)) cos(t).

We perform J = 3 realizations simultaneously in this convergence test. Each realization is chosen by setting
a different hydraulic conductivity tensor from others, i.e. the j-th samples of k1 and koo are

kL=1-01(G 1), kl=1+01(G-1), j=1,23.

To check the temporal convergence rate, we consecutively refine the time step size At, from initial
time step size At = 1/8 to final size At = 1/128, and alway choose h = At. In this setup, the expected
error is O(h? + At) = O(At) for SAV-BEAC-En and O(h? + At?) = O(At?) for SAV-BDF2AC-En. The
approximation errors at final time 7' = 5 by the SAV-BE-En scheme are listed in Table 4.1, 4.2, and 4.3,
for the fluid velocity u, fluid pressure p, and hydraulic head ¢ respectively, illustrating that the SAV-BE-En
algorithm is first order in time convergence. We also list the results by the SAV-BDF2AC-En scheme in
Table 4.4, 4.5, and 4.6, from which we see the expected second order convergence is apparent.

4.2. Stochastic example. Next, we apply the SAV-BDF2AC-En algorithm for solving the stochastic
Stokes-Darcy model with a random hydraulic conductivity tensor (z, y, w) that depends on spatial variables.
Here w € Q, where (2, F, P) is a complete probability space. The hydraulic conductivity K(z,y,w) is set to
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Fig. 4.1: Streamlines and plots of E[u], E[-KV¢], E[p], E[¢] at T = 5.0 by different schemes using sparse-
grid method with J = 241 collocation points, h = 1/50, At = 1/100.

be a diagonal stochastic tensor diag(ki1(z,y,w), kaa(z,y,w)) that has continuous and bounded correlation
function. To be specific, the entries k11 (z, y,w) and kaa(z, y,w) are given by the Karhunen-Loéve expansion

ki1 (z,y,w) = koo (x,y,w) = ao + o/ Ao Yo(w) + Z o/ A[Yi(w) cos(im) + Yo, 1i(w)sin(irx))], (4.1)

where \g = $v/7Lc, A; = /mLcexp(—%(imLc)?) for i = 1,--- ,ny, and Y, - -+, Y2y, are indepdendent and
identically uniformly distributed in the interval [—v/3,+/3], so they have zero mean and unit variance. In
this expriment, we take ny = 2, so there are totally 5 random variables Yy, Y7,---,Y,. The other quantities
are set as L, = 0.25,a¢9 = 1,0 = 0.15.

Other physical parameters in the model and the computational domain are set as in Subsection 4.1. As
for the initial condition and Dirichlet boundary condition, they are given by

’LL(.'L', Y, t, (/J) = (’LL]_ (xa Y, 8, w)v ’LLQ(.’E, y,t, w))?
ul(xv Y, taw) = Yb(w) (y2 - Qy + 1)) COS(t),
us(z,y,t,w) =Yy (w)(2* — z) cos(t),
¢(2,y,t,w) = Ya(w)y cos(t).
The model associates with forcing terms f; = (Ysz(w)zy, Ys(w)zy), fp = Ya(w)zy.

The stochastic Stokes-Darcy problem is then solved by a sparse-grid collocation method, since it is non-
intrusive and superior to the Monte Carlo method in terms of the curse of dimensionality. In numerical
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Table 4.7: Computational performance using sparse-grid method with J = 241 collocation points, h =
1/50, At = 1/100,T = 5.0. Below n;,- denotes the number of iterations in using iterative linear solver and
tepu denotes the CPU time in seconds.

SAV-BDF2AC-En SAV-BDF2AC-NonEn SAV-BDF2-En

ngr foru & patt =5 28& 5 28x241 & 5x241 9
tepy foru & patt=>5 145 & 09s 0.57%x241 s & 0.01x241 s 45 s
N4 for ¢ at t =5 7 8x241 7
tepu for pat t =5 7.1s 0.01x241 s 7.0
Average tepy per time step 27.6 s 0.58%x241 s 61.8 s
Total CPU time 13923.1 s 62152.1 s 31008.9 s

Fig. 4.2: Domains with curvy interface for simulating the subsurface flow in a karst aquifer.

implementation, the J = 241 collocation points are computed by the Smolyak formula utilizing Guassian
quadrature. It ensures computational efficiency of integrating multidimensional functions by referring to
a univariate Guassian quadrature. Taking h = 1/50 and At = 1/100, the numerical solutions at 7' = 5
by three different schemes, SAV-BDF2AC-En, SAV-BDF2AC-NonEn, and SAV-BDF2-En, are illustrated in
Figure 4.1. In each subfigure, the streamlines of the expectations of fluid flow velocity u and porous media
flow velocity v = —KV¢ are plotted in the left, and the expectations of fluid flow pressure p and hydraulic
head ¢ are plotted in the right. Figure 4.1 shows that all the schemes achieve almost identical simulations.

A particular test on computational efficiency of using these three algorithms is also reported in Table 4.7.
It is apparent that the SAV-BDF2AC-En method takes much less CPU time than the SAV-BDF2AC-NonEn
algorithm. This thanks to the design that the algebraic systems in the ensemble scheme share a constant
matrix by all realizations, so the 241 linear systems in each time step can be simultaneously solved by block
iterative solvers. As compared to SAV-BDF2-En, the proposed SAV-BDF2AC-En scheme still outperforms
the coupled method in terms of CPU time, thanks to the splitting of velocity and pressure.

4.3. Realistic application. We then apply the proposed SAV-BDF2AC-En scheme to a more realistic
simulation of the subsurface flow in a karst aquifer. As shown in Figure 4.2, the free flow domain Dy with
curvy boundary ABCDEFGH is a T-shape conduit associating a curvy interface with the porous media
flow D,. The two domains form a unit square, and A = (0,0.8), B = (0,0.55), C' = (0.55,0.4), D = (0.7,0),
E =(0.85,0), F = (0.75,0.45), G = (1,0.5), and H = (1,0.7). The model parameters g, v, and Sy are equal
to one, and apys = 0.1. In the simulation, we set the source terms to be zero and ¢ = 0 on dD,\I. The
hydraulic conductivity tensor is set to be mI with various magnitude m in our experiments. The inflow and
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outflow boundary conditions for u are given as

(s1,0) on AB
u = (0, 82) on ﬁ 5
(s3,0) on GH

where s, s5 and s3 are constants.

With different hydraulic conductivity values, the numerical solutions of the Stokes-Darcy problem at
T = 1.0 solved by SAV-BDF2AC-En (h = 0.022 and At = 0.01) are illustrated in Figure 4.3. There the
computed expectations of u, v = —KV¢, p, and ¢ for different scenarioes are presented. In all cases, the
inflow conditions are fixed by setting s; = 1 and s3 = —1, and the outflow condition is given by s; = —1.5.
To test the effect of hydraulic conductivity on the solution, we set the magnitude m to be 1,1072, and 10~*.
The corresponding simulations are plotted from top to bottom. It is obvious that when m decreases, the flow
speed in porous media is significantly reduced. The same phenomenon is also observed in Figure 4.4, which
corresponds to the case s; = —0.2. Moreover, the larger hydraulic conductivity in Figure 4.3(a) causes the
water easier to be pushed out of the conduit; the smaller conductivities in Figure 4.3(c) and (d) cause water
to flow into the conduit near the outflow boundary.

Compared with the case s; = —1.5 in Figure 4.3, one can observe from Figure 4.4 that the less outflow
rate causes more water to be pushed out of the conduit into the porous media, especially through the AH
boundary. This is generally what happens during a rain season. In other words, comparing Figure 4.3(c)
and 4.4(c) concludes that the more outflow rate causes more water to flow into the conduit from the porous
media, which often happens during a dry season.

5. Conclusions. We have presented two fast and accurate algorithms that can be used to compute
an ensemble of the Stokes-Darcy flows at one pass. The proposed algorithms are developed based on a
SAV idea and the AC technique to fully decouple the primitive variables, leading to smaller algebraic linear
systems and thus great savings in computer storage and CPU time. They also exploit the efficiency of
solving linear systems with a common coefficient matrix and multiple right hands. For this purpose, very
efficient block solvers such as block CG and block GMRES methods can be used to significantly reduce
the CPU time of computing an ensemble of Stokes-Darcy flows. We proved the proposed algorithms are
long time stable without any timestep conditions. Unconditional stability is generally difficult to achieve for
partitioned numerical schemes of coupled flow problems. But the recently developed SAV idea puts forth a
way to design such schemes. After introducing auxiliary scalar variables into the Stokes-Darcy equations, we
also present efficient implementation methods to decouple the auxiliary scalar variables from computation of
other primitive variables. Numerical tests show that our proposed algorithms are very fast in computing an
ensemble of Stokes-Darcy equations compared to a non-ensemble numerical method or an ensemble scheme
without AC technique, while maintaining comparable accuracy.
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