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Abstract

The subject matter of this work is a 1D quantum spin - 1
2 chain associated with the inhomogeneous six-

vertex model possessing an additional Zr symmetry. The model is studied in a certain parametric domain, 
where it is critical. Within the ODE/IQFT approach, a class of ordinary differential equations and a quan-
tization condition are proposed which describe the scaling limit of the system. Some remarkable features 
of the CFT underlying the critical behaviour are observed. Among them is an infinite degeneracy of the 
conformal primary states and the presence of a continuous component in the spectrum in the case of even r .
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.

1. Introduction

Much of the early interest in exactly solvable models in 2D classical statistical mechanics 
came from the study of critical phenomena. Starting from the Ising model, exact solutions were 
crucial for the development of key concepts such as the scaling hypothesis and universality. The 
latter was greatly informed by the six-vertex model [1]. Within the standard parameterization, its 
local Boltzmann weights depend on q , which is sometimes referred to as the anisotropy param-
eter. As long as q is a unimodular number, i.e., q = eiγ , the statistical system is critical and it 
turns out that the corresponding critical exponents depend on γ ∈ (0, π]. This was in contradic-
tion with the original understanding of universality. The clarification came within the framework 
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Fig. 1. A graphical representation of the transfer-matrix for the inhomogeneous six-vertex model. Twisted boundary 
conditions are imposed as indicated by the presence of the factor ωσz

0 , where σz
0 is the Pauli matrix acting in the two 

dimensional auxiliary space.

of QFT as an example of an exactly marginal deformation of the critical point. It was realized 
that the universal behaviour of the six-vertex model is governed by the massless Gaussian CFT, 
where the fundamental Bose field is compactified to a circle with radius 

√
2γ /π [2–4].

In the work [5], Baxter introduced a multiparametric statistical system, which is a generaliza-
tion of the six-vertex model, and showed that it is solvable via the Bethe Ansatz technique. The 
corresponding set of algebraic equations takes the form

N∏
J=1

ηJ + q+1 ζm

ηJ + q−1 ζm

= −ω2 q2Sz
M∏

j=1

ζj − q+2 ζm

ζj − q−2 ζm

(m = 1,2, . . . ,M, Sz = N
2 −M ≥ 0 ) .

(1.1)

Having found a solution {ζm}Mm=1 one can compute the eigenvalues of all members of the com-
muting family of operators including the one-row transfer-matrix schematically depicted in 
Fig. 1.

Among the parameters is the anisotropy q = eiγ and the set of complex numbers {ηJ }NJ=1, 
referred to as the inhomogeneities, which are all assumed to be fixed. Together with these, the 
Bethe Ansatz equations also involve the parameter ω. The latter comes about as a result of impos-
ing so-called quasi-periodic boundary conditions on the lattice and for the periodic case ω = 1. 
With the parameters obeying certain conditions, the lattice system develops critical behaviour 
which can be described by a conformal field theory. We’ll assume that the number of sites N is 
divisible by r and the inhomogeneities obey the r-site periodicity condition

ηJ+r = ηJ (J = 1,2, . . . ,N − r ; N/r ∈Z ) (1.2)

in order to ensure the presence of translational invariance for the continuous theory. In the scaling 
limit N → ∞ while r is kept fixed.

For the investigation of the scaling limit, it is useful to switch to the Hamiltonian picture, 
where a central rôle belongs to the Hamiltonian H. The latter is a member of the commuting 
family of operators and, furthermore, is expressible as a logarithmic derivative of the r-row 
transfer-matrix (see, e.g., section 6.4 of ref. [6] for details). In the case of the homogeneous 
model, where ηJ are the same and without loss of generality may be set to one, H coincides with 
the Hamiltonian for the Heisenberg XXZ spin - 1

2 chain:

H |r=1 = − 1

2 sin(γ )

N∑
m=1

(
σx

mσx
m+1 + σ

y
mσ

y
m+1 + cos(γ )

(
σz

mσ z
m+1 − 1̂

))
. (1.3)

It should be supplemented with the quasi-periodic boundary conditions [4]

σx ± iσy = ω±2 (
σx

m ± iσy
m

)
, σ z = σz

m . (1.4)
N+m N+m N+m

2
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For r = 2 there are two inhomogeneities η1, η2, but one may always restrict to the case with 
η2 = η−1

1 . In the parameterization η1 = eiα , the Hamiltonian reads as [8,12]1

H |r=2 = cos(γ )

2 sin(γ − α) sin(γ + α)

N∑
m=1

[
sin2(α)

sin(γ )

(
σx

m σx
m+2 + σ

y
m σ

y
m+2 + σz

m σ z
m+2 − 1̂

)

− 2 sin(γ )

(
cos2(α)

cos(γ )
(σ x

m σx
m+1 + σ

y
m σ

y

m+1) + σz
m σ z

m+1 − 1̂
)

− i sin2(α) (σ z
m+2 − σz

m−1)(σ
x
mσx

m+1 + σ
y
mσ

y
m+1)

+ (−1)m sin(2α)
(

tan(γ ) (σ x
mσ

y

m+1 − σ
y
mσx

m+1)

+ i

2 cos(γ )
(σ x

m σ
y

m+2 − σ
y
mσx

m+2) σ z
m+1

− i

2
(σ x

m σ
y

m+1 − σ
y
mσx

m+1) (σ z
m+2 − σz

m−1)
)]

(1.5)

and is subject to the quasi-periodic boundary conditions as above. When r > 2, the explicit 
formula for H becomes cumbersome and not particularly transparent. It involves a sum over 
terms describing interactions of up to r + 1 adjacent spins. All such Hamiltonians commute with 
the z-projection of the total spin operator

Sz = 1

2

N∑
m=1

σz
m : [Sz,H ] = 0 . (1.6)

The field theory provides a description of the excitations whose energy counted from that 
of the ground state is sufficiently low. The full phase diagram for the general lattice system, 
including the identification of the critical surfaces, is currently not clear. The examples of critical 
models that have been studied so far, since the pioneering paper of Jacobsen and Saleur [7], all 
correspond to the case when the anisotropy is unimodular or, in other words, γ is real and may 
be taken from the domain

q = eiγ : γ ∈ (0,π] . (1.7)

Likewise, the inhomogeneities are also unimodular, |ηJ | = 1, and, without loss of generality, one 
may always assume that

r∏
J=1

ηJ = 1 . (1.8)

As was already mentioned, for r = 1 the critical behaviour of the model, with quasi-periodic 
boundary conditions imposed, is described by a massless compact Bose field. Already for r = 2
the model exhibits different types of critical behaviour and the phase diagram in the (γ, α) plane 
(the parameters of the lattice Hamiltonian (1.5)) is depicted in Fig. 2.

The different phases are already manifest in the general pattern of Bethe roots for the ground 
state. For the homogeneous model, all the {ζm} are real and positive. In fact, this requires the 
condition on the twist parameter:

1 The Hamiltonian presented in [8] corresponds to the case α = π
2 , while the one from ref. [12] is related to (1.5) by a 

similarity transformation.
3
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Fig. 2. The phase diagram for the model (1.5) with γ, α being real numbers lying within the segment (0, π ]. Phases I 
and II correspond to the massless compact Bose field, while III is related to the 2D black hole sigma models [7–14]. In 
the parametric domain IV the critical behaviour of the statistical system is governed by a CFT consisting of a massless 
compact boson and two Majorana fermions [15,16].

ω = eiπk , k ∈ (− 1
2 , 1

2 ] (1.9)

with sufficiently small |k|. In Fig. 3 depicted are the typical pattern of Bethe roots for the case 
r = 2 in phases III and IV in the complex plane of β ≡ − 1

2 log(ζ ). An important difference is 
that for phase III the roots accumulate exactly on the lines 	m(β) = 0, π2 independently of the 
value of the inhomogeneity parameter α (see, e.g., ref. [12]). For phase IV, they also accumulate 
along two lines. However these depend on α as 	m(β) = ± 1

2 α (see, e.g., ref. [16]).
The phase diagram for r > 2 is yet to be mapped out in general. In this work we will study the 

universal behaviour of the model in the domain 0 < γ < π
r

. It turns out to exhibit qualitatively 
new features compared to the cases r = 1, 2. In particular, the pattern of Bethe roots for the 
ground state do not accumulate on lines with fixed value of 	m(β), but on a certain locus in 
the complex β plane that depends on the values of the inhomogeneities (for an illustration, see 
Fig. 4). The exception is

ηJ = (−1)r e
iπ
r

(2J−1) , (1.10)

where the lattice model possesses an extra Zr invariance. Among other things, the symmetry 
manifests itself in that the Bethe roots accumulate along the lines

	m(βj ) = 0 ,
π

r
,

2π

r
, . . . ,

(r − 1)π

r
(mod π) . (1.11)

The most effective technique for studying the critical behaviour of an integrable lattice system 
is based on the ODE/IQFT correspondence [17–20]. This is demonstrated for the XXZ spin - 1

2
chain in ref. [21] and for the case r = 2 in phase III from Fig. 2 in the work [14]. In ref. [16], 
the ODE/IQFT correspondence was put forward for the inhomogeneous six-vertex model with 
(1 − 1

r
)π < γ < π .

In this paper we propose a set of differential equations that describe the scaling limit of the 
Zr invariant spin chain subject to quasi-periodic boundary conditions (1.4), (1.9), when the in-
homogeneities take the value (1.10) and

q = eiγ : 0 < γ <
π

r
. (1.12)

The analysis turns out to be more complicated than for the Z2 case and a detailed study of the 
critical behaviour is left for future work.
4
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Fig. 3. The typical pattern of Bethe roots for the ground state (Sz = 0) of the Hamiltonian (1.5) is shown in the complex 
β plane with β = − 1

2 log(ζ ). For the left panel, the parameters were taken to be (γ, α) = ( 43π
200 , 13

10 ), so that the model is 
in the critical phase III from Fig. 2. For the right panel (γ, α) = ( 143π

200 , 13
10 ), which corresponds to phase IV. The number 

of sites N = 100 and the twist parameter k, which enters into the boundary conditions (1.4) via ω = eiπk was set to 
k = 1

10 .

Fig. 4. The pattern of Bethe roots βj = − 1
2 log(ζj ) for the ground state of the spin chain Hamiltonian H with r = 3 in 

the sector Sz = 0. The inhomogeneities are set to be η1 = e− 2π i
3 , η2 = e

2π i
3 ε and η3 = e

2π i
3 (1−ε) where ε = 3

40 . For the 
open blue circles, the number of lattice sites is N = 240, while for the black crosses N = 324. The remaining parameters 
were taken as γ = π

5 , k = 1
20 .

2. Output from numerical work

Described here are some results of our numerical analysis of the spin chain with Zr symmetry 
in the regime (1.12).

The study of the scaling limit requires one to assign an N dependence to the low energy states, 
i.e., to form the RG trajectories |�N 〉. It is usually clear how to do this for the ground state or, for 
that matter, the lowest energy states in the disjoint sectors of the Hilbert space, say, in the sector 
with given value of Sz (eigenvalue of Sz from eq. (1.6)). However forming individual RG flow 
trajectories for low energy stationary states is not a trivial task. In the case at hand, the procedure 
is facilitated by the existence of the Bethe Ansatz equations.

One starts by diagonalizing the Hamiltonian for a small number of lattice sites N = Nin � 20.2

Each stationary state may be chosen to be a Bethe state, which is an eigenvector of the full family 

2 The explicit formula for the Hamiltonian and the other members of the commuting family may be found in sec. 6 of 
ref. [6].
5
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of commuting operators. An important member of this family is the Q-operator. Its eigenvalues 
are polynomials in ζ , whose zeroes {ζm}Mm=1 obey the Bethe Ansatz equations (1.1). For a given 
low energy state |�Nin〉, one can compute the eigenvalue of the Q-operator and thus determine 
the corresponding set of Bethe roots. With these at hand, the state |�N〉 where N = Nin +2r may 
be specified without an explicit diagonalization of the Hamiltonian. One finds the solution to the 
Bethe Ansatz equations, whose pattern qualitatively resembles the Bethe roots for |�Nin〉 (for 
technical details, see ref. [13]). By iterating this procedure, the RG trajectory |�N 〉 for increasing 
N is obtained. The corresponding energy is computed from the Bethe roots labelling the Bethe 
state as

E =
r∑

�=1

E (�) , E (�) = 2i
M∑

m=1

(
1

1 + ζm q−1 /η�

− 1

1 + ζm q/η�

)
, (2.1)

while the eigenvalue of the lattice translation operator K is given by3

K =
r∏

�=1

K(�) , K(�) = eiπk q−M

M∏
m=1

ζm + η� q

ζm + η� q−1 . (2.2)

Recall that the number of Bethe roots in the sector with given value Sz coincides with M =
N
2 − Sz.

It should be mentioned that for r > 1 the lattice Hamiltonian H is not Hermitian with respect 
to the usual matrix conjugation and some of its eigenvalues turn out to be complex numbers. To 
order the states we use the real part of their energy. This does not interfere with the notion of a 
low energy state since for such states |�N 〉 the imaginary part of the difference E − Evac decays 
faster than the real part as N → ∞.

2.1. Low energy spectrum for odd r

We performed a study of the large N behaviour of the low energy spectrum and found that 
the states organize into conformal towers as predicted from conformal field theory [22]. For the 
case of odd r , the low energy-momentum spectrum is described as

E = N e∞ + 2πrvF

N

(
P 2 + P̄ 2 − r

12
+ L+ L̄

)
+ o(N−1)

K = (−1)rw exp

(
2π ir

N

(
P 2 − P̄ 2 + L− L̄

))
. (2.3)

Here the specific bulk energy and Fermi velocity are given explicitly by

e∞ = −2vF

π

∞∫
0

dt
sinh

(
rt
n

)
sinh

(
(n+r) t

n

)
cosh(t)

, vF = r (n + r)

n
(2.4)

and the anisotropy parameter q = eiγ has been swapped for n such that

γ = π

n + r
(n > 0) . (2.5)

3 The formulae for the eigenvalues of the energy and lattice shift operator are valid for any values of the inhomo-
geneities provided the r-site periodicity condition (1.2) is satisfied. Clearly, for the Zr symmetric case (1.10) they may 
be simplified, but we prefer to keep them as they are.
6
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The P and P̄ that enter into the 1/N corrections take the discrete set of values,

P = 1

2
√

n + r

(
Sz + (n + r) (k+ w)

)
, P̄ = 1

2
√

n + r

(
Sz − (n + r) (k+ w)

)
,

(2.6)

which are characterized by the eigenvalue of Sz and the so-called winding number w =
0, ±1, ±2, . . . . Finally, the pair of non-negative integers (L, L̄) give the chiral levels of the state 
in the conformal tower.

The Bethe states for which the asymptotic behaviour (2.3) is satisfied with L = L̄ = 0 will 
be referred to as the primary Bethe states. We observe the surprising feature that for given Sz

and w, the number of primary Bethe states grows for increasing N and in all likelihood becomes 
infinite in the limit N → ∞. This implies the existence of an infinite number of conformal 
towers labelled by the same pair of conformal dimensions. To resolve such a degeneracy, one 
should consider the scaling limit of the spectrum of other operators from the commuting family. 
We used the so-called quasi-shift operators,

K(�) (� = 1,2, . . . , r) : [
K(�),H

] = [
K(�),K(�′)] = 0 , (2.7)

whose definition is given in sec. 6.2 of the work [6]. Note that these operators are reshuffled 
under the action of the Zr symmetry:

D̂−1K(�)D̂ = K(�+1)
(
K(r+1) ≡ K(1)

)
, (2.8)

where the notation D̂ from ref. [6] for the generator of the symmetry is being used. Also their 
product coincides with the r-site translation operator:

K =
r∏

�=1

K(�) . (2.9)

The eigenvalues of K(�) are denoted as K(�) and are given in terms of the Bethe roots as in 
eq. (2.2).

Keeping in mind the Zr symmetry, we studied the discrete Fourier transform of the logarithm 
of K(�):4

ba ≡ N1− 2|a|
r

2π ir

r∑
�=1

e
iπ
r

a(r+1−2�) log
(
K(�)

) (
1 ≤ |a| ≤ [ r−1

2 ]) . (2.10)

The factor N1− 2|a|
r was introduced for the following reason; we observed that for the low energy 

states ba = ba(N), defined as above, tend to finite limits as N → ∞ which, in general, are non-
vanishing (complex) numbers. Also, in (2.10), the symbol [· · · ] stands for the integer part. It’s 
placed here in view of the later discussion of even r , where this same definition of ba will be 
utilized.

4 For the low energy states K(�) → (−1)w as N → ∞, where w ∈ Z is the winding number. The leading term in the 
asymptotics log(K(�)) = iπ + . . . for w odd gives no contribution to the definition of ba since it is cancelled when the 
sum over � in (2.10) is taken.
7
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The limiting values of ba (2.10) as N → ∞ are important characteristics of the RG trajecto-
ries. It turns out that they, together with P and P̄ (2.6), are sufficient to distinguish the primary 
Bethe states. Also, we found that ba appear in the corrections to the scaling of the energy in 
eq. (2.3). In particular, for any low energy Bethe state

E = N e∞ + 2πrvF

N

(
P 2 + P̄ 2 − r

12
+ L+ L̄

)
(2.11)

− 4π2rvF

N1+ 2
r

cot
( π

2n

)
b r−1

2
b 1−r

2
+ O

(
N−1− 6

r ,N−1− 4n
r

)
(r = 3,5, . . .) .

2.2. Low energy spectrum for r even

For even r special attention needs to be paid to the operator

B =
r
2∏

m=1

K(2m−1)
(
K(2m)

)−1
. (2.12)

A numerical study of its eigenvalues shows there are low energy states in the lattice model such 
that

b r
2

≡ (−1)
r
2 +1

2πr
log(B) = 1

2πr

r∑
�=1

(−1)�+
r
2 log

(
K(�)

)
(2.13)

either tends to a non-zero value or decays to zero as

b r
2

∼ 1

log(N)
for N → ∞ . (2.14)

Such a phenomenon was already observed and extensively studied in the context of the Z2 in-
variant spin chain (r = 2) [8,9,11–14]. The scaling limit should be taken such that the value of b r

2
is kept fixed as N → ∞. This leads to the presence of a continuous component in the spectrum 
of the underlying conformal field theory. In the case r = 4, 6, . . . and for the low energy states, 
ba defined through (2.10) remain finite and (generically) non-vanishing as N → ∞. This way, 
for both r odd and r even, the RG trajectories are labelled by the limiting values of ba . For even 
r we observed that the large N asymptotic behaviour of the energy follows a similar formula to 
(2.11):

E = N e∞ + 2πrvF

N

(
P 2 + P̄ 2 + 2n (b r

2
)2 − r

12
+ L+ L̄

)
(2.15)

− 8π2rvF

N1+ 4
r

cot
(π

n

)
b r

2 −1 b1− r
2
+ O

(
N−1− 8

r ,N−1− 4n
r

)
(r = 4,6, . . .) .

The following comments are in order here. In our numerical work we constructed a variety 
of RG trajectories for r = 2, 3, . . . , 7. In all the cases our data was in full agreement with the 
asymptotic formula

E = N e∞ + 2πrvF

N

[
P 2 + P̄ 2 + 2n (b r

2
)2 − r

12
+ L+ L̄ (2.16)

−
[ r−1

2 ]∑
2π (r − 2a) cot

(
π (r−2a)

2n

) ba b−a

N2− 4a
r

+ O
(
N−2,N− 4n

r

) ]
,

a=1

8
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Fig. 5. Presented is numerical data for an RG trajectory of the Z3 invariant spin chain in the sector Sz = 1
2 whose scaled 

energy δE = N
2πrvF

(
E − Ne∞

)
grows logarithmically as N → ∞. The typical pattern of Bethe roots (N = 123) is 

depicted in the complex β plane on the left panel. On the right panel, the crosses correspond to the numerical values of 
|δE | obtained via the solution of the Bethe Ansatz equations. The dashed line is a plot of the absolute value of the fit 
δE ≈ −0.03 − 1.11 i + (0.521 + 0.099 i) log(N). The parameters are n = 3 and k = 1

20 .

where b r
2

≡ 0 for odd r and n is assumed to be generic. Also, it is worth mentioning that the 

summands E (�) in (2.1) coincide with the eigenvalues of the mutually commuting operators

H(�) : [
H(�),H(�′)] = 0 , H =

r∑
�=1

H(�) . (2.17)

Similar to H these are given by a sum of terms describing interactions of up to r + 1 adjacent 
spins. However, they are not Zr invariant, but rather

D̂−1H(�)D̂ = H(�+1)
(
H(r+1) ≡ H(1)

)
. (2.18)

For the leading large N behaviour of their eigenvalues we found that for r ≥ 2

r∑
�=1

e
iπ
r

a(r+1−2�) E (�) = 2πvF sgn(a) (r − 2|a|)N−1+ 2|a|
r

(
ba + o(1)

) (
1 ≤ |a| ≤ [ r

2 ]) ,

(2.19)

where sgn(a) denotes the sign of the integer a. Finally, Bethe states were observed for which 
δE = N

2πrvF

(
E − Ne∞

)
grows logarithmically as N → ∞, see Fig. 5. We do not count these 

states as being part of the low energy spectrum. A similar phenomenon was discussed in the case 
of the Z2 invariant spin chain in the original works [7,8].

3. ODEs for the scaling limit of the Zr invariant spin chain

As was mentioned in the Introduction, the most effective way of studying the universal be-
haviour of integrable lattice systems is based on the ODE/IQFT correspondence. In this section, 
we propose the set of Ordinary Differential Equations which describe the scaling limit of the Zr

invariant spin chain where the anisotropy parameter is taken to be q = e
iπ

n+r with n > 0. Also, 
some numerical verifications of the proposal are discussed.
9
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3.1. Differential equations for the primary Bethe states

The limiting values of ba (2.10), (2.13) as N → ∞ are important characteristics of an indi-
vidual RG trajectory. For our purposes, it will be convenient to switch from these to

sa = Ca slim
N→∞ba , s̄a = −Ca slim

N→∞b−a , 1 ≤ a ≤ [ r
2 ] (3.1)

with the proportionality coefficients being given by

Ca = (−1)a(r−1) 2n

√
π �(1 + r−2a

2n
)

�( 1
2 + r−2a

2n
)

[
�( 3

2 + r
2n

)√
π�(1 + r

2n
)

] r−2a
r

. (3.2)

The symbol “slim” is used as a reminder that the limit (3.1) exists only for the class of low 
energy states and for even r should be taken such that b r

2
is kept fixed as N → ∞. Note that, by 

definition b− r
2

≡ −b r
2

and therefore

s̄ r
2

≡ s r
2

. (3.3)

The sa and s̄a will be combined into the two sets

s = (
s1, . . . , s[ r

2 ]
)
, s̄ = (

s̄1, . . . , s̄[ r
2 ]

)
. (3.4)

Also we’ll use the notations

p = n + r

2

(
Sz

n + r
+ k+ w

)
, p̄ = n + r

2

(
Sz

n + r
− k− w

)
. (3.5)

Among other things, the ODE/IQFT correspondence implies a relation between the scaling 
limit of the eigenvalues of the Q-operator for the low energy Bethe states and the spectral deter-
minants of a certain set of ODEs. In the case at hand, the primary Bethe states of the Zr invariant 
spin chain are fully characterized by p, p̄ as well as s, s̄ and the corresponding pair of differential 
equations are proposed to be

[
− ∂2

z + 1

z2

(
E−n−r zn+r − zr + p2 − 1

4
+

[ r
2 ]∑

a=1

sa (−z)a
)]

� = 0 (3.6)

[
− ∂2

z̄ + 1

z̄2

(
Ē−n−r z̄n+r − z̄r + p̄2 − 1

4
+

[ r
2 ]∑

a=1

s̄a (−z̄)a
)]

�̄ = 0 . (3.7)

The cases r = 1 and r = 2 have been extensively explored in the work [14] (see also Ap-
pendix A). In order to not overburden the text with technical details, the similar analysis for 
general r will not be repeated here. Instead we give a brief reminder of the construction of the 
spectral determinant, which is numerically efficient, focusing on eq. (3.6).

It is convenient to re-write the ODE using the variables

z = E ey , � = e
y
2 ψ . (3.8)

The differential equation (3.6) then becomes

[
− ∂2

y + p2 + e(n+r)y − Er ery +
[ r

2 ]∑
sa (−E ey)a

]
ψ = 0 . (3.9)
a=1

10
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Assuming that �e(p) ≥ 0, there exists a solution which is uniquely defined by the asymptotic 
condition

ψp(y) → epy as y → −∞ . (3.10)

Introduce another solution, χ = χ(y), by means of the WKB asymptotic:

χ � exp

[
− n + r

4
y − 2

n + r
e(n+r)

y
2 2F1

(
− 1

2
,−1

2
− r

2n
,

1

2
− r

2n

∣∣∣Ere−ny
)]

(3.11)

as y → +∞ .

Here 2F1 is the conventional hypergeometric function and it is assumed that r
n

�= 1, 3, . . . . The 
spectral determinant is given in terms of the Wronskian of the two solutions:

Dp(E) =
√

π

�(1 + 2p
n+r

)
(n + r)−

1
2 − 2p

n+r
(
χ∂yψp − ψp∂yχ

)
(3.12)

with the factor out the front being chosen so that Dp(0) = 1 for generic values of p.

The spectral determinant is an entire function of E and hence the series

logDp(E) = −
∞∑

j=1

Jj Ej (3.13)

has a finite radius of convergence. The expansion coefficients depend on p and s = (s1, . . . , s[ r
2 ])

(also, of course, on n > 0),

Jj = Jj (p, s) , (3.14)

which are parameters of the differential equation. By applying perturbation theory in E to the 
ODE (3.9) it is possible to obtain explicit analytic formulae for the first two of them. The result 
for the cases r = 1, 2 is quoted in ref. [14]. It possesses a straightforward generalization for r ≥ 3:

J1 = s1 f1
( p

n+r
, 1

n+r

)
C (3.15)

J2 =
(

s2
1 f2

( p
n+r

, 1
n+r

) − s2 2
4

n+r
π�2(− 1

n+r
)

�2( 1
2 − 1

n+r
)

f1
( p

n+r
, 2

n+r

))
C2

with

C = (n + r)
2

n+r

�2(− 1
n+r

)
(3.16)

(for r = 3, one should set s2 identically to zero). The explicit form of the functions f1 and f2 are 
presented in Appendix B.

The eigenvalues of the lattice Q-operator are polynomials in the spectral parameter ζ , whose 
roots satisfy the Bethe Ansatz equations. In the notations of ref. [6],5

5 As explained in that work, the Baxter T Q-relation possesses two solutions Q± . The operator A+ coincides with Q+
up to a simple factor involving fractional powers of ζ and has the advantage that its eigenvalues A+(ζ ) are polynomials 
in ζ of order M ≤ N/2.
11
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A+(ζ ) =
M∏

m=1

(
1 − ζ

ζm

)
(M ≤ N/2 ) . (3.17)

The coefficients of the polynomial are simply expressed in terms of the sums

h
(j)
N = j−1

M∑
m=1

(ζm)−j , (3.18)

for instance,

logA+(ζ ) = −h
(1)
N ζ − h

(2)
N ζ 2 + . . . . (3.19)

For the low energy Bethe states, the scaling behaviour of h(j)
N is described by Jj from the expan-

sion (3.13) of the spectral determinant. In particular,

slim
N→∞

(
N

rN0

)− 2n
r(n+r)

h
(1)
N = J1 (3.20)

slim
N→∞

(
N

rN0

)− 4n
r(n+r)

h
(2)
N = J2 ,

where

N0 =
√

π�(1 + r
2n

)

r�( 3
2 + r

2n
)

. (3.21)

Having at hand a low energy Bethe state at fixed N � 1, the l.h.s. of eqs. (3.20) may be computed 
from the corresponding Bethe roots by means of (3.18). Also, from the eigenvalues of the quasi-
shift operators K(�) (2.2) one extracts the complex numbers ba via the definitions (2.10) and 
(2.13). These determine the parameters sa appearing on the ODE side through formula (3.1). 
For the primary Bethe states, the r.h.s. may be calculated using the explicit analytic expressions 
(3.15) for the coefficients J1, J2 as functions of sa and p.

Similar relations hold true for the sums

h̄
(j)
N = j−1

M∑
m=1

(ζm)j . (3.22)

They take the same form as (3.20) with h(j)
N �→ h̄

(j)
N , while Jj (p, s) are replaced by Jj (p̄, ̄s). The 

latter occur in the Taylor series of the logarithm of the spectral determinant for the second ODE 
(3.7). Note that h̄(j)

N are the expansion coefficients of − log
(∏M

m=1(1 − ζm/ζ )
)

in the variable 
ζ−1:

Ā+(ζ ) ≡
M∏

m=1

(
1 − ζm

ζ

)
= exp

(
−

∞∑
j=1

h̄
(j)
N ζ−j

)
. (3.23)

The polynomials Ā+(ζ ) are eigenvalues of

Ā+(ζ ) = ζS
z−N/2 A+(ζ )

(
A(∞)

+
)−1

, (3.24)

where the operator A(∞)
+ belongs to the commuting family and its eigenvalue for a Bethe state 

with corresponding Bethe roots {ζm} is given by the product:
12
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Fig. 6. Depicted is numerical data for h(1)
N

(left panel) and h̄(2)
N

(right panel), scaled by the appropriate N dependent 
factor, as a function of log(N) for the Zr symmetric model with r = 4. The Bethe state was chosen to be a primary 
one, and the black crosses were obtained from the corresponding Bethe roots via the definitions (3.18) and (3.22). 
The blue dots depict the values of J1(p, s1, s2) and J2(p̄, ̄s1, ̄s2) for the left and right panels, respectively, which are 
given by formula (3.15). Here s1 (s̄1) was substituted by C1 b1(N) (−C1 b−1(N)), see eq. (3.1), where b±1(N) were 
obtained by means of (2.10) from the eigenvalues of the quasi-shift operators. Similarly, s2 ≡ s̄2 �→ C2 b2(N) with b2(N)

being computed via (2.13). The parameters were set to be n = 1
2 , k = 1

10 , while Sz = w = 0. Note that, for computing 
J2(p̄, ̄s1, ̄s2) in the case when p̄ = −(n + r) k2 = − 9

40 < 0, one needs to evaluate the function f2 entering into (3.15)
when the first argument is negative. Formulae (B.2)-(B.4) remain applicable provided the integration contour over the 
real line is locally deformed such that it goes below the pole at x = ih.

A
(∞)
+ =

M∏
m=1

(−ζm)−1 . (3.25)

We performed extensive numerical checks of the scaling relation (3.20) and its barred coun-
terpart. Some of the data is presented in Fig. 6.

3.2. Eigenvalues of the Q-operator in the scaling limit

For the excited states, the ODEs are obtained from (3.6) and (3.7) following the well known 
procedure [20]. It was discussed in refs. [13,14] for the case of the Z2 invariant spin chain. With 
the same line of arguments, we propose that the generalization of the ODE (3.6) that describes 
the scaling limit of any low energy Bethe state of the Zr invariant model has the form(

− ∂2
z + t0(z) + t1(z) + E−n−r zn+r−2

)
� = 0 , (3.26)

where

t0(z) = 1

z2

(
− zr + p2 − 1

4
+

[ r
2 ]∑

a=1

sa (−z)a
)

(3.27a)

t1(z) =
L∑

α=1

(
2

(z − wα)2 + nα

z(z − wα)

)
. (3.27b)

The position of the poles wα and the residues nα must be taken in such a way that any solution 
of the ODE is single valued in the vicinity of z = wα for any α = 1, . . . , L . This condition leads 
to the system of algebraic equations on wα and nα :

nα

( 1
4 n2

α − w2
α t

(α)
0

) + w3
α t

(α)
1 = 0 (3.28)

nα = n + r − 2 (α = 1,2, . . . ,L) .
13
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Here

t
(α)
0 = t0(wα) − nα

w2
α

+
∑
β �=α

(
2

(wα − wβ)2 + nβ

wα(wα − wβ)

)
(3.29)

t
(α)
1 = t ′0(wα) + nα

w3
α

−
∑
β �=α

(
4

(wα − wβ)3 + nβ (2wα − wβ)

w2
α (wα − wβ)2

)

and the prime stands for the derivative w.r.t. the argument. The ODE that would generalize (3.7)
takes an analogous form. It involves the additional term

t̄1(z̄) =
L̄∑

α=1

( 2

(z̄ − w̄α)2 + n̄α

z̄(z̄ − w̄α)

)
, (3.30)

where the set n̄α and {w̄α}L̄α=1 satisfy the system obtained from eqs. (3.28) and (3.29) by the 
formal substitutions (p, sa, nα, wα, L) �→ (p̄, ̄sa, n̄α, w̄α, L̄).

We expect that any low energy Bethe state |�N 〉 flows to the state in the conformal tower 
labelled by, together with the parameters p, p̄, s, s̄, also two sets of “apparent” singularities:

w = {wα}Lα=1 , w̄ = {w̄α}L̄α=1 . (3.31)

The scaling behaviour of the eigenvalue A+(ζ ) (3.17) of the Q-operator for the state |�N 〉 is 
then described in terms of the spectral determinant Dp(E | w) of the ODE (3.26) and D̄p̄(Ē | w̄)

of the “barred” differential equation. For the excited states, formulae (3.8), (3.10)-(3.12) involved 
in the definition of Dp(E | w) remain the same.6 The corresponding equations for D̄p̄(Ē | w̄) are 
only notationally different. Similar to the case of the Z2 invariant spin chain studied in [14] we 
expect that

slim
N→∞G(N/r)

(
Er | r

n+r

)
A+

((
N/(rN0)

)− 2n
r(n+r) E

)
= Dp(E |w) . (3.32)

Here the function

G(N)(E |g) = exp

( [ 1
2(1−g)

]∑
m=1

(−1)m N

2m cos(πmg)
(N/N0)

2m(g−1) Em

)
, g �= 1 − 1

2k
(3.33)

(which is the same for all the states) has been introduced to ensure the existence of the limit. 
Note that the result is valid for any n > 0 provided that r

n
�= 1, 3, 5, . . . . At these special values 

additional terms ∝ log(N) need to be included in the exponent in the definition of G(N)(E | g)

for the limits (3.32) to exist, see ref. [14] for details. Similarly, the scaling limit of the eigenvalues 
of the operator Ā+(ζ ) (3.24) is described as

slim
N→∞G(N/r)

(
Ēr | r

n+r

)
Ā+

((
N/(rN0)

) 2n
r(n+r) Ē−1

)
= D̄p̄(Ē | w̄) . (3.34)

A verification of the conjectured relations (3.32) and (3.34) may be carried out along the same 
lines as for the primary Bethe states. The scaling relations (3.20) for the sums h(j)

N (3.18) and 

6 The additional term t1(z) in the ODE does not change the leading asymptotic behaviour of the solutions ψp and χ
in the vicinity of the singularities at z = 0 and z = ∞.
14
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Fig. 7. Presented is numerical data for an RG trajectory of the Z3 invariant spin chain with n = 2, k = 1
20 , characterized 

by Sz = 1, w = 0 and levels (L, ̄L) = (0, 1). The values of s1 = −0.942033 −1.631649 i and s̄1 = 0.085024 −0.147266 i
were extracted by means of (3.1) using a certain interpolation procedure to take the limit N → ∞. The crosses stand for 
the real and imaginary parts of 

(
N

rN0

)− 2n
r(n+r) h̄

(2)
N

, where h̄(2)
N

denotes the sum over the Bethe roots (3.22). The solid 
lines represent the prediction of the barred counterpart to the scaling formula (3.20), namely, J2(p̄, ̄s | w̄) = −0.269543 +
0.466857 i. The latter was obtained via a numerical integration of the ODE (3.26), (3.27) with the parameters replaced 
as p �→ p̄ = 3

8 , L �→ L̄= 1, s1 �→ s̄1 = −0.942033 − 1.631649 i and {wα} �→ {w̄α} with w̄1 = 0.778812 − 1.348942 i, 

therein. The dashed lines depict the fit −0.269539 + 0.466854 i + (0.0186614 − 0.0323224 i) N− 2
3 .

their barred versions still hold true provided the Jj in the r.h.s. are taken to be the expansion 
coefficients (3.13) of the spectral determinant for eq. (3.26). Apart from p and s, they depend 
now on the set {wα}Lα=1, which solves the algebraic system (3.28), (3.29), i.e.,

Jj = Jj (p, s |w) , J̄j = Jj (p̄, s̄ | w̄) . (3.35)

For the case of the excited states no explicit analytical expressions are available for the expansion 
coefficients Jj . Nevertheless, they may be obtained via a numerical integration of the differential 
equations. Together with the primary states, a verification of (3.32)-(3.34) for the excited states 
was performed, see Fig. 7. We also analyzed the algebraic system (3.28), (3.29). It was observed 
that for given L and generic values of the parameters n, p and s the number of solutions is equal 
to the r coloured partitions of L:

∞∑
L=0

parr (L)qL =
∞∏

m=1

1

(1 − qm)r
= 1 + rq+ 1

2
r (r + 3)q2 + 1

6
r (r + 1)(r + 8)q3 + . . . .

(3.36)

3.3. Product rules

Being an entire function of E, the spectral determinant admits a convergent series expansion 
near zero. At infinity, it possesses an asymptotic expansion, whose description requires one to 
identify the Stokes lines, i.e., the lines which split the complex E plane into domains where the 
asymptotic behaviour is described differently. In the case at hand, the Stokes lines are the lines 
of accumulation of zeroes. Their location may be deduced from formula (3.32) for Dp(E | w)

and (3.34) for D̄p̄(Ē | w̄) from the knowledge of the pattern of Bethe roots for the low energy 
Bethe states of the Zr invariant spin chain. According to (1.11), the Bethe roots accumulate 
along lines parallel to the real axis in the complex β plane with β = − 1

2 log(ζ ). At the edges 
of the distribution, the roots develop a scaling behaviour. Namely, ordering {ζm}Mm=1 w.r.t. their 
absolute value,
15
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|ζ1| ≤ |ζ2| ≤ . . . ≤ |ζM−1| ≤ |ζM | ,
formulae (3.32) and (3.34) imply the existence of the limits

slim
N→∞
j fixed

(N/(rN0))
2n

r(n+r) ζj = Ej , slim
N→∞

M−j fixed

(N/(rN0))
2n

r(n+r) ζ−1
M−j = Ēj . (3.37)

Evidently, Ej coincide with the zeroes of the spectral determinant Dp(E | w) and accumulate 
along the rays

arg(E) = 0,
2π

r
,

4π

r
, . . . ,

2π(r − 1)

r
(mod 2π) (3.38)

and similarly for Ēj .

The rays (3.38) divide the complex plane into wedges, in which the spectral determinants 
exhibit a different large E (Ē) asymptotic behaviour. To write down the asymptotic formulae for 
the different wedges, which will be labelled by � = 1, 2, . . . , r , we swap E and Ē for θ as

E = (−1)r−1 e+ iπ
r

(2�−1) e
2nθ

r(n+r) , Ē = (−1)r−1 e− iπ
r

(2�−1) e
2nθ

r(n+r) . (3.39)

Then, from an analysis of the ODE (3.26) and its barred counterpart, one can show that as

�e(θ) → +∞ and |	m(θ)| < π(n + r)

2n
(3.40)

the following asymptotics hold true

Dp(E |w) = C(�)
p,s(w) exp

[(
(−1)�−1 is − 2np

n + r

)
θ

r
+ N0

cos(πr
2n

)
eθ + O

(
e− θ

r

)]
(3.41)

D̄p̄(Ē | w̄) = C̄
(�)
p̄,s̄(w̄) exp

[(
(−1)�−1 is − 2np̄

n + r

)
θ

r
+ N0

cos(πr
2n

)
eθ + O

(
e− θ

r

)]
.

Here, by definition,

s ≡
{

0 for odd r

s r
2

for even r
(3.42)

and the numerical constant N0 is given by (3.21). For r = 1, 2 the coefficients C(�)
p,s(w) and 

C̄
(�)
p̄,s̄(w̄) are available in closed analytic form [25]. An efficient numerical procedure for their 

computation for any r is described in Appendix C.

Focusing on the cases with r = 1 and r = 2, it was observed in refs. [21] and [14], respectively, 
that C(�)

p,s(w) and C̄(�)
p̄,s̄(w̄) appear in the scaling limit of certain products over the Bethe roots. We 

found that the similar relations hold true for r ≥ 3, namely:

M∏
m=1

q
(
ζm + η� q−1)(ζ−1

m + η−1
�′ q−1) = e((−1)�

′−(−1)�) πs
2n C(�)

p,s(w) C̄
(�′)
p̄,s̄ (w̄) (3.43)

×
(

N
)i ((−1)�

′−(−1)�) s
r
− 2n(p+p̄)

r(n+r)
(

4n
)N

r (
1 + O

(
N−ε

))

rN0 n + r

16
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Here the remainder terms fall off as a power of N with some positive exponent ε and η� stand 
for the inhomogeneities as in eq. (1.10), i.e.,

η� = (−1)r e
iπ
r

(2�−1) (� = 1,2, . . . , r) . (3.44)

In addition to the relations (3.43), we also established that

M∏
m=1

(ζm)r =
(

N

rN0

) 2n(p−p̄)
n+r

r∏
�=1

C̄
(�)
p̄,s̄(w̄)

C
(�)
p,s(w)

(
1 + O

(
N−ε

))
. (3.45)

By taking the product of the l.h.s. of eq. (3.43) over � = �′ = 1, 2, . . . , r and dividing/multiplying 
the result by 

∏M
m=1(ζm)r one obtains

M∏
m=1

(
ζ−r
m + qr

)(
ζ−r
m + q−r

) =
r∏

�=1

(
C(�)

p,s(w)
)2

(
N

rN0

)− 4np
n+r

(
4n

n + r

)N (
1 + O

(
N−ε

))
(3.46)

M∏
m=1

(
ζ+r
m + qr

)(
ζ+r
m + q−r

) =
r∏

�=1

(
C̄

(�)
p̄,s̄(w̄)

)2
(

N

rN0

)− 4np̄
n+r

(
4n

n + r

)N (
1 + O

(
N−ε

))
.

The advantage of the last two product rules is that they involve the asymptotic coefficients for 
the spectral determinant of the ODE (3.26) and its barred variant separately.

The above product rules provide additional support for the proposal for the scaling limit of 
the eigenvalues of the Q-operator (3.32) and (3.34). We performed numerical checks for a range 
of cases with some of the data being presented in Fig. 8.

4. Quantization condition

A complete description of the conformal field theory underlying the critical behaviour of 

the inhomogeneous six-vertex model in the regime q = e
iπ

n+r with n > 0 is a difficult task. The 
proposed ODEs provide some guidance that allows one to make progress in this problem. Our 
analysis suggests that under a suitable normalization, the low energy Bethe states |�N〉 for the 
Zr invariant spin chain possess a scaling limit such that

slim
N→∞|�N 〉 = |ψp,s(w)〉 ⊗ |ψ p̄,s̄(w̄)〉 . (4.1)

We expect that the states |ψp,s(w)〉 organize into highest weight representations of a certain 
chiral algebra of extended conformal symmetry and similar for |ψ p̄,s̄(w̄)〉. In particular, the chiral 
components that appear in the scaling limit of the primary Bethe states would be the highest 
states in such representations. Immediate questions arise as to the identification of the algebra 
of extended conformal symmetry and under what conditions on s, w and s′, w′ do the states 
|ψp,s(w)〉 and |ψp,s′(w′)〉 belong to the same chiral module. Moreover, what are the selection 
rules for the admissible values of s and s̄ for the states (4.1). All these points for the most part 
remain open to us. Here we present some analysis concerning the selection rules.
17
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Fig. 8. Depicted is the absolute value of the logarithm of the ratio of the l.h.s. to the r.h.s. of the relation (3.43), R =
| log(l.h.s. of (3.43)/r.h.s. of (3.43))|, for � = 1 and �′ = 1, 2, . . . , 6. This was computed for an RG trajectory with w =
L = L̄= 0 for the Zr invariant spin chain with r = 6, n = 3.5 and k = 0.1 in the sector Sz = 0. The l.h.s. is obtained from 
the Bethe roots corresponding to the trajectory. For the r.h.s. s = (s1, s2, s3) and s̄ = (s̄1, ̄s2, ̄s3) were swapped in favour 
of the “running couplings” sa �→ Ca ba(N) and s̄a �→ −Ca b−a(N) in accordance with eq. (3.1). The ba(N) themselves 
are extracted from the eigenvalues of the quasi-shift operators via formulae (2.10) and (2.13). Also, in the computation of 
the r.h.s., the correction term O(N−ε) was ignored. The dashed lines are linear-log plots of c1 N

− 1
3 + c2 N

− 2
3 , where 

for each value of �′ the coefficients c1 and c2 were determined via a fit.

4.1. General quantization condition

The relations (3.43) yield an important consequence. It is obtained by making the specializa-
tions (�, �′) �→ (� + 1, �) and (�, �′) �→ (�, � + 1) therein, where � is taken to be modulo r , and 
considering the ratio. The l.h.s. of the result is expressed in terms of the eigenvalues K(�) and 
K(�+1) (2.2) of the quasi-shift operators. Keeping in mind that log

(
(−1)wK(�)

) = O(N− 1
r ) for r

odd and log
(
(−1)wK(�)

) = (−1)� π s + O(N− 1
r ) for r even, one finds
n
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(
N

rN0

) 4i
r

(−1)� s
C

(�+1)
p,s (w)

C
(�)
p,s(w)

C̄
(�)
p̄,s̄(w̄)

C̄
(�+1)
p̄,s̄ (w̄)

= (−1)σ e− 2π i
r

Sz
(

1 + O
(
N−ε

))
(� ∼ � + r) ,

(4.2)

where

σ =
⎧⎨
⎩

0 for N
r

even

1 for N
r

odd
. (4.3)

Recall that we always assume N is divisible by r and, in constructing an RG trajectory |�N 〉, 
the parity of N/r must be kept fixed. Thus we conclude that the parameters s, s̄ characterizing a 
low energy Bethe state are not independent, but obey r − 1 conditions (the product of (4.2) over 
� = 1, 2, . . . , r is satisfied identically).

For the case r = 2, a closed analytic formula exists for the asymptotic coefficients C(�)
p,s(w)

and C̄(�)
p̄,s̄(w̄), see sec. 3 of ref. [25]. Through the study of (4.2) it was found that the space of states 

of the conformal field theory underlying the Z2 invariant spin chain possesses both a continuous 
component with s taking any real values as well as a discrete one, where s belongs to a discrete 
set of pure imaginary numbers. When r is odd, s is by definition zero so that the N dependent 
factor in the l.h.s. of the above relations is absent. Then, if p and p̄ are given, (4.2) constitute 
r −1 independent complex conditions imposed on the r −1 complex numbers (s1, . . . , s r−1

2
) and 

(s̄1, . . . , ̄s r−1
2

). They thus play the rôle of a “quantization condition” and are expected to yield a 
discrete set of admissible values for s and s̄. For even r , the N dependent factor is present in 
the relations (4.2). As in the case r = 2 we expect that together with a discrete set of values, s =
s r

2
≡ s̄ r

2
may take any real values leading to a continuous component in the spectrum. The other 

r − 2 complex numbers (s1, . . . s r
2 −1) and (s̄1, . . . s̄ r

2 −1) belong to a certain discrete set, similar 
to the case of odd r . Unfortunately, a comprehensive analysis of the quantization condition (4.2)
is hampered by the fact that an analytic expression for the asymptotic coefficients is absent. 
Nevertheless, by computing C(�)

p,s(w) and C̄(�)
p̄,s̄(w̄) via the procedure explained in Appendix C, 

some numerical checks were carried out, see Table 1.

4.2. Quantization condition for the primary Bethe states

Let’s first discuss some simple facts concerning the pattern of the Bethe roots for the primary 
Bethe states. For this purpose, it is useful to make the following observation regarding the solu-
tions to the Bethe Ansatz equations (1.1) with the inhomogeneities ηJ as in eq. (1.10). Suppose 
that the number of Bethe roots M = N

2 − Sz is divisible by r and assume that ζj have the form

e
2π i
r

(�−1) e− 2
r

αc (c = 1,2, . . . ,M/r ; � = 1,2, . . . r) . (4.4)

Substituting this into (1.1), one obtains

[
cosh(αc − iγ̃

2 )

cosh(αc + iγ̃
2 )

]N
r = −e2iπk

N−2Sz

2r∏
b=1

sinh(αc − αb − iγ̃ )

sinh(αc − αb + iγ̃ )
. (4.5)

These are easily recognized to be the Bethe Ansatz equations for the Heisenberg XXZ spin - 1
2

chain (1.3) of length N/r and where γ is substituted for γ̃ with
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Table 1
Presented is numerical data obtained from the spin chain with r = 5, n = 2.5, k = 0.1 and in the sector Sz = 1 that 
was used for the verification of the quantization condition (4.2). The rows correspond to different RG trajectories. For 
all of them w = 0, while the chiral levels L and L̄ are shown in the first column. The next two columns list the values 
of s = (s1, s2) and s̄ = (s̄1, ̄s2). They were obtained from ba(N) (2.10) by interpolating data at finite N to N = ∞, 
see eq. (3.1). Also, for the states with non-zero levels, we give the sets w and w̄, which satisfy the system of algebraic 
equations (3.28) and its barred version, respectively. The absolute value of the difference between the l.h.s. and the r.h.s. 
of the four independent relations (4.2) with � = 1, 2, 3, 4 is displayed in the four last columns. For the r.h.s., the correction 
term O(N−ε) was ignored and σ = 0 since the RG trajectories were built for lattice sizes keeping N/5 an even integer.

|l.h.s. − r.h.s.| of relation (4.2)

(L, L̄) s = (s1, s2), w = {wα}L
α=1 s̄ = (s̄1, s̄2), w̄ = {w̄α}L̄

α=1 � = 1 � = 2 � = 3 � = 4

(0,0)
s1 = −0.5482 + 1.6871 i s̄1 = −0.4520 − 1.3912 i

1.6 × 10−4 4.6 × 10−5 1.8 × 10−4 1.8 × 10−4
s2 = +0.8181 + 0.5943 i s̄2 = +0.8017 − 0.5825 i

(0,1)

s1 = +0.0974 + 1.8226 i s̄1 = −2.9344 − 3.7480 i
3.1 × 10−4 3.9 × 10−4 6.9 × 10−4 6.8 × 10−4s2 = +0.3824 + 0.9444 i s̄2 = +0.7373 + 0.2855 i

w̄1 = +1.2595 − 0.9676 i

(1,0)

s1 = +0.2683 − 0.8257 i s̄1 = −0.5075 − 1.5618 i
5.2 × 10−4 4.4 × 10−4 3.9 × 10−4 3.9 × 10−4s2 = +0.4242 + 0.3082 i s̄2 = +0.9775 − 0.7102 i

w1 = −0.6077 − 1.8703 i

(2,1)

s1 = −4.0464 − 1.2882 i s̄1 = −2.6122 − 4.0725 i

4.8 × 10−4 9.6 × 10−4 1.1 × 10−3 1.8 × 10−3s2 = +0.7113 + 1.7374 i s̄2 = +0.6267 + 0.6401 i
w1 = +1.3211 − 1.7905 i w̄1 = +1.2004 − 1.0049 i
w2 = +1.5367 − 0.9398 i

γ̃ = πr

n + r
. (4.6)

The equations correspond to the sector with the z-projection of the total spin taking the value 
Sz/r = 0, 12 , 1, . . . . It is well known that for the vacuum state in this sector, i.e., the state with 
the lowest eigenvalue of the XXZ Hamiltonian, the corresponding solution is such that all the αc

are real and distinct,

α1 < α2 < . . . < αM/r , (4.7)

provided the absolute value of the twist parameter k is sufficiently small. Computing the eigen-
value of the Hamiltonian H of the Zr invariant spin chain via eq. (2.1), where the Bethe roots 
are taken to be as in (4.4) with this choice of αc, turns out to yield the lowest energy in the sector 
with given value of Sz.

For a generic primary Bethe state of the Zr invariant spin chain the pattern of the Bethe roots 
remains qualitatively similar. Namely, they are split into r groups such that the argument of ζj in 
each group is approximately equal to 2π

r
(� − 1) with � = 1, 2, . . . , r . However, there occurs the 

possibility that the number of Bethe roots with roughly equal phases is different. In other words,

{ζj }Mj=1 = {ζ (1)
j }M1

j=1 ∪ {ζ (1)
j }M2

j=1 ∪ . . . ∪ {ζ (r)
j }Mr

j=1 (4.8)

with

arg
(
ζ

(�)
j

) ≈ 2π

r
(� − 1) (mod 2π) (4.9)

and the integers M� are not necessarily the same. It should be mentioned that at the edges of the 
Bethe root distribution along each ray, the argument of some of the roots may deviate signifi-
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cantly from 2π
r

(� − 1). Then the allocation of the roots to the neighbouring groups labelled by �
or � + 1 (mod r) could become ambiguous. Ignoring this subtlety, the states may be assigned the 
set of numbers

m1 = M1 − N

2r
, m2 = M2 − N

2r
, . . . , mr = Mr − N

2r
, (4.10)

which are integers for N/r even and half-integers for N/r odd. They are not independent, but 
satisfy

m1 +m2 + . . . +mr = −Sz ≤ 0 , (4.11)

since the total number of roots is equal to N
2 − Sz. The states where at the edges of the root 

distribution the Bethe roots do not deviate much from the rays and, in addition, there are no 
significant gaps along the ray typically correspond to the primary Bethe states.

For the solution of the Bethe Ansatz equations of the form (4.4), corresponding to the lowest 
energy state (Sz = 0) of the Zr invariant spin chain, the eigenvalues of the quasi-shift operators 
(2.2) are given by

K(�) = 1 . (4.12)

In turn, this implies that in the scaling limit all the parameters sa and s̄a occurring in the ODEs 
(3.6) and (3.7) are zero. Then, upon a change of variables, the differential equations coincide 
with the Schrödinger equations which describe the scaling limit of the primary states for the 
XXZ spin chain (see eq. (A.4)).

Consider the quantization condition (4.2) specialized to the primary Bethe states. In this case, 
the sets w and w̄ are trivial and the relation can be written as(

2
r
n N

rN0

) 4i
r

(−1)� s Fp(s(�+1))

Fp(s(�))

Fp̄(s̄(�))

Fp̄(s̄(�+1))
= (−1)σ e− 2π i

r
Sz

(
1 + O

(
N−ε

))
. (4.13)

Here s(�) and s̄(�) denote

s(�) = (
s
(�)
1 , . . . , s

(�)

[ r
2 ]

)
, s̄(�) = (

s̄
(�)
1 , . . . , s̄

(�)

[ r
2 ]

)
(4.14)

with

s(�)
a = (−1)ar e+ iπa

r
(2�−1) sa , s̄(�)

a = (−1)ar e− iπa
r

(2�−1) s̄a . (4.15)

The function

Fp(s) ≡ Fp

(
s1, . . . s[ r

2 ]
)

(4.16)

is a certain connection coefficient for the ODE

[
− ∂2

v + erv + p2 +
[ r

2 ]∑
a=1

sa eav

]
ψ̃ = 0 . (4.17)

To define it, one considers a Jost solution to the differential equation, which for �e(p) ≥ 0 is 
uniquely specified by the condition:

ψ̃p → epv as v → −∞ . (4.18)
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Then the coefficient Fp(s) occurs in the asymptotics:

ψ̃p(v) → Fp(s) exp

(
− rv

4
+ sv

2
+ 2

r
e

rv
2

)
as v → +∞ . (4.19)

Recall that s, which appears in the above equation along with (4.13), is identically zero for r odd, 
while s ≡ s r

2
≡ s̄ r

2
for even r . Clearly, Fp(s) is an entire function of all the variables (s1, . . . , s[ r

2 ])
so that it is unambiguously defined when its arguments are any complex numbers.

Taking the logarithm of both sides of (4.13) one obtains

4

r
(−1)�−1 s log

(
2

r
n N

rN0

)
+ i log

[
Fp(s(�+1))

Fp(s(�))

Fp̄(s̄(�))

Fp̄(s̄(�+1))

]
= 2π

(
n� + Sz

r

)
+ O

(
N−ε

)
.

(4.20)

Here n� with � = 1, . . . , r are some numbers, such that

n� ∈
{
Z for N/r even

Z+ 1
2 for N/r odd

. (4.21)

In order to assign them a precise meaning, it is necessary to fix the branch of the logarithm 
containing the functions Fp and Fp̄ . An evident requirement is that the sum over � = 1, 2, . . . , r
of the l.h.s. vanishes. This implies the condition

n1 + . . . + nr = −Sz . (4.22)

One may expect that, with the branch of the logarithm being suitably chosen, the (half-)integers 
n� are simply related to m� labelling the primary Bethe states from (4.10). To explore this further, 
let’s consider the cases r = 2, 3.

For r = 2 the connection coefficient Fp(s) admits the simple analytical expression:

Fp(s) = 2
s
2 −p− 1

2
�(1 + 2p)

�( 1
2 + p + s

2 )
. (4.23)

This is because the corresponding ODE (4.17) reduces to[
− ∂2

v + e2v + p2 + s ev
]
ψ̃ = 0 (r = 2) , (4.24)

which may be brought to the form of the confluent hypergeometric equation. The relations (4.20)
specialized to r = 2 consist of only one independent equation. Setting � = 2 and � = 1 therein 
and taking the difference, one finds

−4s log

[
N 2

2
n �( 3

2 + 1
n
)√

π�(1 + 1
n
)

]
− 2i log

[
2−2is �( 1

2 + p + is
2 )

�( 1
2 + p − is

2 )

�( 1
2 + p̄ + is

2 )

�( 1
2 + p̄ − is

2 )

]

= 2π (n2 − n1) + O
(
N−ε

)
(4.25)

where N0 was substituted for its expression (3.21) in terms of the parameter n. This is the quan-
tization condition studied in refs. [9,13,14] in the context of the Z2 invariant spin chain with 
n2 − n1 replaced by m ≡m2 −m1 ∈ Z.7 The branch of the logarithm in this case is chosen such 

7 Our parameter (− s ) coincides with s, which is used in those works, see also Appendix A.
2
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that the l.h.s. is a continuous function for real s, which vanishes at s = 0. Taking into account 
that n1 + n2 = m1 +m2 = −Sz, one concludes that

n� = m� (r = 2) . (4.26)

For r ≥ 3 a simple analytic formula for Fp(s), similar to (4.23), does not exist. Nevertheless 
this function can be analyzed within the perturbation theory and WKB approximation applied to 
eq. (4.17). For r = 3 the ODE becomes[

− ∂2
v + e3v + p2 + s1 ev

]
ψ̃ = 0 (r = 3) (4.27)

and a perturbative calculation yields the first terms of the Taylor expansion

logFp(s1) = log

[
1

2
√

π
3

1
2 + 2p

3 �
(
1 + 2p

3

)]
+ f1

(p
3 , 1

3

)
C s1 − f2

(p
3 , 1

3

)
C2 s2

1 + O(s3
1) . (4.28)

Here the functions f1(h, g) and f2(h, g) are quoted in Appendix B, while

C = 3
2
3

�2(− 1
3 )

. (4.29)

On the other hand, the WKB approximation gives that as | arg(s1)| < π and |s1| → ∞,

logFp(s1) = log

(
�(1 + 2p)

2
√

π

)
− p log(s1)

+ �2( 1
4 )

3
√

π
s

3
4
1 + �2( 3

4 )

8
√

π
(1 − 8p2) s

− 3
4

1 + O
(
s
− 3

2
1

)
(4.30)

(in the r.h.s. of this equation and (4.28) log(1) = 0). The zeroes of the entire function Fp(s1)

accumulate on the negative s1 axis, which is a Stokes line. As s1 → −∞, it is possible to show 
that

Fp(s1) = �(1 + 2p)√
π

|s1|−p

× exp

(
− |s1| 3

4
�2( 1

4 )

3
√

2π
− �2( 3

4 )

8
√

2π
(1 − 8p2) |s1|− 3

4 + O
(|s1|− 3

2
))

× cos

(
πp − |s1| 3

4
�2( 1

4 )

3
√

2π
+ �2( 3

4 )

8
√

2π
(1 − 8p2) |s1|− 3

4 + O
(|s1|− 3

2
))

. (4.31)

This way, the function logFp(s1) can be fixed at small s1 via formula (4.28) and then extended 
by continuity to the wedge | arg(s1)| < π − δ, where 0 < δ � 1 is chosen in such a way so that 
the zeroes of Fp(s1) are excluded from the domain.

The quantization condition (4.20) for r = 3 can be written as

i log
(
Fp

(
e+ 2π i

3 � s1
)) − i log

(
Fp

(
e+ 2π i

3 (�−1) s1
)) + i log

(
Fp̄

(
e− 2π i

3 (�−1) s̄1
))

− i log
(
Fp̄

(
e− 2π i

3 � s̄1
)) = 2π

(
n� + Sz

r

)
+ O

(
N−ε

)
. (4.32)

We found that if the logarithm of Fp(s1) is fixed as above, then the (half-)integers n� are related 
to m� from eq. (4.10) as
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n� = m�−1 (� ∼ � + r ; r = 3) . (4.33)

Furthermore, by means of the asymptotic formula for the logarithm of Fp(s1) (4.30), it is straight-
forward to show

|s1| = π2
[

3

�2( 1
4 )

] 4
3

m
4
3

(
1 + 1 − 8p̄2

9π m2 + o
(
m−2))

(4.34)

|s̄1| = π2
[

3

�2( 1
4 )

] 4
3

m
4
3

(
1 + 1 − 8p2

9π m2 + o
(
m−2)) .

Here m is given in terms of the triple (m1, m2, m3) as

m =
√
m2

j +m2
k

2
, (4.35)

where mj , mk are defined via the condition

mjmk ≥ 0 . (4.36)

Formula (4.34) is valid as m � 1 with p and p̄ being kept fixed. Note that if all m1, m2 and m3
have the same sign, their absolute value must be smaller than Sz = p + p̄ ≥ 0. As a result, (4.34)
becomes inapplicable. Also, for all the RG trajectories we were able to construct, where the 
(half-)integers (m1, m2, m3) could be defined unambiguously, at least two of them were smaller 
or equal to zero so that mj , mk ≤ 0.

The condition (4.36) does not fix mj , mk taken from the triple (m1, m2, m3) unambiguously. 
This is not important for the description of the asymptotics of |s1| and |s̄1| since (4.34) involves 
only m, which is invariant under the permutation mj ↔ mk . Turning to the large m asymptotic 
formula for the arguments of s1, ̄s1 we supplement (4.36) with the requirement

|mj | ≥ |mk| . (4.37)

Then we found that

arg(s1) = 2π

3
μ� + (−1)#(P) 4

3
arctan

(mj −mk

mj +mk

)
+ o

(|m|−2 )
arg(s1) + arg(s̄1) = o

(|m|−2 )
, (4.38)

where (−1)#(P) stands for the parity of the permutation P : (1, 2, 3) �→ (j, k, �), while

μ� =

⎧⎪⎪⎨
⎪⎪⎩

0 for � = 1

−1 for � = 2

+1 for � = 3

. (4.39)

Note that for the case mj = mk , the arctangent in (4.38) vanishes and arg(s1) = 2π
3 μ� +o(|m|−2 )

and similarly for arg(s̄1). Also, the condition (4.36) guarantees the inequality

−π

3
<

4

3
arctan

(
mj −mk

mj +mk

)
≤ π

3
. (4.40)

In order to illustrate the accuracy of (4.34) and (4.38), some numerical data for s1 and s̄1 obtained 
from the solution of the Bethe Ansatz equations corresponding to the primary Bethe states is 
compared with the predictions coming from these asymptotic formulae in Table 2.
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Table 2
In order to demonstrate the accuracy of the asymptotic formulae (4.34) and (4.38), primary Bethe states |�N 〉 were 
constructed for the Z3 invariant spin chain that are characterized by different triples (m1, m2, m3). The values of s1, ̄s1
were then obtained by computing b1, b−1 (2.10) from the eigenvalues of the quasi-shift operator and then taking the 
scaling limits s1 = C1 slimN→∞ b1, s̄1 = −C1 slimN→∞ b−1 with the coefficient C1 as in eq. (3.2). The result was 
used to generate the numbers listed in the columns “Bethe Ansatz”. Recall that m is given in terms of (m1, m2, m3) by 
eq. (4.35) with mj , mk being defined through the conditions (4.36) and (4.37). Note that for the three primary Bethe 
states considered, the asymptotic formula (4.38) yields the same result for arg(s1), which is given in the last column, and 
similarly for arg(s̄1). The parameters were taken to be n = 2.5, k = 0.05, while for all the states w = 0, Sz = 2.

|s1|/m 4
3 arg(s1)

(m1,m2,m3) Bethe Ansatz formula (4.34) Bethe Ansatz formula (4.38)

(−2,−1,1) 1.265280 1.280089 2.534721
(−4,−2,4) 1.351599 1.352403 2.523989 +2.523396
(−6,−3,7) 1.365639 1.365794 2.523508

|s̄1|/m 4
3 arg(s̄1)

(m1,m2,m3) Bethe Ansatz formula (4.34) Bethe Ansatz formula (4.38)

(−2,−1,1) 1.185686 1.194405 −2.522902
(−4,−2,4) 1.330539 1.330982 −2.523408 −2.523396
(−6,−3,7) 1.356189 1.356273 −2.523398

5. The spectral determinants at large E

In the context of the ODE/IQFT correspondence, an important rôle belongs to the study of the 
large E asymptotic expansion of the spectral determinants. The first few terms in the expansion 
were already presented in (3.39)-(3.41). Let’s denote the r.h.s. of the last of these formulae by

C(�)(θ) ≡ C(�)
p,s(w) exp

[
N0

cos(πr
2n

)
eθ +

(
(−1)�−1 is − 2np

n + r

)
θ

r

]
. (5.1)

Recall that the integer � = 1, 2, . . . r labels the different wedges arg
(
(−1)r−1 E

) ∈ ( 2π
r

(� −
1), 2π

r
� 
)

(mod 2π) in the complex E plane. An analysis of the ODE (3.26) shows that the full 
asymptotic expansion may be represented in the form

Dp(E |w) � C(�)(θ) exp
(

S(�)(θ) + I (θ) + H̃ (�)(θ)
)

, (5.2)

where the formal asymptotic series S(�)(θ), I (θ) and H̃ (θ) are described as follows.
The largest corrections to (3.41) come from S(�)(θ). In particular,

S(�)(θ) = 1

2n
√

π

[ r−1
2 ]∑

a=1

(η�)
a �

( 1
2 − 2a−r

2n

)
�
( 2a−r

2n

)
sa e−(1− 2a

r
) θ + S

(�)
1 (θ) (5.3)

with S(�)
1 (θ) decaying faster as θ → ∞ than the explicitly displayed terms. The latter linearly 

depend on the parameters sa entering into the differential equation (3.26). Within the usual inter-
pretation sa are the eigenvalues of certain Integrals of Motion (IM) Sa . The subscript a coincides 
with the charge of these operators w.r.t. the Zr symmetry transformations. Furthermore, their 
conformal dimensions are given by

Sa : (�, �̄) = (
1 − 2a ,0

) (
a = 1, . . . , [ r ]) . (5.4)
r 2
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Similarly the large Ē asymptotic of D̄p̄(Ē | w̄) involves the eigenvalues of the operators S̄a , 
whose Zr charges are (−a) and conformal dimensions read as

S̄a : (�, �̄) = (
0,1 − 2a

r

) (
a = 1, . . . , [ r

2 ]) . (5.5)

The formal asymptotic series S(�)
1 (θ) in (5.3) has the general structure

S
(�)
1 (θ) =

∞∑
m=1

[ r
2 ]∑

a=1

(η�)
a Sm,a e−(2m+1− 2a

r
) θ . (5.6)

Again, the coefficients Sm,a of the expansion are expressed in terms of the eigenvalues of certain 
operators whose Zr charges are a and which have conformal dimensions � = 2m + 1 − 2a

r
and 

�̄ = 0.

Among the coefficients Sm,a , those with a = r
2 for even r deserve special attention:

Sm, r
2

≡ I2m (m = 1,2, . . . ; r − even) . (5.7)

They are the eigenvalues of certain operators I2m with Zr charges r
2 (mod r) and which have 

integer conformal dimensions

I2m : (�, �̄) = (
2m,0

)
. (5.8)

The operators I2m are expected to be local IM, i.e., they admit an expression of the form

I2m =
2π∫

0

du

2π
T2m+1(u) , (5.9)

where T2m+1(u) are chiral local fields of Lorentz spin 2m + 1 such that

∂̄T2m+1(u) = 0 . (5.10)

Similarly the expansion of the spectral determinant D̄p̄(Ē | w̄) yields the eigenvalues of

Ī2m =
2π∫

0

dū

2π
T̄2m+1(ū) , ∂T̄2m+1(ū) = 0 . (5.11)

These have the same Zr charge as I2m, i.e., r
2 (mod r).

While I2m and Ī2m appear only when r is even, it is expected that for generic positive integer 
r the theory possesses the additional local IM I2m−1 and Ī2m−1. For the former ones

I2m−1 =
2π∫

0

du

2π
T2m(u) , ∂̄T 2m(u) = 0 , (5.12)

where the chiral local density T2m has Lorentz spin 2m and similarly for Ī2m−1. These local IM 
are all Zr invariant. The eigenvalues of I2m−1 appear in I (θ) in the formula (5.2). In particular, 
the leading term reads explicitly as

I (θ) = − 1√ �
( − r

2n

)
�
( 3

2 + r
2n

)
I1 e−θ + . . . , (5.13)
π
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where

I1 = p2

n + r
+ s2

4n
− r

24
+ L (s ≡ 0 for r odd; s ≡ s r

2
for r even) . (5.14)

The corresponding operator is of the form

I1 =
2π∫

0

du

2π

(
(∂ϕ)2 + . . .

)
. (5.15)

Here ∂ϕ is the chiral component of the current associated with the global U(1) symmetry of 
the spin chain.8 The ellipses stand for the contribution of other degrees of freedom. Note that 
formula (5.15) fixes any ambiguity in the normalization of I1, which is chosen in such a way that 
its eigenvalues are given by (5.14). This follows since the eigenvalue of the zero mode 

∫ 2π

0
du
2π

∂ϕ

is P = p√
n+r

. The CFT Hamiltonian coincides with

HCFT = I1 + Ī1 . (5.16)

The full series for I (θ) takes the form

I (θ) =
∞∑

m=1

(−1)m−1(n + r)m

2n
√

π m! �
( − (m − 1

2 ) r
n

)
�
(
(m − 1

2 ) n+r
n

)
I2m−1 e−(2m−1)θ . (5.17)

Here the coefficients I2m−1 depend on p such that as p → ∞,

I2m−1 =
(

p2

n + r

)m

+ O
(
p2m−2 )

. (5.18)

These are the eigenvalues of the local IM I2m−1 from (5.12).

Finally, the term H̃ (�)(θ) from (5.2) stands for the formal asymptotic series

H̃ (�)(θ) =
∞∑

m=1

H̃ (�)
m e− 2nm

r
θ . (5.19)

It involves the eigenvalues of the “dual non-local” IM, whose Lorentz spin depends on n and 
is given by 2nm

r
with m = 1, 2, 3, . . . . For the case r = 1, such operators were first discussed 

in the context of the quantum KdV theory in ref. [23]. Also note that the coefficient C(�)
p,s(w) in 

(5.1) can be interpreted as the eigenvalue of the simplest non-local IM, which is related to the 
so-called reflection operators [24,25].

6. Conclusion

The main result of the paper is the class of second order linear differential equations and the 
quantization condition that describe the scaling limit of the Zr invariant spin chain in the critical 

regime with anisotropy parameter q = e
iπ

n+r and n > 0. We can not claim to have developed an 
ODE/IQFT correspondence for the model as the field theory description lies beyond the scope 

8 The current ∂ϕ is normalized through the operator product expansion ∂ϕ(u1) ∂ϕ(u2) = − 1
2 + O(1).
2 (u1−u2)
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of this work. We believe that further studying the theory is worthwhile since even a superficial 
analysis reveals many interesting features of the CFT underlying the critical behaviour. Among 
them is an infinite degeneracy of the ground state (as well as all conformal primary states) and 
the presence of a continuous component in the spectrum which occurs in the case of even r . To 
conclude the paper, we would like to mention two possible directions which, in our opinion, may 
help to better understand the critical behaviour of the model.

The first concerns the algebra of extended conformal symmetry. A way of proceeding in its 
study is provided by the densities for the local IM (5.9), (5.12) (Tj , T̄j ) with j = 2, 4, 6, . . . for 
odd r and j = 2, 3, 4, . . . for even r . Since such fields are periodic, e.g., Tj (u + 2π) = Tj (u), 
and occur inside an integral, they are defined up to a total derivative:

Tj �→ Tj + ∂Oj−1 , T̄j �→ T̄j + ∂̄Ōj−1 , (6.1)

where Oj−1
(
Ōj−1

)
are local chiral fields of Lorentz spin j −1 (1 − j). Based on the experience 

gained from the study of the cases r = 1, 2 we expect that the densities can be chosen such that 
they generate a closed W-algebra. The explicit construction of the algebra of extended conformal 
symmetry would be an important step for describing the CFT underlying the critical behaviour 
of the lattice system.

The second direction is the study of the limit n → ∞. As is the case for r = 2, one expects 
that it can be interpreted as a classical limit, where the CFT admits a Lagrangian description. If 
so, this would certainly yield valuable insights into the physical content of the theory.
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Appendix A

The special cases r = 1, 2 for the proposed ODE (3.6) have already been discussed in the 
literature. For r = 1, the differential equation reads as[

− ∂2
z + p2 − 1

4

z2 − 1

z
+ E−n−1 zn−1

]
� = 0 (r = 1) . (A.1)

Via the change of variables:
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z = 1
4 EXXZ x2 , � = √

x �XXZ (A.2)

and parameters

p = √
α + 1 (� + 1

2 ) , n = α , E = 2− 2α
α+1 EXXZ (A.3)

this ODE becomes the Schrödinger equation for the anharmonic oscillator appearing in refs. [17–
19]: [

− ∂2
x + �(� + 1)

x2 + x2α − EXXZ

]
�XXZ = 0 . (A.4)

It describes the scaling behaviour of the XXZ spin chain with anisotropy parameter q = e
iπ

α+1

see, e.g., refs. [14,21].

When r = 2, eq. (3.6) becomes[
− ∂2

z + p2 − 1
4

z2 − s1

z
− 1 + E−n−2 zn

]
� = 0 (r = 2) . (A.5)

The substitution

z �→ iz , s1 �→ −2s , E �→ iλ (A.6)

brings it to the form of the differential equation discussed in ref. [13] in the context of the scaling 
limit of the Z2 invariant spin chain.

Appendix B

Here we present the explicit formulae for f1, f2, which enter into eqs. (3.15) and (4.28). We 
use the same notation as in ref. [14], where these functions have previously appeared.

The function f1 is defined as

f1(h, g) = π�(1 − 2g)

sin(πg)

�(g + 2h)

�(1 − g + 2h)
. (B.1)

As for f2, it is more complicated and is given by the integral

f2(h, g) = 21−4g �2(1 − g)

�2( 1
2 + g)

�(2g + 2h)

�(1 − 2g + 2h)

∞∫
−∞

dx

2π

S1(x)

x + ih

(
0 < g < 1

2 , �e(h) > 0
)

(B.2)

with

S1(x) = sinh(2πx)�(1 − 2g + 2ix)�(1 − 2g − 2ix)
(
�(g + 2ix)�(g − 2ix)

)2
. (B.3)

For 1
2 < g < 1 one has

f2(h, g) = 21−4g �2(1 − g)

�2( 1
2 + g)

�(2g + 2h)

�(1 − 2g + 2h)

( ∞∫
−∞

dx

2π

S1(x)

x + ih
(B.4)

− sin(2πg)�(3 − 4g)�2(1 − g)�2(3g − 1)

(2h + 1 − 2g)(2h − 1 + 2g)

) ( 1
2 < g < 1, �e(h) > 0

)
.
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Appendix C

The coefficient C(�)
p,s(w), appearing in the large E asymptotic expansion of the spectral de-

terminant (3.41), may be expressed in terms of the connection coefficients of the differential 
equation

[
− ∂2

v + erv + p2 +
[ r

2 ]∑
a=1

s(�)
a eav +

L∑
α=1

(
2(

1 + w
(�)
α e−v

)2 + nα

1 + w
(�)
α e−v

)]
ψ̃ = 0 , (C.1)

where

s(�)
a = (−1)ar e+ iπa

r
(2�−1) sa and w(�)

α = (−1)r e− iπ
r

(2�−1) wα . (C.2)

This ODE is obtained from (3.26) by changing variables,

z = (−1)r−1 e
iπ
r

(2�−1) ev , � = e
v
2 ψ̃ , (C.3)

and setting E to infinity therein. Assuming that �e(p) ≥ 0 we consider a solution of (C.1) such 
that

ψ̃p → epv as v → −∞ . (C.4)

A straightforward WKB analysis yields that when v → +∞,

ψ̃p(v) → C(�)
p,s(w) exp

(
− rv

4
− i (−1)�

sv

2
+ 2

r
e

rv
2

)
(C.5)

with

s ≡
{

0 for odd r

s r
2

for even r
. (C.6)

One can show that C(�)
p,s(w) is expressed in terms of the connection coefficient C(�)

p,s(w) as

C(�)
p,s(w) =

√
4π

n + r
(n + r)−

2p
n+r 2−i (−1)� s

n
C

(�)
p,s(w)

�
(
1 + 2p

n+r

) . (C.7)

The computation of C̄(�)
p̄,s̄(w̄), which occurs in the large Ē asymptotic formula (3.41)

of the spectral determinant D̄p̄(Ē | w̄) is analogous. The relevant ODE would formally co-

incide with (C.1) upon the substitution of the variables (v, ψ̃) �→ (v̄, ˜̄ψ) and parameters 
(p, s(�)

a , w(�)
α , nα, L) �→ (p̄, ̄s(�)

a , w̄(�)
α , n̄α, L̄), where together with (C.2) we use the notation

s̄(�)
a = (−1)ar e− iπa

r
(2�−1) s̄a and w̄(�)

α = (−1)r e+ iπ
r

(2�−1) w̄α . (C.8)

The connection coefficient is extracted from the v̄ → +∞ asymptotic of the solution ˜̄ψp̄, which 

is defined by the condition ˜̄ψp̄ → ep̄v̄ as v̄ → −∞. Namely,

˜̄ψp̄(v̄) → C̄
(�)
p̄,s̄(w̄) exp

(
− rv

4
+ i (−1)�

sv

2
+ 2

r
e

rv
2

)
(C.9)

(recall that s ≡ s̄ r
2

for r even and is identically zero for r odd). Then the barred version of (C.7)
reads as
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C̄
(�)
p̄,s̄(w̄) =

√
4π

n + r
(n + r)−

2p̄
n+r 2+i (−1)� s

n

C̄
(�)
p̄,s̄(w̄)

�
(
1 + 2p̄

n+r

) . (C.10)

The following comments are in order here. For the case when there are no apparent sin-
gularities, the coefficients C

(�)
p,s and C̄

(�)
p̄,s̄ are expressed in terms of the function Fp(s) =

Fp(s1, . . . , s[ r
2 ]) (4.16) used in sec. 4.2:

C(�)
p,s(∅) = Fp(s(�)) , C̄

(�)
p̄,s̄(∅) = Fp̄(s̄(�)) , (C.11)

where s(�) = (
s
(�)
1 , . . . , s(�)

[ r
2 ]

)
, s̄(�) = (

s̄
(�)
1 , . . . , ̄s(�)

[ r
2 ]

)
with s(�)

a and s̄(�)
a being defined in eqs. (C.2)

and (C.8), respectively.

The above procedure for calculating the asymptotic coefficients, say, C(�)
p,s(w) works under 

the assumption that �e(p) ≥ 0. Nevertheless, it may be extended to any 2p �= −1, −2, . . . as 
follows. One notes that �p(z) = e

v
2 ψ̃p with z related to v as in (C.3) solves the differential 

equation(
− ∂2

z + t0(z) + t1(z)
)

�p = 0 (C.12)

and satisfies

�p

(
e2π iz

) = −e2π ip �p(z) . (C.13)

Here the l.h.s. is understood as an analytical continuation along a small contour wrapping 
around z = 0 in the counter-clockwise direction. Such a solution �p(z) may be defined for any 
2p �= −1, −2, . . . . By reverting to the original variables v, ψ̃p and using (C.5), one extracts the 
connection coefficient C(�)

p,s(w). In turn, C(�)
p,s(w) is obtained via formula (C.7).
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