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Abstract. 24 

 25 

Surface interactions are responsible for many properties of condensed matter, ranging from crystal 26 

faceting to the kinetics of phase transitions.  Usually, these interactions are polar along the normal 27 

to the interface and apolar within the interface. Here we demonstrate that polar in-plane surface 28 

interactions of a ferroelectric nematic NF produce polar monodomains in micron-thin planar cells 29 

and stripes of an alternating electric polarization, separated by 180୭ domain walls, in thicker slabs. 30 

The surface polarity binds together pairs of these walls, yielding a total polarization rotation by 31 360୭. The polar contribution to the total surface anchoring strength is on the order of 10%. The 32 

domain walls involve splay, bend, and twist of the polarization. The structure suggests that the 33 

splay elastic constant is larger than the bend modulus. The 360୭ pairs resemble domain walls in 34 

cosmology models with biased vacuums and ferromagnets in an external magnetic field.   35 

  36 
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Domains and domain walls (DWs) separating them are important concepts in many 37 

branches of physics, ranging from cosmology and high-energy science 1 to condensed matter 2-4.  38 

When the system cools down from a symmetric (“isotropic”) state, it might transition into an 39 

ordered state divided into domains. For example, domains in solid ferroic materials such as 40 

ferromagnets and ferroelectrics exhibit aligned magnetic moments or electric polarization 2-4.  41 

Within each domain, the alignment is uniform, following some “easy direction” set by the crystal 42 

structure.  These easy directions are nonpolar, thus opposite orientations of the polar order are of 43 

the same energy.  The boundary between two uniform domains is a DW, within which the polar 44 

ordering either gradually disappears or realigns from one direction to another.  By applying a 45 

magnetic or electric field, one can control the domains and DWs, which enables numerous 46 

applications of ferroics, ranging from computer memory to sensors and actuators 2-4. 47 

Recent synthesis and evaluation 5-22 of new mesogens with large molecular dipoles led to 48 

a demonstration of a fluid ferroelectric nematic liquid crystal (NF) with a uniaxial polar ordering 49 

of the molecules 13,14. The ferroelectric nature of NF has been established by polarizing optical 50 

microscopy observations of domains with opposite orientations of the polarization density vector 51 

P and their response to a direct current (dc) electric field ۳ 13,14. The surface orientation of ۾ is set 52 

by buffed polymer layers at glass substrates that sandwich the liquid crystal 13,14.  This sensitivity 53 

to the field polarity and in-plane surface polarity makes NF clearly different from its dielectrically 54 

anisotropic but apolar paraelectric nematic counterpart N.  55 

 In this work, we demonstrate that the surface polarity of in-plane molecular interactions 56 

produces stable polar monodomains in micron-thin slabs of NF and polydomains in thicker 57 

samples. The polar contribution to the in-plane surface anchoring potential is on the order of 10%. 58 

The quasiperiodic polydomains feature paired domain walls (DWs) in which P realigns by 360୭. 59 

The reorientation angle is twice as large as the one in 180୭ DWs of the Bloch and Néel types that 60 

are ubiquitous in solid ferromagnets and ferroelectrics 2,3 and in a paraelectric nematic N 23. The 61 

polar bias of the “easy direction” of surface alignment explains the doubled amplitude of the 360୭ 62 

DWs and shapes them as coupled pairs of 180୭ static solitons. The width of DWs, on the order of 63 

10 μm, is much larger than the molecular length scale, which suggests that the space charge 64 

produced by splay of the polarization within the walls is screened by ions and that the splay 65 

modulus ܭଵ in NF is significantly higher than the bend ܭଷ counterpart. The enhancement of ܭଵ is 66 
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evidenced by the textures of conic-sections in NF films with a degenerate in-plane anchoring, in 67 

which the prevailing deformation is bend. Numerical analysis of the DW structure suggests that 68 ܭଵ/ܭଷ>4 in the NF phase of the studied DIO material. 69 

 70 

RESULTS 71 

We explore a material abbreviated DIO7, synthesized as described in the Supplementary 72 

Figs. 1-7. On cooling from the isotropic (I) phase, the phase sequence is 73 

I−174°C −N−82°C −SmZA−66°C −NF−34°C −Crystal, where SmZA is an antiferroelectric 74 

smectic with a partial splay 24, geometrically reminiscent of the splay N model proposed by Mertelj 75 

et al.10  The sandwich-type cells are bounded by two glass plates with layers of polyimide PI-2555 76 

buffed unidirectionally. The plates are assembled in a “parallel” fashion, with the two buffing 77 

directions R at the opposite plates being parallel to each other. We use Cartesian coordinates in 78 

which R =(0,−1,0) is along the negative direction of the ݕ-axis in the ݕݔ plane of the sample. The 79 

electric field is applied along the ݕ-axis. 80 

Planar alignment. The N and SmZA phases show a uniform alignment of the optical axis 81 

(director ܖෝ) along the rubbing direction ܀, Fig.1a,b.  In the absence of the electric field, depending 82 

on the thickness ݀ of the liquid crystal layer, NF forms either polydomain structures, when ݀ >83 3 μm, Fig.1c, or polar monodomains in thin samples, ݀ = 1 − 2 μm, Fig.1d. At the bounding 84 

plates, ۾ and ܖෝ are parallel to the surface, as evidenced by the measurement of optical retardance 85 Γ = 250 nm at wavelength λ =535 nm of a cell with  ݀ = 1.35 μm, which yields the DIO 86 

birefringence Δ݊ = Γ/݀=0.19, close to the values reported by other groups 22,24. Similar values of 87 Δ݊ are obtained in homogeneous (free of DWs) regions of thicker cells, Supplementary Fig. 8. The 88 

monocrystal textures of thin cells and homogeneous regions of thick cells, Fig.2a, become extinct 89 

when ۾ and ܖෝ are parallel to the direction of polarizer or analyzer of a polarizing optical 90 

microscope (POM). These facts demonstrate planar alignment with little or no “pretilt” and 91 

exclude the possibility of director twist in DW-free regions of both thin and thick cells. The planar 92 

monocrystal structure of cells with parallel assembly of unidirectionally buffed substrates should 93 

be contrasted to the textures in cells with antiparallel assembly, in which ۾ and ܖෝ twist along the 94 

normal ݖ-axis13,14. 95 
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The planar alignment avoids a strong surface charge. Even a small tilt ߰~5୭ of ۾ from the 96 ݕݔ plane would produce a surface charge density ௭ܲ~ܲ߰~4 × 10ିଷ C mିଶ, which is larger than 97 

the typical surface charge ሺ10ିସ − 10ିହ ሻ C mିଶ of adsorbed ions reported for nematics 25,26; here 98 ܲ ≈ 4.4 × 10ିଶ C mିଶ is the polarization of DIO 7. Therefore, we expect that the out-of-plane 99 

(zenithal) polar anchoring is much stronger than the in-plane azimuthal anchoring.  100 

 101 

Ferroelectric monodomains in thin NF cells. Thin cells, ݀ = 1 − 2 μm, filled in the N 102 

phase at 120°C, and cooled down with the rate 2°C/min, show a monodomain texture, with the 103 

polarization ۾ = ܲ(0,1,0) antiparallel to ܀ = (0,−1,0), Fig.1d. A dc electric field ۳ =  104 (0,1,0)ܧ

directed along ۾ and of an amplitude ܧ = (1 − 10) kV/m causes no textural changes, while the 105 

opposite field polarity reorients ܖෝ and ۾ beginning with ܧ↓ = −1.0 kV/m, Fig.1d.  As the field 106 

increases, the optical retardance Γ diminishes, Fig.1d, which indicates that ܖෝ twists away from the 107 

rubbing direction in the bulk. Above a critical field ܧ௖ = −11 kV/m, the surface anchoring that 108 

keeps ۾ antiparallel to ۾) ܀ ↑↓ ۾ is broken, and a uniformly aligned state (܀ ↓↓  nucleates and 109 ܀

propagates across the cell, swiping away the twisted state. Once formed, the ۾ ↓↓  state is stable 110 ܀

for days, even in the absence of the field. A field ۳ =  111 ۾ realigns ܀ that is antiparallel to (0,1,0)ܧ

back to the ground state ۾ ↑↓ ↑ܧ beginning with , ܀ = 0.6 kV/m, which is noticeably lower than 112 |ܧ↓|, Fig.1e. Figure 1f schematizes the polarization realignment from the local anchoring minimum 113 ۾ ↓↓ ۾ to the global one at ܀ ↑↓  which is accompanied by the formation of horizontal left- and 114 ,܀

right-twisted 180୭ DWs of the Bloch type near the plates. Multiple cycles of switching leave 115 ↑ܧ 

and ܧ↓ intact, which means that the electric field realigns the polarization ۾ in the liquid crystal 116 

bulk but does not switch the polarity of the rubbing direction ܀. Note also that heating the material 117 

into I and then cooling it down to NF restores ۾ antiparallel to 118 .܀ 

 119 

Polar character of in-plane anchoring of planar NF cells. The difference in the electric 120 

fields |ܧ↓| and |ܧ↑| that deviate ۾ from the states ۾ ↑↓ ۾ and ܀ ↓↓  respectively, demonstrates 121 ,܀

that the in-plane anchoring in the cells with the parallel assembly of the buffed plates exhibits two 122 

energy minima, one global at ߮ = 0, and another local at ߮ =  123 ۾ Here, ߮ is the angle that  .ߨ±

makes with the ݕ-axis. The azimuthal surface anchoring potential that captures these features is 124 
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ܹ(߮) = ௐೂଶ sinଶ߮ − ௉ܹ (cos߮ − 1),                                   (1) 125 

where ொܹ ≥ 0 and ௉ܹ ≥ 0 are the apolar (quadrupolar, or nematic-like) and polar anchoring 126 

coefficients, respectively, Fig.1g.  This form follows the one proposed by Chen et al. 14  and places 127 

a global minimum at ߮ = 0. When ௉ܹ=0, the anchoring is polarity-insensitive, and the minima at 128 ߮ = 0, ߮  are of an equal depth. As ௉ܹ increases, the minima at ߨ± = raise to the level Δܹ ߨ± =129 2 ௉ܹ and become local, until disappearing at ௉ܹ ≥ ொܹ, Fig.1g. The energy barrier ௠ܹ௔௫ =130 

ொܹ(1 ൅߱)ଶ/2 at ߮ = arccos (−߱) separates the global and local minima; ߱ = ௉ܹ/ ொܹ is the 131 

relative strength of the in-plane polar anchoring. 132 

133 
Figure 1. DIO textures in planar cells with parallel assembly. a, b, c, polarizing optical 134 
microscopy of a thick ݀ =4.7 μm sample and d, e PolScope Microimager textures of a thin 1.35 135 μm sample; a, b, uniform N and SmZA textures, respectively; c, polydomain NF texture; the 136 
polarization ۾ is antiparallel to the rubbing direction ܀ in the wider domains and is parallel to ܀ in 137 
the narrower domains;  two 180୭ DWs enclosing the narrow domain reconnect (circles mark some 138 
reconnection points); d, field-induced realignment of ۾ from the direction −܀ to ܀; e, reversed 139 
field polarity realigns ۾ back into the ground state ۾ ↑↓  reorientation in part e; 140 ۾ f, scheme of ;܀
there are two 180o twist DWs of the Bloch type near the plates; g, azimuthal surface anchoring 141 
potential for different ratios of the polar ௉ܹ and apolar ொܹ coefficients. 142 
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 143 

The surface anchoring torques 27 డௐ(ఝ)డఝ ቚ௭ୀ଴,ௗ = ( ொܹsin߮cos߮ + ௉ܹsin߮)ห௭ୀ଴,ௗ resist the 144 

realigning action of the field, Fig.1f. For a small deviation from the preferred state ߮ = 0, the 145 

torque is ொܹ + ௉ܹ; for a deviation from the metastable state ߮ = the torque is weaker, ொܹ ߨ± −146 

௉ܹ. These torques compete with the elastic torque ܭଶ/ߦா  = ඥܭଶܲܧ caused by the field-induced 147 

twist of ۾ in subsurface regions of a characteristic thickness ߦா = ඥܭଶ/ܲܧ , where ܭଶ is the twist 148 

elastic constant, Fig.1f. The difference in the surface torques explains the difference in the 149 

reorienting fields, ௐೂାௐುௐೂିௐು = ටቚா↓ா↑ቚ ≈ 1.3, which allows one to determine the relative strength of 150 

the polar anchoring, ߱ = ௉ܹ/ ொܹ ≈ 0.13. The measured ܧ↑ = 0.6 kV/m,  ܧ↓ = −1.0 kV/m, 151 

reported7 ܲ = 4.4 × 10ିଶ C/mଶ, and a reasonable assumption 27 ܭଶ ≈ 5 pN, lead to the estimates 152 ߦா ≈ 0.3 μm, ொܹ ≈ 1.3 × 10ିହ J/mଶ, and ௉ܹ ≈ 1.7 × 10ି଺ J/mଶ. The estimated ொܹ is within 153 

the range reported for nematics at rubbed polyimides 28,29.    154 

Note here that in the thin cell under study, the material was filled in the N phase at 120°C 155 

by a capillary flow along the −܀ direction, Fig.1d. Filling a cell by a flow at 120°C  along ܀  yields 156 ܧ↓ = −1.4 kV/m and ܧ↑ = 1.0 kV/m, which implies a weaker polar bias: ߱ ≈ 0.08. This flow 157 

effect on the surface anchoring deserves further study, but to describe the polydomain patterns in 158 

thick cells, we avoid it by filling the cells in at 180°C and then rapidly cooling the sample through 159 

the N phase with a rate 30°C/min, followed by slow cooling through SmZA and NF with the rate 160 

2°C/min. Thin ݀=1.1 μm monodomain samples show ܧ↓ = −0.4 kV/m, ܧ↑ = 0.3 kV/m, which 161 

yields ߱ ≈ 0.07. With the values of ܲ and ܭଶ above, one estimates ொܹ ≈ 8.8 × 10ି଺ J/mଶ, and 162 

௉ܹ ≈ 0.63 × 10ି଺ J/mଶ. In what follows, we discuss the data for cells filled in the isotropic phase 163 

at 180°C; the domain structures are similar to those in cells filled at 120°C. 164 

 165 

Ferroelectric domains in thick planar NF cells. Cooling cells of thickness ݀ = 3 −166 16 μm from the SmZA phase results in a quasiperiodic domain texture of NF, Fig.1c, with 167 

alternating homogeneous ۾ ↑↓ ۾ and ܀ ↓↓  stripes, as established by the response to the in-plane 168 ܀

electric field, Figs.2,3. For example, the cell of the thickness ݀ = 4.7 μm shows relatively wide 169 

(5−150 μm) regions in which ۾ ↑↓ ۾ and narrow (1−2 μm) regions in which ܀ ↓↓  respectively, 170 ,܀
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Figs. 1c, 2, 3. Once formed, the domains remain stable for days. Repeating heating-cooling cycles, 171 

even following a crystallization or transition into the isotropic phase, reproduces the same 172 

qualitative NF patterns.  173 

Both narrow and wide domains are extinct when aligned along the polarizers of POM, 174 

Fig.2a, and show optical retardance Γ=900 nm at λ =535 nm and ݀ = 4.7 μm, which means that 175 Γ/݀ coincides with Δ݊ and thus ۾ and ܖෝ must be in the ݕݔ plane of the cell. 176 

 177 
Figure 2. Topologically stable 360o W-pairs of DWs. a, textures observed between crossed 178 
polarizers with ۾ ↓↓  in the narrow central domain separated by two bright 180o DWs from the 179 ܀
wide domains with ۾ ↑↓  in the narrow or wide 180 ۾ at the periphery; the electric field realigns ܀
domains, depending on the field polarity;  b, the same textures, observed with an optical 181 
compensator that allows one to establish the reorientation direction of ۾; c, topologically nontrivial 182 
structure of the 360o W-pair of DWs; along the line ߛ, the polarization vector ۾ rotates by 360o, 183 
thus covering the order parameter space ܵଵ once, which yields the topological charge ܳ = 1. Cell 184 
thickness ݀ = 4.7 μm. 185 
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 186 

Figure 3. Electric field switching of 360o DW pairs. a-d, POM textures of topologically trivial 187 
S-pair that is smoothly realigned into a uniform state by the electric field of an appropriate polarity; 188 
e, an opposite field polarity tilts ۾ in two wide domains, but does not cause a complete 189 
reorientation, contrary to the case of the narrow domain in d; f, topological scheme of the S-pair 190 
shown in a; ۾ rotates CW in the left DW and CCW in the right DW, thus ܳ = 0;  g, topological 191 
scheme of the S-pair shown in c; ۾ in the central narrow domain could rotate only CCW as the 192 
field increases; h,i, POM textures (with an added waveplate) of a topologically stable 360o W-pair 193 
of DWs, ܳ = 1; increase of the electric field could cause both CW and CCW rotations of ۾ within 194 
the same DW pair, as schematized in j. Cell thickness 4.7 μm in all textures. 195 
 196 
 197 
 198 
 199 
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Paired domain walls of W and S types in thick planar NF cells. Domains of opposite 200 

polarization are separated by DWs. Within each DW, ۾ and ܖෝ must realign by 180o.  The DWs 201 

enclosing the narrow domains always exist and terminate in pairs, Fig.1c,2,3, so that the 202 

reorientation within the DW pair is 360o in the plane of the sample.  To elucidate the structures in 203 

a greater detail, we use thicker cells (݀ = 6.8 μm), in which the narrow domains are slightly wider, 204 

Supplementary Fig. 9, and perform POM observations with monochromatic light, using a blue 205 

interferometric filter of a central wavelength 488=ߣ nm, full width at half maximum (FWHM) 1 206 

nm, and a red filter (632.8=ߣ nm, FWHM 1 nm), Fig.4.  207 

208 
Figure 4. Fine structure of 360o DW pairs. a, polychromatic texture of a DW pair running 209 
parallel to one of the crossed polarizers; wide ۾ ↑↓ ߮) ܀ = 0, ۾  and narrow (ߨ2 ↓↓ ߮) ܀ =  210 (ߨ
domains are extinct;  b, the same texture, observed with a blue filter; the stripes with ߮ =  is perpendicular to the DWs are also extinct; c, transmitted light intensity along the 212 ۾ where 2/ߨand  211 3 2/ߨ
dashed line in part b; d, polychromatic texture of a DW pair running at 45o to the crossed 213 
polarizers; wide ۾ ↑↓ ߮) ܀ = 0, ۾  and narrow (ߨ2 ↓↓ ߮) ܀ =  domains show similar optical 214 (ߨ
retardance;  e, the same texture, observed with a red filter that yields destructive interference at 215 
locations ߮ = ,ߨ,2/ߨ,0 ,2/ߨ3  f, transmitted light intensity along the dashed line in part e. Cell 216 ;ߨ2
thickness 6.8 μm in all textures. 217 
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 218 

In crossed polarizers aligned parallel and orthogonal to the DWs, the regions in which ۾ ↑219 ↓ ߮) ܀ = 0, ۾ and (ߨ2 ↓↓ ߮) ܀ =  appear dark in both polychromatic, Fig.4a, and blue light, 220 (ߨ

Fig.4b,c. The blue filter observations reveal that the regions located approximately half-way 221 

between ߮ = 0, ߮ and ߨ2 = ߮ are also dark, apparently corresponding to ߨ = ,2/ߨ  Fig. 222 ,2/ߨ3

4b,c.  The dark stripes associated with ߮ = 0, ,2/ߨ ,2/ߨ3   ,ߨ  are separated by bright stripes, 223 ,ߨ2

corresponding to intermediate ߮’s, Fig. 4a-c. The textures in Fig. 4a-c make it clear that the 224 

described DWs are indeed walls with a 360o reorientation of ۾ and ܖෝ , as opposed to the “bend 225 

texture with line disclination” of other NF materials presented by Li et. al. 21, 180o surface 226 

disclination lines and 180o DWs described by Chen et. al. 13 and Li et. al. 21. The transmitted 227 

intensity profile in Fig.4c allows one to introduce the characteristic width parameters of the DW 228 

pairs: distances ܮగ/ଶ between the two central bright stripes, ܮగ between two dark narrow stripes, 229 

and ܮଷగ/ଶ between two outermost stripes. These distances, although small (8-15 μm), are clearly 230 

wider than the cores of singular disclinations, and 180o walls or surface disclinations described 231 

previously. Importantly, besides the in-plane 360o reorientation of ۾ and ܖෝ, the textures in ݀ =232 6.8 μm cells also suggest tilts of these vectors away from the cell’s ݕݔ plane, as described below.  233 

When the crossed polarizers are at 45o with respect to the DWs, polychromatic light 234 

observations reveal the same interference colors in narrow (߮ = ߮) and wide (ߨ = 0,  domains, 235 (ߨ2

Fig.4d. The chosen ݀ = 6.8 μm allows us to achieve destructive interference of the ordinary and 236 

extraordinary waves in POM observations with a red filter (632.8=ߣ nm), at which Δ݊ = 0.189, 237 

since the factor గௗ∆௡ଶఒ = 3.19 associated with the interference of the two modes27 is close to 238 .ߨ 

Although the crossed polarizers are at 45o to the DWs, destructive interference causes extinction 239 

in the regions with ߮ = ,ߨ    ,0 and 2ߨ, where ۾ and ܖෝ are in the ݕݔ plane; regions ߮ = also appear dark. A notable exception are four narrow peaks of transmission, at 0 2/ߨ3 2,240/ߨ < ߮ 2/ߨ  ,2/ߨ 241> < ߮ < ߨ  ,ߨ < ߮ < 2/ߨand 3 ,2/ߨ3 < ߮ <  Fig. 4f, which signal the appearance 242 ,ߨ2

of a polar ݖ-component of ۾ and ܖෝ.  243 

There are two types of the 360o DW pairs. In the first, called W-pairs because of the shape 244 

of the director field, Fig.2c, ۾ rotates by 180o in the same fashion in both DWs, either clockwise 245 

(CW) or counterclockwise (CCW). In the second type, called 360o S-pairs for their geometry, 246 

Fig.3a, the rotation directions alternate: if ۾ rotates CW by 180o in one DW, it rotates CCW by 247 
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180o in the next one. The splay-bend schemes of Fig.2s, 3a demonstrate only the topological 248 

features of the in-plane realignments; polar tilts and associated twists add to the complexity of the 249 

splay-bend and will be treated in the section on numerical simulations. 250 

The difference between the W- and S-pairs is topological, as illustrated by mappings of the 251 

oriented line ߛ threaded through the DWs pair and the enclosed domain, into the order parameter 252 

space, a circle ܵ ଵ 27, Figs.2c, 3a,c. Each point on ܵ ଵ corresponds to a certain ߮ . The line ߛ in Fig.2c 253 

produces a CCW-oriented closed contour Υ encircling ܵଵ once. The W-pair of CCW walls thus 254 

carries a topological charge ܳ =1 27.  A DW pair with a CW 360o rotation of ۾ would carry ܳ =255 −1. Neither could be transformed into a uniform state ܳ =0 without breaking the surface 256 

anchoring and overcoming a large elastic energy barrier. S-pairs of 180o-walls with alternating 257 

sense of rotations are topologically trivial, ܳ =0: the corresponding contour Υ does not encircle 258 ܵଵ fully and could be contracted into a single point ߮ = 0 without the need to overcome the elastic 259 

energy barrier, Fig.3g. 260 

 261 

Width of domain walls NF cells and electrostatic effects. The elastic energy density 262 

stored within a DW, ௄௅ഏమ ~ ௞ಳ்௔௅ഏమ , where ܭ is the average Frank elastic constant, ݇஻ܶ is the 263 

Boltzmann’s energy, ܽ~1 nm is the molecular size, and ܮగ ≈ (5 − 20) μm is the characteristic 264 

width of a DW pair, defined as the distance between the ݔ-coordinates of two bend regions, ߮ Figs.2c, 4c,f, is much lower than the energy density ௞ಳ்௔య ,2/ߨand 3  2/ߨ 265=  of the orientational order. 266 

Therefore, ۾ ∥  preserves the magnitude ܲ.  This feature makes the 267 ۾ ෝ and realignment ofܖ

observed DWs similar to Néel DWs in ferroics, as opposed to Ising DWs, in which ܲ → 0. 268 

Reorientation of ۾ within each DW generates a “bound” space charge of density ߩ௕ =269 −div ۾. If the polarization charge is not screened by ionic charges, then the balance of the elastic 270 

energy (per unit area of the wall) ௄௅ഏ and the electrostatic energy ௉మ௅ഏఌఌబ   suggests 30 that a DW would 271 

be of a nanoscale width, equal the so-called polarization penetration length ߦ௉ = ටఌఌబ௄௉మ , where ߝ଴ 272 

is the electric constant, ߝ is the dielectric permittivity of the material. For the DIO polarization 273 

density 7 ܲ = 4.4 × 10ିଶܥ/݉ଶ and assumed ܭ = 10 pN, 10=ߝ, one finds ߦ௉ ≈1 nm, much 274 

smaller than the observed ܮగ, Fig.4.  Note here that the estimated ߝ  is lower than the often reported 275 
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value 104, which might be exaggerated by the effect of polarization realignment 31. The 276 

polarization charge of density ߩ௕~ ௉௅ഏ ~(0.2 − 0.9) × 10ସ ܥ/݉ଷ at the splay region of a DW 277 

should be screened by mobile free charges, supplied by ionic impurities, ionization, and absorption 278 

effects. To achieve a comparable screening charge ߩ௙~݁݊~(0.2 − 0.9) × 10ସ ܥ/݉ଷ, where ݁ =279 1.6 × 10ିଵଽ ܥ is the elementary charge, the concentration of ions at the DW should be 280 ݊~(10ଶଶ − 10ଶଷ)/݉ଷ. A high ion concentration ݊~10ଶଷ/݉ଷ has been reported as a volume-281 

averaged value for ferroelectric smectics 32, although conventional nematics usually yield smaller 282 

values33, ݊~(10ଶ଴ − 10ଶଶ)/݉ଷ. It is reasonable to assume that even when the volume-averaged 283 ݊ is less than ݊~(10ଶଶ − 10ଶଷ)/݉ଷ, mobile charges could move from the uniform regions of the 284 

material and accumulate at local concentrations sufficient to screen the splay-induced polarization 285 

charge.  286 

As envisioned by Meyer 34 and detailed theoretically in the subsequent studies 35-37, the 287 

ionic screening enhances the splay elastic constant ܭଵ associated with (div ܖෝ)ଶ in the Frank-Oseen 288 

free energy density:  ܭଵ = ଵ,଴(1ܭ + ஽ଶߣ  ଵ,଴ is the bare modulus, of the same order as 289ܭ ௉ଶ), whereߦ/

the one normally measured in a conventional paraelectric N, and ߣ஽ = ටఌఌబ௞ಳ்௡௘మ   is the Debye 290 

screening length, which, for the typical parameters specified above and ݊ = 10ଶଷ/݉ଷ, is on the 291 

order of 10 nm. With ߣ஽~10 nm,  ߦ௉~1 nm, the enhancement factor, ఒವమకುమ ~10ଶ, could be strong. 292 

Thus, ܭଵ in NF can be much larger than ܭଵ in N. Very little is known about the elastic constants in 293 

the N phase of ferroelectric materials and practically nothing is known about the elasticity of NF.  294 

Chen et al 24 measured ܭଵ ≈ ଵܭ ଶ  in the N phase of DIO and expected 37ܭ10 ≈ 2 pN. Mertelj et. 295 

al. 10 reported that in the N phase of another ferroelectric material RM734,  ܭଵ is even lower, about 296 

0.4 pN.  Since the bend elastic constant ܭଷ of NF is not supposed to experience an electrostatic 297 

renormalization, it is expected to be a few tens of pN; for example, Mertelj et. al. 10 found ܭଷ ≈10-298 

20 pN for the N phase of RM734. Therefore, the ratio ߢ =  ଷ  in NF could be larger than 1, 299ܭ/ଵܭ

ranging from a single-digits value to ~102. The next section presents qualitative evidence that ܭଵ  ଷ in NF. 301ܭ 300<

 302 

 303 
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Prevalence of bend in NF films with degenerate in-plane anchoring. The textures of N 304 

and NF are strikingly different when there is no in-plane anchoring. Figure 5 shows the textures of 305 

thin (݀ = 5 − 7 μm) films of DIO spread onto glycerin; the upper surface is free.  Thermotropic 306 

N films are known to form 2ߨ domain walls of the W type, stabilized by the hybrid zenithal 307 

anchoring, tangential at the glycerin substrate and tilted or homeotropic at the free surface 38; these 308 2ߨ domain walls contain both splay and bend and are clearly distinguished in DIO as bands with 309 

four extinction bands, Fig.5a. The NF textures feature an optical retardance that is consistent with 310 

the director being tangential to the film.  The most important feature is that the curvature lines of 311 ۾ and  ܖෝ  are close to circles and circular arches, Fig. 5b,c, which implies prevalence of bend and 312 

signals that splay is energetically costly. One often observe disclinations of strength +1 with 313 

predominant bend, Fig.5b,c. The regions with +1 disclinations are separated from regions with a 314 

straight or nearly straight ۾ by defects shaped as parts of ellipses and parabolas, Figs. 5b, while 315 

two neighboring domains with a +1 disclination in each are separated by hyperbolic defects, Fig. 316 

5c.  317 

 318 

Figure 5. Polarizing microscopy textures of DIO at the glycerin substrate. a, N film shows 2319 ߨ 
domain splay-bend walls; b,c, NF texture of conic-sections with prevailing circular bend; in b, 320 
elliptical defects separate regions between mostly circular bend and mostly uniform ۾ field, while 321 
in c, hyperbolic shapes separate domains with predominantly circular bend. Film thickness 7 μm 322 
in panels a,c, and 5 μm in b; ܖෝ is depicted by white lines. 323 

 324 

The conic-sections textures (CSTs) of NF in Fig.5 b,c resemble focal conic domain (FCD) 325 

textures of a smectics A, in which the layers are shaped as the so-called Dupin cyclides27 that 326 

preserve equidistance and avoid bend and twist of the normal to the layers (which is the smectic 327 
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director).  The distinct feature of the Dupin cyclides is that their focal surfaces reduce to conic-328 

sections, such as a confocal ellipse and hyperbola, or pairs of parabolas.  The CSTs in Fig.5b,c 329 

shows similar conic-sections as the boundaries between regions of different director curvatures. In 330 

NF, the director avoids splay; twist is not prohibited, but the degenerate anchoring does not require 331 

it.  The FCD textures in a smectic A reflect the inequality  ܭଷ ≫ ଵܭ ଵ, while the CSTs in NF suggest 332ܭ >  ଷ; a detailed analysis of CSTs will be presented elsewhere. In what follows, we explore the 333ܭ

DW pairs in planar samples theoretically, first in a simplified one-constant approximation, and 334 

then accounting for the possibility of elastic anisotropy ܭଵ >  ଷ and non-planar geometry of the 335ܭ

director. 336 

 337 

Balance of elasticity and surface anchoring in NF domain walls. The observed 338 

coexistence of the wide ۾ ↑↓ ۾ and narrow ܀ ↓↓  domains in planar cells results from the two-339 ܀

minima surface potential ܹ(߮), Fig. 1g, balanced by the bulk elasticity of NF.  According to the 340 

experiments, the director within the DW pair experiences a reorientation by 2ߨ along the ݔ axis, 341 

which must incorporate both splay and bend, Figs. 2-4. The experimental data in Fig.4 e,f also 342 

demonstrate a polar tilt towards the ݖ-axis; this tilt adds a twist of ۾.  To make the theoretical 343 

analysis tractable, the overall director field could be approximated as 344 

ෝܖ  = ሾsin߮(ݔ)cosݔ)ߠ, ,(ݖ cos߮(ݔ)cosݔ)ߠ, ,(ݖ sinݔ)ߠ,  ሿ,     (2) 345(ݖ

where the azimuthal angle ߮(ݔ) between ۾ and the ݕ-axis varies only along the ݔ-axis and the 346 

polar angle ݔ)ߠ,  axes.  Far 347-ݖ and -ݔ plane could change along both the ݕݔ and the ۾ between (ݖ

from the DW pair, the boundary conditions are ߮(ݔ) = ,ݔ)ߠ (ݖ = 0. We also measure ݔ)ߠ,  348 0=(ݖ

at the locations with ߮ = ,ߨ   ,0 and 2ߨ, where optical retardance is close to ݀Δ݊, Fig. 4e,f.  Since 349 

the polar tilt at the bounding plates is penalized by a large surface charge, we assume that the 350 

zenithal polar anchoring is infinitely strong and approximate the bulk variations of the polar angle 351 

as  352 ݔ)ߠ, (ݖ = sin(ݔ)௔ߠ ଶగ௭ௗ ,    (3) 353 

which satisfies the boundary condition ݔ)ߠ, (ݖ = 0 at ݖ =  ௔ is the tilt amplitude.  354ߠ ;2/݀±

The Frank-Oseen free energy with the bulk, saddle-splay, and the azimuthal surface 355 

anchoring terms reads 356 
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ܨ  = ௕ܨ + ଶସܨ + ܹ = 357 = ଵଶ ׬ ܸ݀ሾܭଵ(divܖෝ)ଶ + ෝܖ)ଶܭ ∙ curlܖෝ)ଶ + ෝܖ)ଷܭ × curlܖෝ)ଶ − ෝܖ)ଶସdivܭ2 ∙ divܖෝ + ෝܖ × curlܖෝ)ሿ ൣݕ݀ݔ݀׬ 358+ ொܹsinଶ߮ − 2 ௉ܹ(cos߮ − 1)൧,   (4) 359 

where ܭଵ, ܭଶ, ܭଷ, and ܭଶସ are the elastic constants of splay, twist, bend, and saddle-splay, 360 

respectively. The equilibrium director field ܖෝ||۾ minimizing the free energy in Eq.(4) could be 361 

found only numerically.  However, analytical solutions useful for the understanding of the DW 362 

pairs could be found if ݔ)ߠ, (ݖ = 0 and ܭଵ = ଷܭ = ߠ the planar geometry with ;ܭ = 0 excludes 363 

twists. 364 

Analytical solutions for planar domain walls. Setting the variation of the energy (4) to 365 

zero leads to the first integral of the Euler-Lagrange equation: 366 

௄ௗଶௐೂ ቀడఝడ௫ቁଶ − sinଶ߮ + 2߱ (cos߮ − 1) = const.   (5) 367 

For an apolar anchoring, ߱ = 0, and the boundary conditions  డఝడ௫ (±∞) = 0,  ߮(−∞) = 0,  368 ߮(∞) = (ݔ)the constant of integration is 0 and the solution  369 ߮గ  ,ߨ = 2 arctan ݁഍ೣ     (6) 370 

represents a static ߨ-soliton with a characteristic width ߦ = ට ௄ௗଶௐೂ ,  within which ۾ realigns into 371 −۾. This solution is an  “inversion wall” of the Néel type observed by Nehring and Saupe in planar 372 

N cells 23.  The energy per unit length of each ߨ-soliton, obtained by integrating ݂ with  ௉ܹ=0 373 

over the range −∞ < ݔ < ∞, is finite, ܨగ = 2ඥ2݀ܭ ொܹ. 374 

When ௉ܹ > 0, the single-wall solution (6) is no longer valid since ߮ =  is only a local 375 ߨ±

minimum of W(߮).  With ௉ܹ > 0, Eq. (5) is a double-sine-Gordon equation, extensively studied 376 

in high energy physics and cosmology 39 and physics of ferromagnets 4, in which case the analogs 377 

of the surface ொܹ and ௉ܹ  terms are of a bulk nature, associated, e.g., with the crystal anisotropy 378 

of a ferromagnet and the external magnetic field, respectively. With boundary conditions 379 డఝడ௫ (±∞) = 0, ߮(±∞) = 0,  380 ߨߨ among the solutions of Eq. (4) are topologically protected ,ߨ2

soliton-soliton pairs with 360୭ in-plane reorientation of ۾ and a topological charge ܳ = ±1: 381 
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߮గగ(ݔ) = ±2arctan ቂexp ቀ ௫కഏഏ + ఋഏഏଶ ቁቃ ± 2arctan ቂexp ቀ ௫కഏഏ − ఋഏഏଶ ቁቃ,   (7) 382 

where ߦగగ = ටߦ ଵଵାఠ, ߜగగ = 2arcsinhටଵఠ; “+” signs correspond to a ܳ = 1 pair in Fig. 2c,e and 383 

Supplementary Fig. 10a.  The solution is a superposition of two ߨ-walls located at ݔ = ± కഏഏఋഏഏଶ  384 

and limiting a stripe of a nearly uniform ۾ ↓↓  soliton (7) is topologically 385-ߨߨ Fig. 6a. The ,܀

equivalent to the 360o DW pair of the W type in Figs.2, 3h, 3i, 4. The energy per unit length of 386 

this ߨߨ-soliton is finite: ܨగగ = గൣ√1ܨ2 + ߱ + ߱arccoth√1 + ߱൧.  387 

The intensity of unpolarized monochromatic light, transmitted through two crossed 388 

polarizers enclosing a birefringent sample with a DW pair described by Eq. (7) and running parallel 389 

to one of the polarizers27,  390 ܫ ∝ sinଶ(2߮గగ)sinଶ ቀగௗ∆௡ଶఒ ቁ ,     (8) 391 

produces a texture with maximum light transmission at ߮గగ = ,4/ߨ ,4/ߨ3 ,4/ߨ5 and  74/ߨ and 392 

extinction at ߮గగ = ,ߨ,2/ߨ,0 ,2/ߨ3 and 2ߨ, Fig.6b, which is qualitatively similar to the 393 

experimental textures in Fig.4. 394 

 395 
Figure 6. Equilibrium ࣊࣊ soliton-soliton pairs described by Eq.(7): a, in-plane polarization 396 
field for ߱ = 0.1; b, the corresponding texture observed between crossed polarizers with the 397 
intensity of transmitted light calculated with Eq.(8); c, polarization profile ߮గగ(ݔ) for different 398 
surface anchoring anisotropies ߱; the separation ܮగ between two extinction bands at ߮గగ =  399 2/ߨ
and ߮గగ = ߱ is shown for the profile with 2/ߨ3 = 0.001; d, characteristic widths of the 400 ߨߨ 
soliton-soliton pairs defined in part (b) vs. ߱; note that ݔ߂ ≅ ߱ గ forܮ < 0.1, but  ݔ߂ < ߱ గ for 401ܮ > 0.1. 402 

 403 

To facilitate a comparison with the experiment, the width of the DW pairs is characterized 404 

by distances ܮగ/ଶ between the two central bright stripes, ܮగ between two dark narrow stripes, ܮଷగ/ଶ 405 

between two outermost stripes, Fig. 6b. ܮగ/ଶ measures the extension of mostly splay deformations 406 

=0.1a dc

A
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between ߮గగ = ଷగ/ଶܮ while the quantity ,4/ߨand  5 4/ߨ3 −  గ/ଶ  characterizes the extension of 407ܮ

predominant bend.  The characteristic width ݔ߂ = ߱ గ when 408ܮ గగ appearing in Eq. (7) is close toߦగగߜ < 0.1, but is smaller than ܮగ when ߱ > 0.1, as shown in Fig.6d.  409 

An increase of the elastic modulus ܭ makes the DWs wider and farther apart, to weaken 410 

the gradients of ܖෝ and ۾.  When the polar in-plane anchoring is weak, ߱ ≪ 1, the DWs are far 411 

away from each other, Fig. 6c, with ܮగ = ݔ∆ ≈ ට ௄ௗଶௐೂ  ln ସఠ and a characteristic width ߦగగ ≈412 

 ට ௄ௗଶௐೂ  ቀ1 − ఠଶቁ close to ߦ.  The pair’s energy approaches the sum of the energies of two individual 413 ߨ-solitons, ܨగగ ≈ గܨ2 ቂ1 + ఠଶ ቀ1 + ln ସఠቁቃ. A larger ߱ pushes the walls towards each other, 414 

shrinking the narrow ۾ ↓↓  stripe, where the polarization is in the local minimum of the anchoring 415 ܀

potential, Fig. 6c,d.  416 

The soliton-antisoliton ߨߨത or ߨതߨ pairs with alternating ߨ -rotations of ۾ satisfying Eq.(5) 417 

with the boundary conditions  డఝడ௫ (±∞) = 0, ߮(±∞) = 0 and corresponding to the S-pairs, are 418 

illustrated in Supplementary Figs. 10b, 11. Finally, solutions in which the boundary conditions are 419 డఝడ௫ (±∞) = 0, ߮(±∞) =  are also possible; they exhibit interesting spreading dynamics, as 420 ߨ±

shown in Supplementary Fig.12.  421 

 422 

Numerical solutions for planar pairs of domain walls at ܭଵ ≠ ߢ ଷ. Forܭ ≡ ଷܭ/ଵܭ ≠ 1 423 

and ݔ)ߠ, (ݖ = 0, the free energy per unit area of an NF cell, after integration over the cell thickness, 424 

writes  425 ݂ = ௄యௗଶ cosଶ߮ߢ) + sinଶ߮) ቀడఝడ௫ቁଶ + ொܹsinଶ߮ − 2 ௉ܹ (cos߮ − 1),   (9) 426 

The first integral of the Euler-Lagrange equation is 427 ߦଷଶ(ߢcosଶ߮ + sinଶ߮) ቀడఝడ௫ቁଶ − sinଶ߮ + 2߱ (cos߮ − 1) = 0,    (10) 428 

where ߦଷ = ට௄యௗଶௐೂ is the extrapolation length associated with the bend modulus and quadrupolar 429 

anchoring. Equation (10) could be solved numerically if rewritten as an expression describing a 430 
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dynamic “particle” of a kinetic energy ଵଶ ቀడఝడ௫ቁଶ (with the coordinate ݔ representing “time”) rolling 431 

through a double-welled potential ܸሾ߮ሿ = ଶఠ (ୡ୭ୱఝିଵ)ିୱ୧୬మఝଶ(఑ୡ୭ୱమఝାୱ୧୬మఝ) , with zero total energy: 432 

ଵଶ ቀడఝడ௫ቁଶ + ܸሾ߮ሿ = 0.     (11) 433 

The ߨߨ-soliton solution corresponds to the particle rolling down the potential ܸ ሾ߮ሿ starting at  ߮ =434 0, where ܸ = 0, through the two wells, and arriving at ߮ =  Because energy is conserved, the 435 .ߨ2

soliton would be stable as the maxima at ߮ = 0, ܸ are both at ߨ2 = 0. To find ߮(ݔ), one needs to 436 

impart a small initial “momentum” forcing the particle to start the motion. 437 

Figure 7 shows the results of numerical analysis. The width parameters ܮగ/ଶ, ଷܭ/ଵܭ ଷగ/ଶ of the DW pairs are not much affected by the elastic anisotropy whenܮ  గ,  and 438ܮ  ≪ 1, but 439 

increase, approximately as  ܮగ ∝ ඥܭଵ/ܭଷ , when ܭଵ/ܭଷ > 1, Fig. 7b.  Because of their topological 440 2ߨ-rotation nature, the DW pairs must incorporate both splay and bend, no matter the value of 441 ܭଵ/ܭଷ. A notable qualitative feature of the director profile ߮(ݔ) of the DW pairs is that as ܭଵ/ܭଷ 442 

increases, the stripes of splay widen, Fig. 7a. The structure tends to decrease the high splay energy 443 

by extending the length over which the splay develops; in contrast, it could afford a shorter bend 444 

development since ܭଷ is low.  Domain walls in a chiral smectic C (SmC*) stabilized by a magnetic 445 

field show similar features 40, with the difference that, in SmC*, it is ܭଷ that is increased by the 446 

ionic screening. Thus, it is the bend stripes that are wider in SmC* than their splay counterparts.  447 

The effect of elastic anisotropy on the ratio  ܮଷగ/ଶ/ ܮగ/ଶ  is very strong when ܭଵ/ܭଷ is in 448 

the range 0.1-10, Fig. 7c. As ܭଵ/ܭଷ increases, the width of the splay region progressively expands 449 

and  ܮగ/ଶ approaches  ܮଷగ/ଶ. When compared to the experimental value  ܮଷగ/ଶ/ ܮగ/ଶ=1.8 obtained 450 

by averaging data of 64 DW pairs of both W and S types, the model of a planar ߨߨ-soliton suggests 451 ܭଵ/ܭଷ~10 if ߱ = 0.1. A more detailed comparison with the experiment is given below. 452 

 453 
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 454 
Figure 7. Equilibrium planar ࣊ ࣊ soliton-soliton pairs for different splay and bend constants: 455 
a, director profiles of DWs pairs for ߱ = 0.1 and different elastic ratios ܭଵ/ܭଷ; b, the width 456 
parameter  ܮగ vs ܭଵ/ܭଷ for different anchoring anisotropies ߱;  c, Ratio of width parameters 457  ܮଷగ/ଶ/ ܮగ/ଶ vs ܭଵ/ܭଷ for different anchoring anisotropies ߱; the dashed line shows 458  ܮଷగ/ଶ/ ܮగ/ଶ=1.8 obtained by averaging experimental data for 64 DW pairs.  459 

 460 

Pairs of domain walls with polar tilts and ܭଵ ≠  ଷ. The planar model neglects the 461ܭ

possibility of director tilts towards the ݖ-axis. Unless the cells are very thin, such a possibility 462 

should not be ignored. Figure 4e demonstrates that the director indeed tilts away from the 463-ݕݔ 

plane. To explore the effect, we return to Eq. (4) and use the ansatz in Eq. (3) for the tilt angle 464 ݔ)ߠ,  the Frank-Oseen free energy density per unit area of the cell is 465 ,ߠ For small .(ݖ

݂ = ଵ2ܭ݀ ቈ2πଶߠ௔ଶ݀ଶ + ቆ1 − ௔ଶ2ߠ ቇ cosଶ ߮ (߲௫߮)ଶ − sin߮cos߮ߠ௔߲௫ߠ௔߲௫߮቉ + 466 

ଶ4ܭ݀ (cos߮ ߲௫ߠ௔ + sin߮ߠ௔߲௫߮)ଶ + ଷ2ܭ݀ ቈ(1 − ௔ଶ) sinଶߠ ߮(߲௫߮)ଶ + sinଶ߮ (߲௫ߠ௔)ଶ2 ቉ 467 

+ ொܹsinଶ߮ − 2 ௉ܹ(cos߮ − 1).         (12) 468 

Equation (12) demonstrates that in areas of strong splay, where cosଶ ߮(߲௫߮)ଶ is large, a non-zero 469 

tilt ߠ௔ > 0 decreases the splay contribution by introducing twist (the terms proportional to ܭଶ). The 470 

introduction of tilt becomes energetically costly when the cell is thin, with the tilt magnitude 471 

bounded by  ߠ௔ ≲ ௗଶగకయ√ଶ = ଵଶగ ටௐೂௗ௄య  . For a 6.8 μm cell, ܭଷ/ ொܹ = 1 μm, we expect ߠ௔ ≲ 0.4. 472 

Significantly thinner cells would hardly experience polar tilt at all: a strong zenithal anchoring 473 

(associated with the tilts away from the ݕݔ plane) makes the energetic costs of a vertical gradient 474 

over a short ݀ prohibitively high.  Note, however, that our analysis is limited to a particularly 475 

a b c

/ / 
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simple ݖ-dependence for both ߠ and ߮ and the quantitative estimates above might be changed by 476 

a more rigorous analysis. 477 

To find the tilt configuration ߠ௔(ݔ), we minimize the Frank-Oseen free energy in Eq. (4) 478 

using gradient descent. The sharp bend of ߮(ݔ) at large ܭଵ/ܭଷ introduces computational 479 

challenges. To get a qualitative picture while ensuring the numerical convergence of the gradient 480 

descent procedure, we take ܭଵ/ܭଷ = 10 and ݀ ଷߦ/ = 15, for which we expect a noticeable tilt. The 481 

resulting configurations of the polar angle ߮(ݔ) and the tilt ߠ௔(ݔ) are shown in Fig. 8a,c,d. Note 482 

that the director reorients to point nearly vertically (ߠ௔ approaches 2/ߨ) in the middle of each of 483 

the two ߨ-solitons, Fig. 8a. In these high tilt regions, the polar angle ߮ rotates very rapidly as a 484 

function of ݔ. This allows for a lower anchoring free energy as ߮ maintains values close to 0,485 2ߨ for a larger range of ݔ, Fig.8a. The introduction of the tilt reduces the domain wall energy by 486 

about 20%, Fig. 9a. This measured decrease becomes even more substantial for larger values of 487 ݀/ߦଷ, Fig. 9a. It also represents a lower bound on the energy reduction as we use a constrained 488-ݖ 

dependence of the azimuthal and polar angles. It would be interesting to minimize both ߮ and 489 ߠ 

without any constraints to find the true global energy minimum.  490 

Taking the results for ߮,ߠ, we simulate the transmitted light intensities of the cell viewed 491 

through crossed polarizers with a monochromatic light of a particular wavelength ߣ, Fig.8b.  492 

Choosing a wavelength at which the transmission through regions with ۾ ↑↓ ۾ and ܀ ↓↓  is 493 ܀

suppressed, we find the results in Fig. 8b for two orientations of the polarizers. The simulated 494 

intensities in Fig 8b compare favorably to Fig. 4c (blue curve) and Fig. 4f (red curve). The red 495 

curve has an additional small peak between the two main peaks at around ߮ ≈ గସ , ଷగସ . This small 496 

peak is not resolved in the experiment in Fig. 4f. One potential reason is that the intensity peak is 497 

very narrow, less than కయଶ ;  with ݀ =6.8 μm, ܭଷ/ ொܹ = 1 μm, we expect కయଶ ≈ 0.9 μm. Another 498 

reason is that the regions with ߠ > 0 present a lower refractive index to the propagating beam as 499 

compared to the regions with ߠ = 0; the index gradient bends the propagating rays away from the 500 

regions with ߠ > 0 towards the regions with ߠ = 0, which might further mitigate the small central 501 

peaks in the red curve in Fig. 8b. Note that the central peak would further narrow when the elastic 502 

anisotropy increases, ௄భ௄య > 10, so that the reorientation of the angle ߮ is even more rapid. 503 
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The tilted configurations depend sensitively on the cell thickness as ߠ௔ decreases with 504 

decreasing ݀/ߦଷ: the tilt becomes energetically less favorable since the director gradients along 505 

the ݖ-axis become stronger under the condition of an infinite polar zenithal anchoring at the 506 

bounding plates.  The ratio of the energy of a purely planar configuration, ܧ௣௟௔௡௔௥, to the energy 507 

of a configuration with a tilt, ܧ௧௜௟௧, is shown in Fig. 9a. The numerical simulations suggest that the 508 

tilt is strongly reduced for ݀/ߦଷ < 10. For ܭଷ/ ொܹ = 1 μm, and ݀ in the range (3-16) μm, one 509 

finds 2 < ଷߦ/݀ < 6. Our experimental results are likely near the transition region when the tilt 510 

becomes energetically favorable, as suggested by the transmission peaks in Fig.4e.  511 

 512 
Figure 8. Simulated ࣊ ࣊ soliton-soliton domain walls with non-zero polar tilt: a, tilt magnitude 513 ߠ௔(ݔ) and polar angle ߮(ݔ) profiles calculated by numerical minimization of the Frank-Oseen 514 
energy in Eq. (4) using the ansatz in Eq. (3) for ܭଵ/ܭଷ = 10. The largest tilt occurs near ߮ =515 గଶ , ଷగଶ . b, transmitted light intensity through a cell and a filter of the type shown in Fig. 4e, where 516 

the wavelength ߣ of light is chosen such that గௗ∆௡ଶఒ =  Note the favorable comparison between 517 .ߨ

these results and the experimental data in Fig. 4c,f; transmission is strong whenever ߮ =518 
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గସ , ଷగସ , ହగସ , ଻గସ ; c,d, two projected schemes of the polarization field in the one-quarter of the 519-ߨߨ 

soliton in which we find the largest tilt ߠ, with the same parameters as in part (a). In all simulations, 520 ݀ = ଶܭ ,ଷߦ 15 = ߱ ଷ/2, andܭ = 0.1. 521 
 522 

The width ratio  ܮଷగ/ଶ/ ܮగ/ଶ  depends on the presence of tilt and the cell thickness, Fig.9b. 523 

In thicker cells, the width ratio is smaller as the tilt allows for a faster reorientation of the azimuthal 524 

angle ߮, as shown in Fig. 8a. The decrease, however, depends on the value of ܭଵ/ܭଷ, Fig. 9b. The 525 

dependence is subtle, with the width ratio approaching the planar value for small ܭଵ/ܭଷ~(1 −526 4), but reaching a smaller value for ܭଵ/ܭଷ ≈ 10. 527 

528 
Figure 9. Characteristics of simulated DW pairs: a, energy ratio of a planar domain wall (ߠ =529 0) versus one with a tilt (ߠ > 0), as calculated from minimizing the Frank-Oseen energy in Eq. (4) 530 
using the ansatz in Eq. (3) for various values of ܭଵ/ܭଷ and ݀/ߦଷ. Note the marked energy gain 531 
from introducing a tilt for thick cells. For thinner cells, ݀ ଷߦ/ < 10, the gain is negligible, especially 532 
at large ratios ܭଵ/ܭଷ. b, Ratio of width parameters  ܮଷగ/ଶ/ ܮగ/ଶ vs ܭଵ/ܭଷ for different cell 533 
thicknesses ݀/ߦଷ. Note that this ratio is expected to be smaller whenever there is substantial tilt in 534 
the director configuration. For thinner cells, ݀/ߦଷ < 10, the ratio approaches the planar value 535 
(black line) for large ܭଵ/ܭଷ as the tilt becomes negligible. In all simulations, ߱ = 0.1 and 536 ܭଶ/ܭଷ  = 0.5. The dashed line shows  ܮଷగ/ଶ/ ܮగ/ଶ=1.8 obtained by averaging experimental data 537 
for 64 DW pairs. The lines connecting the data points in these plots are a guide to the eye. 538 

 539 
 540 
Comparison of experimental and numerical shapes of the domain walls. The width 541 

ratio ܮଷగ/ଶ/ ܮగ/ଶ can be used to estimate ܭଵ/ܭଷ, Fig. 9b.  We analyzed the profiles of transmitted 542 

monochromatic light intensities similar to the one in Fig. 4c for DWs pairs in samples of thickness 543 

ranging from 4.6 μm to 15.9 μm, which implies 3 < ଷߦ/݀ < 6. In this range, there is no clear 544 
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thickness dependence of the width ratio. The experimental data, averaged over 64 DWs pairs, yield 545  ܮଷగ/ଶ/ ܮగ/ଶ  = 1.8 ± 0.3. According to the model predictions in Fig.9b, the value  ܮଷగ/ଶ/ ܮగ/ଶ  =546 1.8 corresponds to ܭଵ/ܭଷ = (4 − 7) in the model with polar tilts and ݀/ߦଷ = 10, and to ܭଵ/ܭଷ =547 10 in the model of planar DWs. However, a relatively large standard deviation in the measured 548 

width parameter, ±0.3, embraces the possibility of much higher elastic anisotropy.  An additional 549 

factor of uncertainty is in the strong dependence of the geometrical parameters and thus of ܭଵ/ܭଷ 550 

on the in-plane polar anchoring parameter ߱, Fig. 7c. We thus conclude that the experiments on 551 

the structure of DW pairs place the lower bound on the elastic anisotropy of NF, ܭଵ/ܭଷ ≥ 4 , which 552 

is supported by both Fig.7c and 9b. 553 

 554 

Discussion.  555 

The polar nature of the azimuthal surface anchoring of NF planar cells brings about patterns 556 

of polar monodomains and polydomains with alternating directions of the polarization ۾. Cooling 557 

the samples down to NF produces both ۾ ↑↓ ۾ and ܀ ↓↓  local surface alignments. These 558 ܀

directions could be the same at the opposing plates, ߮(ݖ = 0) = ݖ)߮ = ݀), or the opposite. In the 559 

latter case, the two different orientations must be connected by a twisted (ݖ)߮ ,۾ = (߮ௗ −560 ߮଴)ݖ/݀ + ߮଴, where ߮଴ and ߮ௗ are the actual alignment directions at the two plates, which are 561 

found from the balance of the elastic and anchoring torques, Supplementary Eqs.(S5-S9).  This 562 

twisted structure carries an energy ௧݂ = 2 ௉ܹ + గమଶ ௄మ൫ଵିఠమ൯ௗ(ଵିఠమ)ାଶకమ per unit area, where ߦଶ = /ଶܭ ொܹ. 563 

In thin cells, ௧݂  could be large enough to eliminate the energy barrier between the ߮ = 0 and ߮ (ݖ)߮ states and cause the system to relax directly into the ground state ߨ 564= = 0, see Supplementary 565 

Eq. S10 and Supplementary Fig. 13. In cells thicker than ݀௖ ≈ గమ௄మ଼ௐು ≈ 3.6 μm, ௧݂ is smaller than 566 

the energy 4 ௉ܹ of the metastable uniform state ߮(ݖ) =  In these thick cells, the local energy 567  .ߨ

minimum at ߮ = ߮ and the energy barrier that separates ߨ = ߮ and ߨ = 0 directions are preserved 568 

(Supplementary Fig. 13); thus the system could relax into either the ground state, ߮(ݖ) = 0, or the 569 

metastable state ߮(ݖ) =  which explains the observed domain structures with DWs in the thick 570 ,ߨ

samples. 571 

We limited our analysis by the structures observed in the deep NF phase, but the 572 

experiments show rich dynamics of the emerging patterns during cooling in the high-temperature 573 
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end of the NF phase, most likely caused by the temperature dependencies of ொܹ , ௉ܹ, and the 574 

elastic constants; these will be described elsewhere.   575 

A unique and unusual topological consequence of the surface polarity is that the DWs that 576 

separate domains of uniform polarizations form only as 360୭ pairs, of either the topologically 577 

protected soliton-soliton W-type or topologically trivial S-type. The DW pairs in which the order 578 

parameter varies from one global energy minimum to another while surpassing an energy barrier 579 

makes them similar to the DWs studied in cosmology models with “biased” vacuums 39, in which 580 

two vacuums have a slightly different energy and are separated by an energy barrier, similarly to 581 

the surface anchoring potential in Eq.(1) and Fig.1g. In solid ferroics, surface interactions are polar 582 

along the normal to interfaces, which leads to the well-known patterns of alternating domains 583 

separated by 180୭ walls of the Bloch or Néel type 2,3; 360୭ pairs could be observed only in the 584 

presence of an external field that competes with the apolar easy directions of the crystal structure4. 585 

DWs with 360୭ rotation of the director could also be observed in a smectic C liquid crystal 30,40-586 
44, in which case they are attributed to an externally applied electric field 30 or to the asymmetry of 587 

the film along the normal direction 44.  In a uniaxial apolar nematic N, 360୭ DWs connect surface 588 

point-defects, called boojums, in a hybrid aligned film, Fig.5a, in which one surface imposes a 589 

tangential orientation of ܖෝ and another one sets a perpendicular alignment of ܖෝ, i.e., again the 590 

reason is the asymmetry with respect to the normal direction 38,45. Under hybrid alignment of N, 591 

the 360o DW carries an elastic energy ∝  R, which 592>>ܮ proportional to their length ܴ and width ܮܴ

is smaller than the elastic energy of an isolated boojum with an energy ∝ ܴଶ, where ܴ is the 593 

characteristic size of the system 45.  Unlike all listed examples, the 360୭ DWs in NF are caused by 594 

interactions that are polar in the plane of the bounding surfaces.  The observed 360୭ pairs of DWs 595 

are also different from 180୭ DWs in NF cells with an antiparallel assembly of buffed plates that 596 

preset twist deformations 13,14,24. The coupling between the surface polarity and the bulk structures 597 

allows us to estimate the polar contribution ߱ ≡ ௐುௐೂ ~0.1 to the in-plane anchoring of 598  .۾ 

When the surfaces impose no restrictions on the in-plane orientation of ۾, NF films feature 599 

the conic-sections textures, Fig.5b,c, similar to focal conic domain textures in a smectic A.   In a 600 

smectic A, the predominant director deformations are splay, signaling ܭଵ/ܭଷ ≪ 1, while in NF, 601 

the prevailing curvatures are bend, Fig. 5b,c, suggesting ܭଵ/ܭଷ > 1. The last condition makes the 602 

NF textures also similar to the textures of developable domains in columnar phases in which bend 603 
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is the only allowed deformation of the director27.  When the elastic constants show a strong 604 

disparity, liquid crystal textures often respond by introducing additional deformation modes (such 605 

as the effect of splay-canceling 46 or structural twist in the N droplets 47-49). The DW pairs are no 606 

exception: the experiments, Fig. 4e, and numerical analysis, Figs. 8,9, suggest that the in-plane 607 

splay-bend of ۾ could be accompanied by out-of-plane tilts of ۾, which introduce the twist of 608 ۾ 

and reduce the overall energy of the DWs. The analysis of the experimentally observed DW pairs 609 

suggests ܭଵ/ܭଷ > 4.  610 

The geometry of the domains and DW pairs is defined primarily by the balance of the polar 611 

and apolar terms in the surface potential, suggesting potential applications as sensors and solvents 612 

capable of spatial separation of polar inclusions. The advantage of NF is that the material is fluid 613 

and is thus easy to process in various confinements. Since the domains form in an optically 614 

transparent and birefringent NF fluid with a high susceptibility to low electric fields, other potential 615 

applications might be in electro-optics, electrically-controlled optical memory, and grating 616 

devices.  617 

Methods. 618 

Sample preparation and characterization. The aligning agent PI-2555 and its solvent 619 

T9039, both purchased from HD MicroSystems are combined in a 1:9 ratio. Glass substrates with 620 

ITO electrodes are cleaned ultrasonically in distilled water and isopropyl alcohol, dried at 95oC, 621 

cooled down to the room temperature and blown with nitrogen. An inert N2 environment is 622 

maintained inside the spin coater. Spin coating with the solution of the aligning agent is performed 623 

according to the following scheme:  1sec @ 500 rpm → 30 sec @ 1500rpm →1sec @ 50rpm. After 624 

the spin coating, the sample is baked at 95°C for 5 min, followed by 60 minutes baking at 275°C. 625 

The spin coating produced the PI-2555 alignment layer of thickness 50 nm. 626 

The PI-2555 layer is buffed unidirectionally using a Rayon YA-19-R rubbing cloth 627 

(Yoshikawa Chemical Company, Ltd, Japan) of a thickness 1.8 mm and filament density 280/mm2 628 

to achieve a homogeneous planar alignment. An aluminum brick of a length 25.5 cm, width 10.4 629 

cm, height 1.8 cm and weight 1.3 kg, covered with the rubbing cloth, imposes a pressure 490 Pa at 630 

a substrate and is moved ten times with the speed 5 cm/s over the substrate; the rubbing length is 631 

about 1 m. Unidirectional rubbing of a polyimide-coated substrates is known to align a nematic in 632 

a planar fashion, with a small pretilt of the director ܖෝ.  For example, the director of a conventional 633 
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nematic 5CB in contact with a buffed PI-2555 makes an angle 3 ° ± 1 ° with the substrate; the tilt 634 

direction correlates with the direction R of buffing 50. The pretilt in NF is expected to be smaller 635 

because of the surface polarization effect, as evidenced by the fact that the optical retardance of the 636 

uniform domains equals Δ݊݀; however, the rubbing is still expected to produce nanoscale in-plane 637 

polarity because of the separation of oppositely charged moieties.   638 

Two PI-2555-coated glass plates are assembled into cells in “parallel” geometry, with the 639 

two buffing directions ܀ at the opposite plates being parallel to each other. One plate contains a 640 

pair of parallel transparent indium tin oxide (ITO) stripe electrodes separated along the ܀-direction 641 

by a distance ݈ =5 mm in the studies of monodomains and 3 mm in the case of polydomains. A 642 

Siglent SDG1032X waveform generator and an amplifier (Krohn-Hite corporation) are used to 643 

apply an in-plane dc electric field E=(0 ,1± ,0)ܧ. The observations are limited to an area 1 mm2 at 644 

the center of the gap. Since the cell thickness ݀ is much smaller than ݈, the electric field in this 645 

region is predominantly horizontal and uniform. 646 

The films with degenerate azimuthal surface anchoring are prepared by depositing a thin 647 

DIO film onto the surface of glycerin (Fisher Scientific, CAS No. 56-81-5 with assay percent range 648 

99-100 %w/v and density 1.261 g/cm3 at 20 °C) in an open Petri dish. A piece of crystallized DIO 649 

is placed onto the surface of glycerin at room temperature, heated to 120 °C, and cooled down to 650 

the desired temperature with a rate of 5 °C/min. In the N, SmZA and NF phases, DIO spreads over 651 

the surface and forms a film of a thickness defined by the deposited mass. For example, in Fig.5a, 652 

a film of a thickness 5 µm resulted from a deposited 2.55 mg of the material. 653 

The optical textures are recorded using a polarizing optical microscope Nikon Optiphot-2 654 

with a QImaging camera and Olympus BX51 with an Amscope camera. PolScope MicroImager 655 

(Hinds Instruments) is used to map the director patterns and measure the optical retardance.  656 

 657 

Textural simulations.  To simulate the optical transmission through the cell, we employ 658 

the Jones matrix formalism. Assuming light propagation along the ݖ-axis, the polarization in the 659 ݕݔ-plane is described by a two-component vector, with ቀ10ቁ polarization along ݔො and ቀ01ቁ along ݕො. 660 

The cell is represented as a 2 × 2 matrix consisting of a product of elements corresponding to thin 661 

slices of the uniaxial material. Given a tilt ݔ)ߠ,  of the optical axis, a thin 662 (ݔ)߶ and polar angle (ݖ
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slab ݅ of material of thickness Δݖ will modify the electric field polarization at position (ݔ,  ௜) 663ݖ

according to a sequence of rotations and a phase retardance: 664 ܯ௜(ݖ௜)665 = ൬ sin߶(ݔ) cos߶(ݔ)− cos߶(ݔ) sin߶(ݔ)൰ ൬݁ି௜ଶగ୼௭ఙ೐೥(௫,௭೔)/ఒ 00 ݁ି௜ଶగ୼௭ఙబ೥(௫,௭೔)/ఒ൰ ൬sin߶(ݔ) − cos߶(ݔ)cos߶(ݔ) sin߶(ݔ) ൰, 666 

where ߣ is the wavelength of the light, which we take to satisfy ߣ = (݊௘ − ݊଴)݀/2.   The 667 

dielectric eigenvalues are ߪ଴௭ = ݊଴ = 1.5 and 668 ߪ଴௭(ݔ, (௜ݖ = ௡బ௡೐ට௡೐మ[ୱ୧୬ఏ(௫,௭೔)]మା௡బమ[ୡ୭ୱఏ(௫,௭೔)]మ,    669 

where ݊௘ = 1.7.  The entire cell consists of ܰ slabs, such that ܰΔݖ = ݀. The full optical matrix 670 

for the cell is given by the product 671 

ܯ = ∏ ௜ே௜ୀଵܯ (௜ݖ) = ൬ܯଵଵ ଶଵܯଵଶܯ  ଶଶ൰, 672ܯ

where we take the locations ݖ௜ to be the midplanes of the thin slabs: ݖ௜ = −݀/2 + (݅ − 1/2)Δ673 .ݖ 

We then choose a large enough ܰ such that our matrix converges. Note that the intensity for 674 

crossed polarizers can be easily extracted from the matrix elements ܯ௜௝ . We have the following 675 

expressions for the intensities when the polarizers are aligned along the  ݔ and ݕ axes and when 676 

they are at 45∘ to these axes, respectively: 677 

ାܫ = ×ܫ ଵଶ|ଶ andܯ| = ଵସ ଵଵܯ| + ଶଵܯ − ଵଶܯ −  ଶଶ|ଶ . 678ܯ

Data availability 679 

All data that support the plots within this paper and other findings of this study are available from 680 

the corresponding author upon reasonable request. 681 

  682 
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Figure Captions 799 

Figure 1. DIO textures in planar cells with parallel assembly. a, b, c, polarizing optical 800 
microscopy of a thick ݀ =4.7 μm sample and d, e PolScope Microimager textures of a thin 1.35 801 μm sample; a, b, uniform N and SmZA textures, respectively; c, polydomain NF texture; the 802 
polarization ۾ is antiparallel to the rubbing direction ܀ in the wider domains and is parallel to ܀ in 803 
the narrower domains;  two 180୭ DWs enclosing the narrow domain reconnect (circles mark some 804 
reconnection points); d, field-induced realignment of ۾ from the direction −܀ to ܀; e, reversed 805 
field polarity realigns ۾ back into the ground state ۾ ↑↓  reorientation in part e; 806 ۾ f, scheme of ;܀
there are two 180o twist DWs of the Bloch type near the plates; g, azimuthal surface anchoring 807 
potential for different ratios of the polar ௉ܹ and apolar ொܹ coefficients. 808 
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Figure 2. Topologically stable 360o W-pairs of DWs. a, textures observed between crossed 809 
polarizers with ۾ ↓↓  in the narrow central domain separated by two bright 180o DWs from the 810 ܀
wide domains with ۾ ↑↓  in the narrow or wide 811 ۾ at the periphery; the electric field realigns ܀
domains, depending on the field polarity;  b, the same textures, observed with an optical 812 
compensator that allows one to establish the reorientation direction of ۾; c, topologically nontrivial 813 
structure of the 360o W-pair of DWs; along the line ߛ, the polarization vector ۾ rotates by 360o, 814 
thus covering the order parameter space ܵଵ once, which yields the topological charge ܳ = 1. Cell 815 
thickness ݀ = 4.7 μm. 816 
 817 
Figure 3. Electric field switching of 360o DW pairs. a-d, POM textures of topologically trivial 818 
S-pair that is smoothly realigned into a uniform state by the electric field of an appropriate polarity; 819 
e, an opposite field polarity tilts ۾ in two wide domains, but does not cause a complete 820 
reorientation, contrary to the case of the narrow domain in d; f, topological scheme of the S-pair 821 
shown in a; ۾ rotates CW in the left DW and CCW in the right DW, thus ܳ = 0;  g, topological 822 
scheme of the S-pair shown in c; ۾ in the central narrow domain could rotate only CCW as the 823 
field increases; h,i, POM textures (with an added waveplate) of a topologically stable 360o W-pair 824 
of DWs, ܳ = 1; increase of the electric field could cause both CW and CCW rotations of ۾ within 825 
the same DW pair, as schematized in j. Cell thickness 4.7 μm in all textures. 826 
 827 

Figure 4. Fine structure of 360o DW pairs. a, polychromatic texture of a DW pair running 828 
parallel to one of the crossed polarizers; wide ۾ ↑↓ ߮) ܀ = 0, ۾  and narrow (ߨ2 ↓↓ ߮) ܀ =  829 (ߨ
domains are extinct;  b, the same texture, observed with a blue filter; the stripes with ߮ =  is perpendicular to the DWs are also extinct; c, transmitted light intensity along the 831 ۾ where 2/ߨand  830 3 2/ߨ
dashed line in part b; d, polychromatic texture of a DW pair running at 45o to the crossed 832 
polarizers; wide ۾ ↑↓ ߮) ܀ = 0, ۾  and narrow (ߨ2 ↓↓ ߮) ܀ =  domains show similar optical 833 (ߨ
retardance;  e, the same texture, observed with a red filter that yields destructive interference at 834 
locations ߮ = ,ߨ,2/ߨ,0 ,2/ߨ3  f, transmitted light intensity along the dashed line in part e. Cell 835 ;ߨ2
thickness 6.8 μm in all textures. 836 

 837 

Figure 5. Polarizing microscopy textures of DIO at the glycerin substrate. a, N film shows 2838 ߨ 
domain splay-bend walls; b,c, NF texture of conic-sections with prevailing circular bend; in b, 839 
elliptical defects separate regions between mostly circular bend and mostly uniform ۾ field, while 840 
in c, hyperbolic shapes separate domains with predominantly circular bend. Film thickness 7 μm 841 
in panels a,c, and 5 μm in b; ܖෝ is depicted by white lines. 842 

 843 

Figure 6. Equilibrium ࣊࣊ soliton-soliton pairs described by Eq.(7): a, in-plane polarization 844 
field for ߱ = 0.1; b, the corresponding texture observed between crossed polarizers with the 845 
intensity of transmitted light calculated with Eq.(8); c, polarization profile ߮గగ(ݔ) for different 846 
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surface anchoring anisotropies ߱; the separation ܮగ between two extinction bands at ߮గగ =  847 2/ߨ
and ߮గగ = ߱ is shown for the profile with 2/ߨ3 = 0.001; d, characteristic widths of the 848 ߨߨ 
soliton-soliton pairs defined in part (b) vs. ߱; note that ݔ߂ ≅ ߱ గ forܮ < 0.1, but  ݔ߂ < ߱ గ for 849ܮ > 0.1. 850 

 851 
Figure 7. Equilibrium planar ࣊ ࣊ soliton-soliton pairs for different splay and bend constants: 852 
a, director profiles of DWs pairs for ߱ = 0.1 and different elastic ratios ܭଵ/ܭଷ; b, the width 853 
parameter  ܮగ vs ܭଵ/ܭଷ for different anchoring anisotropies ߱;  c, Ratio of width parameters 854  ܮଷగ/ଶ/ ܮగ/ଶ vs ܭଵ/ܭଷ for different anchoring anisotropies ߱; the dashed line shows 855  ܮଷగ/ଶ/ ܮగ/ଶ=1.8 obtained by averaging experimental data for 64 DW pairs.  856 
 857 
Figure 8. Simulated ࣊ ࣊ soliton-soliton domain walls with non-zero polar tilt: a, tilt magnitude 858 ߠ௔(ݔ) and polar angle ߮(ݔ) profiles calculated by numerical minimization of the Frank-Oseen 859 
energy in Eq. (4) using the ansatz in Eq. (3) for ܭଵ/ܭଷ = 10. The largest tilt occurs near ߮ =860 గଶ , ଷగଶ . b, transmitted light intensity through a cell and a filter of the type shown in Fig. 4e, where 861 

the wavelength ߣ of light is chosen such that గௗ∆௡ଶఒ =  Note the favorable comparison between 862 .ߨ

these results and the experimental data in Fig. 4c,f; transmission is strong whenever ߮ =863 గସ , ଷగସ , ହగସ , ଻గସ ; c,d, two projected schemes of the polarization field in the one-quarter of the 864-ߨߨ 

soliton in which we find the largest tilt ߠ, with the same parameters as in part (a). In all simulations, 865 ݀ = ଶܭ ,ଷߦ 15 = ߱ ଷ/2, andܭ = 0.1. 866 
 867 
Figure 9. Characteristics of simulated DW pairs: a, energy ratio of a planar domain wall (ߠ =868 0) versus one with a tilt (ߠ > 0), as calculated from minimizing the Frank-Oseen energy in Eq. (4) 869 
using the ansatz in Eq. (3) for various values of ܭଵ/ܭଷ and ݀/ߦଷ. Note the marked energy gain 870 
from introducing a tilt for thick cells. For thinner cells, ݀ ଷߦ/ < 10, the gain is negligible, especially 871 
at large ratios ܭଵ/ܭଷ. b, Ratio of width parameters  ܮଷగ/ଶ/ ܮగ/ଶ vs ܭଵ/ܭଷ for different cell 872 
thicknesses ݀/ߦଷ. Note that this ratio is expected to be smaller whenever there is substantial tilt in 873 
the director configuration. For thinner cells, ݀/ߦଷ < 10, the ratio approaches the planar value 874 
(black line) for large ܭଵ/ܭଷ as the tilt becomes negligible. In all simulations, ߱ = 0.1 and 875 ܭଶ/ܭଷ  = 0.5. The dashed line shows  ܮଷగ/ଶ/ ܮగ/ଶ=1.8 obtained by averaging experimental data 876 
for 64 DW pairs. The lines connecting the data points in these plots are a guide to the eye. 877 
 878 
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