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Abstract 

Unsteady axisymmetric numerical simulations are used to determine the transition to bubble and conical 
vortex breakdown in low-Mach-number laminar swirling Burke–Schumann flames, for which an ambient- 
temperature fuel jet in solid-body rotation emerges into quiescent air. A critical value of the swirl number S for 
the onset of the bubble (S ∗B ) and the cone (S 

∗
C ) is determined as the jet fuel-feed mass fraction Y F , j is varied for 

fixed Re = 800 , assuming typical conditions for methane combustion with air. During the first transition from 

pre-breakdown to the bubble, the jet core is relatively unaffected by the flame in the surrounding shear layer, 
and S ∗B = 1 . 36 is constant for all values of dilution. This transition to the jet-like bubble breakdown flame is 
found to be in agreement with theoretical predictions based on the criterion of failure of the slender quasi- 
cylindrical approximation. Variation in the critical swirl number S ∗C , characterizing the second transition from 

the bubble to the cone, is relatively small ( 1 . 80 ≤ S ∗C ≤ 1 . 83 ) in the range 0 . 1 ≤ Y F , j ≤ 1 , but the resulting 
flow and flame shape for conical breakdown is found to depend critically on Y F , j . For realistic values of 
dilution (Y F , j ≥ 0 . 2) , the bubble transitions to a steady compact cone at S ∗C with a flame sheet that passes 
around the recirculation region, maintaining a jet-like flame. In the extreme dilution case (Y F , j = 0 . 1) , the 
reaction sheet occurs closer to the fuel jet axis, increasing the radial velocities through thermal expansion and 
accelerating the transition to the cone (lower S ∗C ). The reduced viscosity associated with the lower adiabatic 
flame temperature leads to an enlarged unsteady conical breakdown with the flame sheet stabilized near the 
inlet. 
© 2022 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 
This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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1. Introduction 

Swirling jets are frequently used in combustion
applications such as jet engines and gas turbines,
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where the entrainment of ambient fluid promotes 
fast mixing near the inlet [1] . For sufficiently large 
values of the swirl number S, a measure of the ra- 
tio of circumferential to axial inlet velocity com- 
ponents, vortex breakdown, characterized by the 
formation of an internal stagnation point and a 
reversed axial flow [2] , is known to occur. These 
recirculation regions serve as non-invasive flame- 
behalf of The Combustion Institute. This is an open 
org/licenses/by/4.0/ ) 
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tabilizers, with the recirculating hot products pro-
oting the reaction of the freshly injected reac-
ants [3] . Previous vortex-breakdown studies, mo-
ivated by combustion applications, have addressed
nconfined isothermal swirling jets in the turbulent
egime [4,5] , effects of heat release in confined pre-
ixed flames [6–9] , and flame structure and behav-

or in nonpremixed configurations [10,11] . Despite
hese research efforts, our understanding of vortex
reakdown in reactive swirling jets is still incom-
lete. 
An aspect of the problem in need of further clar-

fication pertains to the morphology of the flow
merging after breakdown. Previous experimental
12] and numerical [13] investigations of constant-
ensity flows have unveiled two primary forms of 
ortex breakdown in laminar swirling jets, namely,
ubble breakdown and conical breakdown. As the
wirl was increased from zero to a first critical swirl
umber, S ∗B , the slender pre-breakdown jet transi-
ioned to bubble breakdown, identified by a stagna-
ion point and reversed axial flow. As the swirl was
ncreased further, the size of the bubble increased
nd the stagnation point moved upstream. Once
he swirl reached a second critical swirl number, S ∗C ,
he bubble opened into a 90 degree conical sheet,
nd the pressure at the stagnation point jumped to
he ambient value. These two types of breakdown
ave also been found to occur in hot and cold non-
eacting gaseous swirling jets [14] . The correspond-
ng reacting case, involving a laminar fuel jet dis-
harging into an air atmosphere, is to be analyzed
ere in the Burke–Schumann limit of infinitely fast
eaction for values of the thermochemical param-
ters corresponding to methane, with the Lewis
umbers of fuel and oxidizer assumed to be unity,
n excellent approximation for methane-air com-
ustion. Conditions for existence of the different
reakdown modes will be numerically investigated
ia axisymmetric unsteady solutions of the Navier–
tokes (NS) equations for different values of the
uel-jet dilution. As in previous investigations [12–
4] , our jet-flame simulations will consider moder-
te values of the Reynolds number, for which the
ow remains laminar and largely steady. Besides
S integrations, theoretical predictions for the on-
et of bubble breakdown will be obtained through
he quasi-cylindrical (QC) approximation [15] . 

. Formulation 

.1. The Burke–Schumann limit 

The following study addresses jet diffusion
ames formed by the discharge of a swirling fuel
et into a coaxial unconfined air stream. The mass
ractions of fuel ( Y F ) and oxygen ( Y O 2 ) take the val-
es Y F , j and Y O 2 ,A = 0 . 23 in their respective feed
treams, with Y F , j < 1 for configurations with fuel-
eed dilution. For simplicity, the temperature of the
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
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air stream will be assumed to be equal to the fuel-jet
temperature T j . 

The description assumes that the fuel reacts with
the oxygen of the air according to the overall ir-
reversible reaction F + s O 2 → (1 + s ) P + Q , with
P, s , and Q representing, respectively, the combus-
tion products (carbon dioxide and water vapor), the
mass of oxygen required to burn a unit mass of 
fuel, and the heat released per unit mass of fuel. To
focus more directly on the fluid-mechanic aspects
of the problem, the analysis considers the Burke–
Schumann limit of infinitely fast reaction, in which
the flame appears as an infinitesimally thin layer (a
flame sheet) separating the fuel from the oxygen.
The composition and temperature can be described
in terms of coupling functions satisfying chemistry-
free transport equations [16] . With the Lewis num-
bers of fuel and oxygen assumed to be unity, an ex-
cellent approximation for methane-air flames, the
description reduces to a single scalar, the familiar
mixture-fraction variable 

Z = 

sY F −Y O 2 + Y O 2 ,A 

sY F , j + Y O 2 ,A 
= 

T − 1 
q 

+ 

Y F 

Y F , j 
, (1)

which has been normalized to be unity in the fuel
stream and zero in the air stream. In the formu-
lation, T is the dimensionless temperature (scaled
with T j ) and q = (QY F , j ) / (c p T j ) is a dimensionless
heat of reaction, with c p representing the specific
heat at constant pressure, assumed to be constant
in the following description. At the flame, where
 F = Y O 2 = 0 , the mixture fraction takes the value

Z s = 

1 
sY F , j /Y O 2 ,A + 1 

, (2)

while the temperature reaches its adiabatic value
T s = 1 + γ , with the parameter 

γ = 

q 
sY F , j /Y O 2 ,A + 1 

(3)

measuring the exothermicity of the reaction. Since
 F = 0 on the air side, where Z < Z s , while Y O 2 =

0 on the fuel side, where Z > Z s , it follows
from (1) that 

T = 1 + γ
Z 

Z s 
for Z ≤ Z s (4)

T = 1 + γ
1 − Z 

1 − Z s 
for Z ≥ Z s . (5)

For a given fuel-feed mass fraction Y F , j ,
the thermochemical parameters Z s and γ
can be evaluated from (2) , (3) . For methane
(i.e. s = 4 and Q = 50 , 150 kJ/kg) with a feed
temperature T j = 300 K and a presumed av-
erage specific heat c p = 1 . 4 kJ/(kg-K), it fol-
lows that Z s = (0 . 365 , 0 . 223 , 0 . 103 , 0 . 054)
and γ = (4 . 36 , 5 . 33 , 6 . 16 , 6 . 49) for values
 F , j = (0 . 1 , 0 . 2 , 0 . 5 , 1 . 0) . 
 Sánchez et al., Vortex breakdown in swirling Burke–
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2.2. Governing equations 

As in previous numerical studies [13,14] , the
analysis considers a fuel swirling jet of radius a and
uniform velocity U j undergoing solid-body rota-
tion with angular speed �, with the associated swirl
number defined as 

S = 

�a 
U j 

. (6)

The coaxial air stream, which is swirl free, has a
small velocity εU j , with ε � 1 . The jet radius a
and jet velocity U j will be used to scale the cylin-
drical coordinates x = (x, θ, r ) and accompanying
velocity components v = (v x , v θ , v r ) . Correspond-
ingly, the dimensionless time t is scaled with the res-
idence time a/U j . The fuel-jet values of the density
ρ j , viscosity μ j , and thermal conductivity k j will
be used to define the dimensionless density ρ, vis-
cosity μ, and thermal conductivity k, respectively.
In terms of these variables, the non-dimensional
NS equations, written in the low-Mach-number ap-
proximation, take the dimensionless form 

∂ρ

∂t 
+ ∇ · (ρv ) = 0 (7)

ρ

(
∂v 
∂t 

+ v · ∇ v 
)

= −∇p + 

1 
Re 

∇ · τ (8)

ρ

(
∂Z 

∂t 
+ v · ∇ Z 

)
= 

1 
Re Pr 

∇ · (k ∇ Z) , (9)

where 

Re = 

ρ j U j a 
μ j 

(10)

is the jet Reynolds number, Pr = μ j c p /k j = 0 . 72 is
the Prandtl number evaluated in the fuel jet stream,
τ = μ[ ∇ v + ∇ v T − (2 / 3) ∇ · v I ] is the dimension-
less viscous stress tensor, and p represents the pres-
sure difference with respect to the ambient value,
scaled with the characteristic dynamic pressure
ρ j U 

2 
j . Neglecting variations in the mean molecu-

lar weight, a reasonably good approximation for
hydrocarbon combustion with air, the equation of 
state in the low-Mach-number limit takes the di-
mensionless form 

ρT = 1 . (11)

The viscosity and thermal conductivity are as-
sumed to vary with temperature according to the
power-law expressions 

μ = k = T σ , (12)

with a value σ = 0 . 7 selected for the exponent, an
appropriate value given the high concentration of 
air in the mixture. 
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
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2.3. Inlet boundary conditions 

Following previous investigations of vortex 
breakdown in non-reacting jets [13,14] , to facilitate 
computations smooth radial distributions of axial 
and azimuthal velocity components v x and v θ , given 
by the so-called Maxworthy profiles [17] 

v x − ε

1 − ε
= 

v θ
Sr 

= 

1 
2 
erfc 

(
r − 1 

δ

)
, v r = 0 , (13) 

are used at the inflow boundary x = 0 , where the 
radial velocity v r is set equal to zero. Here erfc is 
the complementary error function and δ represents 
the relative thickness of the mixing layer separating 
the jet from the coflow. For consistency, the same 
mixing-layer thickness δ is introduced in defining 
the associated mixture-fraction boundary profile 

Z = 

1 
2 
erfc 

(
r − 1 

δ

)
. (14) 

Note that the canonical case of a fuel jet with uni- 
form velocity and solid-body rotation discharging 
into a stagnant air atmosphere is recovered from 

the above expressions by taking the limit ε � 1 and 
δ � 1 . For sufficiently small values of these two pa- 
rameters, the resulting variations in the values of 
the critical swirl numbers S ∗B and S 

∗
C are not very 

pronounced, as shown for nonreacting gaseous jets 
in Keeton et al. [14] . All simulations presented be- 
low employ δ = 0 . 2 and ε = 0 . 01 . As discussed in 
previous numerical studies [13,14] , effects of fixed 
inflow conditions may be important when vortex 
breakdown occurs in the vicinity of the inlet plane, 
but these effects are assumed negligible for the lev- 
els of inflow swirl considered here. 

3. Numerical simulations 

Numerical integrations of the unsteady axisym- 
metric NS Eqs. (7) –(9) were employed to char- 
acterize the onset of vortex breakdown and the 
morphology of the non-slender flow issuing after 
breakdown (i.e. for supercritical values of S). 

3.1. Simulation description 

The numerical integrations employed the high- 
order spectral element code Nek5000 [18] with 
n x × n r elements spanning a domain with 0 ≤
x ≤ x max and 0 ≤ r ≤ r max . Calculations for the 
transition to the bubble employed a nonuniform 

grid with (n x , n r ) = (211 , 34) spectral elements and 
(x max , r max ) = (100 , 50) , while simulations for the 
transition to the cone used (n x , n r ) = (211 , 39) 
and (x max , r max ) = (100 , 70) . The fixed time-steps, 
�t = 5 × 10 −3 and �t = 2 . 5 × 10 −3 , respectively, 
were selected to satisfy the Courant-Friedrichs–
Lewy (CFL) condition. For both computational 
domains, the 7 th order spectral elements were 
 Sánchez et al., Vortex breakdown in swirling Burke–
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Table 1 
Critical swirl numbers for various values of fuel-feed mass 
fraction at Re = 800 . 

Y F , j QC S ∗B S ∗C 
0.1 1.338 1.36 1.80 
0.2 1.339 1.36 1.83 
0.5 1.339 1.36 1.83 
1.0 1.339 1.36 1.83 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Y
 

 

 

 

 

 

 

 

 

 

tretched to accommodate finer regions where the
elocity and temperature gradients were large,
hich primarily occur at the reaction sheet. The
xial and radial boundaries at x max and r max were
laced sufficiently far away to avoid numerical con-
amination. 
Following previous numerical studies [19] , to fa-

ilitate numerical convergence the piecewise linear
elations (4) and (5) were replaced in the calcula-
ions by a smooth functional relation involving a
yperbolic tangent profile, thereby avoiding discon-
inuities in the gradients of density and tempera-
ure. 
The profiles of velocity and mixture frac-

ion (13) and (14) were prescribed at the in-
ow plane x = 0 . Stress-free adiabatic conditions
pe r + e r ·

[
μ( ∇ v + ∇ v T ) /Re 

] = 0 and e r · ∇ Z =
 Z/∂ r = 0 were applied on the lateral boundary
 = r max , with e r representing the unit vector in the
adial direction. At the outflow plane x = x max , a
onvective condition was applied to the velocity
nd mixture fraction [17] . 
Following [13,14] , the transient numerical inte-

rations were initialized at t = 0 using as an initial
ondition at all x the velocity and mixture-fraction
adial distributions given by the inlet boundary
rofiles (13) and (14) . To identify each critical swirl
umber, simulations were conducted in increas-
ng increments of �S = 0 . 01 for a given set of γ
nd Z s . Except for (Y F , j , S) = (0 . 1 , S ∗C ) , to be dis-
ussed below, all flows reached a statistically steady
tate characterized by changes in the axial veloc-
ty smaller than 7 . 5 × 10 −3 over a duration of �t =
50 . The transition to bubble breakdown at S ∗B was
istinguished from the pre-breakdown state by the
ppearance of a stagnation point at the axis. The
ransition to the cone at S ∗C was identified by a sud-
en increase in the pressure along the jet centerline
o the ambient value ( −4 × 10 −3 ≤ p ≤ 0 ). As S
as increased by 0.01, all transitions at S ∗C exceeded
 76% increase in the pressure at the first stagnation
oint (see Fig. 3 (b), to be discussed later). 
Code validation for the isothermal flow has pre-

iously been performed [14] . To validate the Burke–
chumann problem, we conducted simulations of 
ero-swirl jet diffusion flames in the absence of 
ravity, and found good agreement between the cal-
ulated flame heights and those measured in previ-
us experiments [20] . 

.2. Vortex breakdown modes 

The evolution of the flow morphology for in-
reasing swirl levels depends on the fuel dilution,
s shown in the selected sample computations dis-
layed in Figs. 1 , 2 and 4 for Re = 800 . In these fig-
res, the black lines represent the streamlines pro-
ected onto the meridional plane, the yellow curve
s the reaction sheet Z = Z s , and the color con-
ours denote the temperature 1 ≤ T ≤ 1 + γ . Cor-
esponding values of S ∗B and S 

∗
C are compared in
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
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Table 1 with the QC predictions, to be discussed be-
low. 

Figs. 1 and 2 , corresponding to Y F , j = 0 . 2 , il-
lustrate the typical transition pattern observed for
moderate values of the dilution ( Y F , j ≥ 0 . 2 ). Note
that the plots in Figs. 1, 2 and 4 are scaled dif-
ferently due to the difference in spatial extent of 
each transition. The flow, which remains slender
for S ≤ 1 . 35 , with streamlines aligned with the axis
shown in the top panel of Fig. 1 , displays for S =
S ∗B = 1 . 36 the formation of a two-celled recircula-
tion bubble of transverse size comparable to the jet
radius. The reaction sheet is deflected by and passes
over the recirculating fuel and products, creating a
jet-like flame that lies at radial distances from the
axis that are slightly larger than the pre-breakdown
case S = 1 . 35 . In both cases, the flame sheet even-
tually closes on the axis far downstream. 

As S is increased beyond S ∗B = 1 . 36 ( Fig. 2 ),
the swirl-induced adverse pressure gradient in-
creases and the steady two-celled bubble continu-
ously grows in size. The enhanced scalar transport
with increasing S results in reduced values of the
mixture fraction within the jet and a correspond-
ing reduction in flame length. At S = S ∗C = 1 . 83 , a
second abrupt transition occurs leading to the for-
mation of a steady compact one-celled cone, shown
in the bottom panel of Fig. 2 . 

During this transition, the flow opens and the
pressure along the centerline jumps to the ambient
value, as shown in Fig. 3 (b) . The negative axial ve-
locities, shown in Fig. 3 (a ) , continue further down-
stream, corresponding to the single large cell which
recirculates hot products, increasing the tempera-
ture inside the breakdown region. The flame sheet,
however, again passes around the recirculation re-
gion similar to the bubble, maintaining a jet-like
flame. A similar two-stage transition is observed for
 F , j ≥ 0 . 2 (not shown). 
The most diluted jet, corresponding to Y F , j =

0 . 1 , exhibits similar behavior for S < S ∗C as de-
scribed above. However, a transition to an unsteady
cone occurs at S ∗C = 1 . 80 , with corresponding time-
averaged streamlines shown in the bottom panel of 
Fig. 4 , and instantaneous fields in Fig. 5 . A tempo-
ral average of 41 instantaneous fields spanning the
interval 38 , 000 ≤ t ≤ 40 , 000 was sufficient for de-
termining the average behavior. For this small value
of Y F , j , Z s is large, moving the reaction sheet in-
ward closer to the jet axis. The viscosity is reduced
 Sánchez et al., Vortex breakdown in swirling Burke–
ps://doi.org/10.1016/j.proci.2022.07.013 
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Fig. 1. Projected streamlines superimposed on color contours of temperature before and at the transition to the bubble 
for Y F , j = 0 . 2 and Re = 800 . 

Fig. 2. Projected streamlines superimposed on color contours of temperature before and at the transition to the cone for 
Y F , j = 0 . 2 and Re = 800 . 
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Fig. 3. Plots of (a ) centerline axial velocity and (b) centerline pressure before and at the transition to the cone for Y F , j = 0 . 2 
and Re = 800 . 
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Table 2 
Critical swirl numbers for various values of thermochem- 
ical parameters at Re = 800 . 

γ Z s QC S ∗B S ∗C 
4.36 0.223 1.332 1.35 1.83 
5.33 0.223 1.339 1.36 1.83 
6.49 0.223 1.347 1.38 1.82 
5.33 0.054 1.332 1.35 1.83 
5.33 0.223 1.339 1.36 1.83 
5.33 0.365 1.346 1.38 1.80 

 

 

 

 

 

 

 

 

 

 

 

ecause of the small value of γ (4.36), and the recir-
ulation region becomes unstable, opening into an
nlarged unsteady cone, a state also found for cold
ariable-density jets [14] . The unsteady nature of 
he flow is shown in the instantaneous temperature
ontours in Fig. 5 , where vortex shedding modes
ersist in the far-field. The resulting flame shape,
hich is relatively fixed in time (see inset in bottom
lot of Fig. 4 and Fig. 5 ), is no longer jet-like, but is
onfined close to the inlet and surrounds the fixed
ortion of the conical sheet. As discussed earlier,
nhanced mixing with increased S causes the flame
ength to decrease. For Y F , j = 0 . 1 , the larger value
f Z s causes the flame sheet to move into the re-
irculation region during the transition, and even-
ually stabilize along the cone. The resulting recir-
ulation cell now extends further out and entrains
resh air that feeds the rear surface of the flame sta-
ilized near the inlet. 

.3. Effects of thermochemical parameters 

As discussed earlier, for increasing dilution of 
he fuel jet (decreasing values of Y F , j ), Z s increases
nd γ decreases. To identify the independent ef-
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
Schumann flames, Proceedings of the Combustion Institute, htt
fects of Z s and γ , critical swirl numbers were cal-
culated after modifying one of these parameters,
holding the other fixed, and the results were com-
pared to the reference case Y F , j = 0 . 2 ( γ = 5 . 33 ,
Z s = 0 . 223 ) in Table 2 , which also includes predic-
tions obtained using the quasi-cylindrical approxi-
mation, to be discussed later. 

Increasing γ delays the transition to the bub-
ble through the increased viscosity, resulting in
a higher S ∗B . This trend is consistent with pre-
vious computations of constant-density [21] and
variable-density [14] jets, where values of S ∗ were
B 
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Fig. 4. Time-averaged projected streamlines superimposed on color contours of temperature before and at the transition 
to the cone for Y F , j = 0 . 1 and Re = 800 . 

Fig. 5. Instantaneous color contours of temperature for S = S ∗C = 1 . 80 , Y F , j = 0 . 1 and Re = 800 at (a ) t = 39 , 000 and 
(b) t = 40 , 000 . 
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ound to increase for decreasing values of the
eynolds number. The physical mechanism for this
rend will be elaborated in the following subsection.
lthough viscous effects increase with higher γ ,
he transition to the cone is promoted (i.e. smaller
 
∗
C ). This can be explained by noting that, unlike
he previous investigations of constant-density and
ariable-density jets [14] , the velocity divergence
 · v = ∇ · (k ∇ T ) / (Re Pr ) is non-negligible in the
eactive case, and increases in magnitude for larger
alues of γ . The increased positive radial veloci-
ies inside the flame envelope, associated with this
hermal expansion, enlarge the bubble’s recircula-
ion zone, leading to lower values of S ∗C . 
As Z s decreases, the reaction sheet is positioned

t larger radial distances from the axis, decreasing
he temperature in the mixing layer and increasing
he centerline adverse axial pressure gradient, low-
ring S ∗B . Increases in Z s move the reaction sheet
adially inward, increasing the temperature in the
ecirculation region and decreasing S ∗C . 
The counteracting effects of changes in Z s and
for changes in Y F , j lead to the constant values

 
∗
B in Table 1 . For the transition to the cone, the ef-
ects from the decrease in Z s outweigh the effects of 
ncreasing γ as Y F , j increases from 0.1 to 0.2, rais-
ng S ∗C . For further decrease in dilution in the range
 . 2 ≤ Y F , j ≤ 1 , the decrease in Z s is small, and the
ncrease in γ balances these effects, leading to con-
tant values S ∗C . 

.4. Effects of Reynolds number 

Critical swirl numbers were calculated for in-
reasing Re for Y F , j = 0 . 2 . For Re = (800 , 1000) ,
t is found that S ∗B = (1 . 36 , 1 . 35) and S ∗C =
(1 . 83 , 1 . 81) , indicating that the small increase
n the Reynolds number slightly decreases both
ritical swirl numbers. At the moderately low
eynolds numbers considered, increases in Re
ecrease the viscous damping effects on the wave
otions associated with the formation of bubble
reakdown, decreasing S ∗B . This result is consistent
ith previous experimental studies on isothermal
reakdown for which S ∗B decreased for increasing
e up to a critical value, above which S ∗B remained
onstant [22] . This effect also leads to an increase
n the overshoot of the initial divergence of the
treamlines ( Fig. 6 ), increasing the size of the
ubble, and promoting the jump to the cone (lower
 
∗
C ). While variation in both critical swirl numbers
s small in the range 800 ≤ Re ≤ 1000 , the effect on
he flow, illustrated in Fig. 6 , is more pronounced,
nd the enlarged breakdown of the higher Re bub-
le considerably increases the temperature along
he jet axis. The decrease in both S ∗B and S 

∗
C for

ncreasing Re has also been observed in previous
ork on non-reacting gaseous jets [14] . 
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
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4. Quasi-cylindrical approximation 

4.1. Problem formulation 

One of the classical approaches to the compu-
tation of vortex breakdown, originally proposed
by Hall [15] , involves the so-called quasi-cylindrical
(QC) approximation of viscous axisymmetric flow.
For moderately large values of Re , in the absence of 
vortex breakdown the jet remains slender, so that
the axial variations of velocity, temperature and
composition are small compared to those in the ra-
dial direction. This slender flow includes a devel-
opment region x ∼ Re where the axial velocity v x
is of order unity and the radial velocity v r is of or-
der Re −1 � 1 . Introducing the dimensionless circu-
lation per unit azimuthal angle � = rv θ /S, rescaled
axial distance ˆ x = x/Re and rescaled radial veloc-
ity ˆ v r = Re v r and neglecting small terms of order
Re −2 leads to the QC equations 

∂ 

∂ ̂  x 
(ρv x ) + 

1 
r 

∂ 

∂r 
(ρr ̂  v r ) = 0 , (15)

ρ

(
v x 

∂v x 
∂ ̂  x 

+ ˆ v r 
∂v x 
∂r 

)
= −∂ p 

∂ ̂  x 
+ 

1 
r 

∂ 

∂r 

(
μr 

∂v x 
∂r 

)
, 

(16)

0 = S 2 ρ
�2 

r 3 
− ∂ p 

∂r 
, (17)

ρ

(
v x 

∂�

∂ ̂  x 
+ ˆ v r 

∂�

∂r 

)
= 

1 
r 

∂ 

∂r 

(
μr 

∂�

∂r 
− 2 μ�

)
(18)

ρ

(
v x 

∂Z 

∂ ̂  x 
+ ˆ v r 

∂Z 

∂r 

)
= 

1 
r 

∂ 

∂r 

(
k 
Pr 
r 
∂Z 

∂r 

)
, (19)

to be integrated with inlet boundary conditions at
ˆ x = 0 given in (13) and (14) , radial boundary con-
ditions 

v x − ε = � = Z = 0 as r → ∞ , (20)

and regularity conditions 

∂v x 
∂r 

= ˆ v r = � = 

∂Z 

∂r 
= 0 at r = 0 . (21)

This parabolic problem, independent of Re , can
be integrated by marching downstream in the ax-
ial direction, as done previously for isothermal
[23] , compressible [24] and non-isothermal gaseous
[14] swirling jets. As reasoned by Hall [15] , if in the
course of the integration for a given value of S the
solution develops a singularity at a given location,
characterized by a rapid increase of axial gradients
and radial velocities, there must also be appreciable
axial gradients at that location in the associated real
vortex core, corresponding to vortex breakdown.
The appearance of this singularity has been shown
to identify the onset of bubble breakdown [14] , so
that the critical value of S at failure corresponds to
S ∗ . 
B 
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Fig. 6. Projected streamlines for bubble breakdown at Y F , j = 0 . 2 and Re = 800 (blue) and Re = 1000 (black). (For inter- 
pretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Comparison of temperature and axial velocity 
profiles at ˆ x = 0 . 015 for S = 1 . 3 and Re = 1000 and var- 
ious values of Y F , j . 
4.2. Numerical method 

The integration of (13) –(21) employs a
first/second order discretization of the axial/radial
derivatives. The implicit integration in the axial
direction begins with the inlet boundary conditions
(13) and (14) at ˆ x = 0 . At each axial location, New-
ton’s method is first used to determine v x and ˆ v r
from (15) , (16) . Next, the boundary value problems
given by (18) and (19) are solved for the circulation
and mixture fraction, and the radial distribution of 
pressure is updated through (17) . The temperature,
density and viscosity are calculated through (4) ,
(5), (11) and (12) , respectively, and a fixed point
iteration method is used until the solution at the
given axial location converges. The integration
then moves to the next axial location, and re-
peats the same process. The finite difference grid
uses spacing δ ˆ x = 5 × 10 −5 and δr = 10 −3 , and
integrations were carried out to an axial distance
ˆ x max = 0 . 1 . In the radial direction, the r → ∞
conditions are applied at a truncated boundary
placed at r max = 15 . Tests were conducted with
the radial boundary extended to r max = 50 , and
critical swirl numbers were found to be identical.
To obtain the critical swirl numbers, subsequent in-
tegrations were performed in increasing increments
of �S = 0 . 001 until the singularity was detected. 

4.3. QC predictions 

The quasi-cylindrical integrations were carried
out using the same values of the thermochemical
parameters Z s and γ as the Navier–Stokes simula-
tions. Fuel dilution was found to have a negligible
effect on breakdown, in that for all values of dilu-
tion considered the numerical integration failed at
a nearly constant value of S ∗B in the range 1 . 338 ≤
S ∗B ≤ 1 . 339 , as shown in Table 1 , with the singu-
larity developing at axial locations in the narrow
range 0 . 016 < ˆ x < 0 . 0172 . Additional integrations
for other values of the thermochemical parameters,
reported in Table 2 , showed also minute changes in
resulting values of S ∗ . 
B 

Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
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To explain the lack of influence of the dilution 
on the QC predictions, radial distributions of tem- 
perature and axial velocity corresponding to the 
near-critical case S = 1 . 3 are shown in Fig. 7 for 
different values of Y F , j . As can be seen, fuel-feed di- 
lution results in significant changes of the temper- 
ature across the envelope of hot products and air 
that surrounds the flame, while the interior struc- 
ture of the jet extending extending radially from the 
axis to the flame remains unperturbed. Since the 
singularity of the QC integrations develops near 
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Fig. 8. The distribution of axial velocity at r = 0 obtained 
from the QC approximation and the NS simulations for 
S = 1 . 3 and Y F , j = 0 . 2 . 
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he axis, where the flow is independent of Y F , j , the
esulting values of S ∗B are nearly identical in all
ases. 

.4. Comparisons between QC and NS results 

According to the reasoning used in the deriva-
ion of (15) –(19) , for slender flows with S < S ∗B the
esults of the NS integrations should approach for
e 
 1 those of the QC approximation. To test this
remise, centerline axial velocities obtained from
he unsteady NS simulations for a near-breakdown
wirl level (S = 1 . 3 < S ∗B ) are compared to those
etermined with the QC approximation in Fig. 8 .
s the Reynolds number is increased, the slen-
er flow approximation improves, and the Navier–
tokes solutions converge towards the QC predic-
ion. The radial distributions of the NS solutions
t an axial location just before breakdown are also
n excellent agreement with the QC results ( Fig. 7 ),
xcept for the slight increase in the jet core axial ve-
ocity due to the moderately low Re . Thus, the QC
pproximation provides an excellent description of 
he slender pre-breakdown flow and the transition
o the bubble S ∗B . 

. Conclusions 

Unsteady Navier–Stokes simulations have been
sed to identify the transition to bubble and
onical vortex breakdown in unconfined laminar
wirling Burke–Schumann flames. For the hydro-
arbon flames considered, critical swirl numbers for
oth the bubble and cone remain relatively constant
cross a wide range of dilution. Two different forms
f the conical breakdown flame were identified. For
ore realistic values of dilution, a steady compact
one is found with a flame sheet that passes around
he recirculation region, forming a jet-like flame.
Please cite this article as: B.W. Keeton, K.K. Nomura, A.L.
Schumann flames, Proceedings of the Combustion Institute, htt
For extreme dilution, an enlarged unsteady cone
formed with a recirculation region that stabilizes
the flame sheet near the jet inlet. In both cases, the
transition from the bubble to the cone leads to in-
creased recirculation of combustion products that
considerably increases the temperature within the
breakdown region. The Reynolds numbers consid-
ered are moderate so that the flow is stable and ax-
isymmetric, but the high Reynolds numbers used in
practical combustors warrant future study of the
effects of turbulence on the flame transitions and
morphology. 
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