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We study the Brownian motion on the non-compact Grassmann manifold U(n−k,k)
U(n−k)U(k)

and some of its functionals. The

key point is to realize this Brownian motion as a matrix diffusion process, use matrix stochastic calculus and take

advantage of the hyperbolic Stiefel fibration to study a functional that can be understood in that setting as a generalized

stochastic area process. In particular, a connection to the generalized Maass Laplacian of the complex hyperbolic space

is presented and applications to the study of Brownian windings in the Lie group U(n− k, k) are then given.
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1 Introduction

In this introduction, we first explain how the results of this paper fit into a larger research project concerning
the study of integrable functionals of Brownian motions on symmetric spaces. We then present our main results
and how the paper is structured.
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Context

The study of closed form expressions for the density or Laplace transforms of Brownian motion functionals is
an active field of research with motivations coming from number theory, differential geometry, representation
theory or partial differential equations theory, see for instance [27]. It turns out that many of such functionals
(like the so-called Lévy area process or the Brownian winding process) can be understood from a (explained
below) geometric viewpoint that allows to construct many more of such functionals.

Let G be a Lie group equipped with a left-invariant Riemannian metric and K,H two compact subgroups of
G with K ⊂ H. According to a standard construction due to L. Bérard-Bergery (see [5, Theorem 9.80]), under
some natural compatibility properties of the metric, one has a Riemannian fibration:

H/K → G/K → G/H.

One can then construct interesting functionals of the Brownian motion on G/H by lifting this Brownian motion
to G/K and then look at the fiber motion in H/K of that lift using a skew-product type decomposition. When
the coset space G/H is a symmetric space, in many cases it has been shown to produce functionals which
remarkably turn out to be integrable in the sense that their Laplace transforms can be expressed using special
functions from harmonic analysis. So far, this construction and the probabilistic study of those functionals and
of their distributions, was carried out in details in the following cases:

• G = U(n), K = U(n− 1), H = U(n− 1)U(1). In that case G/H is the complex projective space CPn−1,
and the Bérard-Bergery fibration reduces to the classical Hopf fibration U(1) → S2n−1 → CPn−1. This
case was studied in [8].

• G = U(n− 1, 1), K = U(n− 1), H = U(n− 1)U(1). In that case G/H is the complex hyperbolic space
CHn−1, and the Bérard-Bergery fibration is the anti-de Sitter fibration U(1) → AdS2n−1 → CHn−1. This
case was studied in [8].

• G = Sp(n), K = Sp(n− 1), H = Sp(n− 1)Sp(1). In that case G/H is the quaternionic projective space
HPn−1, and the Bérard-Bergery fibration is the quaternionic Hopf fibration Sp(1) → S4n−1 → HPn−1.
This case was studied in [7].

• G = Sp(n− 1, 1), K = Sp(n− 1), H = Sp(n− 1)Sp(1). In that case G/H is the quaternionic hyperbolic
space HHn−1, and the Bérard-Bergery fibration is the quaternionic anti de-Sitter fibration Sp(1) →
AdS4n−1

H → HHn−1. This case was studied in [7].
• G = Spin(9), K = Spin(7), H = Spin(8). In that case G/H is the octonionic projective line OP 1 ≃ S8,
and the Bérard-Bergery fibration is the octonionic Hopf fibration S7 → S15 → S8. This case was partially
studied in [6], see also [12].

• G = U(n), K = U(n− k), H = U(n− k)U(k) with k ≥ 1. In that case G/H is the complex Grassmannian
Gn,k and the Bérard-Bergery fibration, the Stiefel fibration, This case was studied in [9].

In the present paper, we complete further this list and focus on the case G = U(n− k, k), K = U(n− k),
H = U(n− k)U(k) with k ≥ 1. The symmetric space G/H = U(n− k, k)/U(n− k)U(k) is then the dual
symmetric space of U(n)/U(n− k)U(k), so in a sense our results in this paper are the hyperbolic counterparts
of the spherical results in [9]. Later papers will be dealing with quaternionic counterparts of the results in [9]
and the present paper.

Main results

Our goal in this paper is to study the Brownian motion (wt)t≥0 and some of its functionals in the hyperbolic
complex Grassmann manifold HGn,k = U(n− k, k)/U(n− k)U(k).

As a first result, we show how to realise (wt)t≥0 as a matrix diffusion process. More precisely, let

Ut =

(
Yt Xt

Wt Zt

)
be a Brownian motion on the Lie group of matrices U(n− k, k). Then, in Theorem 2.2, we

show that the process (wt)t≥0 :=
(
XtZ

−1
t

)
t≥0

is a matrix diffusion process in C(n−k)×k with generator 1
2∆HGn,k

,

where ∆HGn,k
is the Laplace-Beltrami operator of HGn,k computed in a global system of coordinates. We shall

refer to the latter as inhomogeneous by analogy with the usual inhomogeneous coordinates on the complex
hyperbolic space CHn−1 which corresponds to k = 1 (see e. g. [8]). Realizing the Brownian motion on HGn,k

as a matrix diffusion process has the advantage to make available all the tools from stochastic calculus and
random matrix theory. In particular, one can write an explicit stochastic differential equation (hereafter SDE)
for the Markov process J := w∗w and after applying results from [17], deduce the one satisfied by the eigenvalue
process of J . In this respect, we prove that almost surely, there is no collision between eigenvalues and relate
the latter to an instance of the so-called Heckman-Opdam process. In particular, we readily deduce from [24]
that the eigenvalue process is the unique strong solution of the SDE it satisfies.
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In Section 3 we study in details the additive functional
∫ t

0
tr(Js)ds. Our interest in that functional comes

from its close relationship to the generalized stochastic area functional that we later study. In this respect, our
two main results are Proposition 3.1, Theorem 3.3 and Proposition 3.4 below. More precisely, Proposition 3.1
proves that almost surely, the following limiting behavior holds:

lim
t→+∞

1

t

∫ t

0

tr(Js)ds = k.

In particular, this limit theorem (and its proof) is very different from the corresponding one obtained in [9] (see
Theorem 4.1. there). Indeed, it reflects the non-compactness of the Grassmann manifold HGn,k in the sense
that the eigenvalues of J all converge almost surely and more rapidly to the boundary at ∞. As to Theorem

3.3, it provides an explicit formula for the Laplace transform of
∫ t

0
tr(Js)ds and its proof makes use of Girsanov

Theorem together with the Karlin-McGregor formula. In Proposition 3.4, we improve Theorem 3.3 through the
connection between the hyperbolic Jacobi operator and the radial part of the generalized Maass Laplacian in the
complex hyperbolic space. Actually, we transform the Laplace formula obtained in Theorem 3.3 into another one
which looks more transparent regarding the above limiting result. For instance, we shall prove in the rank-one
case k = 1 how to recover the latter result from the new expression of the Laplace transform. Doing so gives the
full expansion of the Laplace transform in the time variable and for small spectral parameters. However, since
the computations are already tricky and tedious even in this particular case, we postpone them in an appendix
at the end of the paper.

In Section 4, we appeal to the hyperbolic Stiefel fibration

U(k) → HVn,k → HGn,k,

where HVn,k = U(n− k, k)/U(n− k), to provide a skew-product decomposition of the Brownian motion on
HVn,k. The horizontal HGn,k-part of that Brownian motion is nothing but a Brownian motion w on HGn,k. As
to the fiber U(k)-part, it is the stochastic development of the following Stratonovich line integral:∫

w[0,t]

η,

where η is a u(k)-valued one-form on HGn,k such that dtr(η) is the Kähler form of the Riemannian Kähler space
HGn,k. Therefore, in the sense of [8], the fiber functional may be interpreted as the generalized stochastic area
process of the Brownian motion w. Moreover, it turns out that∫

w[0,t]

tr(η) = iB∫ t
0
tr(J)ds

where B is a one-dimensional Brownian motion independent of J . Therefore the distribution of
∫
w[0,t]

tr(η) is

directly related to that of
∫ t

0
tr(Js)ds already studied in details in Section 3. In particular, one obtains from

Proposition 3.1 together with a time scaling the following limit in distribution as t → +∞:

1

i
√
t

∫
w[0,t]

tr(η) → N (0, k).

Surprisingly, this limiting distribution has finite moments of all orders in contrast to the compact case for which
the Cauchy distribution is obtained (Proposition 4.5. in [9]).

Finally, as an application of our methods and results, we prove the following asymptotic winding theorem.

Theorem 1.1. Let Ut =

(
Yt Xt

Wt Zt

)
be a Brownian motion on the Lie group U(n− k, k) with 1 ≤ k ≤ n− k.

One has the polar decomposition
det(Zt) = ϱte

iθt

where ϱt ≥ 1 is a continuous semimartingale and θt is a continuous martingale such that the following convergence
holds in distribution when t → +∞

θt√
t
→ N (0, 2k).

This is the hyperbolic analogue of Theorem 1.1. in [9] and reminds of the long time behavior of windings
of cusp forms around geodesics in modular surfaces ([22], Theorem 2.1.).
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Notations

Throughout the paper we will use the following notations.

• If M ∈ Cn×n is a n× n matrix with complex entries, we will denote M∗ = M
T
its adjoint.

• If zj = xj + iyj is a complex coordinate system, then

∂

∂zj
=

1

2

(
∂

∂xj
− i

∂

∂yj

)
,

∂

∂z̄j
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
are the Wirtinger operators.

• Throughout the paper we work on a filtered probability space (Ω, (Ft)t≥0, P ) that satisfies the usual
conditions.

• If X and Y are semimartingales, we denote by
∫
XdY the Itô integral, by

∫
X ◦ dY the Stratonovich

integral and by
∫
dXdY or ⟨X,Y ⟩ the quadratic variation. Of course, all these integrals are to be

understood entry-wise. For instance, the quadratic variation
∫
dMdN is the matrix whose entries are(∫

dXdY

)
ij

=
∑
ℓ

∫
dXiℓdYℓj .

• If M is a semimartingale and η a one-form, then
∫
M [0,t]

η denotes the Stratonovich line integral of η along

the paths of M .

2 Brownian motion on hyperbolic complex Grassmannian manifolds

2.1 The hyperbolic complex Grassmannian manifold and inhomogeneous coordinates

Let n ∈ N, n ≥ 2, and k ∈ {1, . . . , n− 1}. We consider the non-compact Lie group of matrices

U(n− k, k) =

{
M ∈ GL(n,C),M∗

(
In−k 0
0 −Ik

)
M =

(
In−k 0
0 −Ik

)}
.

which belongs to the family of classical Lie groups of matrices (see [18], [19]). The Lie algebra of U(n− k, k) is
given by

u(n− k, k) =

{
A ∈n×n, A∗

(
In−k 0
0 −Ik

)
+

(
In−k 0
0 −Ik

)
A = 0

}
.

Note that the real dimension of u(n− k, k) and hence U(n− k, k) is n2.
We consider the complex hyperbolic Stiefel manifold HVn,k defined as the set

HVn,k =

{(
X
Z

)
∈n×k, X ∈(n−k)×k, Z ∈k×k |X∗X − Z∗Z = −Ik

}
. (1)

It is a non-compact algebraic real sub-manifold of n×k with real dimension 2nk − k2. We note that U(n− k, k)
acts transitively on HVn,k, the action being defined by (g,M) → gM , g ∈ U(n− k, k), M ∈ HVn,k. For this

action, the isotropy group of

(
0
Ik

)
∈ HVn,k is simply the unitary group U(n− k), where U(n− k) is identified

with the normal subgroup: {(
Y 0
0 Ik

)
, Y ∈ U(n− k)

}
.

Therefore HVn,k can be identified with the coset space U(n− k, k)/U(n− k).
In addition, there is a right action of the unitary group U(k) on HVn,k, which is given by the right matrix

multiplication:Mg,M ∈ HVn,k, g ∈ U(k). The quotient space by this actionHGn,k := HVn,k/U(k) is called the
complex hyperbolic Grassmannian manifold and we shall denote by π the projection HVn,k → HGn,k. Besides,
HGn,k is a non-compact complex manifold with complex dimension k(n− k). Actually, as a manifold, HGn,k

is diffeomorphic to (n−k)×k. Indeed, consider the smooth map p : HVn,k →(n−k)×k given by p

(
X
Z

)
= XZ−1.

It is clear that for every g ∈ U(k) and M ∈ HVn,k, p(Mg) = p(M). Since p is a submersion from HVn,k onto
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its image p(HVn,k) =
(n−k)×k we easily deduce that there exists a unique diffeomorphism Ψ from HGn,k onto

(n−k)×k such that

Ψ ◦ π = p. (2)

The map Ψ induces a global coordinate chart on HGn,k that we call inhomogeneous and through those global
coordinates, we will often simply identify HGn,k ≃(n−k)×k .

For the purpose of constructing and studying the Brownian motion on HGn,k we need to equip HGn,k with
a Riemannian metric. To proceed, set

In−k,k :=

(
In−k 0
0 −Ik

)
.

and note that A ∈ u(n− k, k) if and only if In−k,kA is skew-Hermitian. Therefore,

⟨A,B⟩u(n−k,k) = −1

2
tr(In−k,kAIn−k,kB),

is a non-degenerate Ad-invariant inner product on u(n− k, k) where Ad is the adjoint action of U(n− k, k) on
u(n− k, k). Moreover, an orthonormal basis of u(n− k, k) with respect to this inner product is given by

{Tℓ, 1 ≤ ℓ ≤ n}
∪ {Eℓj − Ejℓ, i(Eℓj + Ejℓ), 1 ≤ ℓ < j ≤ n− k, n− k + 1 ≤ ℓ < j ≤ n}
∪ {Eℓj + Ejℓ, i(Eℓj − Ejℓ), 1 ≤ ℓ ≤ n− k, n− k + 1 ≤ j ≤ n}

where Ejℓ = (δjℓ(k, h))1≤k,h≤n and Tj =
√
2iEjj . In this way, we obtain a bi-invariant Riemannian structure on

U(n− k, k).

The inner product above also equips the coset space HVn,k ≃ U(n− k, k)/U(n− k) with the unique

Riemannian structure such that the map M ∈ U(n− k, k) → M

(
0
Ik

)
∈ HVn,k is a Riemannian submersion.

Finally, we can equip the hyperbolic Grassmannian HGn,k with the Riemannian metric such that the map

p :

(
X
Z

)
∈ HVn,k ↦→ XZ−1 ∈ HGn,k

is a Riemannian submersion with totally geodesic fibers isometric to U(k). Equipped with that metric, HGn,k is
a complex Riemannian symmetric space of non compact type and rank min(k, n− k). It is the dual symmetric
space of the complex Grassmannian space Gn,k that was considered in [9].

We therefore have a fibration

U(k) → HVn,k → HGn,k

which we will referred to as the hyperbolic Stiefel fibration. Note that this fibration is a special case of Theorem
9.80 in [5] with G = U(n− k, k), H = U(n− k)U(k), K = U(n− k).

For k = 1, HVn,1 is isometric to the complex anti-de Sitter space AdS2n−1 equipped with its Riemannian
metric, HGn,1 is the complex hyperbolic space CHn−1 and the above fibration is the anti-de Sitter fibration
considered in [8].

On the other hand, due to the symmetric space representation HGn,k ≃ U(n− k, k)/U(n− k)U(k), one
has the duality HGn,k ≃ HGn,n−k which leads to the fibration

U(n− k) → HVn,n−k → HGn,n−k.

Therefore without loss of generality and unless specified otherwise, we will always assume throughout the paper
that k ≤ n− k. As such, the rank of HGn,k as a symmetric space is k.

2.2 Brownian motion on HGn,k

In this section, we study the Brownian motion on HGn,k and show how it can be constructed from a Brownian
motion on the indefinite Lie group U(n− k, k).
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A Brownian motion (At)t≥0 on the Lie algebra u(n− k, k) is given by

At =
∑

1≤ℓ<j≤n−k

(Eℓj − Ejℓ)B
ℓj
t + i(Eℓj + Ejℓ)B̃

ℓj
t +

k∑
j=1

TjB̂
j
t

+
∑

n−k+1≤ℓ<j≤n

(Eℓj − Ejℓ)B
ℓj
t + i(Eℓj + Ejℓ)B̃

ℓj
t +

n∑
j=n−k+1

TjB̂
j
t (3)

+
∑

1≤ℓ≤n−k

∑
n−k+1≤j≤n

(Eℓj + Ejℓ)B
ℓj
t + i(Eℓj − Ejℓ)B̃

ℓj
t

where Bℓj , B̃ℓj , B̂j are independent standard real Brownian motions. In the following, we will use the block
notations as below: For any U ∈ U(n− k, k)

U =

(
Y X
W Z

)
,

whereX ∈(n−k)×k, Y ∈(n−k)×(n−k), Z ∈k×k,W ∈k×(n−k). We note then that

(
X
Z

)
∈ HVn,k. The block notation

for A ∈ u(n− k, k) is

A =

(
ϵ γ
β α

)
,

where ϵ ∈(n−k)×(n−k), β ∈k×(n−k), γ ∈(n−k)×k, α ∈k×k. Clearly ϵ and α are skew-Hermitian and

β∗ = γ.

Let (Ut)t≥0 be a U(n− k, k)-valued stochastic process that satisfies the Stratonovich differential equation⎧⎪⎨⎪⎩
dUt = Ut ◦ dAt,

U0 =

(
Y0 X0

W0 Z0

)
.

(4)

Definition 2.1. The process (Ut)t≥0 is a Brownian motion on U(n− k, k) starting from U0.

The main theorem of the section is the following:

Theorem 2.2. Let Ut =

(
Yt Xt

Wt Zt

)
, t ≥ 0 be a Brownian motion on the Lie group U(n− k, k). Then, the

process (wt)t≥0 :=
(
XtZ

−1
t

)
t≥0

is a diffusion process and its generator is the diffusion operator 1
2∆HGn,k

, which

in inhomogeneous coordinates is given by

∆HGn,k
= 4

∑
1≤i,i′≤n−k,1≤j,j′≤k

(In−k − ww∗)ii′(Ik − w∗w)j′j
∂2

∂wij∂wi′j′
.

Moreover, (wt)t≥0 is a Brownian motion in HGn,k, i.e. ∆HGn,k
is the Laplace-Beltrami operator on HGn,k

expressed in inhomogeneous coordinates.

Proof . First, we note that both the maps

p1 :

(
Y X
W Z

)
∈ U(n− k, k) →

(
X
Z

)
∈ HVn,k

and p : HVn,k → C(n−k)×k ∼ HGn,k are Riemannian submersions with totally geodesic fibers. Thus, they
transform Brownian motions into Brownian motions so that wt = (p ◦ p1)(Ut) is indeed a Brownian motion
on HGn,k. It remains to compute explicitly its generator.
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From (4) we have

dX = X ◦ dα+ Y ◦ dγ = Xdα+ Y dγ +
1

2
(dXdα+ dY dγ)

dY = X ◦ dβ + Y ◦ dϵ = Xdβ + Y dϵ+
1

2
(dXdβ + dY dϵ)

dZ = Z ◦ dα+W ◦ dγ = Zdα+Wdγ +
1

2
(dZdα+ dWdγ) (5)

dW = Z ◦ dβ +W ◦ dϵ = Zdβ +Wdϵ+
1

2
(dZdβ + dWdϵ).

Moreover form (3) we have that

dαdα = −2kIkdt, dϵdϵ = −2(n− k)In−kdt

and

dβdγ = dβdβ∗ = 2(n− k)Ikdt, dγdβ = 2kIn−kdt.

We then have

dX = X ◦ dα+ Y ◦ dγ = Xdα+ Y dγ + (n− 2k)Xdt

dZ = Z ◦ dα+W ◦ dγ = Zdα+Wdγ + (n− 2k)Zdt.

Now the process w = XZ−1 satisfies:

dw = dXZ−1 +XdZ−1 + dXdZ−1.

But ZdZ−1 = −dZZ−1 − dZdZ−1 whence we have

dw = dXZ−1 − wdZZ−1 − wdZdZ−1 + dXdZ−1

= (Xdα+ Y dγ + (n− 2k)Xdt)Z−1 − w(Zdα+Wdγ + (n− 2k)Zdt)Z−1 − wdZdZ−1 + dXdZ−1

= Y dγZ−1 − wWdγZ−1 − wdZdZ−1 + dXdZ−1. (6)

Note that for the finite variation part of dw we have

− wdZdZ−1 + dXdZ−1 = wdZZ−1dZZ−1 − dX Z−1dZ Z−1

= w(Zdα+Wdγ)Z−1(Zdα+Wdγ)Z−1 − (Xdα+ Y dγ)Z−1 (Zdα+Wdγ)Z−1

= wZdαdαZ−1 −X(dαdα)Z−1 = 0.

Hence we have

dw = Y dγZ−1 − wWdγZ−1.

We can now prove that w is a matrix diffusion process using the above formula. Since for 1 ≤ i ≤ n− k, 1 ≤ j ≤ k,

dwij =

n−k∑
ℓ=1

(Y − wW )iℓ(dγZ
−1)ℓj ,

we have

dwijdwi′j′ =

n−k∑
ℓ,m=1

(Y − wW )iℓ(Y − wW )i′m(dγZ−1)ℓj(dγZ
−1

)mj′ .

But

(dγZ−1)ℓj(dγZ
−1

)mj′ =

k∑
p,q=1

(dγ)ℓp(Z
−1)pj(dγ)mq(Z

−1
)qj′ = 2δmℓdt

k∑
p=1

(Z−1)pj(Z
−1

)pj′ ,

whence

dwijdwi′j′ = 2((Y − wW )(Y − wW )
T
)ii′((ZZ∗)−1)j′jdt. (7)
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Now, if M ∈ U(n− k, k) if and only if:(
Y ∗ W ∗

X∗ Z∗

)(
In−k 0
0 −Ik

)(
Y X
W Z

)
=

(
Y X
W Z

)(
In−k 0
0 −Ik

)(
Y ∗ W ∗

X∗ Z∗

)
=

(
In−k 0
0 −Ik

)
,

Equivalently,

X∗X − Z∗Z = −Ik, X∗Y − Z∗W = 0, Y ∗Y −W ∗W = In−k (8)

and
Y Y ∗ −XX∗ = In−k, ZX∗ −WY ∗ = 0, WW ∗ − ZZ∗ = −Ik. (9)

From (9), we get the following relations

wWY ∗ = XZ−1WY ∗ = XX∗, Ik − w∗w = Ik − (Z−1)∗X∗XZ−1 = (Z−1)∗Z−1,

which give after substitution in (7):

dwijdwi′j′ = 2(In−k − ww∗)ii′((ZZ∗)−1)j′jdt

= 2(In−k − ww∗)ii′(Ik − w∗w)j′jdt. (10)

Therefore, we conclude that (wt)t≥0 is a diffusion whose generator is given by 1
2∆HGn,k

.

Remark 2.3. When k = 1, the diffusion operator ∆HGn,1
coincides with the Laplacian of CHn in inhomogeneous

coordinates whose formula was already known (see for instance [8]).

∆CHn−1 = 4(1− |w|2)
n−1∑
k=1

∂2

∂wk∂wk
− 4(1− |w|2)RR

where

R :=

n−1∑
j=1

wj
∂

∂wj
.

2.3 Invariant measure

Since HGn,k is a non-compact symmetric space, its Riemannian volume measure has infinite mass. Our goal
in this section will be to compute explicitly its density measure in inhomogeneous coordinates up to a scalar
multiple. We will take advantage of the explicit formula for ∆HGn,k

obtained in Theorem 2.2. Consider in
inhomogeneous coordinates the following measure

dµ := det(Ik − w∗w)−ndm := ρ(w)dm

where m denotes the Lebesgue measure on HGn,k ≃(n−k)×k and we omit the dependence on n for sake of
simplicity. First note that det(Ik − w∗w)−n is a well-defined density function. This is because from (8) we know
that det(Ik − w∗w)−n = det(ZZ∗)n and that det(ZZ∗) = det(Z∗Z) = det(X∗X + Ik) > 0.

In the proposition below we show that µ is a symmetric and invariant measure for ∆HGn,k
.

Proposition 2.4. The measure µ is invariant and symmetric for the operator (1/2)∆HGn,k
. Namely for every

smooth and compactly supported functions f, g on (n−k)×k, we have:∫
(∆HGn,k

f)g dµ =

∫
f(∆HGn,k

g) dµ = −
∫

Γ∆HGn,k
(f, g) dµ,

where the carré du champ operator

Γ∆HGn,k
(f, g) :=

1

2

(
∆HGn,k

(fg)− (∆HGn,k
f)g − (∆HGn,k

g)f
)

is explicitly given by

Γ∆HGn,k
(f, g) = 2

∑
1≤i,i′≤n−k,1≤j,j′≤k

(In−k − ww∗)ii′(Ik − w∗w)j′j

(
∂f

∂wij

∂g

∂wi′j′
+

∂g

∂wij

∂f

∂wi′j′

)
. (11)
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Proof . For ease of notations, we set:

∂ij :=
∂

∂wij
, ∂ij :=

∂

∂wij
, Aii′jj′ := (In−k − ww∗)ii′(Ik − w∗w)j′j

so that

Γ∆HGn,k
(f, g) = 2

∑
1≤i,i′≤n−k,1≤j,j′≤k

Aii′jj′

(
(∂ijf)(∂i′j′g) + (∂ijg)(∂i′j′f)

)
.

By integration by parts, we have

− 1

2

∫
(∆HGn,k

f)g dµ

=
∑

1≤i,i′≤n−k,1≤j,j′≤k

∫
(∂ijf) ∂i′j′(Aii′jj′gρ)dm+

∫
(∂i′j′f) ∂ij(Aii′jj′gρ)dm

=
1

2

∫
Γ∆HGn,k

(f, g) dµ+R

where

R :=
∑

1≤i,i′≤n−k,1≤j,j′≤k

(∫
[(∂ijf) (∂i′j′Aii′jj′) + (∂i′j′f) (∂ijAii′jj′)]gρdm

+

∫
[(∂ijf) (∂i′j′ρ) + (∂i′j′f) (∂ijρ)]gAii′jj′dm

)
.

Hence, it remains to prove that R = 0. To this end, we use the relations:

∂i′j′Aii′jj′ = −wij′(δj′j − (w∗w)j′j)− (δii′ − (ww∗)ii′)wi′j ,

and
∂ijAii′jj′ = −wi′j(δj′j − (w∗w)j′j)− (δii′ − (ww∗)ii′)wij′

to get ∑
1≤i′≤n−k,1≤j′≤k

∂i′j′Aii′jj′ = −n(w(Ik − J))ij

and ∑
1≤i≤n−k,1≤j≤k

∂ijAii′jj′ = −n(w(Ik − J̄))i′j′ .

Moreover, since

∂i′j′ det(Ik − J) = det(Ik − J)
∑

1≤p,q≤k

(
(Ik − J)−1

)
qp
∂i′j′(Ik − J)pq

= −det(Ik − J)

(
w(Ik − J)−1

)
i′j′

and

∂ij det(Ik − J) = −det(Ik − J)

(
w(Ik − J̄)−1

)
ij

,

then

∂i′j′ρ = nρ

(
w(Ik − J)−1

)
i′j′

, ∂ijρ = nρ

(
w(Ik − J̄)−1

)
ij

.

As a result, ∑
1≤i′≤n−k,1≤j′≤k

(∂i′j′Aii′jj′)gρ+ (∂i′j′ρ)gAii′jj′ = 0

and ∑
1≤i≤n−k,1≤j≤k

(∂ijAii′jj′)gρ+ (∂ijρ)gAii′jj′ = 0,

that is R = 0 as claimed.
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2.4 Eigenvalue process

Let (wt)t≥0 = (XtZ
−1
t )t≥0 be a Brownian motion on HGn,k as in Theorem 2.2. Let Jt = w∗

twt ∈ Ck×k for t ≥ 0.
We wish to study the eigenvalues process of J . The first goal is therefore to write a stochastic differential equation
for J .

Proposition 2.5. Let (Jt)t≥0 be given as above. Let t0 := inf{u ≥ 0, Ju is not invertible}. Then for t ∈ (0, t0)
there exists a Brownian motion R in Ck×k such that:

dJt =
√

Ik − JtdRt

√
Ik − Jt

√
Jt +

√
Jt
√

Ik − JtdR
∗
t

√
Ik − Jt + 2((n− k)− tr(Jt))(Ik − Jt)dt. (12)

Proof . Since J = w∗w we have
dJ = (dw∗)w + w∗(dw) + (dw∗)(dw).

From (10), we readily derive:
(dw∗)(dw) = 2((n− k)− tr(J))(Ik − J).

As to the local martingale part of dJ , recall that that Ik − w∗w = (Z−1)∗Z−1 is invertible and assume that J is
invertible up to time t0 > 0. Then w has a unique polar decomposition w = Q

√
J where Q ∈ C(n−k)×k satisfies:

QQ∗ = In−k, Q∗Q = Ik.

In particular, In−k − ww∗ is invertible as well since

In−k − ww∗ = 0 ⇔ Q(Ik − J)Q∗ = 0.

As a matter fact, (10) implies the existence of a complex Brownian matrix B ∈ C(n−k)×k such that

dw =
√

In−k − ww∗dB
√

Ik − w∗w,

whence

(dw∗)w + w∗(dw) =
√

Ik − w∗wdB∗
√

In−k − ww∗w + w∗
√

In−k − ww∗dB
√

Ik − w∗w. (13)

Furthermore,

w∗
√

In−k − ww∗dB
√

Ik − w∗w =
√
JQ∗

√
In−k −QJQ∗dB

√
Ik − w∗w

=
√
J
√

Ik − JQ∗dB
√

Ik − J,

and similarly √
Ik − w∗wdB∗

√
In−k − ww∗w =

√
Ik − JdB∗Q

√
Ik − J

√
J.

Finally, the identity QQ∗ = In−k shows that the matrix-valued process dR := dB∗Q is a Brownian motion
process in k×k. Altogether, we end up with the following autonomous SDE:

dJ =
√

Ik − JtdR
√

Ik − J
√
J +

√
J
√

Ik − JdR∗
√

Ik − J + 2((n− k)− tr(J))(Ik − J)dt, (14)

as desired.

Using Theorem 4 in [17], we immediately obtain the SDE satisfied by the eigenvalues process (λj)
k
j=1 of J .

Corollary 2.6. Assume λ1(0) > · · · > λk(0) > 0 and let

τ := inf{t > 0, λl(t) = λj(t) for some (l, j)},

be the first collision time. Then, for any 1 ≤ j ≤ k:

dλj = 2
√

λj(1− λj)dNj + 2

[
(n− k)−

k∑
l=1

λl

]
(1− λj)dt

+ 2
∑
l ̸=j

(1− λl)λj(1− λj) + (1− λj)λl(1− λl)

λj − λl
dt (15)

where (Nj)
k
j=1 is a k-dimensional Brownian motion.
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Using the rational transformation,

ρj :=
1 + λj

1− λj
> 1 ⇔ λj =

ρj − 1

ρj + 1
,

we can prove that:

Proposition 2.7. The first collision time τ is infinite almost surely.

Proof . A straightforward application of Itô’s formula yields:

dρj = 4

√
λj

(1− λj)
dNj + 4 [(n− 1)− λj ]

dt

1− λj
+ 8

∑
l ̸=j

λl

λj − λl
dt+ 8

λj

1− λj
dt

= 2
√

ρ2j − 1dNj + 2 [nρj + (n− 2)] dt+ 4(ρj + 1)
∑
l ̸=j

(ρl − 1)

(ρj − ρl)
dt

= 2
√

ρ2j − 1dNj + 2 [(n+ 2− 2k)ρj + (n− 2k)] dt+ 4(ρ2j − 1)
∑
l ̸=j

1

(ρj − ρl)
dt.

It follows that the generator of the diffusion process (ρj)
k
j=1 acts on smooth functions as:

L(k,n)
ρ1,...,ρk

=

k∑
j=1

{
2(ρ2j − 1)∂2

j + 2 [(n+ 2− 2k)ρj + n− 2k] ∂j
}
+ 4

k∑
l,j=1,l ̸=j

(ρ2j − 1)

(ρj − ρl)
∂j .

Up to a constant, this operator is the Vandermonde transform of k independent diffusions with generator

L (k,n)
u := 2(u2 − 1)∂2

u + 2 [(n+ 2− 2k)u+ n− 2k] ∂u.

Indeed, the Vandermonde function

V (ρ1, . . . , ρk) =
∏

1≤l<j≤k

(ρl − ρj),

is positive on the Weyl chamber {ρ1 > ρ2 > · · · > ρk} and satisfies (see Appendix in [15]):

k∑
j=1

L (k,n)
ρj

V =
k(k − 1)(3n+ 2− 4k)

3
V.

Besides, one readily checks that

L(k,n)
ρ1,...,ρk

=
1

V

k∑
j=1

L (k,n)
ρj

(V ·)− k(k − 1)(3n+ 2− 4k)

3
. (16)

In particular, the process

t ↦→ 1

V (ρ1(t), . . . , ρk(t))
+

k(k − 1)(3n+ 2− 4k)

3
, t < τ,

starting at non-colliding particles is a continuous local martingale which blows-up as t → τ . Since it is a time-
changed Brownian motion, the result follows (this is the classical McKean’s argument).

We can further relate (ρj)
k
j=1 to a special instance of the so-called radial Heckman-Opdam process associated

with the root system of type BCk ([24]). More precisely, the process (ζj(t), t ≥ 0)kj=1 defined by:

ζj(t) = cosh−1(ρj(t/4)), 1 ≤ j ≤ k,

satisfies

dζj = dNj +
1

2
coth(ζj)dt+

(n− 2k)

2
coth

(
ζj
2

)
dt+

1

2

∑
i ̸=j

[
coth

(
ζi − ζj

2

)
+ coth

(
ζi + ζj

2

)]
dt. (17)

As a matter of fact, (ρj)
k
j=1 is the unique strong solution of the SDE it satisfies for any starting point

ρ(0) ∈ [1,∞)k ([24], Proposition 4.1). By the virtue of Proposition 2.7, we deduce that

Corollary 2.8. The SDE (15) admits a unique strong solution for all t ≥ 0 and any starting point λ1(0) ≥
λ2(0) ≥ · · · ≥ λk(0) ≥ 0.
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3 Long-time behavior and distribution of the functional
∫ t
0 tr(Js)ds

In this section, we derive the limit as t → ∞ of the functional:∫ t

0

tr(Js)ds,

and compute its Laplace transform. Indeed, the asymptotics of this functional may be readily derived from (17).

Proposition 3.1. As t → +∞, almost surely we have

lim
t→+∞

1

t

∫ t

0

tr(Js)ds = k. (18)

Proof . Recall the SDE (17):

dζj = dNj +

(
coth(ζj) +

(n− 2k)

2
coth

(
ζj
2

))
dt+

1

2

∑
i̸=j

[
coth

(
ζi − ζj

2

)
+ coth

(
ζi + ζj

2

)]
dt.

Under the standing assumption of n− k ≥ k and using a comparison argument (see e.g. Proposition 4.2 in [24]),
we infer that ζj → +∞ almost surely as t → +∞. Therefore

ρj(t) = cosh(ζj(4t)) → +∞, j = 1, . . . , k,

and in turn it holds almost surely that

λj(t) =
ρj − 1

ρj + 1
→ 1, j = 1, . . . , k.

The conclusion follows.

Now, we shall get more insight into the distribution of the above functional and give an expression of its
Laplace transform relying on Girsanov Theorem and Karlin-McGregor formula. Moreover, as in [14], we shall
further point out an interesting connection with the generalized Maass Laplacian in the complex hyperbolic
space ([4]).

Let (wt)t≥0 = (XtZ
−1
t )t≥0 be a Brownian motion on HGn,k as in Theorem 2.2 and recall J = w∗w as well

its the eigenvalues process (λj)
k
j=1 of J . Recall also

ρj :=
1 + λj

1− λj
.

We assume that the λj(0)’s and therefore the ρj(0)’s are pairwise distinct. This is not a loss of generality and
our results extend by continuity to non necessarily pairwise distinct eigenvalues.

3.1 An auxiliary lemma

Let
∆k = {ρ ∈ Rk, ρ1 > ρ2 > · · · > ρk > 1}

and for any α ≥ 0, introduce the following diffusion operator:

L (k,n,α)
u := 2(u2 − 1)∂2

u + 2 [(n+ 2− 2k + 2α)u+ n− 2k − 2α] ∂u, u ≥ 1. (19)

Performing the variable change u = cosh(2r), r ≥ 0, L
(k,n,α)
u is mapped into the following hyperbolic Jacobi

operator ([21]):

H (n,k,α)
r =

1

2

{
∂2
r + [(2(n− 2k) + 1) coth (r) + (4α+ 1) tanh (r)] ∂r

}
.

In particular, L
(k,n,0)
u = L

(k,n)
u is mapped into the radial part of the Laplace-Beltrami operator on the complex

hyperbolic space of Hn−2k+1 ∼ SU(n− 2k + 1, 1)/SU(n− 2k + 1).
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Let q
(n,k,α)
t denote the heat kernel (with respect to Lebesgue measure) of L

(k,n,α)
u with Neumann boundary

condition at u = 1. This kernel does not admits in general a simple expression as can be seen from the Jacobi-
Fourier inversion formula (Theorem 2.3. in [21]). Nonetheless, this formula simplifies when α = 0 (see also [23],
[24]) and yields:

q
(n,k,0)
t (u1, u2) =

(u2 − 1)n−2k

π2n−2k,

∫ ∞

0

e−2t(µ2+κ2)F−µ(−v1)Fµ(−v2)

⏐⏐⏐⏐Γ(κ+ iµ)Γ(κ− 2α+ iµ)

Γ(2iµ)

⏐⏐⏐⏐2 dµ
where vi = (ui − 1)/2, i ∈ {1, 2}, κ := (n− 2k + 1)/2 and

Fµ(−vi) = 2F1

(
κ+ iµ, κ− iµ, n− 2k + 1;

1− ui

2

)
, i ∈ {1, 2}, µ ∈ R,

are Jacobi functions. In this case, we have:

Lemma 3.2. For any u1 ≥ 1, t > 0, α ≥ 0,∫ ∞

1

(u2)
αq

(n,k,0)
t (u1, u2)du2 < ∞.

Consequently,

E
[
sup

0≤s≤t
det(Ik − J(s))−α

]
< ∞.

Proof . As to the first assertion, we use the comparison principle for stochastic differential equations together

with the obvious inequality tanh(r) < coth(r) to see that the diffusion associated to H
(n,k,0)
r is dominated by

the (unique strong) solution (H(t))t≥0 of the SDE:

H(t) = H(0) + γ(t) + (n− 2k + 1)

∫ t

0

coth(H(s))ds,

where γ is a real Brownian motion. The diffusion (cosh(H(t)))t≥0 is studied in detail for instance in [20] from

which it is seen that it has moments of all orders. Keeping in mind the correspondence between L
(k,n,α)
u and

H
(n,k,α)
r , the first part of the lemma follows.

For the second part of the lemma, without loss of generality we assume ρ(0) ∈ ∆k. We then first note that
from the non-collision property of ρ.

det(Ik − J(t))−α = 2−αk
k∏

j=1

(1 + ρj(t))
α

≤ 2−αk
k∏

j=1

(1 + ρ1(t))
α

≤ 2−αk(1 + ρ1(t))
kα

It is therefore enough to prove that for every α ≥ 0 and t ≥ 0 we have E
(
sup0≤s≤t ρ1(s)

α
)
< ∞ The SDE

satisfied by ρ1 has a non-negative drift and therefore the process ρ1(t) is a sub-martingale. From Doob’s maximal
inequality, it is therefore enough to prove that for every α ≥ 0 and t ≥ 0 we have E (ρ1(t)

α) < ∞.

From (16) and Karlin-McGregor formula the semigroup density of (ρj(t))
k
j=1 may be written as:

e−k(k−1)(3n+2−4k)t/3 V (ρ)

V (ρ(0))
det
(
q
(n,k,0)
t (ρj(0), ρa)

)k
j,a=1

.

The conclusion follows therefore from the first part of the lemma.
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3.2 Laplace transform of
∫ t

0
tr(Js)ds

Now, we are ready to prove the following theorem:

Theorem 3.3. Assume ρ(0) ∈ ∆k. For every α > 0 and t > 0,

E
{
exp−

(
2α2

∫ t

0

tr(J(s))ds

)}
=
e[6α(n−2k+1)−(k−1)(3n+2−4k)]kt/3

V (ρ(0))

[
k∏

j=1

(1 + ρj(0))
α

]
det

(∫ +∞

1

ua−1

(1 + u)α
q
(n,k,α)
t (ρj(0), u)du

)k

a,j=1

.

Proof . The proof is rather long and adapts to the hyperbolic case ideas developed in [9]. The main ingredient
is a matrix Girsanov transform. Recall first the SDE (15) for (λj)

k
j=1. It can be simplified to

dλj = 2
√

λj(1− λj)dNj + 2 [(n− 1)− λj ] (1− λj)dt+ 4(1− λj)
2
∑
l ̸=j

λl

λj − λl
dt,

for 1 ≤ j ≤ k. Then

−d log(1− λj) = 2
√

λjdNj + 2(n− 1)dt+ 4(1− λj)
∑
l ̸=j

λl

λj − λl
dt,

and in turn

−d log det(Ik − J) = 2

k∑
j=1

√
λjdNj + 2(n− 1)kdt+ 4

k∑
j=1

∑
l ̸=j

(1− λj)
λl

λj − λl
dt

= 2

k∑
j=1

√
λjdNj + 2(n− 1)kdt+ 4

k∑
j=1

∑
l ̸=j

λl

λj − λl
dt

= 2

k∑
j=1

√
λjdNj + 2k(n− k)dt.

Consequently, for any α > 0, the exponential local martingale

M
(α)
t := exp

(
2α

∫ t

0

k∑
j=1

√
λj(s)dNj(s)− 2α2

∫ t

0

tr(J(s))ds

)
, t ≥ 0

may be written as

M
(α)
t = e−2αk(n−k)t

[
det(Ik − J(0))

det(Ik − J(t))

]α
exp−

(
2α2

∫ t

0

tr(J(s))ds

)
, t ≥ 0.

(M
(α)
t )t≥0 is also a martingale since

M
(α)
t ≤ [det(Ik − J(t))]

−α

and by the virtue of Lemma 3.2. We can therefore define for any fixed time t > 0, a new probability measure

P
(α)
|Ft

= M
(α)
t P|Ft

and denote E(α) the corresponding expectation. Then under P (α)

Ñj(t) := Nj(t)− 2α

∫ t

0

√
λj(s)ds, 1 ≤ j ≤ k,
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defines a k-dimensional Brownian motion so that

dλj = 2
√

λj(1− λj)dÑj + 2 [(n− 1)− (1− 2α)λj ] (1− λj)dt+ 4(1− λj)
2
∑
l ̸=j

λl

λj − λl
dt.

Recalling

ρj =
1 + λj

1− λj
,

then Itô’s formula yields:

dρj = 2
√

ρ2j − 1dÑj + 2 [(n+ 2− 2k + 2α)ρj + n− 2α− 2k] dt+ 4(ρ2j − 1)
∑
l ̸=j

1

(ρj − ρl)
dt.

Up to the multiplication operator by the constant

k(k − 1)(3n+ 2− 4k + 6α)

3
,

this process is again a Vandermonde transform of k independent copies of the diffusion whose generator is given
by:

2(u2 − 1)∂2
u + 2 [(n+ 2− 2k + 2α)u+ n− 2k − 2α] ∂u, u ≥ 1, (20)

with Neumann boundary condition at u = 1. As a result, Karlin-McGregor’s formula entails (see e.g. [3] and
references therein):

E
{
exp−

(
2α2

∫ t

0

tr(J(s))ds

)}
= e2αk(n−k)tE(α)

[
det(Ik − J(t))

det(Ik − J(0))

]α
= e2αk(n−k)t

k∏
j=1

(1 + ρj(0))
αE(α)

[
k∏

j=1

1

(1 + ρj(t))α

]

= e[6α(n−2k+1)−(k−1)(3n+2−4k)]kt/3
k∏

j=1

(1 + ρj(0))
α

∫
∆k

k∏
j=1

dρj
(1 + ρj)α

V (ρ)

V (ρ(0))
det(q

(n,k,α)
t (ρa(0), ρj))

k
a,j=1

where q
(α,k)
t (u, v) is the heat semi-group of the infinitesimal generator (19). Equivalently, the Andréief identity

entails ([13], p. 37)

E
{
exp−

(
2α2

∫ t

0

tr(J(s))ds

)}
=

e[6α(n−2k+1)−(k−1)(3n+2−4k)]kt/3

V (ρ(0))

k∏
j=1

(1 + ρj(0))
α

det

(∫
ua−1

(1 + u)α
q
(α,k)
t (ρj(0), u)du

)k

a,j=1

.

3.3 Connection to the Maass Laplacian in the complex hyperbolic space

In this paragraph, we present the connection of q
(n,k,α)
t to heat semi-group of the Maass Laplacian on the

complex hyperbolic space CHn−2k+1 realized in the unit ball ([4]). For k = 1, such connection was already
pointed out in [14] and was the key ingredient to derive the density of the corresponding stochastic area. For
higher ranks, the computations become tedious. Nonetheless, as in [14], the new expression we obtain below

makes transparent the limiting behavior proved in 3.1 through the exponential factor e−2α2t and is somehow
more explicit than the one displayed in Theorem 3.3 since the heat semi-group of the Maass Laplacian admits

a more compact form than q
(n,k,α)
t ([4], Theorem 2.2).
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Firstly, we perform the variable change u = cosh(2r) and use the identity 2 cosh2(r) = 1 + cosh(2r) to get:

E
{
exp−

(
2α2

∫ t

0

tr(J(s))ds

)}
=

e[6α(n−2k+1)−(k−1)(3n+2−4k)]kt/3

V (ρ(0))

k∏
j=1

(1 + ρj(0))
α

det

(
[cosh(2r)]a−1

2α[cosh(r)]2α
q
(n,k,α)
t (ρj(0), cosh(2r))d(cosh(2r))

)k

a,j=1

. (21)

On the other hand, from [14] (see the proof of Theorem 1), we infer that the hyperbolic Jacobi operator H
(n,k)
r

is intertwined via the map:

f ↦→ 1

cosh2α(r)
f

with the radial part of the shifted Maass Laplacian L in the complex hyperbolic space CHn−2k+1. More precisely,
it holds that

H (n,k)
r

(
r ↦→ 1

cosh2α r
f(r)

)
+

(2α+ n− 2k + 1)
2

2 cosh2α r
f(r) =

1

cosh2α(r)
L(f)(r)

where

L =
1

2
∂2
r +

[(
n− 2k +

1

2

)
coth(r) +

1

2
tanh(r)

]
∂r +

2α2

cosh2(r)
+

(n− 2k + 1)2

2
. (22)

Consequently, the following identity holds:

e2α(n−2k+1)t

[cosh(r)]2α
q
(α,k)
t (ρj(0), cosh(2r))d(cosh(2r)) =

2αe−2α2t

(1 + ρj(0))α

v
(n−2k+1,α)
t

(
1

2
cosh−1(ρj(0)), r

)
dr, (23)

where v
(n−2k+1,α)
t is the heat kernel of L − (n− 2k + 1)2/2 in (22) with respect to the radial volume element

(the numerical factor was missed in [14] and is simply the volume of the Euclidean sphere in Cn−2k+1):

2πn−2k+1

Γ(n− 2k + 1)
(sinh(r))2(n−2k+1)−1 cosh(r).

By plugging (23) into (21), we arrive at:

Proposition 3.4. The Laplace transform derived in Theorem 3.3 can be rewritten as:

E
{
exp−

(
2α2

∫ t

0

tr(J(s))ds

)}
=

e−2α2kt

V (ρ(0))
e−(k−1)(3n+2−4k)kt/3 2πn−2k+1

Γ(n− 2k + 1)

det

(∫
[cosh(2ζ)]a−1v

(n−2k+1,α)
t

(
1

2
cosh−1(ρj(0)), r

)
(sinh(r))2(n−2k+1)−1 cosh(r)dr

)k

a,j=1

. (24)

Remark 3.5. Note the existing shift between the complex dimension n ≥ 1 in [14] and the rank-one case k = 1
here corresponding the complex dimension n− 1, n ≥ 2.

Remark 3.6. The heat kernel v
(n−2k+1,α)
t (0, cosh ζ) is given by ([4], Theorem 2.2.):

v
(n−2k+1,α)
t (0, r) =

4πn−2k+1

Γ(n− 2k + 1)

∫ ∞

r

dx sinh(x)√
cosh2(x)− cosh2(r)

st,2(n−2k+1)+1(cosh(x))

2F1

(
−2α, 2α,

1

2
;
cosh(r)− cosh(x)

2 cosh(r)

)
dx

where 2F1 is the Gauss hypergeometric function and

st,2(n−2k+1)+1(cosh(x)) =
e−(n−2k+1)2t/2

(2π)n−2k+1
√
2πt

(
− 1

sinh(x)

d

dx

)n−2k+1

e−x2/(2t), x > 0,
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is the heat kernel with respect to the volume measure of the 2(n− 2k + 1) + 1-dimensional real hyperbolic space
H2n+1.

More generally, if r0 ≥ 0 then the heat kernel v
(n−2k+1,α)
t (r0, r) comes with the following additional term

resulting from the integration over the sphere S2n−1 of an automorphy factor (see [4], Theorem 2.2):

e−2iα arg(1−⟨z,w⟩), |z| = tanh(r0), |w| = tanh(r), w, z ∈ CHn−2k+1,

with respect to the angular part of w.

Remark 3.7. In (24) appears the factor e−2α2t which governs the limiting behavior of∫ t

0

tr(Js)ds

after rescaling α → α/
√
2t. It is then tempting and interesting to deduce Proposition 3.1 from (24). For k = 1,

this guess was announced in [14] without proof and we shall revisit this case in the appendix. In particular, we
obtain the whole expansion of the Laplace transform in the time t-variable for small values of α. Such expansion
seems out of reach for the moment since the computations are already tedious and tricky in the rank-one
case.

4 Skew-product decomposition, generalized stochastic areas and asymptotic windings

4.1 Skew-product decomposition

Recall from Section 2.1 the hyperbolic Stiefel fibration

U(k) → HVn,k → HGn,k,

from which we can view HVn,k as a U(k)-principal bundle over HGn,k. Our goal in this section is to decompose
the Brownian motion in HVn,k as a skew-product with respect to this fibration.

We first note that a computation similar to the computation done in [9, Lemma 3.1] shows that the
connection form of this bundle is given by the following u(k)-valued one-form on HVn,k

∗:

ω : =
1

2

(
(X∗ Z∗)

(
In−k 0
0 −Ik

)
d

(
X
Z

)
− d(X∗ Z∗)

(
In−k 0
0 −Ik

)(
X
Z

))
(25)

=
1

2
(X∗dX − dX∗X − (Z∗dZ − dZ∗Z)) . (26)

In the inhomogeneous coordinate w := XZ−1 introduced in Section 2.1, we consider then the following u(k)
valued one-form defined on HGn,k

η :=
1

2

(
(Ik − w∗w)−1/2(w∗dw − dw∗ w)(Ik − w∗w)−1/2 (27)

−(Ik − w∗w)−1/2 d(Ik − w∗w)1/2 + d(Ik − w∗w)1/2 (Ik − w∗w)−1/2
)

We are now in position to prove the following skew-product decomposition of the Brownian motion on
HV n,k.

Theorem 4.1. Let (wt)t≥0 be a Brownian motion on HGn,k started at w0 = X0Z
−1
0 ∈ HGn,k and (Θt)t≥0 the

U(k)-valued solution of the Stratonovich stochastic differential equation{
dΘt = ◦dat Θt

Θ0 = (Z0Z
∗
0 )

−1/2Z0,

where at =
∫
w[0,t]

η. Then the process

w̃t :=

(
wt

Ik

)
(Ik − w∗

twt)
−1/2Θt

∗The reader may found the details in the arXiv version of the paper.
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is the horizontal lift at

(
X0

Z0

)
of (wt)t≥0 to HV n,k. Moreover, if we denote by (Ωt)t≥0 a Brownian motion on

the unitary group U(k) independent from (wt)t≥0, then the process(
wt

Ik

)
(Ik − w∗

twt)
−1/2Θt Ωt

is a Brownian motion on HVn,k started at

(
X0

Z0

)
.

Proof . Note the fact that on w̃[0, t],

ω =
1

2
(◦dΘ∗Θ−Θ∗ ◦ dΘ) + Θ∗ ◦ ηΘ

= Θ∗ ◦ (−da+ η)Θ = 0,

where Θ = (Ik − w∗w)1/2Z. The first assertion then follows from the definition of horizontal stochastic lift,
namely ∫

w̃[0,t]

ω = 0.

By taking into account that the pseudo-Riemannian submersion HVn,k → HGn,k is totally geodesic, the
second assertion then follows from an analogues argument as in the proof of Theorem 3.3 in the spherical case
([9]).

4.2 Limit theorem for the generalized stochastic area process in the hyperbolic complex
Grassmannian

Let (wt)t≥0 be a Brownian motion on HGn,k as in Theorem 2.2. From (27) we have that

−
∫
w[0,t]

tr(η) =
1

2
tr

[∫ t

0

(Ik − J)−1/2(◦dw∗ w − w∗ ◦ dw)(Ik − J)−1/2

]
=

1

2
tr

[∫ t

0

(Ik − J)−1/2(dw∗ w − w∗dw)(Ik − J)−1/2

]
. (28)

Using Lemma 1 in [10], we can show after simple, yet lengthy, computations that (see [26], p. 593, for the
compact analogue):

dtr(η) = tr
[
(Ik − w∗w)−1∂w∗(In−k − ww∗)−1∂w

]
= −∂∂ ln det(Ik − w∗w)

where

∂ :=
∑

1≤a≤n−k,1≤b≤k

dwa,b
∂

∂wa,b
, ∂ :=

∑
1≤a≤n−k,1≤b≤k

dwa,b
∂

∂wa,b

are the Dolbeaut operators and are such that d = ∂ + ∂. It follows taht itr(dη) is the Kähler form on the
complex manifold HGn,k. Therefore, in some sense, the functional

∫
w[0,t]

tr(η) can be interpreted as a generalized

stochastic area process on HGn,k as in [8], and as a nice consequence of (28), we obtain in the theorem below
the limiting theorem for this generalized stochastic area process.

Theorem 4.2. When t → +∞, we have in distribution

1

i
√
t

∫
w[0,t]

tr(η) → N (0, k),
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Proof . From the proof of Proposition 12, we readily have:

dw∗w − w∗dw =
√

Ik − JtdR
√

Ik − J
√
J −

√
J
√

Ik − JdR∗
√

Ik − J,

where (Rt)t≥0 is a k × k complex matrix-valued Brownian motion. Hence

(Ik − J)−1/2(dw∗ w − w∗dw)(Ik − J)−1/2 = dR
√
J −

√
JdR∗

= dRU
√
ΛU∗ − U

√
ΛU∗dR∗

where the second quality comes from the diagonalization of J = UΛU∗ where U ∈ U(k) and Λ =
diag{λ1, . . . , λk}. Therefore

−
∫
w[0,t]

tr(η) =
1

2

∫ t

0

tr
[
dR

√
Λ−

√
ΛdR∗

]
D
= iB∫ t

0
tr(J)ds.

where B is a one-dimensional Brownian motion independent of J . We then obtain the desired conclusion from
(18).

Remark 4.3. When k = 1, the limiting result stated in Theorem 4.2 coincides with the one for the stochastic
area process on the anti-de Sitter space (see Theorem 3.7 in [8]).

Remark 4.4. The previous proof has shown that∫
w[0,t]

tr(η) = iB∫ t
0
tr(J)ds.

where B is a one-dimensional Brownian motion independent of J , therefore

E
(
e
iα

∫
w[0,t]

tr(η)
)
= E

(
e
−αB∫ t

0
tr(J)ds

)
= E

(
e−

α2

2

∫ t
0
tr(J)ds

)
.

A formula for the Laplace transform of the generalized area functional 1
i

∫
w[0,t]

tr(η) therefore follows from

Theorem 3.3.

4.3 Limit theorem for the windings of the block determinants of the Brownian motion in
U(n− k, k)

In this section, we give an application of Theorems 4.1 and 4.2 to the study of the Brownian windings in the
Lie group U(n− k, k).

Theorem 4.5. Let Ut =

(
Yt Xt

Wt Zt

)
be a Brownian motion on the Lie group U(n− k, k) with 1 ≤ k ≤ n− k.

One has the polar decomposition
det(Zt) = ϱte

iθt

where ϱt ≥ 1 is a continuous semimartingale and θt is a continuous martingale such that the following convergence
holds in distribution when t → +∞

θt√
t
→ N (0, 2k).

Proof . We first note that from Theorem 4.1, we have the identity in law

det(Zt) = det(Ik − w∗
twt)

−1/2 detΘt detΩt.

From Lemma 4.6 in [9] we therefore obtain

det(Zt) = ϱte
iθt
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with

ϱt = det(Ik − Jt)
−1/2, iθt = iθ0 + tr(Dt) +

∫
w[0,t]

tr(η)

where Dt is a Brownian motion on u(k) independent from w and θ0 is such that

eiθ0 =
detZ0

|detZ0|
.

The result follows then from Theorem 4.2 and from the scaling property of tr(Dt):

tr(Dt)
d
= i

√
tN (0, k).

5 Appendix: the full expansion of the Laplace transform in the rank-one case

For k = 1, take ρ(0) = 1, then the Laplace transform (24) reduces to:

E
{
exp−

(
2α2

∫ t

0

J(s)ds

)}
=

2πn−1

Γ(n− 1)
e−2α2t

∫ ∞

0

v
(n−1,α)
t (0, r) (sinh(r))2n−3 cosh(r)dr, (29)

where ([4], see also the proof of Theorem 1 in [14]):

v
(n−1,α)
t (0, r) = 2

∫ ∞

r

dx sinh(x)√
cosh2(x)− cosh2(r)

st,2(n−1)+1(cosh(x)) · 2F1

(
−2α, 2α,

1

2
;
cosh(r)− cosh(x)

2 cosh(r)

)
dx.

For ease of writing and in order to match our notations with those used in [14], we shall shift n ≥ 2 → n+ 1, n ≥
1. After all, the result of Proposition 3.1 does not depend on n. In order to derive the limit of (29) as t → ∞
(after rescaling), we firstly apply the quadratic transformation (see [16], (18), p. 112):

2F1(a, b, (a+ b+ 1)/2; z) = 2F1(a/2, b/2, (a+ b+ 1)/2; 4z(1− z))

followed by Euler’s transformation ([16], (22), p.64):

2F1(a, b, c; z) = (1− z)−a
2F1

(
a, c− b, c;

z

z − 1

)
,

valid whenever both sides are analytic. Doing so, the heat semi-group v
(n,α)
t (0, r) may be written as:

v
(n,α)
t (0, r) =

4πn

Γ(n)

∫ ∞

r

dx sinh(x)√
cosh2(x)− cosh2(r)

cosh2α(r)

cosh2α(x)

2F1

(
1

2
+ α, α,

1

2
; 1− cosh2(r)

cosh2(x)

)
st,2n+1(cosh(x))dx.

This expression has the merit to involve the Gauss hypergeometric series rather than its analytic continuation
to the slit plane C \ [1,∞):

2F1

(
1

2
+ α, α,

1

2
; 1− cosh2(r)

cosh2(x)

)
=
∑
j≥0

(α)j(α+ 1/2)j
(1/2)jj!

(
1− cosh2(r)

cosh2(x)

)j

, ζ ≤ x.

Consequently, the generalized binomial Theorem yields following expansion:(
cosh2(r)

cosh2(x)

)α

2F1

(
1

2
+ α, α,

1

2
; 1− cosh2(r)

cosh2(x)

)
=

(
1−

(
1− cosh2(r)

cosh2(x)

))α

2F1

(
1

2
+ α, α,

1

2
; 1− cosh2(r)

cosh2(x)

)
= 1 +

∑
j≥1

cj(α)

(
1− cosh2(ζ)

cosh2(x)

)j

,
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where

cj(α) =
1

j!

j∑
m=0

(
j

m

)
(α+ 1/2)m(α)m(−α)j−m

(1/2)m
, j ≥ 1.

Now, assume α is small enough. Then for any j −m ≥ 1, one has:

(−α)j−m = (−α)(1− α) · · · (j −m− 1− α) < 0

so that

cj(α) <
(α+ 1/2)j(α)j

j!(1/2)j
, j ≥ 1.

Moreover, the fact that m ↦→ (α+ 1/2)m/(1/2)m is increasing together with the previous observation show that

cj(α) ≥
(α+ 1/2)j
(1/2)j

{
(α)j +

j−1∑
m=0

(
j

m

)
(α)m(−α)j−m

}
= 0,

where we use the fact that the sequence of Pochhammer symbols (rising factorials) is of binomial-type. Using
the fact that st,2n+1(cosh(x)) is a probability density with respect to the volume element

2πn+1/2

Γ(n+ 1/2)
sinh2n(x)

we readily get

4πn

Γ(n)

∫ ∞

0

(sinh(r))2n−1 cosh(r)dr

∫ ∞

r

dx sinh(x)√
cosh2(x)− cosh2(r)

st,2n+1(cosh(x)) = 1.

On the other hand, changing the order of integration, we have:

E
{
exp−

(
2α2

∫ t

0

J(s)ds

)}
= e−2α2t

(
1 +

∑
j≥1

cj(α)Ij

)
.

where we set for any j ≥ 1:

Ij :=
4πn

Γ(n)

∫ ∞

0

(sinh(r))2n−1 cosh(r)dr

∫ ∞

r

dx sinh(x)√
cosh2(x)− cosh2(r)

st,2n+1(cosh(x))

(
cosh2 x− cosh2 r

cosh2 x

)j

.

Using standard variables changes, we derive:∫ x

0

(sinh(ζ))2n−1 cosh(r)√
cosh2(x)− cosh2(r)

(
cosh2 x− cosh2 r

cosh2 x

)j

dr =
(sinh(x))2j+2n−1

(cosh(x))2j
Γ(j + 1

2 )Γ(n)

2Γ(j + n+ 1
2 )

whence

Ij =
4πnΓ(j + 1

2 )

2Γ(j + n+ 1
2 )

∫ ∞

0

(sinh(x))2n(tanh(x))2jst,2n+1(cosh(x))dx

=
Γ(n+ 1

2 )Γ(j +
1
2 )√

πΓ(n+ j + 1
2 )

E
(
(tanh(d(0, Bt)))

2j
)
,

where d(·, ·) is the Riemannian distance and Bt is the Brownian motion on H2n+1. Altogether, we get for small
α:

E
{
exp−

(
2α2

∫ t

0

J(s)ds

)}
= e−2α2t + e−2α2tE

(∑
j≥1

(1/2)j
(n+ 1/2)j

cj(α)(tanh(d(0, Bt))
2j

)
.
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But ∑
j≥1

(1/2)j
(n+ 1/2)j

cj(α)(tanh(d(0, Bt))
2j ≤

∑
j≥1

(α+ 1/2)j(α)j
j!(n+ 1/2)j

(tanh(d(0, Bt))
2j)

≤ α

n+ 1/2

(
α+

1

2

)
2F1

(
α+ 1, α+

3

2
, n+

3

2
; tanh(d(0, Bt))

2

)
≤ α(2α+ 1)

2n+ 1
2F1

(
α+ 1, α+

3

2
, n+

3

2
; 1

)
=

α(2α+ 1)

2n+ 1

Γ(n+ 3/2)Γ(n− 1− α)

Γ(n− α)Γ(n− α+ 1/2)

where the last line follows from Gauss hypergeometric Theorem ([16]). Consequently, the dominated convergence
theorem entails

lim
α→0+

E

(∑
j≥1

(1/2)j
(n+ 1/2)j

cj(α)(tanh(d(0, Bt))
2j

)
= 0

which in turn allows to recover our limit theorem in Proposition 3.1.
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