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Abstract

The formation of gas bubbles in a liquid occurs in various engineering processes, such as during foam generation or agitation and
mixing in bubbly flows. A challenge in describing the initial formation of a gas bubble is due to the singular behavior at pinch-off.
Past experiments in Newtonian fluids have shown that the minimum neck radius follows a power-law evolution shortly before the
break-up. The exponent of the power-law depends on the viscosity of the surrounding Newtonian liquid, and ranges from 0.5 for low
viscosity to 1 for large viscosity. However, bubble formation in a viscoelastic polymer solution remains unclear, and in particular,
if the evolution is still captured by a power-law and how the exponent varies with the polymer concentration. In this study, we
use high-speed imaging to analyze the bubble pinch-off in solutions of polymers. We characterize the time evolution of the neck
radius when varying the concentration and thus the characteristic relaxation time and describe the influence of viscoelasticity on
the bubble pinch-off. Our results reveal that the presence of polymers does not influence the thinning until the latter stages, when
their presence in sufficient concentration delays the pinch-off.

1 Introduction

Bubbles are encountered in a wide range of situations such as
industrial processes, 1 biological systems,2 and in geological stud-
ies.3 In the medical industry, bubbles have been used as contrast
agents for ultrasound scans. 4 Compound bubbles formed by wa-
ter contaminated with harmful substances due to the possible
aerosolization are of concern to our health. 5–7 Preventing cavi-
tation bubbles is of crucial importance in biological networks in
plants,8 or in the design of underwater turbines and propellers. 9

The formation of bubbles are also of particular interest in mi-
crofluidic devices,10 microcapillary tubes, 11 as well as in turbu-
lent flows.12 In many applications, the liquids involved have a
more complex rheology. For instance, the presence of cells, par-
ticles, or polymeric substances dispersed in the liquid modifies
their rheology.13–19 The modified rheology of polymer solutions
has been exploited to achieve drag reduction in flow, 20 and sup-
press the effect of cavitation. 21 It is known that the presence
of polymers modifies the pinch-off of a liquid droplet in air. 22,23

The inverse problem of pinch-off of an air bubble in a polymer
solution has received less attention.

The pinch-off of a gas bubble in a Newtonian liquid, shown in
Fig. 1(a), is usually quantified through the time evolution of the
minimum thickness hmin of the neck that connects the bubble
with the nozzle. The moment the bubble detaches from the noz-
zle in a Newtonian fluid is a singularity in time tc. For a short
duration before the pinch-off, the minimum thickness follows a
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power law, hmin(t) ∝ (tc − t)α. Burton et al.24 have shown that
the exponent α is a function of the external liquid viscosity for a
Newtonian liquid. For inviscid liquids (η ≲ 10mPa s), the expo-
nent is around 0.5 and for viscous liquids (η ≳ 100mPa s), it is
approximately 1. For liquids of intermediate viscosities, the ex-
ponent was reported in the range 0.5 to 1. A follow-up work by
Thoroddsen et al.25 at a higher spatial and temporal resolution
reported an exponent of 0.57 for inviscid Newtonian liquids. This
slightly larger exponent was theoretically derived by Eggers et al.
as α = 1/2+1/[4

√
− ln(tc − t)] for the collapse of an axisymmet-

ric cavity.26 The exponents are hence non-universal, and depends
on the initial condition of the system and the experimental res-
olution. In this study, we do not focus on the influence of the
initial condition. Instead, we use a spatial and temporal resolu-
tion similar to Burton et al., which is sufficient to examine the
moment leading up to the bubble pinch-off in polymer solutions.
An example of thinning and pinch-off of a bubble in a polymer
solution is shown in Fig. 1(b).

In the opposite configuration, i.e., when a drop of inviscid
liquid thins in air, the minimum thickness is described by the
power-law hmin(t) ∝ (tc − t)2/3.27 Here, the time tc describes
the moment the drop separates from the liquid attached to the
nozzle, as shown in Fig. 1(c). Until a time tc, the thinning
of polymer solution, shown in Fig. 1(d), is also captured by
a power law.28 At tc, while the drop breaks off for a Newtonian
liquid, adding even a small amount of polymer results in a transi-
tion to a viscoelastic thinning. 22 At the transition, the polymers,
which are initially coiled, begins to unwind and interact with
the flow.28,29 A macroscopic manifestation of this interaction is
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Figure 1: Examples of a gas bubble pinch-off in a quiescent liq-
uid of (a) 75/25% by weight water/glycerol, and (b) a polymer
solution (0.5% mass concentration of 4000K PEO in 75/25% by
weight water/glycerol). Examples of pinch-off in air of a liquid
droplet of (c) 75/25% by weight water/glycerol (ηs = 2.14mPas),
and (d) a polymer solution (0.5% mass concentration of 4000K
PEO in a 75/25% by weight water/glycerol). Scale bars are 1
mm.

the formation of a long and slender liquid thread, which per-
sists for a long time. A further consequence of polymer uncoiling
is the increase in the flow resistance. When the polymers are
coiled, their hydrodynamic interaction with the solvent are min-
imized. As the polymer unwinds, more regions of the chain are
exposed to the solvent. This results in an increase in the viscos-
ity of the solution, i.e., an extensional thickening effect. 22,30,31

In this regime, the slender filament thins exponentially follow-
ing hmin(t) ∝ exp[−t/(3λR)], where λR is the longest relaxation
time of the polymer.32 The exponential thinning is followed by
either a beads-on-a-string (BOAS) instability, 33 or a blistering
instability.34

While the pinch-off of bubbles in Newtonian liquids are well
characterized,11,35 there is a dearth in the literature on bubble
pinch-off in viscoelastic liquids. At a larger scale, notable differ-
ences exist for bubbles in viscoelastic liquids, such as the negative
wake reported by Hassager. 36 The problem of discontinuity of the
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Figure 2: Schematic of the experimental setup. A needle of in-
ternal diameter h0 = 2.31mm is set at the bottom of a tank filled
with the liquid and connected to a syringe filled with air. A sy-
ringe pump is used to generate a bubble from the nozzle. The
length hmin corresponds to the minimal thickness at the neck
of the bubble. The z-axis corresponds to the axis of symmetry
at the neck. The system is backlit with a LED (Light Emitting
Diode) and a diffuser; the dynamics is recorded with a high-speed
camera.

terminal velocity with respect to the bubble volume in polymer
solutions has also been of long-standing interest. 37,38 The scales
associated with the pinch-off are more challenging to capture and
require a spatio-temporal resolution of a few microns over a few
microseconds. A recent work by Jiang et al.39 has reported the
existence of two distinct regimes during the final stages of the
bubble pinch-off in polymer solutions of higher concentrations.
At lower polymer concentrations, the thinning is a power-law,
with the exponent 0.5 < α < 1. This value is larger than the
thinning exponent for the solvent, which is α = 0.5. At higher
concentrations, there is no clear description for the thinning.
Yet, a recent study on the coalescence of two drops of liquid,
which is another example of singular behavior, 40 has shown that
the minimum thickness of the coalescing polymer solutions is also
described by a power-law and with the same exponent as the sol-
vent.41 The polymer solutions used in the coalescence study ex-
hibit weak shear thinning and strong elasticity, i.e. a sufficiently
large relaxation time. In contrast, the solutions used by Jiang
et al. for their pinch-off experiments have strong shear thinning
and elasticity for all the concentrations studied, with relaxation
times of the order of a few seconds. In particular, the change
in exponent observed by Jiang et al.39 could be induced by the
strong shear thinning of their solutions or the elastic effects, or
by both.

To elucidate the influence of elastic stresses, we use polymer
solutions that are weakly shear-thinning, except at large concen-
trations but with large enough relaxation times for all concentra-
tions studied. The paper is organized as follows: in section 2, we
describe the experimental methods and the rheology of the poly-
mer solutions used. We characterize the shear thinning and the
relaxation time of the polymer solutions. In section 3, we com-
pare our results with Newtonian fluids to the results previously
reported in the literature. We then present the thinning obtained
for the polymer solutions. We observe that different concentra-
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Figure 3: Physical properties of the 4000K PEO polymer solutions with mass concentration between c = 0.01% and c = 1%
prepared in a 75/25% by weight water/glycerol solvent. (a) Shear viscosity η of the solutions as a function of the shear rate γ̇. (b)
Relaxation time λR of the solutions measured from the droplet thinning experiments. The increase in the relaxation times with
the concentration follows a power-law with an exponent 0.66. Inset: Thinning dynamics of PEO solutions. We extract the rescaled
minimum thickness hmin/h0 as a function of time. The relaxation time λR is obtained from the slope when t− tc > 0, i.e., after the
transition to the viscoelastic regime.

c c/c∗ σ λR η0 η∞ λ ncf

[mN/m] [s] [mPa s] [mPa s] [s]
0% 0 72.7 - - - - -

0.01% 0.37 62.3 0.023 2.7 1 0.041 1
0.02% 0.74 63.8 0.043 3.7 2.89 0.23 0.7
0.05% 1.85 63.8 0.074 7.2 3.02 0.2 0.8
0.1% 3.71 64.0 0.11 15.4 2.61 0.19 0.79
0.2% 7.41 63.8 0.16 57.9 0.52 0.36 0.72
0.5% 18.52 63.6 0.26 1150 0.1 2.63 0.54
1% 37.04 63.5 0.51 20000 18.5 6.78 0.32

Table 1: Rheological properties and surface tension σ of the 75/25% by weight water/glycerol solvent, and PEO solutions of various
mass concentrations (c = 0.01% to c = 1%). c∗ = 0.291kg/m3 or 0.027% is the critical overlap mass concentration. λR is the longest
relaxation time of the polymer. η0, η∞, λ, and ncf are the parameters obtained from the Carreau fit shown in Fig. 2(a)

tions of polymers lead to different pinch-off dynamics. We discuss
our results in section 4, where we describe the influence of elastic
forces on the shape of the bubble near the pinch-off. We further
highlight this by presenting the contours of the bubble in the
polymer solution as it breaks off.

2 Experimental Methods

The bubble pinch-off experiments are performed in a 50 × 50 ×
50mm3 transparent tank that contains the liquid (Fig. 2). A
syringe pump (KDS Legato 110) extrudes air bubbles through
a stainless-steel nozzle (inner diameter h0 = 2.31mm) at a con-
trolled flow rate Q. The vertical alignment of the needle is ob-
tained by using a custom 3D printed setup to place the nee-
dle in the tank. The tip of the needle is at least 10mm below
the air/liquid interface, ensuring that the free surface has no ef-
fect on the pinch-off dynamics. We use flow rates in the range
Q = 0.02mLmin−1 to 0.2mLmin−1 depending on the viscosity

of the liquid. The flow rate is well below the critical flow rate
where the flow transitions to jetting and allows to generate a
single bubble of constant volume in a quasi-static regime. 42 We
ensure that changing the flow rate in this range does not influ-
ence the results, which confirms that we remain in the quasi-static
regime (see supplementary materials).

The liquids consist of mixtures of deionized (DI) water and
glycerol (Sigma-Aldrich) for the solvent, and the polymer solu-
tions are prepared using Polyethylene oxide (PEO) of molecular
weight Mw = 4000 kg/mol (Sigma Aldrich). We tune the viscos-
ity of the solvent ηs by varying the weight fraction of glycerol
from ηs = 1mPa s (0% glycerol), to ηs = 213.3mPa s (90% glyc-
erol per weight). The change in the fraction of glycerol has mini-
mal influence on the surface tension σ.43 We prepare the polymer
solutions by adding the polymer powder to a 75/25% by weight
water/glycerol mixture, slowly mixing them on a roller mixer for
24-48 hours, and we ensured that the polymer solutions are ho-
mogeneous at the end of the preparation. We use PEO of mass
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Figure 4: Bubble pinch-off in Newtonian liquids. (a) Thinning dynamics for different Newtonian liquids: water (ηs = 1mPa s) and
mixture of water/glycerol at 75/25% by weight (ηs = 2.14mPa s), 20/80% by weight (ηs = 62.1mPa s), and 10/90% by weight
(ηs = 213.3mPa s). The pinch-off occurs at t = tc, and the time goes from right to left. All experiments exhibit a power-law before
the pinch-off given by hmin = A(tc − t)α. Inset: Semi-log plot of the temporal evolution of the minimum thickness for the same
liquids. (b) Evolution of the power-law exponent for air bubbles generated in Newtonian liquids of different shear viscosity. The
viscosity is tuned by using water/glycerol mixtures with different compositions by weight of glycerol (between 0% and 90%). The
exponents compare well with values previously reported in the literature (grey symbols). 24,25 The two vertical lines delimit the
regime at low viscosity (ηs ≤ 10mPa s) where α ≃ 0.5 and at large viscosity where α ≃ 1 (ηs ≥ 100mPa s).

concentrations between c = 0.01% and c = 1%. The surface ten-
sion, measured using the pendant drop method, does not vary
significantly in this range of concentrations. The measurements
are summarized in Table 1. An increase in the polymer concen-
tration results in large variations of the shear viscosity η and
the relaxation time λR. The shear viscosity is measured using
a 50 mm 1o smooth cone and plate geometry on an MCR 302
rheometer (Anton Paar). We report the evolution of the shear
viscosity with shear rate γ̇ in Fig. 3(a). We observe that up to a
polymer concentration of approximately c = 0.1%, the viscosity
remains more or less constant, whereas the largest concentra-
tions exhibit shear-thinning similar to observations reported in
past studies.44 The shear viscosity η(γ̇) can be fitted using a
Carreau model defined as η = η∞ + (η0 − η∞)(1 + (λγ̇)2)

n−1
2 .45

The fitting parameters η0, η∞, λ, and n are the zero-shear vis-
cosity, infinite shear viscosity, a time constant, and the power-
law index, respectively. Their values are summarized in Table
1. The Carreau model was used to fit the viscosities instead of
the Carreau-Yasuda model since it provided a more robust fit for
all concentrations of polymer solutions used in the present study.
While the Carreau-Yasuda model also fits the data well, it yields
a larger error for c = 1% concentration due to a bias of the fitting
model for the large viscosities measured at lower shear rates. In
Fig. 3(b), we show the longest relaxation times λR of the poly-
mer solutions, obtained from droplet pinch-off experiments. 28,46

We measure this relaxation time by fitting the rescaled minimum
thickness hmin/h0 during the formation of a liquid droplet in the
viscoelastic regime (t − tc > 0) with an exponential thinning
model hmin ∝ e−(t−tc)/3λR , as shown in the inset of Fig. 3(b). 32

The relaxation time varies from λR = 0.02 s to λR = 0.5 s when
increasing the PEO concentration from c = 0.01% to c = 1%.

The relaxation time was also measured from the relaxation mod-
ulus of the polymer solution for c = 1% concentration. The
measured relaxation time was found to be comparable to the λR

measured from droplet pinch-off. 47 (see supplementary material)
The evolution of the relaxation time with c is well captured by the
empirical law λR ∝ (c/c∗)0.66.23,46 Here c∗ is the critical overlap
concentration above which the polymer coils starts to overlap.
For the solutions used here, we calculate c∗ = 0.027%.48

We record the bubble pinch-off using a high-speed camera
(Phantom VEO 710) equipped with a macro lens (Nikon Micro-
NIKKOR 200 mm f/4 AI-s) and a microscope lens (Mitutoyo X2).
The spatial resolution is about 10µm per pixel. The recordings
are typically made at 100,000 frames per second or higher, and
the setup is back-lit with an LED panel (GSVitec) with a diffuser.
Most of the results reported here are obtained at 100,000 frames
per second. We ensured that the power-law exponents are in-
dependent of the frame rates within the experimental resolution
(see supplementary materials). We then process the recordings
using custom ImageJ macros and python routines to extract the
temporal evolution of the minimum thickness hmin and outline
of the bubble.

3 Results

3.1 Bubble pinch-off in Newtonian fluids

Because of the short time scales involved in the pinch-off, finding
the exact value of tc is experimentally challenging. We can detect
the last frame where the bubble is still connected to the nozzle
and the first frame after the pinch-off, but cannot describe the
thinning in between due to the limit of our temporal resolution
(10µs). We numerically improve this accuracy by searching for
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Figure 5: Time sequence of bubble pinch-off in polymer solutions (a) in a c = 0.01% mass concentration of 4000K PEO in a 75/25%
weight water/glycerol solvent and (b) in a c = 1% mass concentration of 4000K PEO in a 75/25% weight water/glycerol solvent.
The scale bar is 1 mm.

a best-fit power law in a narrow time range near tc (see supple-
mentary materials for more details). 41 We test this method by
comparing our measurements to the values in the literature for
Newtonian solvents of different viscosities. 24,25

In Fig. 4(a), we report the time evolution of the minimum thick-
ness hmin for the bubble in solvents with increasing fractions of
glycerol, and hence, increasing viscosity. Because of the short
timescale of the pinch-off, it is necessary to appropriately define
tc to recover the correct power-law exponent. Our experiments
show that for all the viscosities, the resulting thinning dynamics
are well-fitted with the equation hmin = A(tc − t)α. For pure
water and the 75/25% by weight water/glycerol solvent, which
are in the inviscid limit (ηs < 10mPas), the fitting parameters
α ≃ 0.5 and A ≃ 0.025 matches the results of Burton et al.24

In the viscous limit (ηs > 100mPa s), the minimum thickness
follows hmin = (σ/ηs)(tc − t).49 The experimental fit leads to
α ≃ 1, similar to exponents observed in previous studies. 24,25

For the prefactor, we recover A ≃ 0.4, which is slightly larger
than σ/ηs = 0.34 for the viscous solvent we use. We note a sim-
ilar discrepancy in the data reported by Burton et al.24 For the
20/80% by weight water/glycerol solvent , which has an interme-
diate viscosity 10mPa s < ηs < 100mPa s, the fitting parameters
are α ≃ 0.75, and A ≃ 0.135. In Fig. 4(b), we summarize α and
compare them with the exponents reported by Burton et al.24

and Thoroddsen et al.25 The exponents we recover from our ex-
perimental method for the Newtonian solvents (mixture of water
and glycerol) match the results observed in the literature. In the
following, we consider the influence of viscoelasticity by adding
polymers (PEO) to the solvent, and in particular, on the evolu-
tion of the thinning dynamics with the polymer concentration.

3.2 Bubble pinch-off in polymer solution

We now consider the formation of an air bubble in a viscoelastic
solution of polymers. As shown in Figs. 1(c) and 1(d), the pinch-
off of a drop of Newtonian liquid and a polymer solution in air
are drastically different. Indeed, the thinning and pinch-off of a
polymer solution droplet in air exhibits two successive regimes. 28

First, a Newtonian regime where the thinning of the solution
is similar to the solvent in which it was prepared, captured by
hmin ∝ [σ(tc − t)2/ρ]1/3. Here tc is the time at which the drop
would have broken if there were no polymers dissolved. 18,28 The
presence of polymers results in an increase in the extensional
viscosity as the liquid thins, and delays the pinch-off. 22 Around
t = tc, the thinning slows down due to the coil-stretch transition
of the polymers, and becomes viscoelastic. 18,28 The viscoelastic
regime is characterized by a thread connecting the drop to the
nozzle. This ligament thins exponentially as hmin ∝ e−t/(3λR)

where λR is the longest relaxation time of the polymer in the
solvent.32

For droplet pinch-off, the presence of polymer is felt even at
very low concentrations, such as 0.001% or 10 parts per million
by weight for solutions of a 4000K PEO. 46 Bubble pinch-off in
polymer solution is different. In Figs. 5(a)-(b), we illustrate the
thinning of an air bubble in polymer solutions of two different
concentrations. Fig. 5(a) illustrates the formation of an air bub-
ble in a solution of 4000K PEO at c = 0.01% and Fig. 5(b) at
c = 1% mass concentration prepared in a 75/25% by weight wa-
ter/glycerol solvent. For a certain duration of time, the thinning
of the bubble appears similar in solutions of both low and high
concentrations. At low polymer concentrations (c ≤ 0.02%), the
bubble pinch-off is similar to the inviscid solvent. Following the
definition for the solvents, the bubble detaches at time t = tc.
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Figure 6: Evolution of the minimum thickness hmin of an air bubble in a 4000K PEO solution at different concentrations c in a
75/25% by weight water/glycerol solvent. Note here that for solutions with a well-defined viscoelastic regime, tc corresponds to the
moment where the pinch-off would have occurred if there were no polymer in the solution. For tc − t < 0, the thinning is fitted with
an exponential thinning model with a fitting parameter λa. Inset: Log-log evolution of hmin for solutions of different concentrations.
(b) Exponents α extracted from the power-law hmin = A(tc− t)α for the experiments performed in the polymers solution of rescaled
concentrations c/c∗ = 0.37 to c/c∗ = 37, corresponding to c = 0.01% to c = 1%. The horizontal dashed line indicates the exponent
α = 0.496± 0.01. The yellow shaded region is the standard deviation of the measured exponents. Inset: Evolution of the prefactor
A with the polymer concentration.

Above a certain concentration (c ≥ 0.05%), the pinch-off is mod-
ified; an air thread appears that binds the bubble to the nozzle
(see supplementary materials). For bubbles in polymer solutions
of concentration c ≥ 0.05%, we define t = tc as the moment when
the thin and slender air thread first appears. This structure lasts
for a very short time before the pinch-off. The thickness and life-
time of this structure increase with concentration, similar to the
viscoelastic thinning of a drop in air. At the highest concentra-
tions considered here (c = 0.5% and c = 1%), we have sufficient
spatial and temporal resolutions to quantify this thinning, as
shown in Fig. 6(a).

Similarly to the Newtonian liquid, we extract the time evolu-
tion of the minimum neck thickness hmin for polymer solutions
of 4000K PEO of mass concentration 0.01% to 1% in Fig. 6(a).
As noted before, and similar to the case of the pinch-off of poly-
mer solutions droplet in air, 28 when the air thread appears, we
define tc as the time of its appearance, rather than the pinch-off
time. While the difference is not strongly noticeable for dilute
polymer solutions, the distinction must be made for larger con-
centrations (for solutions of c ≥ 0.05%). Indeed, for instance, for
c ≥ 0.5% of PEO, the pinch-off of the bubble only happens a few
ms after the thread-like structure first appears. This is visible as
a new regime of thinning in Fig. 6(a) when tc − t < 0. Using
the above criteria to select tc, we report the time evolution of
hmin in log-log scale in the inset of Fig. 6(a). Interestingly, all
the polymer solutions considered in this study follows the same
power law, hmin = A(t− tc)

α with α = 0.496± 0.01. This result
is remarkable, especially for solutions of higher concentrations,
since the zero-shear viscosity of solutions spans over four orders
of magnitude. We further note that the prefactor A ≃ 0.025
remains equal to that of the solvent, up to a concentration c =
0.1%, and then decreases. This captures the slowing down of

the thinning of the higher concentration solutions. We also draw
attention to the thinning of the air thread when tc − t < 0. At
the highest concentrations we study (c = 0.5% and c = 1% mass
concentration in 4000K PEO in 75/25% by weight water/glycerol
solvent), we characterize the thinning using an exponential thin-
ning model.32 When tc− t < 0, we define the minimum thickness
as hmin ∝ e−(tc−t)/(3λa). Here, λa is a fitting parameter for
the thinning of the air thread surrounded by a polymer solution,
and is different from the relaxation time λR of the polymer solu-
tion. We estimate the values of this parameter as λa ∼ 0.027ms
and λa ∼ 0.33ms for c = 0.5% and c = 1% concentrations, re-
spectively. We note that the values are at least three orders of
magnitude smaller than the relaxation times λR. This suggests
that the pinch-off of a polymer drop in air and a gas bubble in
a polymer solution, although qualitatively similar, have notable
differences.

4 Discussion

The thinning of a bubble in a polymer solution has different be-
haviors depending on the solution concentration. However, by
appropriately selecting tc, we can extract the value of the power-
law exponent α in the Newtonian regime. The log-log inset in Fig.
6(a) shows the evolution in the power-law regime for c = 0.01% to
c = 1% mass concentration. We summarize the value of the ex-
ponent α when varying c in Fig. 6(b) and obtain α = 0.496±0.01
for all polymer concentrations considered here. The results we
report here, where the power-law exponent is independent of the
polymer concentration, are similar to a recent study on the sin-
gular coalescence of polymer solutions. 41 For solutions that show
weak shear thinning and strong viscoelasticity, similar to the so-
lutions we use, the elastic coalescence also modifies the interface
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Figure 7: Evolution of the strain-rate ε̇ of the thinning for
polymer solutions at different concentrations c. The strain rate
reaches a maximum ε̇max when the flow transitions from the New-
tonian to the viscoelastic regime.

shape. As discussed later, we see a similar strong modification of
the bubble interface near the pinch-off. Furthermore, the result
is similar to the droplet pinch-off of polymer solutions, where
the Newtonian regime of the thinning has an exponent α = 2/3
independent of the concentration. 18,28 We discuss two possible
flow behavior of the external liquid during the bubble pinch-off
to qualitatively rationalize why the exponent remains indepen-
dent of the concentration. We assume that during the thinning,
the liquid viscosity is either purely shear-thinning, or extensional
thickening. In the inset of Fig. 6(b), we observe that the prefac-
tor A, obtained from the best fit of a power-law, decreases with
the polymer concentration, and has a sharp drop for c = 1%
concentration. Similar observations have been made during the
droplet thinning of solvents and suspensions of increasing vis-
cosity.18 Therefore, the prefactor can hence be considered as an
amplitude of the second-order effect of viscosity on the thinning.
This decrease in A, and the observed slowing down of the thin-
ning with increase in concentration suggests that the extensional
thickening is a more likely mechanism at play here.

For the thinning shown in Fig. 6(a), we show the strain-rate
ε̇ near the liquid/air interface in Fig. 7. The strain-rate scales
as ε̇ ∼ ḣmin/hmin.22 For the solvent and low concentration solu-
tions, ε̇ diverges near tc. At larger concentrations corresponding
to the formation of the air thread, ε̇ reaches a maximal value
near tc and decreases when tc − t < 0. This decrease is clearly
visible for polymers concentrations of c = 0.5% and c = 1%,
where the experimental resolution allows us to track the thin air
thread. In a shear flow, the polymer solutions are shear thinning,
as shown in Fig. 3(a). If the solution shear thins, the thinning
near the pinch-off would become faster. However, the thinning
slows down near the pinch-off in polymer solutions. A slower
thinning suggests an increase in the flow resistance, similar to an
extensional viscosity thickening in droplet pinch-off. 22 The in-
crease in the flow resistance in the droplet pinch-off arises due
to a coil-stretch transition when the flow reaches a critical strain
rate.29 Near t → tc, the strain-rate increases sharply, as shown in

Fig. 7. Hence, it is likely that ε̇(tc−t → 0) is large enough to un-
coil the polymers in the vicinity of the liquid-air interface due to
the local elongational flow. A macroscopic manifestation of the
elastic interaction of the uncoiled polymers with the solvent is
the modified interface shape we observe at larger concentrations,
as can be seen when t − tc > 0 in Fig. 5(b). When tc − t > 0,
far from the pinch-off, ε̇ is below the coil-stretch transition limit
and the polymers do not interact with the flow. 18,28 The thinning
depends only on the solvent, as suggested by Fig. 6(a) where the
evolution of hmin for different polymer concentrations overlaps.
This is further confirmed by the recovered exponents, which are
independent of the polymer concentration. The slight difference
observed at the highest concentration is associated with the in-
creased viscosity due to the spherical polymer coils, which follows
Einstein’s laws.50

When the strain-rate ε̇ of the flow reaches its maximal value
near t = tc, the polymers likely start to uncoil locally near the in-
terface. Further, the maximum coil-stretch transition strain-rate
ε̇max decreases with the polymer concentration. 28 There are two
possible explanations for why we see the air thread only above a
threshold concentration. Indeed, it is likely that ε̇max for the low
concentration solutions (c = 0.01% and c = 0.02%) is larger than
the time resolution of our experiments, and the air thread thick-
ness smaller than the lowest pixel length. Alternatively, the time
scale of the singularity may be larger than the time scale of the
coil-stretch transition strain-rate (1/ε̇max) of the solution, hence
the bubble pinches off before it enters the viscoelastic regime.

The droplet and bubble pinch-off have similar features, such as
a period of Newtonian power-law thinning, which is independent
of the concentration, followed by a transition to a viscoelastic
regime. However, we highlight certain key differences in the thin-
ning, particularly during the viscoelastic regime. Although the
air thread in the bubble pinch-off in polymer solutions resembles
the viscoelastic filament in the droplet pinch-off, the thread itself
has no polymers. The thinning of this thread is likely governed by
the stretching of the polymers in the vicinity of the liquid/air in-
terface. We recall that the air threads in the solutions with mass
concentrations c = 0.5% and c = 1% have sufficient thickness to
characterize their thinning. Although λa, the fitting parameter
we obtain from the exponential thinning, 32 resembles the relax-
ation time λR of the droplet thinning, they are at least three
orders magnitude smaller. Further, the prefactor of the thin-
ning, A, decreases with increasing concentration. This suggests
a slower thinning of the higher concentration solutions during the
pinch-off. We also estimate the time-scale of the stretching of the
c = 0.5% and 1% polymer solutions during the bubble pinch-off
as 1/ε̇max ∼ 0.03 ms. This gives an order of magnitude estimate
of the extensional viscosity as η = 2σ/(hmin ε̇max) ∼ 80 mPa s.
It is also interesting to note that by rearranging the expression
for the extensional viscosity η = 2σ/(hmin ε̇max),22 we obtain
τη,c ∼ 1/ε̇max, the visco-capillary time scale. The observations
here is of an apparent paradox; even though the higher concen-
tration solutions are more viscous, the exponent we recover is of
an inviscid pinch-off.

Singularities in the bubble pinch-off are regions of topological
transitions, where the initial bubble separates to form a main
bubble and micron-sized satellite bubbles. 51 The differences in
the topology arise either as a function of viscosity in Newtonian
liquids, illustrated in Figs. 8(a)-(d), or elasticity, which is the
case in polymer solutions shown in Figs. 9(a)-(h). In Fig. 8(a),
we show the bubble neck in a 75/25% by weight water/glycerol
solvent before the pinch-off. The neck is fitted with a hyperbola
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Figure 8: Bubble neck profile and spatial evolution for Newtonian liquids. (a) A close-up view of the neck near the pinch-off in a
75/25% by weight water/glycerol (inviscid) solvent. The dotted lines at the liquid/air interface is a hyperbolic fit. (b) Polynomial
fitted spatial evolution of the bubble in the corresponding solvent. (c) The bubble near the pinch-off in a 10/90% water/glycerol
(viscous) solvent. The dotted line is a parabolic fit. (d) Polynomial fitted spatial evolution of the neck in the viscous solvent.

of the form r = R1

√
1 + z2, where r and z are the neck radius

and the width, respectively, and R1 is a fitting parameter. Similar
fits have been considered for a bubble neck in an inviscid liquid
in past studies.25 Fig. 8(b) reports the spatial evolution of the
neck for the time tc − t = −3 to 0ms using a polynomial fit. As
the thinning approaches the singularity, we see the neck evolving
from a smooth profile to a sharp corner before the pinch-off.
When the bubble thins in a more viscous solvent, like the 10/90%
water/glycerol shown in Fig. 8(c), the neck is modified. Viscosity
has a smoothing effect on the neck, which is fitted with a parabola
r = az2 + bz + c, with a, b, and c as the fitting parameters. The
parabolic neck has also been observed in previous studies. 52 Fig.
8(d) shows the polynomial fitted spatial neck profile a viscous
liquid for tc − t = −3 to 0ms. In a viscous liquid, the neck has a
smooth profile as it approaches the singularity.

For a bubble in polymer solutions, stretching of the polymers in
the vicinity of the liquid/air interface results in an elastic contri-
bution. At low concentrations, this contribution is likely beyond
the limits of what we observe. Hence, the bubble neck profile for
low polymer concentrations is similar to the bubble neck in the
solvent. For a 0.01% mass concentration, we fit the neck near
the pinch-off with a hyperbola as illustrated in Fig. 9(a). As
reported in Fig. 9(b), the spatial evolution of the neck for the
time tc − t = −3 to 0ms is also comparable to the solvent, which
evolves at a similar rate. After the pinch-off, the hyperbolic neck
in Fig. 9(c) destabilizes within a few milliseconds. We show this
decay in Fig. 9(d). At a higher concentration, the local Deborah
number De ∼ λRε̇max is of the order of 104. Thus, we expect
the elastic forces to influence the bubble neck near the pinch-off.
The solution is also more viscous due to a larger concentration of
polymers. From a viscosity-based argument alone, we expect a
smoother neck near the pinch-off for higher polymer concentra-
tion. However, the neck remains hyperbolic, as seen in a solution
of 1% concentration in Fig. 9(e). We also note that as t → tc, the
neck profiles are similar to the solvent and 0.01% solution. How-
ever, because of a larger viscosity of the solution, the neck evolves
over a time tc − t = −18 ms to 0ms, as reported in Fig. 9(f). As
discussed earlier, the dissolved polymers influence the thinning
only when the strain-rate is sufficiently high. For tc − t < 0,
the elastic contribution modifies the neck to form the air thread
visible in Fig. 9(g). Interestingly, we note that the neck, which
connects the air thread, remains a hyperbola as the thread thins.
Fig. 9(h) reports the fitted thinning of the neck. For tc − t < 0,
the solution elasticity strongly modifies the neck profile of the
bubble. Hence, up to the point when the neck profile approaches

t = tc, the thinning depends only on the viscosity of the solvent.
Elasticity begins to influence the thinning around t = tc, which
results in a unique bubble neck, different from the neck profiles
reported for a bubble in inviscid and viscous liquids.

5 Conclusion

The pinch-off of a bubble is a classic example of singularities in
fluids. As the bubble approaches pinch-off, the minimum thick-
ness of the bubble neck follows a power-law. For a bubble in a
Newtonian liquid, the power-law exponent α is a function of liq-
uid density; it takes a value α = 0.5 for low viscosity liquids and
α = 1 for high viscosity liquids. For a narrow range of viscosities
in between, the exponent lies in the range 0.5 < α < 1. In this
study, we consider the pinch-off of bubbles in polymer solutions of
different concentrations. The polymers are almost Newtonian ex-
cept at the highest concentrations but produce strong viscoelas-
tic effects in extensional flows at all concentrations. Further, the
solutions have zero-shear viscosities varying over four orders of
magnitude, and higher than that of the solvent. Thinning of the
bubbles in low concentration polymer solutions (up to c = 0.02%)
is similar to that of the solvent. But for sufficiently high concen-
trations (c ≥ 0.05%), an air thread appears for a short time before
the pinch-off. By defining an appropriate tc, solutions of all con-
centrations follow a power-law thinning with exponent α ≃ 0.5.
Above a large enough concentration (c > 0.5% here), the spatio-
temporal resolution of our experiments allows us to quantify the
minimum thickness of the air thread. The thinning here indi-
cates the existence of two distinct regimes before the pinch-off.
Similar to the droplet pinch-off of polymer solutions in air, 28 we
define tc not as the time when the bubble separates, but rather as
when the thinning transitions from one regime to another. This
approach allows us to show that the thinning of a bubble in poly-
mer solutions also follows a power-law with an exponent α ≃ 0.5.
This result is of notable interest as the solutions at larger con-
centrations are more viscous. We attempted to rationalize this
result by noting that near t = tc, the thinning slows down. This
suggests that the viscosity of the solution increases, similar to the
extensional thickening observed during the droplet pinch-off of a
polymer solution.22,28 The increase in the viscosity is likely due
to the unwinding of the polymers near the liquid/air interface at
a critical strain-rate. 29 Until the point of coil-stretch transition,
the polymer remains coiled and does not interact with the flow.
This could explain why the exponent observed for the solutions
remains similar to the solvent. The uncoiling and interaction of
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Figure 9: Bubble neck profile and spatial evolution of the neck in 4000K PEO solution in a 75/25% by weight water/glycerol solvent
and (a)-(d) c = 0.01%, (e)-(h) c = 1%. (a) The bubble neck near the pinch-off, with a hyperbola fit. (b) Polynomial fitted spatial
evolution of the neck near the pinch-off (c) The neck a µs after the pinch-off, with a hyperbolic fit. (d) Polynomial fitted spatial
evolution of the neck after the pinch-off. (e) The bubble neck a few µs before the air thread forms at tc − t = 0, fitted with a
hyperbola. (f) Polynomial fitted spatial evolution of the neck before the air thread forms. (g) The bubble neck a µs after the
pinch-off. The ends of the air thread is fitted with a hyperbola. (h) Polynomial fitted spatial evolution of the air thread.

the polymers with the flow is seen as the unique structure formed
by the bubble before it pinches off. The exponent observed also
echoes the recent results obtained for the singular coalescence of
polymer solution droplets, where a single exponent characterizes
the power-law thinning independent of the concentration. 41

The strong elastic effects due to the high polymer concentra-
tions also lead to a change in the topology of the bubble near
the pinch-off. For pinch-off in low viscosity Newtonian liquids,
the neck of the bubble has a hyperbolic shape. Unlike the high
viscosity solvents, which exhibit a parabolic neck, the polymer
solutions retain the hyperbolic shape as they approach t = tc.
At sufficiently large concentration, a thread-like structure be-
comes barely visible for a short time as a result of strong elastic
forces experienced by the solution at high strain rates. At even
higher concentrations, the effect on the topology of the air-liquid
interface is evident. After a period of thinning during which the
bubble has a hyperbolic shape and power-law thinning, it transi-
tions to a regime with an elongated thread appearing, analogous
to the cylindrical structure in the pinch-off of polymer drops.
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Defining the moment of Pinch-off

Due to the nature of the experiments, defining the exact moment of pinch-off tc is challenging. Indeed,
we use image processing routines to extract the minimum thickness of the neck connecting the air bubble
and the nozzle and are thus limited by this spatial resolution. Besides, we are able to detect the neck
up to the last frame before the bubble separates. These spatial and temporal uncertainties introduce
some variation on the exact value of tc. We use a python routine to manually select a region close to the
last data point (which corresponds to the smallest minimum thickness measured before pinch-off). For
polymer solutions with c ≥ 0.05%, a filament appears between the bubble and the nozzle for a short time
before pinch-off. In this case, the routine is slightly modified and will be discussed in the next section.
We adopt an approach similar to the one used recently for the coalescence of liquid droplets [2]. For
the processing, the time of the smallest minimum thickness measured is defined as a temporary value of
t = tc. We then vary this value tc − t in a narrow time range ∆t and perform a best fit routine of this
time axis with the minimum thickness. The exponent corresponding to the lowest value of the residual
obtained from this best fit is the exponent associated with the thinning, which is reported in this study.
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Modified definition for tc in polymer solutions

For solutions of 4000K PEO at concentration c ≥ 0.05%, our experiments show that the filament
shape is modified before pinch-off. The initial thinning exhibits a Newtonian-like dynamics. At later
time, an air thread forms, connecting the bubble to the nozzle. The thinning of this air thread follows a
different dynamics. This dynamics is visible in Fig. 1(a), which is obtained by using the definition of tc
used for Newtonian fluids (shown in pink). We modify the definition of tc by selecting the moment the
thread-like structure first appears as the new value of tc. A similar approach has been successfully used
for the pinch-off of droplets of polymers (see e.g., [3]).

This modified evolution of the thinning is shown in Fig. 1(b). Using this rescaling of time leads to a
power-law evolution of the thinning dynamics in the Newtonian regime. The best fit of the data with the
equation (tc − t)α shows here that we obtain an exponent close to 0.5. Note that such a power law is not
recovered if we consider tc as the final time of pinch-off. The power-law evolution is only valid for t < tc,
i.e., in the Newtonian-like regime.

Newtonian fluid like tc
Modified tc

c

0.5

(a) (b)

tc tc

Figure 1: Thinning of a bubble in polymer solutions of 4000K PEO with mass concentration c = 0.5%
(light blue) and c = 1% (dark blue) in a 75/25 wt% water/glycerol solvent at a flow rate Q =
0.02mLmin−1. (a) Evolution of the thinning dynamics without applying any time shift. (b) Log-log
scale evolution after selecting tc as the instant where the neck transition to an elongated thread.
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Influence of the flow rate and the frame rate on the measured
thinning dynamics

To ensure that the results reported in this study are not dependent on the experimental conditions,
we vary the following experimental parameters: 1) the flow rate Q of the syringe pump used to generate
the air bubble and 2) the frame rate of the recordings.

We set the syringe pump to the following flow rates Q = 0.02, 0.05, 0.1, 0.2 and 0.5mLmin−1. The
resulting thinning dynamics for the different flow rates are reported in Fig. 2(a). After selecting appropri-
ate values of tc, the thinning at different flow rates overlaps well to reveal an exponent α ≃ 0.5. Further,
we extract the exponents with best fit power-laws and report the values in the inset of Fig. 2(a). For the
range of flow rate Q considered, the variations in the exponent is within the accuracy of the experiment,
here α = 0.5094 ± 0.0129. These experiments confirmed that the results reported in this study do not
depend on the flow rate in the range Q ≤ 0.5mLmin−1 considered here.

We also show in Fig. 2(b) the thinning dynamics extracted from movies recorded at frame rates of
75,000, 100,000, 150,000, and 200,000 frames per second. After shifting the thinning with appropriate
tc using the method described in the previous section, we observe that the thinning of the neck follows
power-law evolution with best fit exponents α = 0.5023 ± 0.023, with no particular trend observed [see
inset of Fig. 2(b)]. The value of the exponent of the power law does not depend on the frame rate of the
recordings for the experimental conditions investigated in the main article, providing that the frame rate
used is large enough.

-1Q = 0.05 mL min
-1Q = 0.1 mL min
-1Q = 0.2 mL min
-1Q = 0.5 mL min

-1Q = 0.02 mL min

0.5 0.5

75K FPS
100K FPS
150K FPS
200K FPS

(a) (b)

Figure 2: Thinning dynamics of air bubbles in polymer solutions of 4000K PEO with c = 1% mass
concentration in a 75/25 wt% water/glycerol solvent. (a) Thinning dynamics for different flow rates Q
between 0.02mL/min and 0.5mL/min. (b) Thinning dynamics recorded at different frame rates between
75,000 and 200,000 frames per second. The insets in both figures show the exponents obtained by the
best-fit power law (tc − t)α.
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Thinning in Newtonian solvents

The thinning dynamics in Newtonian fluids depends on the solvent viscosity, leading to power-law
evolutions differing for inviscid and viscous solvents. This is shown in the main article, where the exponent
α ≃ 0.5 for inviscid solvents and α ≃ 1 for viscous solvents is recovered [1]. The difference in thinning is
also qualitatively visible at the bubble neck, which has a more conical or hyperbolic shape in the inviscid
solvent. However, when the viscous forces are dominant, the thinning is slowed down, and the resulting
neck can be fitted with a parabola.

(a)

(b)

Figure 3: (a) Thinning of a bubble in a 75/25 wt% water/glycerol solvent of viscosity ηs = 2.14mPa s
and (b) in a 10/90 wt% water/glycerol solvent of viscosity ηs = 213mPa s.

Thinning in increasing concentrations of polymer solutions

We show in Fig. 4 the thinning in polymer solutions when time t > tc. For low concentrations of
4000K PEO (c ≤ 0.02%), this time corresponds to when the bubble has already separated. However, for
c ≥ 0.05%, the air filament is visible. The initial thickness of this filament increases with the polymer
concentration, as illustrated in Fig. 4.

75/25% w/g 0.01% PEO 0.02% PEO 0.05% PEO 0.1% PEO 0.2% PEO 0.5% PEO 1% PEO

Figure 4: Profiles observed during the thinning of air bubbles in polymer solutions of 4000K PEO with
mass concentrations from c = 0% to c = 1%, prepared in a 75/25 wt% water/glycerol solvent. The
pictures are taken slightly after tc.
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Thinning of a solution of 300K PEO

To examine the influence of polymer molecular weight on the thinning dynamics, we prepare solutions
of 300K polymer in a water/glycerol solvent. The thinning of the solution was then fitted with the power-
law discussed in the main article, and is shown in Fig. 5. The exponents we recover are 0.497 ± 0.013,
similar to the exponents we obtain for the solvent and the 4000K PEO solutions.

1% PEO
0.5% PEO
0.1% PEO
0.01% PEO

300K PEO solutions

Figure 5: Exponents α extracted from the power-law hmin = A(tc − t)α for the experiments performed in
the polymers solution of rescaled concentrations c/c∗ = 0.37 to c/c∗ = 37, corresponding to c = 0.01% to
c = 1%. The horizontal dashed line indicates the exponent α = 0.497± 0.013. The yellow shaded region
is the standard deviation of the measured exponents.
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Relaxation Modulus of the polymer solutions

The relaxation modulus of a polymer solution is a reliable approach to measure the relaxation time
of viscoelastic material at the crossover of the elastic modulus G’ and viscous modulus G”. However,
for the dilute and semi-dilute solutions used in this study (c < 0.5% corresponding to c/c∗ < 10) the
resulting G’ and G” signals are noisy. Because of the low viscosity, we are unable to see a crossover for
solutions of c ≤ 0.5%. Similar observations were also noted for the relaxation modulus measurements of
PEO solutions by Varma et al.[4] in a recent study. For the 4000K PEO of 1% concentration, we measure
the crossover frequency ωc of G’ and G”, as shown in Fig. 6. The relaxation time is λR = 1/ωc. The
time of crossover, 1/ωc ∼ 0.75 s, is comparable to the relaxation time measured from droplet pinch-off.
Hence, the droplet pinch-off offers a reliable alternate way to measure the relaxation time of the polymer
solutions.
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Figure 6: The storage modulus, G’ and the loss modulus, G“, measured for the 4000K polymer solution
of concentration c = 1%. The crossover time 1/ωc ∼ 0.75 s is close to the relaxation time 0.5 s measured
from the droplet pinch-off experiment.

Movies of the experiments.

- Movie corresponding to pinch-off of a bubble in a 75/25 wt% Water/Glycerol solvent at 10000 fps and
100000 fps.
- Movie corresponding to pinch-off of a bubble in a 0.01% 4000K PEO in 75/25 wt% Water/Glycerol

Solvent at 10000 fps and 100000 fps.
- Movie corresponding to pinch-off of a bubble in a 1% 4000K PEO in 75/25 wt% Water/Glycerol Solvent

at 10000 fps and 100000 fps.
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