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approach [27] was used to derive the surface equation and calculate the surface coefficient of the

QPPP and the required shifts to match the NA for each lens.

Logarithmic Phase Plates (LPP) have been previously reported to enable EDoF over larger

ranges of defocus compared to CPP [13]. This result provides motivation for our study on the

design and performance of Variable Logarithmic Phase Plate Pairs (VLPPP) to further extend

DoF for lenses with different NA values through relative translation of VLPPP components, in a

manner analogous to the prior work on QPPP [42]. The general surface form of the LPP is given

in Eq. (1) [13]:

z(x, y) = sgn(x)αx2
maxx2(log |x| + β) −

u′xmaxx

zi

+ sgn(y)αy2
maxy2(log |y| + β) −

v′ymaxy

zi

. (1)

In this equation, α and β are logarithmic parameters, xmax and ymax are half-widths of the

aperture, (u′,v′) is an arbitrary point in the image plane, and zi is the image distance. The LPP

and VLPPP components are plano-freeform conĄgurations placed at or near the exit pupil of the

optical system, as illustrated in Fig. 1 for aspheric singlets.

Fig. 1. Schematic of a 0.25 NA aspheric lens with (a) LPP and (b) VLPPP.

We note that the nature of the LPP surface descriptions necessitates a different design approach

than previous work from [42]. In particular, the analytical design method used to derive the form

of the QPPP from CPP is not conducive for the present work on logarithmic phase plates; as

a consequence, a numerical design approach must be implemented to Ąnd the desired VLPPP

surfaces [43]. We consider the EDoF capability of the resulting logarithmic phase plates by

comparing both through-focus spot diagrams (ray-based models) and PSFs (wave-based models).

The analyses of the LPP and VLPPP elements parallel the treatment of the CPP and QPPP

systems in Ref. [42] to enable direct comparison of the two geometries.

2. Design approach and results

For this design, three Commercial-Off-The-Shelf (COTS) aspheric singlets with 0.25, 0.33, and

0.50 NA values and 22.5 mm Clear Aperture (CA) are considered [41]. CODE V and MATLAB

were used for optical design and performance analysis. A schematic illustration of the design

procedures for the LPP and VLPPP components is shown in Fig. 2.

First, the LPP form is implemented in CODE V. CODE V supports a wide range of surface

proĄles for implementation, however, the logarithmic form of Eq. (1) is not supported and

therefore, a User-DeĄned surface is required [44]. Next, the LPP surface coefficients are

optimized in CODE V for all lenses. The LPP designs for the 0.25 and 0.50 NA lenses are

then used as boundary elements in MATLAB as part of a numerical design process to realize

point-cloud representations of the VLPPP elements [43]. The resulting VLPPP surface point
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Fig. 2. Summary of the LPP and VLPPP design process.

clouds are next imported into CODE V as User-DeĄned NURBS surfaces, where they can be

used to model the desired EDoF functionality across the range of NA values. We now consider

each of these design stages in more detail.

2.1. Logarithmic phase plate design and optimization

As shown in Fig. 1(a), the LPPs are in a plano-freeform conĄguration located near the exit pupil

of the aspheric singlets. However, due to inaccessibility of the exit pupils for the selected lenses

and optomechanical considerations, the air gaps between the aspheric lenses and phase plates

were set to 1 mm. The LPPs are designed from Polymethyl Methacrylate (PMMA) at a design

wavelength of 633 nm (refractive index n= 1.489) with 22 mm clear aperture and 3 mm center

thickness.

The LPP was implemented in CODE V using Eq. (1) and its derivative to create a user-deĄned

surface for use in optimizing the performance of the EDoF system [44,45]. The design goal is to

create spots that are insensitive to defocus over a range from -6∆z to +6∆z, where:

∆z =
nλ

NA2
, (2)

where n is the refractive index of the surrounding medium (n= 1 for air), λ is the design

wavelength and NA is the lens numerical aperture [1]. The variable parameters for the LPP

design are the α and β coefficients in Eq. (1); u′, v′ and zi are neglected due to their negligible

effect on phase plate performance [13,18].

Following the method of Ref. [42], the optimization routine satisĄes two MTF-based

performance requirements to achieve EDoF imaging. First, to improve the performance of each

system by increasing through-focus MTF values at speciĄc spatial frequencies, and second to

decrease through-focus performance variation by minimizing the MTF value differences for

the selected spatial frequencies. The optimization frequencies were selected by identifying the

speciĄc frequency ranges exhibiting low values in the through-focus MTF performance of each

lens, and directly implemented in the merit function. The selected spatial frequencies for each

aspheric lens are summarized in Table 1.

Table 1. Optimization frequencies used to design LPPs for the
selected aspheric lenses.

Lens NA Optimization spatial frequencies (cycles/mm)

0.25 60, 86, 124, 240

0.33 61, 98, 115, 270

0.50 80, 160, 320, 480
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Three LPPs were designed based on the described criteria, one for each aspheric lens. Table 2

summarizes the surface parameters and sags of each design. Figure 3 shows 3D plots for the

surface of the LPPs designed for the 0.25 and 0.50 NA lenses.

Fig. 3. 3D surface map for the LPPs designed for (a) 0.25 and (b) 0.50 NA lenses over

22 mm clear aperture.

Table 2. LPP surface coefficients and sags for lenses with 0.25, 0.33
and 0.50 NA values.

Lens NA α coefficient β coefficient Phase plate sag (µm)

0.25 5.754e-8 1 5.6

0.33 7.138e-8 1 7.1

0.50 5.794e-7 0 40.6

2.2. Variable logarithmic phase plates: design approach and results

As discussed above, researchers have previously demonstrated the use of an analytical method

to derive the freeform surface equation of a phase plate pair that generates a desired wavefront

deformation through relative lateral shifts [27,43]. In this approach, the wavefront deformation

is proportional to the derivative of the freeform surface in the phase plate pair and the relative

shift amount between the pair. However, this approach cannot solve for wavefront deformations

caused by mathematical surface descriptions and derivatives with interdependent terms and

parameters. In our case, the composite surface created by the shifted VLPPP includes logarithmic

and XY-polynomial interdependent terms that are not conducive to analytic integration. As a

consequence, we apply the numerical approach demonstrated in Ref. [43] for the VLPPP design.

In this approach, two boundary elements are deĄned in the form of point clouds, along with

the desired relative shift for the phase plate pair, to design variable freeform elements utilizing

numerical integration techniques.

For the present work, the boundary elements are the LPPs designed for the 0.25 and 0.5

NA aspheric singlets, and the maximum desired shift between the phase plate pair is set as

±2 mm. The relative shift between the phase plate pair components is chosen based on the

required clear aperture, manufacturing constraints, and opto-mechanical requirements. The

boundary surface diameters are set by adding at least twice the maximum desired shift amount

between the pair to their clear apertures to ensure all rays transmit through the surfaces. For

this example, a 26 mm aperture was divided into 501× 501 sample points. After calculating

the required VLPPP surfaces, the relative shift required to enable EDoF for the 0.33 NA lens

was calculated by minimizing the difference between the composite surface from the VLPPP

as surfaces were incrementally shifted to the LPP designed for 0.33 NA lens. The point clouds

representing VLPPP surfaces were then implemented in CODE V as NURBS surfaces, which

allow for implementing height maps with unequal spacing as the base optical surface with no

need to deĄne conventional surface properties (radius of curvature, conic constant, etc.) [44,45].
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The VLPPP surfaces were then shifted to quantify the performance of the system. Figure 1(b)

shows the schematic of the 0.25 NA aspheric lens with shifted VLPPP as an example. The three

Ąxed LPPs are thus replaced by one VLPPP. Table 3 summarizes the shifts required to enable

EDoF for each aspheric lens, and Fig. 4 shows a 3D plot of one of the VLPPP surfaces.

Fig. 4. 3D surface map of one of the variable logarithmic phase plates over 22 mm clear

aperture.

Table 3. VLPPP design results.

Lens NA Relative phase plate shift (mm) Phase plate sag (µm)

0.25 -2

35.3 0.33 0.44

0.50 2

3. LPP and VLPPP performance analysis

3.1. On-axis system performance

This section analyzes the on-axis performance of the LPPs and VLPP by considering both ray-

and wave-based models.

3.1.1. Through-focus spot diagrams

Figure 5 qualitatively compares the through-focus spot diagrams for the three lenses with and

without the LPP and VLPPP. As expected, the spot sizes increase with the addition of phase

plates, with smaller variation over the designed range of focus (-6∆z to +6∆z). The VLPPP

systems create larger spots compared to the LPP designs. More quantitative comparisons are

presented below.

3.1.2. Through-focus MTF

As discussed in Sec. 2, the addition of EDoF phase plates decrease system sensitivity to defocus

at the expense of reduced resolution. Figure 6 shows the tangential MTF at best focus for all the

lenses with and without LPP and VLPPP. With the addition of EDoF phase plates, the on-axis

MTF worsens at the best image plane for both phase plates, with LPP performing better than

VLPPP, particularly for lower NA lenses.

To illustrate the through-focus on-axis performance of the designed phase plates, Fig. 7

represents the through-focus tangential modulation values for all the lenses with and without

EDoF phase plates at 80 cycles/mm as an example. The through-focus variation of the MTF

decreases with the addition of the phase plates. The peak MTF values are also lower, as expected.



Research Article Vol. 1, No. 7 / 15 Jul 2022 / Optics Continuum 1584

Fig. 5. Through-focus spot diagrams for 0.25, 0.33, and 0.50 NA lenses with LPP and

VLPPP.

Fig. 6. Tangential MTF at the best focus for the (a) 0.25, (b) 0.33, and (c) 0.50 NA lenses

with and without EDoF phase plates.

Fig. 7. On-axis through-focus tangential MTF plots (at f= 80 cycles/mm) for the (a) 0.25,

(b) 0.33, and (c) 0.50 NA lenses with and without LPPs and VLPPP.
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3.1.3. Root-mean-square (RMS) deviation of PSF and slope of RMS deviation of PSF

To qualitatively analyze the effect of EDoF phase plates on system performance, we consider the

through-focus PSF variation by calculating the RMS deviation of PSF and its slope introduced

previously [42]. For the RMS deviation of PSF calculation, the normalized PSF at best focus and

defocus image planes are used to Ąnd the RMS values, following Eq. (3):

RMS =

⌜

⃓

⎷

1

m2

m
∑︂

i=1

m
∑︂

j=1

(PSFd,i,j − PSFf ,i,j)
2. (3)

In Eq. (3), m2 is the total number of samples in the PSF matrix and PSFd,i,j and PSFf ,i,j

are the normalized PSF (in matrix form and m= 1024) at the defocused and best focus planes,

respectively. The slope of RMS deviation of PSF calculation, which represents the rate at which

the RMS deviation of PSF changes through focus, is calculated as follows:

si =
RMSi+1 − RMSi

di+1 − di

, i = 1, 2, . . . , 6, (4)

where RMSi+1 and RMSi are the RMS deviations of PSF values calculated for the image planes at

di+1 and di locations respectively, and si is the slope of the RMS deviation of PSF for each two

consecutive defocus image planes. With the addition of EDoF phase plates, smaller RMS values

are expected, which conĄrms less through-focus variation in PSF. As an example, Fig. 8 shows

the normalized PSFs using diffraction-based models for the 0.33 NA lens with its respective

shifted VLPPP at best focus and ±4∆z image plane locations.

Fig. 8. Normalized PSFs for the 0.33 NA lens with its respective shifted VLPPP at best

focus and ±4∆z image plane locations.

Based on literature [13,18], the LPP enables EDoF over a larger defocus range and therefore,

the axial ranges over which the RMS deviation of PSFs are calculated are extended to study

phase plate performance. Figure 9 compares the RMS deviation of PSF and its slope for the

three lenses with and without LPP and VLPPP over defocus range of -10∆z to +10∆z. With the

addition of LPP and VLPPP, the RMS deviation of PSF shows smaller values and the slope of

the RMS deviation of PSF exhibits lower values and through-focus variation, conĄrming more

consistent through-focus performance. Since the addition of VLPPP introduces more surfaces

and thickness in the optical system, lower performance is expected compared to the equivalent

LPP. This behavior is more pronounced in the lower NA systems. The LPP and its equivalent

shifted VLPPP show similar performance for the 0.50 NA lens.

3.2. Off-axis system performance

For imaging applications, it is also essential to consider system performance for off-axis object

location. This section considers and compares the performance of the designed LPPs and VLPPP

over a 3-degree Ąeld along the y-axis, as shown in Fig. 10.
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Fig. 9. RMS deviation of PSF through-focus and its slope for (a,d) 0.25, (b,e) 0.33, and

(c,f) 0.50 NA lenses with and without the LPP and VLPPP.

Fig. 10. Location of Ąeld angles along the y-axis.
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3.2.1. Through-focus spot diagrams vs field angle

We consider the through-focus spot diagrams (ray-based models) for the 0.33 NA lens as an

example. As the Ąeld angle increases along the y-axis, the spot sizes and shapes for the LPP and

VLPPP change (Fig. 11). The location of the smallest spot also changes at higher Ąeld angles

which is expected due to Ąeld dependent aberrations. This performance trend is also observed

for the 0.25 and 0.50 NA lenses with LPP and VLPPP.

Fig. 11. Through focus spot diagrams (from -6∆z to +6∆z) for the 0.33 NA lens with LPP

and VLPPP over a 3-degree Ąeld angle along the y-axis

3.2.2. MTF vs field angle

As mentioned previously, system performance degrades with an increase in Ąeld angle. As an

example, we consider tangential MTF plots at best focus for the 0.33 NA lens with and without

the EDoF phase plates at the discussed Ąeld points (Fig. 12). At higher Ąeld angles, the MTF

value decreases overall, worsening the systemŠs performance. This is expected due to the on-axis

nature of the optimization routine discussed in Sec. 2. The comparison in Fig. 12 also shows

the performance for the 0.33 NA lens with VLPPP at (0,0) and (0,1) degree Ąeld points is very

similar, with the higher Ąeld angle point performing slightly better at some frequencies.

Since it is expected to observe less through-focus MTF variation with the addition of EDoF

phase plates, we consider the through-focus tangential modulation plots for the 0.33 NA lens with

and without EDoF phase plates over the 3-degree Ąeld angle in Fig. 13. As expected, at higher

Ąeld angles the location of the best image plane changes, resulting in a shift in the maximum

modulation value location which becomes less pronounced at higher Ąeld angles due to lower

overall performance. However, the addition of phase plates leads to less modulation variation.
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Fig. 12. MTF at best focus for (a) 0.33 NA lens, (b) 0.33 NA lens with LPP and (c) 0.33

NA lens with VLPPP over a 3-degree Ąeld angle along the y-axis.

Fig. 13. Through-focus tangential modulation at f =80 cycles/mm for 0.33 NA lens with

and without EDoF phase plates at (a) (0,0), (b) (0,1), and (c) (0,3) Ąeld angles along the

y-axis.

4. LPP and VLPPP performance comparison to CPP and QPPP

As discussed previously, LPPs have been reported to enable EDoF in imaging systems over

a larger range of defocus compared to CPPs designed for the same imaging systems [13,18].

Therefore, as an example, we compare the through-focus spots and RMS deviation of PSF of the

previously designed CPPs and QPPP [42] with the current LPPs and VLPPP over a larger range

of defocus (±10∆z). Figure 14 compares the through-focus spot diagrams for the 0.33 NA lens

with and without CPP and LPP as an example. With the addition of the EDoF phase plates, the

through-focus spots become larger and less sensitive to defocus qualitatively.

Figure 15 compares the RMS deviation of PSF values for the 0. 25, 0.33, and 0.50 NA lenses

with and without CPPs, LPPs, QPPP and VLPPP. All phase plates are designed for the same lens

and with the same optimization goals, and the only differences are the surface descriptions of the

phase plates. For the lower NA lenses (0.25 and 0.33), the CPPs perform similar to or slightly

better than the LPPs. For the highest NA lens, the CPP has lower RMS deviation of PSF over the

designed range of defocus, suggesting a consistent through-focus performance. However, the LPP

RMS values decrease or are closer to the RMS value for the designed CPP for |defocus|>6∆z.

This suggests that the LPP can enable EDoF for higher NA lenses and over a larger range of

defocus compared to CPP. For the VLPPP and QPPP performance comparison, Fig. 15 shows

that the RMS deviation of PSF values are smaller for the QPPP for the lower NA lenses, creating

more consistent through-focus spots compared to VLPPP. For the highest NA lens, the QPPP

and VLPPP comparison show that over the designed range of defocus, QPPP has a smaller RMS

deviation of PSF, and over a larger range defocus range, the VLPPP performs better only on one
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Fig. 14. Through-focus (-10∆z to +10∆z) spot diagrams for the 0.33 NA lens with and

without the EDoF phase plates.

Fig. 15. Comparison of RMS deviation of PSF between previously designed CPP and QPPP

with current LPP and VLPPP designs for (a,b) 0.25, (c,d) 0.33, and (e,f) 0.50 NA lenses.
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side of the focus. However, the slope of the RMS deviation of PSF through-focus for the highest

NA lens with VLPPP is smaller compared to QPPP. Therefore, for higher NA lenses and over

large ranges of defocus, VLPPP could be advantageous due to its ability to create less and/or

slow varying PSFs compared to the QPPP.

5. Discussion and conclusion

In this paper, we have proposed a method to design a phase plate pair that enables variable

extended depth of Ąeld through relative translation of the phase components using a numerical

design approach. Three Ąxed phase plates with logarithmic surface description were designed

initially for commercial lenses with different NA values. The motivation for selection of

logarithmic surface type was its reported capability to enable EDoF over a larger defocus range

compared to the CPPs. The LPP surface parameters were optimized to meet two design goals:

(1) improving on-axis system MTF by increasing the MTF values at speciĄc spatial frequencies

and (2) decreasing on-axis MTF variation through focus by minimizing the MTF differences at

the selected frequencies. One VLPPP then replaced three LPPs to enable EDoF for the baseline

lenses. For the VLPPP design a numerical method was used instead of an analytical approach.

The need for use of the numerical approach was rooted in logarithmic and XY-polynomial

interdependent terms in the surface description of the LPP. This method leverages numerical

integration (developed in MATLAB) to Ąnd the required variable surfaces. The implementation

of the LPPs required user-deĄned surfaces and the VLPPP was implemented using NURBS

user-deĄned surfaces in CODE V.

The performance of the designed EDoF phase plates (LPPs and VLPPP) were considered for

both ray- and wave-based models and on- and off-axis rays. The through-focus spot diagrams

qualitatively showed that with the addition of the LPPs and VLPPP, the on-axis spots become

larger and less sensitive to defocus. A similar comparison over the 3-degree Ąeld angle (along the

y-axis) showed that the spot sizes and shapes vary through Ąeld and the location of the smallest

spot shifts at higher Ąeld angles due to the presence of Ąeld-dependent aberrations such as Ąeld

curvature. These comparisons conĄrmed that both LPPs and VLPPP enable focus-invariant

systems, with their best performance on-axis.

As a quantitative metric, we also compared the RMS deviation of PSF and its slope for the

LPPs and VLPPP. These metrics represent the self-similarity of the through-focus PSFs and the

rate at which the PSFs change through-focus respectively. As the image plane location moves

across the optic axis and away from the nominal best focus in a standard imaging system, the PSF

changes and therefore, the RMS deviation of PSF gets larger through focus. With the addition of

the LPPs and VLPPP, the RMS deviation of PSF values and their slope were reduced.

The MTF at best focus and through-focus were also studied for each lens with and without

EDoF phase plates (on- and off-axis) which showed that system MTF decreases and varies less

through-focus with the addition of the phase plates. These observations were consistent for both

on- and off-axis Ąelds, with the systems performing worse off-axis which is expected due to the

on-axis nature of the optimization routine. The Ąeld sensitivity of the system performance can be

linked to the asymmetries in the surfaces of the phase plates and the directionality of the shifts

between the VLPPP components. Further analyses could be performed on the 2D MTF of the

EDoF phase plates and performance metrics such as the Minimum Modulation Curve [46,47]. In

addition, optimization methods that consider the off-axis performance of the phase plates have

the potential to improve the imaging quality of these systems.

As mentioned previously, the motivation for this work was the suggestion by the literature that

the LPP enables EDoF over a larger range of defocus compared to CPP. As a result, a comparison

was performed for the through-focus spots and RMS deviation of PSFs for the previously designed

CPPs and QPPP with the current LPPs and VLPPP. Our observations showed that for the lower

NA lenses, the LPPs and equivalent VLPPP do not offer a great performance advantage over
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the CPPs and QPPP. However, for the highest NA lens the performance difference between the

CPP and LPP (and the QPPP and VLPPP) is more pronounced and the rate at which the RMS

deviation of PSF varies through-focus is smaller. Additional design and optimization are needed

to further investigate the LPP and VLPPP performance for lenses with higher NA values.
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