CHARACTERISTIC COVERING NUMBERS OF FINITE SIMPLE
GROUPS
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ABSTRACT. In the past few decades there has been intense interest in word maps
on groups with emphasis on (non-abelian) finite simple groups. Various asymptotic
results (holding for sufficiently large groups) have been obtained.

More recently non-asymptotic results (holding for all finite simple groups) emerged,
with emphasis on particular words (commutators and certain power words) which are
not an identity of any finite simple group. In this paper we initiate a systematic study
of all words with the above property.

In particular, we show that, if wq,...,ws are words which are not an identity of
any (non-abelian) finite simple group, then wi(G)ws(G) - - ws(G) = G for all (non-
abelian) finite simple groups G. Consequently, for every word w, either w(G)® = G
for all finite simple groups, or w(G) = 1 for some finite simple group.

These theorems follow from more general results we obtain on characteristic collec-
tions of finite groups and their covering numbers, which are of independent interest
and have additional applications.

1. INTRODUCTION

The theory of word maps on groups, and on finite simple groups in particular, dates
back to Borel [Bao], and has developed significantly in the past 3 decades; see for instance
IMZ], [SW], [LiSh1], [La], [Shi], [LS1], [LS2], [LOST], [LSTI], [GT], [B1], [B2] as well
as the monograph [Se| and the survey paper [Sh2].

Most of these works are of asymptotic nature. For example, it is shown in [LSTI]
(following [LST) [LS2]) that, for every non-identity word w there exists N(w) € N such
that, if G is a finite simple group of order at least N(w) then w(G)? = G. Recall that a
word is an element of a free group F; of rank d, and it defines a word map w: G* = G
for every group (G, induced by substitution. The image of this word map is denoted by
w(@G).

Here and throughout this paper, by a finite simple group we mean a non-abelian
finite simple group.
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Non-asymptotic results on word maps are often very challenging and require more
tools. See, for instance, [LOST], [LOST2|, [GM], [GT] and |[GLOST]. In [LOST] it
is shown that the commutator map is surjective on all finite simple groups, proving
the Ore Conjecture. Using a somewhat similar strategy, it was subsequently proved in
[LOST2] that, if w = P for a prime p # 3,5, then w(G)?* = G for all finite simple
groups G. In |[GM] a stronger result is established, yielding the same conclusion for
w = 2*, where k is any prime power or a power of 6.

The above result was further extended in [GLOST]. Consider the power words w; =
z¥ and wy, = ¢, where k = p®q® for primes p, ¢ and ¢ is an odd integer. By celebrated
theorems of Burnside and of Feit and Thompson, finite groups satisfying the identity
wy or the identity wy are solvable. In particular, wy, wy are not identities of any finite
simple group. It was proved in [GLOST] that, wi(G)* = G and wy(G)? = G for all
finite simple groups G.

Our main theorems, stated below, may be regarded as far-reaching extensions of the
above mentioned results. In particular, we derive similar conclusions for every word w
which is not an identity of any finite simple group, sometimes with somewhat larger
exponents. Our strategy is to pose and study a more general problem.

Definition 1.1. A collection of non-empty subsets S(G) C G, one for each finite group
G, is characteristic if for every homomorphism ¢: G — H we have ¢(S(G)) C S(H).

Some comments are in order.

1. For any characteristic collection S and for any finite group G, S(G) must be a
fully invariant — in particular, a characteristic — subset of G (take ¢: G — G);
furthermore, 1 € S(G) (take ¢ to be the trivial endomorphism of G).

2. For any characteristic collection .S, any finite group G, and any subgroup H of
G, we have S(H) C S(G); indeed, S(H) = «(S(H)) € S(G) for the natural
embedding ¢ : H — G.

3. Trivial examples of characteristic collections are S(G) = {1} for all G (the
minimal collection) and S(G) = G for all G (the maximal collection).

4. Given characteristic collections S, T, define their union S U T and intersection
SNT by (SUT)G) :=S(G)US(T) and (SNT)(G) := S(G) NT(G). Then
SUT and SNT are characteristic collections.

5. Given characteristic collections S, T, define their product ST by ST(G) =
S(G)T(G), which is easily seen to be a characteristic collection. This binary
operation is associative with an identity element (the minimal collection). Thus
the set of all characteristic collections is a monoid, which is partially ordered by
inclusion (where S C T if S(G) C T(G) for all G).

6. Let w € F; be a word, and consider the word maps it defines on finite groups
G. Then the collection S(G) := w(G) is obviously characteristic.

7. Let P; denote the free profinite group on zy, ..., 24 (namely the profinite com-
pletion of Fy). For any finite group G and g = (g1,...,94) € G? there is a
unique homomorphism v, : Py — G satistying ¢,(z;) = ¢; (i =1,...,d). Any
element W € P, (which may be regarded as a profinite word) gives rise to a
function (a profinite word map) W : G — G satisfying W (g) := ¢,(W). Set-
ting S(G) := W(G), the image of W, we obtain a characteristic collection S.
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It is easy to see that different elements Wy, Wy € P, give rise to distinct char-
acteristic collections Sp, S3. Hence the monoid of characteristic collections has
cardinality 2%,

8. Any word w in one variable, i.e. w = z* for some integer k, defines a word
map w: G — G on each finite group G, and the collection of kernels S(G) =
w™ (1) = {g € G : g* = 1} is characteristic.

Definition 1.2. A characteristic collection S is ample if |S(G)| > 2 for all finite simple
groups G.

For example, let w be a word, and let S be its associated characteristic collection
(i.e. S(G) = w(G)). Then the ampleness of w is equivalent to each of the following
conditions.

(a) w is not an identity of any finite simple group.

(b) w is not an identity of any minimal finite simple group (these are certain well known
groups of type PSLy or Suzuki type).

(c) For all finite groups G, w(G) = 1 implies that G is solvable.

In general, if S,T are ample characteristic collections, then so is their product ST.
Therefore the set of all ample characteristic collections forms a submonoid of the monoid
of all characteristic collections.

Definition 1.3. We define the characteristic covering number ccn(G) of a finite group
G to be the smallest integer n such that if Sy, ..., .S, are ample characteristic collections,
then S1(G)---S,(G) = G. If no such n exists, we say ccn(G) = oo.

The main result of this paper is the following:
Theorem A. If GG is a finite simple group, then cen(G) < 6.

Applying this for characteristic collections associated with words, we immediately
obtain the following.

Theorem B. If wy, ..., wg are words in disjoint letters, and none of the w; is an identity
on any finite simple group, then the juxtaposition wy - - - wg is surjective on every finite
simple group.

Corollary C. If w is a word which is not an identity on any finite simple group, then
w(G)® = G for every finite simple group G.

Clearly, Theorem B and Corollary C also follow when w, w; are replaced by profinite
words W, W.

Note that the condition that none of the w; (or w) is an identity on any finite simple
group in Theorem B and Corollary C is necessary. As shown in [KaN], [GT], for any
integer N, there exist a word w and a finite simple group G such that w(G) # 1 and
w(G)N #G.

One can apply Theorem A to other characteristic collections to get upper bounds
on their widths as well, and we indicate one of such applications. A theorem of John
Thompson states that any finite simple 3'-group is a Suzuki group and hence contains
elements of order 5. Therefore Theorem A applied to S(G) :={x € G | |z| = 1,3, or 5}
implies
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Corollary D. If GG is a finite simple group, then any element in GG is a product z; - - - z¢
with x; € G and |z;] =1, 3, or 5.

For comparison, it is shown in [GT, 3.8], that for odd primes p, the width of finite
simple groups of order divisible by p with respect to its elements of pth power order
is at most 70. See also Malcolm [Ma2] for the state of the art on the p-width of finite
simple groups.

As for lower bounds, it follows from |[GLOST) 8.9] that ccn(G) > 3 for some finite
simple groups G; indeed, there are odd integers ¢ and finite simple groups G such that
w(G@)? # G for w = 2. This can be improved as follows. In the special case that
w = 2, the collection S(G) = w™!(1) is ample by Feit-Thompson. The minimal n
such that S(G)" = G is the involution width of G, denoted iw(G). This invariant has
been investigated by several mathematicians (see [Ma] and the references therein). In
particular, Kniippel and Nielsen showed [KnN| 16] that iw(SL,(¢)) > 4 if n > 5 and
g > 7. When, in addition, ged(n,q — 1) = 1, we have SL,(¢) = PSL,(q), and this
gives a lower bound of 4 for the characteristic covering number of infinitely many finite
simple groups.

It would be interesting to know whether our upper bound of 6 for ccn can be improved.
Malcolm showed [Ma] that iw(G) < 4 for all finite simple groups, and it seems quite
possible that this is the optimal bound for ccn as well. For most finite simple groups
we can prove an upper bound of 4 or less. Indeed we have

Theorem E. Let GG be a finite simple group. Then cen(G) < 4 unless G is a group of
Lie type X, (q) where ¢ < f(r) for a suitable function f.

Consequently, excluding these possible exceptions, we have w;(G) - - w4(G) = G for
all words wy, ..., w4 which are not an identity of any finite simple group.

Treating the remaining groups seems very challenging.

As cen(@) reflects information on all simple subgroups of G, it cannot easily be
determined from the character table of G, as iw(G) and similar invariants such as the
covering number and extended covering number of G can be. We were able to determine
it in a few cases, of which the following results are representative.

Proposition 1.4. If p > 5 is a prime, then
2 ifp=1 d4
cen(PSLy(p) = {2 2= 1 (med®)
3 ifp=3 (mod4).
Proposition 1.5. For all sufficiently large n, cen(A,,) = 3.

Proposition 1.6. If n > 5 and q — 1 s sufficiently large and relatively prime to n,
then cen(PSL,(q)) = 4.

It would be interesting to find an example where ccn(G) > iw(G); at present, we do
not know of any.

2. PRELIMINARIES

In this section we obtain various preliminary results, which will be used in proving
our main results in subsequent sections.
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Lemma 2.1. Let G be a finite group. Then cen(G) < oo if and only if S(G) generates
G for every ample characteristic collection S.

Proof. Suppose ccn(G) < oo, and let S be an ample characteristic collection. Then
S(G)" = G for n = cen(G), hence S(G) generates G.

To prove the other direction, suppose S(G) generates G for every ample characteristic
collection S. Since G has only finitely many, say s = s(G) € N, distinct characteristic
subsets and S(G) 3 1, we may assume that there exists ng = n¢(G) € N such that
S(G)™ = @ for all such S. We have to show that there exists some n = n(G) € N such
that, given ample characteristic collections S;, 1 < i < n, we have S;(G) - -- 5,(G) = G.
Choosing n = (ng—1)s+1, we see by the pigeon-hole principle that at least ng of S;(G)
are all equal to some C' = S;,(G). Since 1 € S;(G) for all j and C™ = G, we conclude
that S1(G) -+ S,(G) 2 C™ = G. O

Set
G = {G : G is a finite group satisfying ccn(G) < oo}.
Then G is closed under taking quotients; indeed, it is easy to see that, if N <t G then
cen(G/N) < cen(G). However, the inequality cen(N) < cen(G) for N < G does not
hold in general; moreover, the set G is not closed under passing to normal subgroups.
Indeed we have the following observations:

Proposition 2.2. (i) Let G be a finite group. If ccn(G) < oo, then G is perfect.

(ii) Let the finite group G = E x H be a split extension, with E # 1 minimal abelian
normal subgroup, H non-abelian simple, and Cg(E) = E. Then cen(G) < oo
while cen(E) = oo.

(iii) Let L be finite quasisimple with Z(L) # 1 and L/Z(L) a minimal simple group.
Then cen(L) = oo.

Proof. (i) If G is not perfect, then by pulling back a subgroup of prime index from its
abelianization, we obtain a normal subgroup G, <G of index p for some prime p. Then
S(H) = {h? | h € H} defines a characteristic collection of subgroups, and it is ample
since no finite simple group has exponent p. However, S(G)" is contained in G,, for all
n € N, so cen(G) = oc.

(ii) The second statement is immediate, since E is a non-trivial abelian group. To
prove the first statement we apply Lemma . It suffices to show that S(G) generates
G for every ample characteristic collection S. By considering the natural embedding
t: H — G, we have that S(H) = «(S(H)) C S(G). Since H is simple and S(H) # 1 is
normal, (S(H)) = H. It follows that (S(G)) is a normal subgroup of G that contains
H. If (S(G)) = H, then H < G and so [E,H| = 1, contradicting the assumption
Cg(E) = E. Hence (S(G)) > H, and so (S(G)) = G since H is simple.

(iii) For any finite group G, let S(G) be the union of all non-abelian simple subgroups
of G. Then S is an ample characteristic collection (indeed, for any homomorphism
¢ : G — H and any simple subgroup X of G, ¢(X) is either trivial or a simple subgroup
of H, and so ¢(X) C S(H)). Now, if Y < L is a non-abelian simple subgroup, then
Y 2YZ(L)/Z(L) < L/Z(L) and so, by minimality of L/Z(L), L = YZ(L) 2 Y xZ(L),
contradicting the assumption that L is perfect. Hence S(L) = {1} and cen(L) = oc0. O
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We recall that the extended covering number ecn(G) of a finite simple group G is the
smallest integer n such that Cy---C, = G if C,...,C, is any sequence of non-trivial
conjugacy classes of G.

Lemma 2.3. If G is a finite simple group, then ccn(G) < ecn(G) — 1.
Proof. 1f cen(G) > n, then there exist ample characteristic collections S;, 1 < i <n—1,
such that S1(G)---S,_1(G) # G. As Si,...,S,_1 are ample,
S1(G) 8y ((G)DCy---Cpy
for some sequence C1, ..., C,_1 of non-trivial conjugacy classes of G. Moreover
1€ S51(G) - S,-1(G).
Therefore, there exists a non-trivial conjugacy class D such that D is disjoint from

Cy---Cp,_y. This implies 1 € Cy---C,_1D71 so ecn(G) > n+ 1. O

Lemma 2.4. Let ¢ > 4 be a prime power and Cy,Cs, C5 not necessarily distinct non-
central conjugacy classes in Slo(q).
(i) The product C1CyC5 contains all non-central elements of SLa(q).
(i) If ¢ # 5, then C1Cy contains elements of order ¢ — 1 and order ¢ + 1.
(iii) If ¢ =5, then C1Cy contains an element of order 4 and one of order 3 or order

6.

Proof. Let G be a finite group. Recall that, by the extended Frobenius formula, the
number of solutions to the equation g = xyxy - - - x for a fixed g € G and z; € C; = cl-G
(1 <i<k)is given by

(21) Hz 1 |C| Z X Cl C/ﬂ)X( 71)‘

k—1
| x€Irr(G) X< )
This implies that g € C - - - C}, provided the above expression is non-zero.
The result now follows from the well known character table of G := SLay(q). O

Lemma 2.5. Let ¢ > 4 be a prime power, d the g.c.d. of ¢ — 1 and 2, and C,Cy, Cs
not necessarily distinct non-central conjugacy classes in G := PSLy(q). Let C, denote
the set of elements of order q.
(i) The product C1CyCs5 equals G.
(ii) The product C1Cy contains elements of order (¢ —1)/d and (¢ +1)/d
(ili) If g =1 (mod 4) is prime, then C1Cy contains an element of C,.
(iv) If ¢ =1 (mod 4) is prime, then C,C, contains G ~ {1}.
(v) If ¢ = 3 (mod 4) is prime and Cy,Cq are classes of involutions, then C1Cy is
disjoint from C,.

Proof. For q even, PSLy(q) = SLy(q), but in either case (i) and (ii) follow immediately
from the corresponding statements in Lemma For ¢ an odd prime, C, is the union
of the two conjugacy classes. Conclusions (iii)—(v) follow by computing in the
relevant cases using the character table of G':= PSLs(q). O

From this lemma, we easily deduce Proposition [I.4]
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Proof of Proposition[I.4. The two conjugacy classes in C, are conjugate to one an-
other under PGLy(q), so if S;(G)S2(G) meets C, at all, it contains it. If S;(G) and
S2(G) each contain a non-trivial conjugacy class of G, then by Gow’s theorem [G],
S1(G)S2(G) contains all semisimple elements. If ¢ = 1 (mod 4), then by Lemma
(iii), S1(G)S2(G) = G, so cen(G) < 2. On the other hand, cen(G) > iw(G) > 2, so
cen(G) = 2. If ¢ = 3 (mod 4), then Lemma [2.5] (i) implies cen(G) < 3, and Lemma [2.5)
(v) implies iw(G) > 3, so cen(G) = 3. O

Lemma 2.6. If ¢ > 4 and C} and Cs are non-trivial PGLy(q) orbits in PSLy(q), then
C1Cy covers all split reqular semisimple conjugacy classes in PSLy(q).

Proof. Again, this follows from easy character table computations. O

Lemma 2.7. (i) IfCy, Cy, C3 are non-trivial conjugacy classes in PSL3(q), then C1CyCs
contains all non-trivial elements of PSL3(q).
(i) If2 < ¢ = —1(mod 3) and Cy, Cy, C3 are non-trivial conjugacy classes in PSU3(q),
then C1CyC5 contains all non-trivial elements of PSUs(q).
(iii) If 3 1t (¢ + 1) and Cy,Cy,Cy are non-trivial conjugacy classes in SUs(q), then
C1CyC3 contains all elements of order ¢*—q+1 in SU3(q). Moreover, ecn(SUs(q)) =
5.

Proof. Parts (i) and (ii) follow immediately from the fact that ecn(PSL3(q)) = 4, and
that ecn(PSUs(q)) = 4 for those ¢, see [Ol Corollary 1.9].

(iii) In this case, GUs(q) = SUs(q) x Z(GUs(q)), and so each C; = giSUS(Q) is a non-
central GUj3(q)-conjugacy class; furthermore, any element g of order ¢> — g + 1 belongs
to a class Cék) in [O, Table 1]. By assumption, det(g;) = 1 for 1 < ¢ < 3, and thus
condition (2) of O, Theorem 1.3] holds. Choosing m = 4, we see that condition (3)
of O, Theorem 1.3] also holds; see the first remark on [O, p. 221]. Now [O Theorem
1.3] shows that 1 € C,05C3 - (¢71)%Y3(@ | and so g € C;C,Cs. The last statement is
contained in [0} Corollary 1.9]. O

Lemma 2.8. Let G be a finite simple group of Lie type, and let s,t € G be two
semisimple elements such that
(i) For any pair of ample characteristic collections Si,Ss, the conjugacy class of s
belongs to S1(G)S:(G),
(ii) The product of the conjugacy class of s and the conjugacy class of t contains
G~ A1},
(iii) The element s is regular.
Then cen(G) < 6.

Proof. By the theorem of Gow |G], every semisimple element in G, in particular ¢, can be
written as a product of two conjugates of s. Now, if Ss,...,Sg are ample characteristic
collections, then s¢ C S35, and s C S5Ss, whence t¢ lies in S3(G)S4(G)S5(G)Ss(G).
Therefore

G~ {1} s 1t9C 81(G)---S6(@),

and it follows that cen(G) < 6. O
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Lemma 2.9. Let G be a finite group, and let 9(G) the lowest degree of a non-trivial
character of G. Let ¢ > 4 and ¢: SLy(q) — G be a non-trivial homomorphism. Suppose
that

(2.2) [Calp(s))I? <(G)

for any s € SLa(q) of order ¢ — 1, or for any s € SLa(q) of order g+ 1 if ¢ # 5, or for
any s € Slia(q) of order 3 or 6 if ¢ =5. Then cen(G) < 6.

Proof. By Lemma , if S1,S9 are ample characteristic collections, then g := ¢(s) €
S1(G)S2(G), where s € SLy(q) can be chosen to have order ¢ — 1, or ¢+ 1 if ¢ # 5, or
either 3 or 6 when ¢ = 5. Let C' := ¢“. By the Frobenius formula, C? = G if

Ix(9)]?
2 x(1) <!

le#xelrr(G)

For any y in the summation, |x(g)| < |Cq(g)|'/? by the centralizer bound for character
values, and x(1) > 9(G). Hence, by the second orthogonality relation,

(@) _ [Ca(g)]? » _ [Calo)”
1G¢x§lrr(G> O 2 o= (E

and we can deduce the needed inequality from (12.2]). O

x€lrr(G)

We conclude this section with two results which allow us to prove that ccn(G) < 4
when G is of Lie type and is sufficiently large compared to its rank.

Proposition 2.10. Let G denote a connected, simply connected simple algebraic group
of rank r over F, and G the finite simple group obtained by taking the quotient of G(F,)
by its center. Let r = ri + -+ 1, be a partition. If there exists a homomorphism
¢: SLa(q™) x -+ x SLa(¢™) — G with central kernel and if q is sufficiently large in
terms of r, then cen(G) < 4.

Proof. The number of F,-points on a torus of rank s is at most (¢ + 1)®. The regular
elements in a maximal torus 7T of G lie in a union of proper subtori of 7" indexed by
positive roots, so the number of elements in 7'(FF,) which are not regular semisimple is
less than 2r2(q + 1)1
We write H := [[5_, SLy(q")/Z, where Z := ker ¢ is some subgroup of the product
of the centers of the SLy(F,~ ) and is therefore of order at most 2". The inclusion of H
in G gives a homomorphism
k
H]FXT,L. — G.
i=1

The image under this homomorphism of elements which are non-trivial in each coordi-
nate is at least

2—r(1 _ 2q—1)rqr.
However, the image lies in a maximal torus 7" of G, i.e., the image of the F,-points of a
maximal torus T of G in G. Lemma[2.0|therefore gives a lower bound of the form ¢,.¢" for
the cardinality of the set of regular semisimple elements of 7" which lie in Sy (H)S2(H)
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where S; and S are ample characteristic collections. The conjugacy class of each such
element meets 7" in at most |IW| elements, where W denotes the Weyl group of G with
respect to T, whose order is bounded in terms of r. Each conjugacy class of a regular
semisimple element in G(FF,) has at least (¢+1)""|G(F,)| elements, so overall, we get a
positive lower bound, depending only on r, for the proportion of elements of G which lie
in 51(G)S2(G). Since S1(G)S2(G) is a normal subset of G, [LST2, Theorem A] implies
that S1(G)S2(G)S5(G)S4(G) contains all non-trivial elements of G. O

Note that the same argument works also for Suzuki and Ree groups.

Lemma 2.11. Let G be a connected, simply connected simple algebraic group of rank r
over F, and G the quotient of G(F,) by its center. Let ¢: SL’QC — G be a homomorphism
of algebraic groups over F, whose kernel lies in the center of SLE. Let GF denote a split
maximal torus of SL’;, and suppose ¢(G* ) is a mazimal split torus of G which contains
regular F -points. Then if q is sufficiently large in terms of v, we have ccn(G) < 4.

Note that if G is split, then ¢(GF)) is a maximal torus, so it contains regular elements
over F, if ¢ is sufficiently large. If G is not split, a maximal split torus is not a maximal
torus, so k < r.

Proof. For q sufficiently large, there exists (ai,...,ax) € (G,(F,) ~ {1})* such that
¢(ai,...,ay) is regular. By Lemma [2.6| (a1,...,a;) € Si(SLa(q)*)Sa(SLa(q)¥) if S
and Sy are ample characteristic collections. By a theorem of Ellers and Gordeev [EG|
Theorem 1] the product of G-conjugacy classes of any two regular semisimple elements
lying in maximal split tori of G covers G \ {1}. O

3. CLASSICAL GROUPS

For every positive integer n, we denote by ®,(z) the nth cyclotomic polynomial. We
recall [Zs] that for n > 2 and (n,q) # (6,2), ®,(q) is always divisible by a Zsigmondy
prime ¢, meaning that ¢ does not divide ¢, which implies and the order of ¢ (mod ?¢) is
exactly n. In particular, ¢ =1 (mod n).

Theorem 3.1. If G is a finite simple classical group, then cen(G) < 6.

Proof. We consider all the six types A,, %4,, B,, C., D,, and °D,. Let Si,...,Ss be
ample characteristic collections and set d := ged(2,q — 1).

Case G = PSL,(q) with n > 2 and (n,q) # (2,2), (2,3). Note that ecn(PSLq2(q)) = 4
for ¢ > 4 [AH, p. 2|, and ecn(PSL3(¢q)) = 4 [O, Corollary 1.9], so we may assume
n > 4. For (n,q) = (6,2), (7,2), we have SLy(8) < G, and any element of order 7 lies in
S1(G) S5 (G) for S; ample characteristic collections. Using the character tables for these
two groups in the GAP library, we check that the square of this conjugacy class covers
the non-trivial elements of the group, so cen(G) < 4.

We may therefore assume that (n,q) # (6,2), (7,2). Write ¢ = p/ for a prime
p, and m := |n/2] so that m > 2 and n € {2m,2m + 1}. By [Zs] and the as-
sumption on (n,q), we can find a Zsigmondy prime ¢ for (2mf,p). By Lemma
S1(PSLa(¢™))S2(PSL2(g™)) contains an element of order (¢™ + 1)/d. Since SLy(¢™) <



10 MICHAEL LARSEN, ANER SHALEV, AND PHAM HUU TIEP

SLam(q) < SL,(q), it follows that S;(G)S2(G) contains an element s of order divisible
by (¢™ + 1)/d which is divisible by ¢, and so s is regular semisimple. As discussed in
|GT, §2.2.1], one can find a semisimple element ¢ € G such that s¢-t% O G~ {1}.
Hence cen(G) < 6 by Lemma 2.8

Case G = PSU,(¢) with n > 3 and (n,q) # (3,2). Note that ecn(PSU3(q)) < 5 [O]
Corollary 1.9], so we may assume n > 4. If G = PSUg(2), then SLy(8) < G, and
we easily check that the square of the class in GG of any element of order 7 covers the
nontrivial elements of G, so cen(G) < 4.

We therefore assume that (n,q) # (6,2). Again write m := |n/2], so that m > 2
and n € {2m,2m + 1}. By [Zs] and the assumption on (n, ¢), we can find a Zsigmondy
prime / for (2mf, p) when 2|m, and for (mf, p) when 2 { m; note that ¢ divides ¢*™ — 1,
but not T[4 '((—¢)" — 1). By Lemma , S1(PSLy(¢™))S2(PSLa(¢™)) contains an
element of order (¢ + (—1)")/d. Note that

SLa(q™) < SLin(¢”) < SUzm(q) < SUw(q)
when 2|m, and
SLa(¢™) = SUs(¢™) < SUsm(q) < SUn(q)

when 2 { m. It follows that S1(G)S2(G) contains an element s of order divisible by
(g™ + (—1)™)/d which is divisible by ¢, and so s is regular semisimple (as one can
see by checking the eigenvalues of s). As discussed in [GT| §2.2.2], one can find a
semisimple element ¢ € G such that s -t¢ O G \ {1}. Hence ccn(G) < 6 by Lemma
2.8

Case G = PSp,,(¢q) with n > 2 and (n, q) # (2,2). (Note that Sp,(2)" = PSLy(9)). By
Lemma 2.5, S1(PSL2(¢"))S2(PSL2(¢")) contains an element s of order (¢" — 1)/d and
S3(PSLa(g"))S4(PSLa(¢™)) an element ¢ of order (¢™ + 1)/d. Since

SLa(q") = Spy(q™) < Spa,(q),

S1(G)S2(G) contains regular semisimple elements s of order divisible by (¢" —1)/d, and
S3(G)S4(G) contains a regular semisimple element of order divisible by (¢" + 1)/2. As
discussed in [GT) §2.2.3], s -t¢ D G~ {1}. Hence S;(G)S2(G)S3(G)S4(G) D G~ {1},
and cen(G) < 4.

Case G = P (q) withn > 7 and € = £. First assume that n = 7 and 2 { ¢. Note that
97((1) > S0 (q) > SLs(q), Q(q) > SO (q) > SUs(q).

Hence, by Lemma 2.7, S1(G)S2(G)S3(G) contains a regular semisimple element s of
order ¢* + ¢+ 1 and S4( )S5(G)S6(G) contains a regular semisimple element ¢ of order
divisible by (¢ — g+ 1)/ged(3,q+ 1). As discussed in [GT, §2.2.3], s¢ -t D G~ {1}.
Hence cen(G) < 6.
We may now assume n > 8, so that m := |[n/4] > 2. Note that
PSLy(¢”™) = Q5 (¢™) < Qip(9),

and S7(PSLy(¢*™))S2(PSLy(¢g*™)) contains an element 5 of order (¢*™ + 1)/d. Such an
element s is regular semisimple in each of the terms of

Qi (@) < Qs (q) < Qitmu(Q)-
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Hence, if G € {PQ,,(q), Qum+1(q), Py i0(q)}, then S1(G)Ss(G) contains a regular
semisimple element s of order (¢*™+1)/d. As discussed in [GT), §§2.2.3, 2.2.4], one can
find a semisimple element ¢ € G such that s¢ -t O G ~ {1}. Hence ccn(G) < 6 by
Lemma . In particular, we are done with type 2D,..

Consider the case of G = PQ, (q), and note that

PSLy(¢%) x PSLa(¢”™ %) < Q5 (q) x Qgu_y(9) < Q.().

Hence, if m > 3, then applying Lemma[2.5] we see that S;(G)S>(G) contains an element
s = (z,y), with z € S1(PSLa(¢?)) of order (¢*+1)/d and y € Sa(PSLy(¢*™?%)) of order
(¢*™? 4 1)/d. This element s is regular semisimple of type T} 3, ,, and, as shown in
[LSTT1, Proposition 7.1.1] and |[GM) Theorem 7.6], there exists a semisimple element
t € G such that s -t¢ O G~ {1}. Hence ccn(G) < 6 by Lemma . Suppose now
that m = 2, but ¢ > 3. Then

SLs(q) < SOg (¢) = Q4 (q), SUs(q) < SOz (q) — Q4 (¢)-

By Lemma 2.7, S1(G)S2(G)S3(G) contains an element s of order divisible by (¢* +

g+ 1)/ged(3,qg — 1), and such an element is regular semisimple of type T:;Ll’+ in G,

see [GT) §2.1]. Likewise, S4(G)S5(G)Ss(G) contains an element ¢ of order divisible by

(¢> —q+1)/gcd(3,q + 1), and such an element is regular semisimple of type T3 in

G (since ¢ > 3). By [GT), Lemma 2.4], s¢ -t = G \ {1}, whence ccn(G) < 6. In the

case G = QF (2), one can check directly that ccn(G) < 4, using an element of order 7
Consider the case of G = Qyp,43(¢) with m > 2, and note that

PSLy(¢”™) < Qypn(q) X Q3(q) < Qfry5(a)-
Again using Lemma[2.5 we see that S;(G)S2(G) contains an element s € S;(PSLa(¢*™))
of order (¢*™ + 1)/d. Note that
C504m15(a)(8) = T x SO3(q),

where T' < SOy, (¢) has order ¢*™ + 1. Since SO3(q) NG = Q3(g) has index 2 in SO3(q),
it follows that

[Ca(s)l = (¢ + 1)(q"* — q)/2.
Let B := ¢®~ 1. By [LOST, Corollary 5.8], © has exactly q + 4 nontrivial irreducible
characters of degree < B, which are the characters DY with o € Irr(Spy(q)), listed in
[LOSTY, Proposition 5.7]. The proof of Lemma shows that
(3.1)

< 0.07.

Z Ix(s)? _ |Cq(s)|*? < (¢ + 1)(¢? _q)/2)3/2 o372

<
B - 8m—4 5m—17/2
x€lrr(G), x(1)>B x(1) q q

The degrees of D¢ are listed in [LOST], Table I], showing that two of them have ¢-defect
0 for ¢ a Zsigmondy prime for (n — 3, ¢) and so vanish at s. Next we estimate |x(s)| for
the remaining ¢ 4+ 2 characters. Note that, in the action of s on the natural G-module
[, s has a unique eigenvalue A that belongs to Fg2, and this eigenvalue is A = 1 and
has multiplicity 3. Consider the action of z®s on V :=F, ® F} for any = € Sp,(q) and

Fg being the natural module for Spy(q). Then the fixed point subspace of z ® s on V/
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has dimension 6 if z = 1, 3 if 1 # x is unipotent, and 0 otherwise. It follows from the
formula [LOST], Lemma 5.5] for D, that

a(l
32) 1Da(s) £ S (0 + 0 = )+ ol — 1) =) = a6+ 20/ + 1),
Note that D2 = D, unless a(l) = (¢ + 1)/2 in which case D = D, — 1. Now, if
g = 3, then a(1) < 3, and so (3.2)) shows that |D2(s)| < 10.5. Since D2 (1) > 7260, it
follows that

()P _ 5-(10.5)°
2 S S e <0

x€lrr(G), 1<x(1)<B

If ¢ > 5, then since a(1) < ¢+ 1, (3.2) shows that |D3(s)| < 2¢ + ¢*/?(¢ + 1). As
D3(1) > ¢®, it follows that

< 0.2.

NG)P  (+2) - (2¢+¢2(g+ 1))’

> <
— 8

x€lrr(G), 1<x(1)<B X(l) q

Together with (3.1]), we have shown that
3
> Ix(s)P < 0.87,

1
1g#x€elr(G) X< )
and so (s9)3 D G\ {1} by the Frobenius formula. Consequently, ccn(G) < 6. O

Proposition 3.2. If G is a classical group and the order of G is sufficiently large in
terms of the rank of G, then cen(G) < 4.

Proof. We do a case analysis.

Case G = PSL,,(q). Let m = |n/2]. The obvious homomorphism SLy(q)"™ — SL,(q)
maps (z1,...,%,) to a regular semisimple element in a split maximal torus of SL,, over
F, and hence to a split regular semisimple element of GG, whenever the z; are regular
semisimple elements with eigenvalues )\Z:-tl, A € Fy, and A # )\jd for all 7, 7. This case
now follows from Lemma 2.111

Case G = PSU,(q). Let m = |n/2|. We proceed exactly as before, using the obvious
homomorphism from SLy(q)™ = SUs(q)™ to SU,(q). An m-tuple of regular semisimple
elements such that \; # )\jﬂ for all 7, 7 maps to an element in an m-dimensional split
torus of GG, and this is a maximal split torus [}, Table 2].

Case G = PSp,,,(q). We proceed as before, using the obvious homomorphism from
SLa(q)™ =2 Spy(q)™ to Spy,,(q), which maps any split maximal torus of SLj to a split
maximal torus of Sp,,,.

Case G = PQy,.1(q). If n = 2m, we proceed as before, using composition of the
obvious homomorphisms from SLy(q)" to
Spin; (q) * Sping (q) * ... * Spinj () = Sp,(q) * SLa(q) * ... * SLa(q)

TV TV
m—1 n—2
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and Sping(q) * Spiny (¢) * . .. * Spinj (¢) — Spin,,,1(¢). If n = 2m+ 1, we map SLy(g)"

m1
onto Sping(q) * Spinj () * ... * Spinj (¢) and maps the latter to Spiny,(q).
Case G = PQj (q). If n = 2m, we map SLy(q)" onto Spinj (¢) * ... * Spin} (¢) and

map the latter to Sping, (q). If n = 2m + 1, we map SLy(¢)""* to
SLa(q) = SLa(q) * ... * SLa(q) = Sping (q) * \Spinj{(q) kL. ok Spinj{(q)j,

TV
n—3 m—1

which embeds in the usual way in Spin, (¢).
Case G = PQ,, (q). If n=2m + 1, we map SLy(q)" ! = SUy(¢)? x SLy(q)" 2 onto
SUa(q) % SLa(q) * ...+ SLa(q) = Sping (¢) * Spin; (q) * ... * Spinj (q),

~
n—3 m—1

which embeds in the usual way in Spin,,(¢). Note that an ordered pair of regular
semisimple elements of SUy(q) with distinct eigenvalue pairs gives a regular semisimple
element of SU4(q), and it follows that the image of a maximal torus of SL ™" in Spin,, (q)
meets the regular semisimple locus. As Spin,, is not split, it cannot have a split torus
of rank n, so any split torus of rank n — 1 must be a maximal split torus. It follows
that the image of a split maximal torus of SL§ ! is a maximal split torus of Spin,,,.

If n = 2m, we identify Spiny (¢) with SLy(¢*) and map SLa(q¢?) X SLa(q)" 2 into
Spiny, (¢). This maps (y, 21, ..., x,_2) to a regular semisimple element when y and the
x; are regular semisimple, the eigenvalues of all z; lie in [F,, the eigenvalues of y do
not lie in F,, and no two z; have an eigenvalue in common. We can no longer use the
Ellers-Gordeev method, but Proposition applies, so we still obtain cen(G) < 4. O

From this, we easily deduce Proposition [I.6]

Proof of Proposition[1.6. Because n and ¢ — 1 are relatively prime, PSL,(q) = SL,(q),
SO

4 =iw(SL,(¢q)) = iw(PSL,(¢)) < cen(PSL,(q)) < 4.
O
At present, weakening the assumption “the order of GG is sufficiently large in terms

of the rank of G” in Proposition even to “the order of G is sufficiently large” seems
challenging.

4. EXCEPTIONAL GROUPS OF LIE TYPE

The following lemma will be useful for us.

Lemma 4.1. Let G be an exceptional group of Lie type and s an element of G whose
order is divisible by a prime ¢ which is Zsigmondy for (n,q). Then

(i) If G = Fy(q) and n = 8, then s is reqular semisimple with centralizer order q* + 1.
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(ii) If G = ?Fy(q) with ¢ > 8, n = 4, and ¢ > 5, then s is reqular semisimple with
centralizer order ¢* + 1.

(iii) If G = Eg(q) or G = ?Eg(q), and n = 8, then s is reqular semisimple with
centralizer order (¢* — 1)(¢* +1).

(iv) If G = Ez(q) andn =17, then s is reqular semisimple with centralizer order q" — 1.

(v) If G = Ex(q) and n =7, then s has centralizer order dividing (¢* — q)(¢" — 1).

Proof. In all five cases, £ — 1 has a divisor > 5, so £ > 11. Let t denote a power of s of
exact order ¢, so t is semisimple. By [MT], Lemma 2.2], the connected center 7' of the
centralizer of ¢ has order divisible by £. It suffices to prove the stated claims for ¢, since
the centralizer of ¢ contains the centralizer of s. In general, ¢ divides ®,,(q) only if m is
n times a power of £. The order of every torus 7" in G can be written [, ®;,(¢), where
> ¢(i;) is the rank of the torus; in particular, ¢(i;) < 8, which implies that i; < n¢, so
if ¢ divides |7T', then i; = n for some i;.

In the F} case, ¢(8) = 4 so T must have order ®g(t), so t must be regular semisimple.
The same argument applies to 2Fy(q) (which is 2Fy(r?) with r = ¢'/?). In the Es and
2Fg cases, we consult the connected centralizers in the Fg table in [FJ1] and conclude
that ¢ must be regular semisimple and associated to wig, implying the stated centralizer
order. The FEr-table in [FJI] has a ®7(q) factor in the connected centralizer of ¢ only
for the regular semisimple case associated to wsg. The Fg-table in [FJ2] has a ®7(q)
factor in three cases: the regular semisimple classes associated to ws; and wss, with
centralizer orders (¢ —1)(¢" —1) and (¢+1)(q" — 1) respectively and the (A, ws;) class,
with centralizer order (¢* — q)(¢" — 1). O

Theorem 4.2. If G is a finite simple group of exceptional Lie type, then ccn(G) < 6.

Proof. We consider each of the ten possibilities.

Case ?By(q). As G is a finite simple group, we have ¢ > 8. By [AH, p. 2], ecn(G) = 4,
so by Lemma[2.3] cen(G) < 3.

Case G5(q)'. The character table for ¢ = 2 is in the GAP library, and we easily compute
that the extended covering number of this group is 5, so cen(G) < 4. Otherwise, g > 3,
so Ga(q)" = Ga(q). By |LSS| Table 5.1], we have SL3(q) < Ga(q). Let e := ged(3,q—1) =
ged(3,¢* + ¢+ 1). By Lemma , for all Sy, S,,S3, every element 5 of order Cratl §y
PSL3(q) belongs to S1(PSLs(q))S2(PSL3(q))S5(PSLs(q)), and let s be any lift of 5 to
SLs(¢). By [GM| Table 10|, every non-trivial element of G is a product of two such

elements s, so ccn(Gz) < 6.

Case 2G5(q). When ¢ = 3, this is PSLy(8), so we have ccn(G) < 3. When ¢ > 27,
2Gy(q) is already simple. By [LSS, Table 5.1], PSLy(q) < G, so by Lemma , any
S1(G)S(G) contains an element s of order %+, and by [GM, Theorem 7.1], every
element of G \ {1} is a product of two conjugates of s. Thus cen(G) < 4.

Case 2Dy(q). We compute

ecn(®Dy(2)) =7, ecn(*Dy(3)) = 6,
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using the character table in the GAP library for the former and Frank Liibeck’s char-
acter table, computed using the generic character table for 3D, in CHEVIE [GHLMP],
for the latter. So we may assume g > 4.

By [LSS|, Table 5.1], we have SLa(q) x SLa(¢*) < ®Dy(q) if ¢ is even and the central
product SLy(g) * SLy(¢%) if ¢ is odd. In either case, by Lemma[2.4 given ample char-
acteristic collections S; and S, this subgroup contains an element s of S1(G)Ss(G) of
order (¢ — 1)(¢® +1)/d where d := gcd(2,q — 1). This element is regular semisimple of
type s11 in the Deriziotis-Michler classification [DM|, Table 2.1]; it follows that the order
of its centralizer is (¢ —1)(¢> + 1) < ¢*. From Liibeck’s table of degrees for 3D,(q) [Lu],
we know that except for the trivial character and a character y; of degree q®i5(q), all
other irreducible characters of 2D, (g) have degree greater than ¢®/2 when ¢ > 4. By [Sp|
Table 2], the value of y; at a regular semisimple element with centralizer (¢ —1)(¢*>+1)
is 1. Certainly, 35 1.y [X(5)]* = [Ca(s)] < ¢, and [x(s)] < ((¢ = 1)(¢* + 1))/ < ¢
for all 1 # x € Irr(G). We conclude that

|X
Z q<I>12 + Z

X#£1 x(1)>e1(1) (
2

2 2
<E+?<1,

Tw

so the Frobenius formula implies that (s%)% = G.

Case Fy(q). By [LSS, Table 5.1], Sp,(q?) < Fy(q). Therefore, SLy(q*) < Fy(q). We are
therefore guaranteed elements s of order ¢* + 1 in S (Fy(q))S2(Fi(q)). By Lemma
such elements are regular semisimple. By [GM], Table 11}, If ¢ is any element of order
®15(t), then the product of the conjugacy class of s and the conjugacy class of ¢ covers

Fi(g) ~ {1}. Thus, Lemma [2.8| implies ccn(Fy(g)) < 6.

Case 2Fy(q)'. For q = 2, this is the Tits group. In this case, we can use the character
table in GAP to compute the extended covering number, which is 5, so cen(G) < 4.
We may therefore assume ¢ > 8, so 2Fy(q) is already perfect. By [LSS, Table 5.1],
SLy(¢?) < Sp,(q) < 2Fy(q). Thus, 2F4(q) contains regular semisimple elements s of
order ¢° + 1 by Lemma[4.1] The centralizer of s in 2Fy(q) has order ¢*>+ 1, and by [LS]
we have 9(G) > 27Y/2(1 — ¢ 1)¢'"/2. Lemma [2.9 now implies that ccn(G) < 6 for ¢ > 8.

Cases Fg(q) and 2Fg(q). As Fy(q) < G, we have SLy(¢?) < G, and proceeding as in the
Fy(q) case, we are guaranteed elements s of order ¢* +1 in S;(G)S2(G). These elements
are regular semisimple by Lemma [4.1] By [GM, Table 11], there exists a semisimple
element ¢ such that the product of the conjugacy classes of s and t cover G~ {1}. Thus,

cen(G) < 6 by Lemma 2.8

Case Er(q). By [LSS| Table 5.1, E7(q) contains PSLQ(q7). If S; and S, are ample
Characteristic collections, then S;(PSLy(g"))S2(PSLy(¢")) contains an element s of order

q'—1or q L By Lemma this element is regular semisimple. In [GM] Table 11] is
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it shown that there exists an order x5 prime to ¢ such that the product of any conjugacy

class of order z; = ¢ — 1 and any conjugacy class of order xy covers G ~ {1}. The

proof depends only on the divisibility of x; by a Zsigmondy prime and therefore goes
7

through unchanged if 21 = 2. Lemma [2.8 now implies that ccn(E(q)) < 6.

Case FEg(q). By [LSS, Table 5.1], Es(q) contains a E°(q), which, in turn, contains
a perfect central extension H of H = PSLy(q"). We can therefore regard H as a
central quotient of SLo(q”). If S; and S, are ample characteristic collections, then
S1(H)Sy(H) contains an element s of order ¢” — 1 or ‘172;1. This element is therefore
semisimple, and by Lemma the order of its centralizer divides (¢* — ¢q)(q" — 1).
By [LS], o0(G) > ¢*"(¢* — 1) > ¢*. As (¢'9)%? = ¢ < ¢*®, Lemma implies
cen(Es(q)) < 6. O

In most cases, we can prove the improved bound of 4.

Proposition 4.3. If G is a sufficiently large finite simple group of exceptional Lie type,
then cen(G) < 4.

Proof. For each series of exceptional groups of Lie type with the exception of 2B, (which
is already covered by Theorem [4.2), Es and 2Eg, [LSS, Table 5.1] gives a subgroup of
the type for which Proposition [2.10] applies.

Suppose G is of type Eg, i.e., it is the quotient of G(IF,) by its center, where G is the
split simply connected group group over F, of type Eg. As Ay x A5 can be obtained from
the extended Dynkin diagram of Ey by deleting a vertex, it follows that there exists a
homomorphism SLy x SLg — G of algebraic groups over F,, and a maximal torus of
the former maps to a maximal torus of the later. Thus, there exists a homomorphism
¢: SL3 — G which factors through SLy x SLg — G, which maps a split maximal torus
into a split maximal torus, and whose image contains regular elements if ¢ is sufficiently
large. The proposition now follows from Lemma [2.11}

Finally suppose G is of type 2Es. Let G be a simply connected non-split group of
type Eg over F,. By [T Table 2], it is of rank 4 over F,. The rank of SLy x SUg over F,
is also 4, so there is a homomorphism SLs x SUg — G mapping a maximal split torus to
a maximally split maximal torus. Using SLi = SUj — SUg, we obtain a morphism of
algebraic groups over [F, from SL3 to G which sends any split maximal torus of SLj to
a maximal split torus of G and whose image in GG contains regular semisimple elements.
The proposition again follows from Lemma [2.11 O

5. ALTERNATING GROUPS AND SPORADIC GROUPS
Proposition 5.1. For n > 5 we have cen(A,,) < 4.

Proof. By [AH, p. 1], we have ecn(A,,) <5 for n < 9, so by Lemma[2.3] we may assume
n > 10.

If p is a prime, the permutation representation on P'(F,) embeds PSLy(p) in A,41.
Every element of order p maps to a p-cycle in A, and therefore to a p-cycle in A,, for
alln > p+1. By Lemma[2.5] if p=1 (mod 4), then there exist elements

s € S1(PSLa(p))S2(PSLa(p)), t € S3(PSLa(p))Sa(PSLa(p))
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of order p. Hence every element in A, which is a product of two p-cycles lies in
S1(A,) -+ - Si(Ay).

By a theorem of Bertrand [B], if |2 ] < p < n, then every element of A, is a product
of two p-cycles. Therefore, ecn(A,,) < 4 whenever there exists a prime which is 1 (mod
4) in the interval [[3n/4]|,n — 1]. Applying this for p = 13 and p = 17, we get the
desired inequality for n in {14,15,16,17} and {18, 19, 20, 21, 22, 23} respectively. The
following table gives primes which together cover all values of n € [30,1.3 - 10'9].

29 37 41 53 61

73 97 113 149 197

257 337 449 293 773

1021 1361 1801 2393 3181
4241 5653 7537 10037 13381
17837 23773 31657 42209 56269
75017 99989 133277 177677 236897
315857 421133 561461 748613 998117
1330789 1774373 2365829 3154433 4205909
5607853 7477121 9969457 13292593 | 17723449
23631253 | 31508329 | 42011093 | 56014789 | 74686357
99581809 | 132775693 | 177034217 | 236045497 | 314727293
419636389 | 559515161 | 746020213 | 994693597

By a theorem of Ramaré and Rumely [RR], if n > 10'°, then the sum of logp over
all p < n which are 1 (mod 4) lies between .495n and .505n. It follows that there is
at least one such prime in the interval [n,1.1n] for all n > 10'° and this is enough to
show cen(A,,) < 4 for all n > 1010,

If ¢ is any odd prime power, then for C; and C5 non-trivial conjugacy classes in

PSL,(q), there is an element of order %t in C;C,. This maps into a product of two

+1 2
q
t2

disjoin cycles. A theorem of Xu [X] asserts that if n — 1 < r 4+ s < n, then every
element of A, is a product of two elements, each consisting of two disjoint cycles of
length r and s. Applying this for ¢ = 9, ¢ = 11, ¢ = 23, ¢ = 25, and ¢ = 27 we get
cen(A,) < 4 for nin {10, 11}, {12,13}, {24,25}, {26,27}, and {28,29} respectively, so
all cases are covered. OJ

To deal with A,, for large n, it is useful to have the following lemma:
Lemma 5.2. Let p be a prime, k and n positive integers, n > kp, and

ULy ooy Ug, UL, .-, 0 € {1,... 0}

such that w; # uj, v; # v;, and u; # v; when it # j. Then there exists an element o € S,,
such that o(u;) = v; for 1 <i <k and oP is the identity.

Proof. For each i such that u; = v;, let X; = {u;}, and for each i such that w; # v;, let
X; be a p-element set containing u; and v; and such that the X; are disjoint from one
another. We define o to be the identity on {1,...,n} ~|J X; and to cyclically permute
the elements of each X; such that o(u;) = v;. O

We can now prove Proposition [I.5
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Proof of Proposition[1.J. First we note by [TZ, Theorem 1.2] that iw(A,) > 3 when
n > 15: indeed, not every element in A, with n > 15 is a product of two involutions.
Hence it suffices to show that ccn(A,) < 3 when n is large enough.

We say a characteristic collection S if of type r if r is the smallest prime such that
S(As) contains an element of order r. If S is ample it must be of type 2, type 3, or type
5. For any positive integer n and 0 < m < [n/5], the embedding A" < A, guarantees
that S(A,) contains an element of cycle type 1°74m22™ if S is of type 2, 1°73m3™ if S
is of type 3, and 1°7°"5™  if S is of type 5.

For p = £1 (mod 10), A5 < PSLs(p) < A,41, and every element of A; of order
r, when regarded as an element x of A,,;, has at most 2 fixed points and otherwise
consists entirely of r-cycles. For p = 59, x is therefore a permutation of the form /7.
If S is of type 2, the embedding A%, x A, _go; < A, gives S(A,,) elements of cycle type
15-4m22m whenever m belongs to
n — 601

5

When 75460k < n < 754 60(k+1), the consecutive intervals in the sequence Iy, ..., I}
overlap, so for 0 < m < 15k, all elements of cycle type 15422 helong to S(A,). This
means that every even permutation of order 2 with at least By = 75 fixed points lies in
S(A,,). By the same reasoning, for B3 = 100 and Bs = 60, all elements of order 3 and 5
in A,, with at least B3 and Bj fixed points respectively lie in S(A,,) if S is respectively
of type 3 or 5.

By [LS1, Theorem 1.2(ii)], if x is an element of S,, of prime order r and a bounded
number of fixed points, then for every irreducible character y of S,,, |x(z)] < x(1)/7+°W),
Therefore, if n is sufficiently large and x4, zo, x3 are three such elements in A,,, of orders
r1, 79,73 respectively, and

I; = |15, 15i + |

then the product of the S,-conjugacy classes of the z; cover A, \ {1}. (Indeed, note
that we have 1/r; + 1/ry + 1/r3 < 41/42 in such a case, and so, by [LiSh2, Theorem
2.6],

—0

T1)X(Z2)X (X3 1
3 IX(z1)x(72)x(73)] 3

(1) = ()72

X€EIrr(Syn), x(1)>1
when n — 00.) We may assume without loss of generality that 1 < ry < 73, so we
need only consider the cases (r1,72) = (2,2), (r1,r2) = (2,3), and r; = ry =r3 = 3. We
proceed by case analysis.

Case (2,2,73). For any k > 1, let
op = (1,2) -+ (2k — 1,2k) € Sop, 7o = (2,3) -+ (2K, 2k + 1) € Sopr1.

X€Irr(Sn), x(1)>1

Thus, o7k is a (2k + 1)-cycle, while oy 71 is a 2k-cycle. Applying this to any cycle, we
see that every element in S,, can be written as a product of two involutions. Regarding
S,n_2 as the stabilizer in A, of {n — 1,n}, we see that every element of A, which fixes
n—1 and n can be written as a product of two involutions in A,,. More generally, every
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element of A, with at least 2 + B fixed points can be written as a product of even
involutions, each of which has at least By fixed points and hence belongs to S(A,,).
We claim that if n is sufficiently large, for every p € A,, and p € {2, 3,5} there exists
7 € A, of order dividing p with at least B, fixed points such that 7p has at least 24 B,
fixed points. We choose a sequence xy,...,2Ta4p, of distinct elements of {1,...,n}
such that p(z;) # x; for i # j and then a sequence y,...,yp, of distinct elements of
{1,....,n}~{p(21),...,p(x215,)}. By Lemma5.2] if n is sufficiently large, there exists
an even permutation 7 of order 1 or p which fixes each y; and maps each p(z;) to z;. By
the above discussion, 7p € S(A,,)S(A,) and 7! € S(A,,), hence p € S(A,)S(A,)S(A,).

Case (2,3,73). Let

or = (1,2)(4,5) -+ (3k — 2,3k — 1),

; =(3,4)(6,7)--- (3k,3k + 1),
=(2,3,4)(5,6,7)--- (3k — 1,3k, 3k + 1),

7 =(1,2,3)(4,5,6) - (3k — 2,3k — 1, 3k).

Then 0,7 is a (3k + 1)-cycle, 0p417; is a (3k + 2)-cycle, and o;.7;,; is a (3k + 3)-cycle.
Thus, every element of S,, is a product of an involution ¢ and an element 7 of order 1
or 3. Since any such 7 lies in A,,, the same statement holds in A,,, and if the product
has at least max(Bsy, Bs) fixed points, the same can be assumed of o and 7. Applying
Lemma as before, we can guarantee for each p € A, the existence of an element
m € A, of order dividing 73 with at least B,, fixed points such that mp has at least
max(By, Bs) fixed points, and then finish as in the previous case.

Case (3,3, 3). It suffices to prove that every element of A, can be written as a product
of two elements of order dividing 3. Let

ory = (1,2,3)(5,6,7)--- (4k — 7,4k — 6,4k — 5)(4k — 3,4k — 2,4k — 1)
(4k, 4k + 1,4k + 2)(4k + 4,4k + 5,4k +6) - - - (41,41 + 1,41 + 2),
Try = (3,4,5)(7,8,9) - - - (4k — 5,4k — 4,4k — 3)(4k — 1,4k, 4k + 1)
(4k + 2,4k + 3,4k + 4)(4k + 6,4k + 7,4k + 8) - - - (4l + 2,41 + 3,41 + 4),

where the first line in each expression is omitted if £ = 0 and the second line is omitted
if l=Fk—1. Then ofp_17k_1,—2 is a (4k — 1)-cycle, and oy p_17xx—1 is a (4k + 1)-cycle,
so all odd cycles can be written as a product of two elements of order dividing 3. For
[ >k>0and k+1>1, 047, is a disjoint product of a 4k-cycle and a (41 + 4 — 4k)-
cycle; oy Tk—1, is a disjoint product of a (4k —2)-cycle and a (41+6—4k)-cycle; oy 17,11
is a disjoint product of a 4k-cycle and a (4l + 2 — 4k)-cycle; and oy ;7—1,-1 is a disjoint
product of a (4k — 2)-cycle and a (41 + 4 — 4k)-cycle. Thus, all possible permutations
that are products of two disjoint even-length cycles can be written as a product of two
permutations of order dividing 3. 0

Proposition 5.3. For all sporadic finite simple groups we have cen(G) < 4.

Proof. By a theorem of Zisser [Zi], we have ecn(G) < 5 for all sporadic groups except
Fige and Fiag, so it suffices to consider these two cases. It is known [ATLAS, pp. 74, 163]
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that there are inclusions PSLy(25) < 2F4(2) < Fiyp. By Lemma , if S; and S
are ample characteristic collections, then S;(PSL5(25))S2(PSLy(25)) has an element of
order 13, and a machine computation shows that the product of any two conjugacy
classes of elements of order 13 in Fiyy contains Fisy ~ {1}. It is also known [ATLAS]|
p. 177] that PSLy(17) < Fis;. By Lemma 2.5 the product S;(PSLs(17))S2(PSLy(17))
contains an element of order 17; a machine computation shows that the square of the
unique conjugacy class of order 17 in Fis3 is the whole group. 0

Together with Theorems [3.1 and [4.2] Propositions [5.1] and [5.3] complete the proof of
Theorem A. Theorem E follows from results [5.1] [5.3] [3.2] and [£.3]
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