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We unravel the correlated quantum quench dynamics of a single impurity immersed in a bosonic environment
confined in an one-dimensional double-well potential. A particular emphasis is placed on the structure of the
time-evolved many-body wave function by relying on a Schmidt decomposition whose coefficients directly
quantify the number of configurations that are macroscopically populated. For a non-interacting bosonic bath
and weak postquench impurity-bath interactions, we observe the dynamical formation of a two-fold fragmented
many-body state which is related to intra-band excitation processes of the impurity and manifests as a two-
body phase separation (clustering) between the two species for repulsive (attractive) interactions. Increasing
the postquench impurity-bath coupling strength leads to the destruction of the two-fold fragmentation since the
impurity undergoes additional inter-band excitation dynamics. By contrast, a weakly interacting bath suppresses
excitations of the bath particles and consequently the system attains a weakly fragmented many-body state. Our
results explicate the interplay of intra- and inter-band impurity excitations for the dynamical generation of
fragmented many-body states in multi-well traps and for designing specific entangled impurity states.

I. INTRODUCTION

The dynamics of isolated cold atom many-body (MB) sys-
tems is a topic of vigorous theoretical interest [1-3]. It can
be readily assessed in current experiments offering high de-
gree of controllability [4] e.g., with respect to the atom num-
ber [5, 6] or the interatomic interactions [7—12]. Furthermore,
restricting the atomic motion into only a few or even solely
two single-particle modes can significantly simplify the quan-
tum simulation of MB systems while still retaining the possi-
bility to unravel emergent quantum MB phenomena. A rele-
vant widely used setup is the bosonic Josephson junction em-
ulated through a MB bosonic gas in a one-dimensional (1D)
double-well (DW) [13-15] and sharing analogies with the
Josephson effect initially predicted for tunneling of Cooper
pairs between two weakly linked superconductors [16, 17]. In
this context, several intriguing phenomena have been found
such as Josephson oscillations [18-20], macroscopic quantum
self-trapping [15, 18, 19], formation of an atomic squeezed
state [21, 22] and strongly correlated tunneling processes in
few-body systems [23-27].

Substantial theoretical and experimental efforts have been
recently focusing on strongly particle imbalanced cold atomic
mixtures for both bosonic [28, 29] and fermionic [30-32] set-
tings where quasi-particle formation [33-36], and in partic-
ular polarons [37, 38], can take place. Despite the quasi-
particle concept, impurity systems can be proven very useful
for probing transport phenomena [39—42], induced correla-
tions [43-46], facilitate bound state formation [47-51], spon-
taneous generation of non-linear pattern formation [52-54] as
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well as study relaxation processes [55-57]. Overall, entangle-
ment is supposed to be a crucial ingredient in these systems in
part due to their few-body nature and also the non-negligible
impurity-bath coupling. As such, it is particularly interesting
to understand entanglement growth in these systems and its
origin which can be traced back to the structure of the un-
derlying MB wave function. In another context, quantum en-
tanglement, a nonlocal property that is inherent to quantum
mechanics, plays an important role in quantum information
proccesess and it is expected to provide the main resource of
the quantum speed-up in quantum computation and commu-
nication [58].

Stimulated by the above progress, studies on quantum en-
tanglement lead to further insights into many- and few-body
systems [59-62]. Characteristic examples include, for in-
stance, the perturbative calculation of inter-species entangle-
ment in Bose—-Bose mixtures in optical lattices [59] probing of
quantum entanglement in a many-body localized phase [60],
the production of entangled states in mesoscopic atomic sys-
tems [61] as well as comparisons of different entanglement
measurements in trapped few-particle systems [62]. Note,
however, that while most of these investigations focus on ei-
ther the ground-state properties of the system or are limited to
certain entropic measurements, studies exploring the creation
of quantum entanglement and its relation to the structure of
the associated MB wave function are still rare.

We investigate the non-equilibrium correlated quantum dy-
namics of a single impurity immersed in a non-interacting
bosonic environment confined within a 1D DW potential [63—
68]. To provide a complete description of the dynamical
response of the binary mixture in the strongly correlated
regime, we employ a numerically exact diagonalization ap-
proach which enables us to take all emergent correlations
into account. A focus is placed on the microscopic con-
figurations of the MB wave function following a quench of
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the impurity-bath interaction strength. Specifically, the time-
dependent MB state is analyzed in terms of a Schmidt decom-
position which provides access to the participating configu-
rations, namely the Schmidt product states consisting of the
impurity and the bath species as well as the degree of frag-
mentation through the respective coefficients.

Considering weak postquench impurity-bath interactions,
we demonstrate the dynamical formation of a two-fold frag-
mented MB state in which two configurations are almost
equally populated for long evolution times. The genera-
tion of the two-fold fragmented MB state is signified by the
“collapse-and-revival” behavior of the first two Schmidt num-
bers and it is related to the impurity’s intra-band excitation
processes. This fragmentation mechanism is also imprinted in
the impurity-bath two-body density distribution, manifesting
as a two-body phase separation (clustering) among the species
for repulsive (attractive) interactions. Furthermore, we ex-
plore the effect of either an increasing postquench interspecies
coupling strength to strong interactions or a weakly interact-
ing bath. It is showcased that for strong impurity-bath cou-
plings, the impurity experiences inter-band excitations which
leads to the substantial occupation of higher than the first two
energetically lowest Schmidt states. These interband excita-
tions are also visualized on the impurity’s single-particle den-
sity featuring a spatially delocalized response and character-
ized by a multi-hump structure. In contrast, a weakly inter-
acting bath suppresses excitations of the bath particles, while
the impurity features a breathing motion and consequently the
system attains a weakly fragmented MB state.

This work is organized as follows. In Sec. II, we present
the impurity setting under consideration and its tight-binding
description. Sec. III elaborates on our main observation: the
dynamical formation of a two-fold fragmented MB state in
the weakly impurity-bath coupling regime when the host is
non-interacting. In Sec. IV, we explicate the effect of strong
impurity-bath postquench interactions on the impurity’s frag-
mentation dynamics, while in Sec. V we study the impact of
finite intraspecies bath interactions on the MB dynamics of the
mixture. Finally, our conclusions and outlook are provided in
Sec. VL.

II. TIGHT-BINDING DESCRIPTION OF THE
IMPURITY-BATH SETUP

Our two-component setting consists of a single impurity
N; = 1 embedded in a gas of Nz = 100 bosons. The mass-
balanced (mp = my) mixture is trapped in a 1D symmetric DW
and its MB Hamiltonian is given by A= H, +HB+H,B, where

A, = f dx O (1 (),
A = f dx J ()P p(x)
gL f dx P00 (s 50,

Hip = gz fdx ',Zj(x)l@Z(x)'ﬁB(x)l/Afl(xl (1)

The term A, (x) = 2’; et Vpw(x) is the single-particle (SP)
Hamiltonian for the o = I(B) species atoms and Vpy(x) =
ag(x* — b(zr)2 represents the DW. The two control parameters
a, and b, adjust the central barrier height and the relative dis-
tance between the two wells, respectively. The field operator
t@j,(x) [/, (x)] creates (annihilates) a o-species particle at po-
sition x [69].

Below, we rescale the MB Hamiltonian A in harmonic os-
cillator units which means that spatial and time scales are ex-
pressed in units of n = fiw and 7 = 1/w, while the energy
is rescaled in terms of ¢ = +h/mpw. Furthermore, we as-
sume zero or weak repulsive interactions among the bosons
of the bath, which couple either repulsively or attractively
with the impurity. Both intra- and interspecies interactions
are modeled by short-range contact interaction potentials, be-
ing a legitimate approximation at ultra-cold temperatures, and
are characterized by effective strengths gz and g;p, respec-
tively [7-9, 70]. The latter can be controlled in the experi-
ment through the s-wave scattering lengths via Feshbach or
confinement-induced resonances [7-9]. Such a 1D mixture
is experimentally accessible by imposing a tight transverse
and a weak longitudinal confinement to a binary e.g., Bose-
Fermi mixture consisting of two different isotopes of alkali
atoms [71, 72] or a Bose-Bose mixture composed by two dif-
ferent hyperfine states of the same isotope [73, 74]. The DW
potential can be easily realized by constructing a superlattice
whose shells are double-wells [15, 17].

For simplicity both species are trapped in the same DW ge-
ometry with aj = ap = dpw = 2.0 and b[ = bB = bDW =1.5.
As a result, the low-lying SP spectrum of the DW forms a
band-type doublet structure with A ~ 1035. Here, A denotes
the energy gap between the first and the second bands, while 6
is the width of the first band. The DW potential is depicted in
Fig. 1 with the black solid line and its lowest four SP energy
levels are represented by the distinct horizontal lines. Since
the atoms of the bath are non-interacting or weakly repulsive
(see above), it is possible to rely on the two-mode approxima-
tion

Fp(x) = up(x)by, + ug(x)bg, )

with uy gr(x) being the Wannier states localized in the left and
right well respectively as shown in Fig. 1. This assumption
leads to the low-energy effective Hamiltonian, i.e. the two-
site Bose-Hubbard (BH) model, for the bath species

Ay = ~Is(bjbe + Bibr) + 2
The underlying hopping amplitude reads
In = [ dx oo @
and the on-site repulsion energy is
Un=gan [ drlult (=L )

Next, we designate the eigenstates of the single-species
Hamiltonian H; [Hp] as {|¢))} [{I¢?)}], whilst the eigenstates
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FIG. 1. (Color online) The external DW potential (black solid line),
characterized by apy = 2.0, bpy = 1.5, together with its energeti-
cally lowest four single-particle levels (horizontal lines). The solid
(dashed) lines indicate the even (odd) parity states of the DW. The
energy gap between the lowest two energetic bands is marked by A.
The orange and blue shaded areas represent the lowest-band Wannier
states u;(x) and ug(x) of the left and right wells, respectively.

of the bosonic SP Hamiltonian hp are {I(pf)}. Consequently,
the Wannier states |u; g) are expressed in terms of |t,Dg and

lpB) as lupg) = %[Itpg) £ |p®)]. Also, each eigenstate of

H,, has a definitive parity, such that the spatial parity symme-
try of the DW is preserved, namely |¢7) for i = 0,2,4,...
(i=1,3,5,...) is of even (0odd) parity.

In this work, we study the out-of-equilibrium dynamics of
the above highly particle imbalanced binary atomic mixture
following a quench of the impurity-bath coupling strength
from g;p = 0 to a finite value g;z # 0. A particular focus is put
on the microscopics of the time-evolved MB wave function
[P(r)) satisfying the Schrodinger equation (id/01)|[¥Y (1)) =
H|¥(r)). The mixture is initially prepared in the ground state
of the pre-quench Hamiltonian [¥(0)) = |¢{) ® |¢f), namely
a product state of the GS of the DW for the impurity and the
bath species Hamiltonians ﬁ, and ﬂB. To address the cor-
related dynamics of this system, we rely on the numerically
exact diagonalization (ED) approach and obtain the time evo-
lution in terms of an eigenstate decomposition. It enables us
to obtain the time-dependent MB wave function of the system,
while accounting for all emergent correlations.

III. DYNAMICAL FORMATION OF TWO-FOLD
FRAGMENTED MB STATE

To unravel the characteristics of the time-evolved MB wave
function |¥(¢)), we resort to a Schmidt decomposition

D
(1) = > N WP ), (©)
i=1

where A;(?), being time-dependent real positive values, are the
Schmidt numbers with A;(f) > A,(¢) > ... [75]. The nor-
malization of the wave function is enforced by the constraint
2. i) = 1. Moreover, |7 (¢)) denotes the ith Schmidt or-
bital of the o-species, obeying the orthogonality condition
(w;’(r)lw‘j’(t)) = 0;; [75]. The upper bound D in the Schmidt
decomposition is chosen from the fact that the maximal num-
ber of linear independent Schmidt states is min{D;, D}, with
D, [Dg] being the Hilbert space dimension of the impurity
[bath], see also the discussion below.

Mathematically, |7 (£)) can always be expanded as a linear
superposition of the A, eigenstates

Dy—1

W)= > om0, (7)

k=0

with C7, (¢) being the respective time-dependent expansion co-
efficients. The dimension, D, of the o-species Hilbert space
refers to D = Ny + 1 = 101 for the bosonic bath due to
the employed two-mode approximation and for the impurity
we truncate D; to an interaction-dependent finite large value
which ensures the convergence of the employed one- and two-
body observables. Before proceeding, it is important to note
that the Schmidt numbers {4;(¥)} quantitatively characterize
the degree of entanglement between the two species [58, 75].
For instance, if multiple 4;(f) are non-vanishing a respective
amount of product states |/ (1))ly5(1)) contribute in the MB
wave function and hence the mixture is entangled. On the
other hand, for the case of 4;(¢#) = 1 and A;51(¢) = 0 the mix-
ture is non-entangled, meaning that interspecies (but not nec-
essarily intraspecies) correlations are suppressed in the course
of the evolution. As we shall argue later on, in this limit
the dynamics of the mixture is fully captured by the species
mean-field (SMF) description, where the mutual impact of the
species is merely an effective potential [44, 76].

A. Dynamics of the Schmidt coefficients

Fig. 2 (a) depicts the time-evolution of the first Schmidt
number A, (¢) for fixed ggg = 0 and for postquench impurity-
bath couplings g;z = 0.01 (red solid line) and g;3 = —0.01
(blue dashed line). Notice that the value of the second
Schmidt number A,(¢) can be readily deduced via the relation
(1) = 1-2,(¢), since for both quenches we have detected that
the population of all higher-lying Schmidt numbers is negli-
gible during the dynamics, namely A;(f) < 107* for i > 2.
Upon switching on the impurity-bath coupling, a “collapse-
and-revival” behavior of 4,(¢) is clearly observed for both re-
pulsive and attractive postquench interactions. For instance,
in the case of g;p = 0.01 the first Schmidt number quickly
decreases from 1;(0) = 1 towards A; = 0.502 at ¢t = 38 and
remains almost as such for < 547, before a pronounced re-
vival occurs. This behavior of A;(¢) ~ A,(¢) ~ 0.5 is a direct
manifestation of the dynamical formation of a two-fold frag-
mented MB state in which the two product states |y (1))l (1))
and |y4 (1)) w5(1)) are equally populated for a long time inter-
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with |Wg(7)) standing for the two-fold fragmented MB state.
Further inspecting the corresponding Schmidt orbitals of the
impurity, we find that

(1) = [¥r(1) = [Iw{(t)ﬂlﬁf(t)) A ON (t)>], ®)

Wh(0)) ~ |gh), and  |h(r)) ~ |gh). 9)

This observation immediately yields the SP occupations for
the impurity as 2, = A" = 1/2 for r € [38,547]. Here,
a;” = (ah)Tal denotes the occupation number of the ith SP
state |¢f » of the impurity, which relates to the band occupa-
tion as A" = Ay + )", AP = A + A3, and so on. Let us
note that Eq. (9) holds throughout the evolution times that we
have examined, i.e., t € [0,1000]. As a result, on the one
hand, it indicates that the impurity motion is predominately
restricted within the lowest band of the DW during the dynam-
ics, i.e. AlP(r) = a"(1) + A)"(1) ~ 1. Hence, we observe that
quenching g;p to the weak interaction regime triggers only
intra-band excitations of the impurity. Due to the preserved
parity symmetry of the mixture, the impurity’s density pro-
file p! (x, 1) = (PO ()1 (x)|¥(1))/N; remains nearly intact
during evolution, i.e., p{(x,1) = pl(x,0) [77] [see Figs. 2(b),
(c)]. Recall that p{ (x, t) estimates the probability of finding
the impurity at position x [78, 79], and can be experimentally
monitored through averaging a sample of single-shot mea-
surements [4]. On the other hand, it consequently results in
an even (odd) parity Schmidt orbital |y7(1)) (J¢5(1))) for the
bath species (see the discussion below).

Having investigated the dynamics of the impurity, let us
now turn to the bath species in order to gain deeper insights
into the above-discussed dynamical formation of the MB two-
fold fragmented state. We examine the behavior of the two
Schmidt states |y%(1)) and [y%(2)) of the bath that are popu-
lated in the dynamics by utilizing Eq. (7). The time-evolution
of the corresponding expansion coefficients Cﬁ (D and Cﬁ )
for ggp = 0.0 and g, = 0.01 is provided in Fig. 3. Owing to
the fact that the wave function is initially in a product form,
ie., [Y(0)) = |¢(I)) ® |¢g>, we have CﬁO(O) =1 and Cﬁk(O) =0
for k > 0. Due to the non-interacting nature of the bath
species, the GS wave function of Hp is simply equivalent to a
mean-field state i.e. ¢f (xy, -+, xy,) = HZE] @g(x;), reflecting
the fact that initially all the bosons are condensed into the SP
state |f) [80] and therefore #/(0) = 1 and n5(0) = 0. Here,
n‘l‘.’ (t) denote the natural populations obtained from a diago-
nalization of the reduced one-body density matrix of the bath
species pB(1) = 2, B (Dlei())i(0)] 178, 791, with {lgi(1)))
denoting the natural orbitals. Recall that the two-mode ex-
pansion of the field operator /(x) in Eq. (2) leads to only two
natural populations (natural orbitals) in the spectral decom-
position. Physically, the natural population n‘lo (t) denotes the
probability for finding a single particle occupying the state
lpi(%)) at time ¢, after tracing out all other particles.

For the cases where n‘l’(t) < 1, the motional excitations re-
sult in the emergence of quantum correlations in the dynam-
ics, leading subsequently to depletion of the bath as can be
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FIG. 2. (Color online) (a) Time-evolution of the first Schmidt num-
ber, A,(¢), for a quench from g;5 = 0 to g;5 = 0.01 (red solid
line) and towards g;3 = —0.01 (blue dashed line). The dynamical
generation of a two-fold fragmented impurity state is evident since
(1) = A(t) = 0.5, and a revival behavior is observed for long evo-
lution times. (b) The profile of the impurity’s density p{ (x, ) remains
almost un-perturbed during the dynamics for a postquench impurity-
bath coupling strength g;5 = 0.01. (c) Instantaneous density distri-
butions (see legend) for the quench shown in panel (b).

testified by its natural populations (see also below). Once
switching on the impurity-bath coupling, we observe that the
bath gradually populates its higher-lying excited states |¢f) for
k > 1 [cf. Figs. 3(a), (b)], accompanied by a slow depletion
process [cf. Fig. 3(e)] quantified by a decease (increase) of the
natural population n’; 03] [n;(t)]. Before proceeding, it is im-
portant to point out that, at each time-instant, the coefficients
Cﬁ (0 [Ci (D] obtained from our ED simulations vanish ex-

actly for the odd (even) parity eigenstates |¢f) as illustrated
in Fig. 3(c), (d). This observation is a direct consequence of
the preserved parity symmetry imposed by the external DW of
the mixture [77]. Since the initial state |¥'(0)) is of even parity,
each product state [/ (1))?()) in Eq. (6) needs to exhibit an
even parity and as a result the bosonic Schmidt orbital shares
the same parity with the impurity. According to Eq. (9), the
Schmidt orbital [y(#)) (lW2(1))) thus possesses an even (odd)
parity [77].

At t = 175, we observe that the bath reaches its maximal
degree of depletion characterized by nf = nf = 0.5, while
both coefficients |C} > and Ic? ,I* follow a binomial distribu-
tion with their maximal values located at k = 50 and k = 49,
respectively [see red solid and blue dashed line in Fig. 3(d)]. It
should be emphasized that the latter distribution indicates the
emergence of a spatial two-body phase separation between the
impurity and the bath [3, 81] (see also the discussion below).
Upon a basis transformation, the MB wave function att = 175
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FIG. 3. (Color online) Evolution of the expansion coefficients (a)
ICY k(t)|2 and (b) |C5 k(t)lz corresponding to the Schmidt orbitals
|wB (¢)) and |zﬁ (1)) respectively for postquench impurity-bath interac-
tion strength g,z = 0.01. It is found that after the quench higher-lying
excited states of the bath are populated. Snapshots of the expansion
coefficients ICf’k(Z)l2 (red solid line) and |C%,(1)|* (blue dashed line)
for (¢) t = 20 and (d) + = 175. The binomial distribution [black
solid line in (d)] is an imprint of the impurity-bath phase separa-
tion. (e) The corresponding time-evolution of the natural popula-
tions nf (1) (red solid line) and n‘z’(l) (blue dashed line) for the quench
to g;p = 0.01 evincing the ensuing fragmentation process.

can alternatively be written as

Wer) = |a} B + R |10y, (10)

1
V2Np!

with ap g = \/LE(&(’) +al)and al (i = 0, 1) referring to the anni-
hilation operator acting on the ith SP state |¢f ) of the impurity.
Eq. (10) essentially represents a Schrodinger-cat state being a
superposition of two macroscopic MB states [82-84]. Each
of them corresponds to a configuration where the impurity re-
sides in one well while all the bosons are located in another
well, thus manifesting the above-mentioned two-body phase
separation between the two species. It should be emphasized
that such a Schrodinger-cat state is extremely sensitive mean-
ing that an arbitrary small perturbation can lead to a collapse
onto one of the two macroscopic configurations.

B. Two-body phase-separation at repulsive interspecies
interactions

can also
two-body

This two-body phase separation process
be directly seen in the corresponding
impurity-bath  density  distribution "B (xy, xp) =
(PG ) ey (x)p(xp) ) /(NiNg). - This  observ-
able refers to the probability of detecting the impurity at
position x; while one boson resides at location xz. Att = 0
the two species are fully decoupled implying that both the
impurity and the bosons can freely tunnel between the two
wells. As a result, p!8(x;, xp) exhibits four dominant peaks
within the spatial regions (x;, xg) = (x1.5, =1.5), i.e., around
the minima of the DW [cf. Fig. 1 and Fig. 4(a)]. However,
a finite impurity-bath repulsion renders such a two-body
density distribution energetically unfavorable. Consequently,
the impurity and the bosons feature an antibunching as
time evolves, a mechanism that can inferred by the increase
(decrease) of piB(x;, xp) values in the vicinity of the off-
diagonal (diagonal) [cf. Fig. 4 (b)]. As time evolves, e.g. at
t = 175 the two species become fully anti-bunched, with the
two-body probability distribution being solely occupied along
its off-diagonal [see Fig. 4 (c)]. The mixture, in turn, resides
in a superposition of two equally-weighted configurations
forming a Schrodinger-cat state [64], which manifests the
dominant role of the impurity-bath entanglement. Recall
that a similar two-body phase separation process has been
recently demonstrated to occur in few-body ensembles and
found to be related with the emergence of anti-ferromagnetic
order [85-87].

C. Clustering for attractive impurity-bath couplings

It is worth mentioning that a similar dynamical forma-
tion of a two-fold fragmented MB state is also observed for
impurity-bath interaction quenches towards the weakly attrac-
tive regime, see in particular the dynamics of the first Schmidt
number A (¢) for g;p = —0.01 depicted in Fig. 2(a) by the blue
dashed line and the dynamics of the impurity-bath two-body
density presented in Fig. 4(f)-(j). Additionally, the validity of
Eq. (9) holds equally for the attractive interaction case indicat-
ing that the impurity dynamics is dominated by intra-band ex-
citation processes. However, in the g;5 < 0 scenario, the con-
figurations of the bath Schmidt states deviate from the ones
of g;p > 0. In particular, for + = 180 the corresponding ex-
pansion coefficients CB (1) and ct > () possess a negative sign
as compared to the ones for g; = 0.01. For this reason, the
underlying Schrodinger-cat state becomes

1 boak o o
Wea) = ——= [} (b - apbp)™ |10y, (1)

V2Np!

indicating a two-body clustering in space between the impu-
rity and the bath, see also Fig. 4(h) where this two-body clus-
tering tendency is clearly evident.
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FIG. 4. (Color online) Impurity-bath two-body density distributions p’?(x;, x5) upon considering a quench from gz = 0 to g5 = 0.01
(upper panels) and to g;5 = —0.01 (lower panels) at specific time-instants of the evolution (see legends). For g,z > 0, an antibunching
behavior between the impurity and the bosons builds-up in the course of the evolution, see the increasing (decreasing) trend of the off-diagonal
(diagonal), manifesting the tendency for two-body phase separation. However, in the case of g;3 < 0 a clustering trend among the impurity
and the bath bosons occurs as identified by the enhanced (decreased) population of the diagonal.

IV. DESTRUCTION OF THE TWO-FOLD
FRAGMENTATION AT STRONG INTERACTIONS

Subsequently, we explore the impact of impurity-bath in-
teraction quenches in the strongly coupled regime on the dy-
namical formation of a two-fold fragmented MB state. With-
out loss of generality, hereafter, we mainly consider the cases
of repulsive postquench interaction strengths, while the sce-
nario of relatively large attractive g;p < 0 will be mentioned
for reasons of comparison. Fig. 5 depicts the time-evolution
of the Schmidt numbers for postquench couplings g;5 = 0.1
[Fig. 5(a)] and g;3 = 1.0 [Fig. 5(b)]. In sharp contrast to the
weakly interacting regime where a ’collapse-and-revival” be-
havior is observed in the largest two Schmidt numbers [see
Fig. 2], increasing the impurity-bath coupling results in a
rapid irregular oscillatory behavior for both 4;(¢) and A,(%),
see Fig. 5.

As a matter of fact, we conclude that within the strongly
repulsive interspecies interaction regime the two-fold frag-
mented MB state can not be generated due to the non-
negligible contribution of higher-lying Schmidt coeflicients.
Indeed, in the course of the evolution, there is a rapid growth
of the Schmidt numbers A;(f) with i > 2 in both cases of
gip = 0.1 and g;5 = 1.0. Recall that 1;55(f) ~ 0 in the
weakly interacting regime, see Fig. 2. Importantly, for the
case of g;p = 1.0, we observe that the total population of the
higher-lying Schmidt coefficients ) ;., 4;(f) becomes signifi-
cantly greater than the contribution of both the first and the
second Schmidt numbers already at the initial stages of the
dynamics, e.g. for ¢ > 10 as shown in Fig. 5. Naturally, this
observation reflects the fact that the participation of the re-
spective higher-order product states [/())w2(1)) (i > 2) in
the underlying MB wave function [¥(7)) is substantial.

At this point, let us remark that the appreciable population

of the higher-lying Schmidt orbitals alternatively implies the
existence of inter-band excitation processes of the impurity as
it was already argued for the ground state properties of the sys-
tem [77]. In fact, if the impurity is only restricted within the
lowest-band of the DW, each Schmidt orbital of the impurity
is a linear superposition of the SP states |¢6) and |ng1l ». To pre-
serve orthogonality, i.e., (! (f)|lﬁ1,~(f)> = 0 for i # j, there are
at most two linearly independent Schmidt orbitals populated
in the underlying MB wave function [¥(¢)). This property can
be indeed confirmed by inspecting the time-evolution of the
first band occupation ﬁ{” () of the impurity (see also the above
discussion). As it can be seen in Fig. 6 (a), ﬁ{b(t) decreases
rapidly at short evolution times featuring afterwards an irreg-
ular oscillatory behavior around an interaction-dependent av-
erage value, e.g. 7il” = 0.82 for g/ = 0.1 and 7!* = 0.15 for
gp = 1.0.

The underlying inter-band excitation processes of the im-
purity in this strongly repulsive interaction regime are natu-
rally also imprinted in its spatial density distribution p{(x, 7).
We again note that the density distribution of the bosonic bath
is weakly perturbed throughout the time-evolution due to the
employed two-mode approximation. However, the impurity’s
motion is strongly affected by the strong interspecies interac-
tions, e.g., g/;p = 0.1, especially as compared to the above-
described weakly interacting case [see Fig. 2(b)]. Monitoring
p{ (x, 1) in Fig. 6(b) we observe that it undergoes a complex os-
cillatory motion while remaining within the bath throughout
the dynamics [see also Fig. 6(c), the snapshots of p{ (x,1) for
different times]. More specifically, it initially travels towards
the center of the DW due to the impurity-bath repulsion and
at + = 2 it is bounced back towards the left and right well,
respectively. Overall, an intrawell breathing-type motion of
the impurity takes place at short evolution times. Due to the
interspecies energy exchange, in particular from the impurity
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FIG. 5. (Color online) (a) Dynamics of the Schmidt coefficients A, (f)
(red solid line), A,(¢) (blue dashed line) as well as the total contri-
bution of the remaining ones }};., 4;(¢) (black dash-dotted line) fol-
lowing a quench from g;3 = 0 towards g;3 = 0.1. (b) Same as (a)
but for a postquench coupling g;5 = 1.0. In both cases higher than
the first two Schmidt states are substantially occupied, signifying the
inter-band excitation dynamics of the impurity and leading to the de-
struction of the two-fold fragmented MB state.

to the bath [57, 88, 89], this impurity breathing dynamics be-
comes quickly dissipative while, at longer timescales, p{ (x, 1)
is restricted within each well and it is vanishing around the
central barrier of the DW, see Fig. 6(b).

Quenching to stronger interspecies repulsions, e.g. gjp =
1.0, the impurity features a more rapid and irregular oscilla-
tory response characterized by a multi-hump spatial density
structure p{ (x, 1) as illustrated in Fig. 6(d) [see also Fig. 6(e)
the snapshots of p{ (x, t) for different times]. This multi-hump
density configuration evinces that the impurity populates a su-
perposition of higher-lying excited states of the DW, manifest-
ing the dominant contribution of the impurity’s inter-band ex-
citations. Such excitation mechanisms of the impurity occur-
ring in the strongly repulsive regime have been also observed
for harmonically trapped impurities and they are related with
the temporal orthogonality catastrophe phenomenon of the
Bose polaron [81, 90]. In our system the polaron behavior
as quantified by the residue, i.e. the overlap between the MB
state with vanishing impurity-bath interactions and finite ones,
is decaying but not completely suppressed due to the remain-
ing partial overlap among the impurity and the bath. Before
proceeding, we remark that for interaction quenches towards
the strongly attractive regime, the inter-band excitations of the
impurity are significantly suppressed as compared to the cases
for g;p > 0. Correspondingly, weak spatial distortions are ob-
served in the time-evolution of the density distributions (re-
sults not shown for brevity).

As for the bath, albeit the fact that its density distribution is
nearly unaltered during the evolution, we observe a substantial
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FIG. 6. (Color online) (a) Time-evolution of the first band occupation
!P(2) of the impurity for postquench interaction strength gz5 = 0.1
(red solid line) and for g;p = 1.0 (blue dashed line). The decrease
of 7f*(f) marks the existence of inter-band excitation impurity pro-
cesses. Spatiotemporal evolution of the impurity’s density distribu-
tion, p{ (x, 1), after a quench to (b) g;p = 0.1 showing intrawell breath-
ing motion and (d) towards g;z = 1.0 experiencing a multi-hump
delocalized response. The latter designates the interband excitations
processes of the impurity. (c) [(e)] Impurity density snapshots (see
legends) taken from (b) [(d)].

degree of dynamical fragmentation among the bosons. This
process is signified by the rapid decrease (increase) of the cor-
responding natural population n“l’ 63 (n’z7 (1)) in the course of the
evolution. Indeed, as shown in Fig. 7, n‘f () drops to the value
nf = 0.5 at, for example, t = 20 for g;5 = 0.1 [Fig. 7(a)] and
t = 5 for g;p = 1.0 [Fig. 7(b)], respectively. Importantly, in
both cases ] (r) never acquires its original value 7 = 1 which
is in contrast to the observations made within the weakly in-
teracting regime [see also Fig. 3]. We also remark that in
Ref. [91], it was demonstrated that such a dynamical behavior
of the natural populations hints to the occurrence of quantum
chaotic behavior of the bath species induced by the presence
of the impurity. It manifests as an irregular motion for the bath
species e.g., in its density population imbalance between the
two wells as well as the existence of an effective Bose-Bose
attraction.

V. QUENCH DYNAMICS WITH A WEAKLY
INTERACTING BATH

As a next step, we investigate how a weakly interacting bath
affects the response and degree of fragmentation of the impu-
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FIG. 7. (Color online) Temporal evolution of the natural populations
3 (¢) (red solid line) and n5(t) (blue dashed line) for postquench in-
teraction g;z = 0.1. (b) Same with (a) but for g;3 = 1.0. Dynamical
fragmentation of the bath bosons is observed in both cases.

rity. Without lost of generality, we set the Bose-Bose cou-
pling strength to ggg = 0.01,0.05, which in turn results in
the following ratio between the hopping amplitude and on-
site interactions Jg/Up = 4.78,0.95 [cf. Egs. (4) and (5)].
The dynamics of the first Schmidt number A,(f) is presented
in Fig. 8(a) for fixed g;p = 0.01 and g = 0.01 (red dashed
line) or ggg = 0.05 (blue solid line). In contrast to the case of
a non-interacting bath, the presence of a finite repulsive gpp
leads to a drastically different behavior of the Schmidt num-
bers during the dynamics. For example, when ggg = 0.01, we
observe that A;(¢) firstly decreases to the value of 4; = 0.88
around ¢ = 50 and then turns back to 4; = 1 at t = 98 exhibit-
ing such a persistent oscillation throughout the dynamics.

Since the first Schmidt number lies close to unity for ggp >
0, the corresponding MB wave function can be well approx-
imated as [¥(1)) = i)y (1), i.e. it has a product form
between the impurity and the bath Schmidt orbitals. There-
fore, in this limit the mixture is fully captured by the SMF de-
scription [44, 77] according to which the impurity experiences
an effective potential consisting of the DW superimposed to
a potential proportional to the bosonic density of the bath,
namely V!.(x) = Vpw(x) + g5 Npp?(x). The spatial profile
of this effective potential is depicted in Fig. 8(b). Equipped
with this knowledge, we note that the quench of the impurity-
bath coupling leads to a sudden change of the DW zero-point
energy [cf. Fig. 8(b)]. After the quench, the impurity ex-
hibits a breathing-type motion within the effective potential.
This response is captured by the second moment of the im-
purity’s position (x%(t)) featuring an oscillatory behavior, see,
e.g., Fig. 8(c) for the case g;z = 0.01 and ggp = 0.05.

On the other hand, due to the large particle imbalance
among the species, the effective potential experienced by the
bath deviates negligibly from the initial DW. For this reason,
the corresponding Schmidt orbital Ic,l/f ) of the bath resembles

the GS of the Hamiltonian Hp, i.e., [yF) ~ |¢5). Physically,
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FIG. 8. (Color online) (a) Time-evolution of the first Schmidt number
A1(?) for the postquench interaction g; = 0.01 and for Bose-Bose
repulsion ggp = 0.01 (red dashed line) and ggp = 0.05 (blue solid
line). The small deviations of A,(#) from unity imply the validity of
the SMF approximation for the description of the MB wave function.
(b) Spatial profile of the DW (red solid line) as well as the effective
potential (blue dashed line) of the impurity corresponding to the case
of g;p = 0.01 and g = 0.05. (c) Energy difference between the
ith excited state and the GS of A denoted by AE; as a function of
gpp for fixed g;p = 0.01. (d) Dynamics of the second moment of the
impurity’s position, (x7(¢)), obtained from the SMF approximation
(blue dashed line) and from the MB ED simulation (red solid line). In
both cases ggp = 0.05 and the postquench impurity-bath coupling is
g = 0.01. The irregular oscillatory behavior of {(x?()) is an imprint
of the impurity’s breathing motion.

a larger gpp can result in relatively larger energy differences
between the GS and the excited states of H, see in particular
Fig. 8(c) in which AE; denotes the energy difference between
the ith excited state and the GS of H. Thus, the bath is hardly
excited for fixed interspecies interaction strength [77].

VI. CONCLUSIONS AND OUTLOOK

We have investigated the non-equilibrium correlated quan-
tum dynamics of a single impurity immersed in a non-
interacting bosonic environment being confined within an
one-dimensional double-well potential. To track all the emer-
gent system correlations we employ a numerically exact diag-
onalization approach.

In particular, we focus on the microscopic features of the
time-evolved many-body wave function of the strongly par-
ticle imbalanced mixture upon considering quenches of the



impurity-bath coupling strength. To analyze the obtained
time-dependent MB state, we rely on a Schmidt decompo-
sition in which the corresponding Schmidt numbers directly
quantify the number of configurations that are macroscopi-
cally populated. For weak impurity-bath postquench interac-
tions, we observe the dynamical formation of a persistent two-
fold fragmented MB state where two almost equally weighted
configurations contribute. The generation of this fragmented
MB state is identified by the “collapse-and-revival” behav-
ior of the first two Schmidt numbers and it originates from
the intra-band excitation processes of the impurity. It is also
imprinted in the interspecies two-body density distributions
which evinces a two-body phase separation (clustering) pro-
cess among the two species for repulsive (attractive) interac-
tions.

Next, we unravel the impact of strong postquench inter-
species interaction strengths on the formation of the two-fold
fragmented state. It turns out that the impurity undergoes
additional inter-band excitation processes with higher-lying
Schmidt states having a substantial contribution. As a result, it
destructs the dynamical generation of the two-fold fragmented

MB state. A similar effect is observed when considering a fi-
nite Bose-Bose repulsion in the bath.

Possible future investigations include the impact of a few
impurities and/or the bare Bose-Bose repulsion on the MB
excitation dynamics and the possible formation of few-body
impurity clusters. Another interesting perspective is to study
the correlated dynamics of the impurity setting but in the pres-
ence of long-range e.g. dipolar interactions [92, 93]. Here, the
impact of higher-band excitations of the impurity or a beyond
the two-site Bose-Hubbard description for the bosonic com-
ponent would be worthwhile to pursue.
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