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Abstract
Strongly interacting fermionic systems host a variety of interesting quantum many-body states
with exotic excitations. For instance, the interplay of strong interactions and the Pauli exclusion
principle can lead to Stoner ferromagnetism, but the fate of this state remains unclear when kinetic
terms are added. While in many lattice models the fermions’ dispersion results in delocalization
and destabilization of the ferromagnet, flat bands can restore strong interaction effects and
ferromagnetic correlations. To reveal this interplay, here we propose to study the
Hofstadter–Fermi–Hubbard model using ultracold atoms. We demonstrate, by performing
large-scale density-matrix renormalization group simulations, that this model exhibits a lattice
analog of the quantum Hall (QH) ferromagnet at magnetic filling factor ν= 1. We reveal the
nature of the low energy spin-singlet states around ν≈ 1 and find that they host quasi-particles
and quasi-holes exhibiting spin-spin correlations reminiscent of skyrmions. Finally, we predict the
breakdown of flat-band ferromagnetism at large fields. Our work paves the way towards
experimental studies of lattice QH ferromagnetism, including prospects to study many-body states
of interacting skyrmions and explore the relation to high-Tc superconductivity.

1. Introduction

The emergence of ferromagnetism in strongly correlated systems is a phenomenon well-known in condensed
matter physics and subject of ongoing research. In particular, the interplay of strong repulsion and the Pauli
exclusion principle in fermionic systems can give rise to the phenomenon known as Stoner ferromagnetism.
Due to enhanced interaction effects in flat bands, quantum Hall (QH) systems provide a powerful platform
to study this mechanism.

Indeed, at magnetic filling factor ν= 1, the ground state of the two-dimensional electron gas was
predicted to be ferromagnetically ordered [1, 2]. Furthermore, the low-lying, charged quasi-particle
excitations around this QH ferromagnet have been predicted to exhibit exotic spin textures known as
skyrmions. These are characterized by local ferromagnetic correlations while being in an overall spin-singlet
state [3–10]. The QH ferromagnet and its skyrmion excitations were observed in solid state
experiments [11–17] and attracted considerable attention recently in the context of twisted bilayer
graphene [18–21] and related synthetic bilayer systems [22]. However, such experiments mainly use
transport and spectroscopic measurements and therefore do not provide microscopic insights. In contrast,
quantum simulations allow for a better microscopic understanding, in particular of density and spin
structures, and may provide direct coherent control over individual excitations, therefore allowing for a
systematic study of their interactions.

© 2023 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft

https://doi.org/10.1088/1367-2630/acb963
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/acb963&domain=pdf&date_stamp=2023-2-16
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-5774-5546
https://orcid.org/0000-0002-3339-5200
https://orcid.org/0000-0002-2538-1802
https://orcid.org/0000-0003-3531-8089
mailto:f.palm@physik.uni-muenchen.de
https://doi.org/10.1088/1367-2630/acb963


New J. Phys. 25 (2023) 023021 F A Palm et al

Figure 1. Schematic phase diagram for the S= 0 sector. We find quasi-hole (qh) skyrmion states, quasi-particle (qp) states
carrying interesting spin textures, as well as states exhibiting local spin anti-alignment (SAA). While the qh-skyrmion state is a
low-lying excitation of the QH ferromagnet, the other states constitute the global ground state of the model across all spin sectors.
The stars indicate the points studied in figure 4.

Here we propose to realize Stoner ferromagnetism with ultracold fermions in optical lattices. Cold atom
experiments have already enabled extensive studies of the Fermi–Hubbard model [23–26], and
implementations of artificial gauge fields in optical lattices exist [27–31]. Combining both achievements
allows to study ferromagnetism in the strongly doped Hubbard model and explore its relation to phenomena
known to arise in high-Tc superconductors. While textbook calculations predict Stoner ferromagnetism even
without a magnetic field and analytical considerations for flat-band Hubbard models found ferromagnetic
ground states in specific cases [32], we demonstrate that the tunability of synthetic magnetic fields in cold
atoms [29] enables a systematic search for the onset of Stoner magnetism, the associated topological
excitations and their interactions.

We study the strongly interacting Hofstadter–Fermi–Hubbard model, which provides an appropriate
description of lattice fermions in a synthetic gauge field. We perform density-matrix renormalization group
(DMRG) simulations at variable flux per plaquette and hole doping. In particular, we exploit the SU(2)
spin-rotational symmetry of the model to study variational ground states in the fully spin polarized and the
spin-singlet sectors.

We find that for magnetic filling ν ! 1 the ground state of the Hofstadter–Fermi–Hubbard model is fully
spin polarized for a wide range of parameters, realizing a lattice version of the QH ferromagnet.
Furthermore, we observe spin textures reminiscent of skyrmions in the low-energy spin-singlet states, which
for some parameters constitute the overall ground state. Finally, for large magnetic flux per plaquette and
lower doping, we predict the breakdown of Stoner ferromagnetism and observe ground states with local spin
anti-alignment (SAA). Our extracted phase diagram summarizes our findings in figure 1.

2. Model

We study spin-1/2 fermions subject to a magnetic field on a two-dimensional square lattice of size Lx × Ly.
Choosing the Landau gauge along the y-direction, the Hamiltonian reads

Ĥ=
∑

x,y

[
−t

∑

σ

(
ĉ†x+1,y,σ ĉx,y,σ + e2πiαxĉ†x,y+1,σ ĉx,y,σ +H.c.

)
+

U

2
n̂x,y,↑n̂x,y,↓

]
, (1)

where ĉ(†)x,y,σ is the annihilation (creation) operator for a spin-σ fermion at site (x, y) and n̂x,y,σ is the
corresponding number operator. The first term of the Hamiltonian describes hopping on the lattice. When
hopping around a single plaquette, the fermions pick up a phase 2πα, corresponding to α flux quanta per
plaquette. The second term describes the Hubbard interaction of strength U on doubly occupied sites.

We study the model on a cylinder by imposing open boundary conditions in x-direction and periodic
boundary conditions in y-direction. Furthermore, we choose strong repulsive Hubbard interactions,
U/t= 8, which includes Landau level mixing effects and is realistically achievable in state-of-the-art cold
atom experiments. However, we believe our results to extend to other values of the interaction strength
exceeding the bandwidth. For a system of N particles we define the density n= N/(LxLy) and the hole
concentration δ away from half-filling, such that n= 1− δ. Furthermore, we define the magnetic filling
factor ν = N/Nφ, where Nφ = α(Lx − 1)Ly is the total number of flux quanta.

In the limit of vanishing flux, α= 0, the model reduces to the 2D Hubbard model with its various
quantum phases [26, 33]. Upon increasing the magnetic flux per plaquette, the single-particle Bloch bands
split up into flat magnetic subbands resembling the Landau levels known from the continuum [34]. The
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Figure 2. (a) Energy difference between the lowest energy states found in DMRG for the S= Smax and the S= 0 sectors as
function of magnetic flux per plaquette α and doping level δ. The gray dotted line indicates ν= 1. For α " 0.35 and ν ! 1
(shaded region) the ground state is spin polarized with an almost degenerate spin-singlet excited state (see also (b)). In contrast,
for ν> 1 the spin-singlet is energetically favored significantly. At large flux, α # αc ≈ 0.4, the QH ferromagnetism breaks down
and we find the ground state to be unpolarized even for ν< 1. (b) Ground state energies in both sectors at α= 0.2 (solid line in
(a)). Data is given for a system of size Lx × Ly = 33× 5.

formation of flat magnetic bands is expected to enhance interaction effects and leads to QH physics, in
particular the emergence of QH ferromagnetism at filling factor ν= 1. For small flux α and density n, lattice
effects are negligible and we expect our results to connect to known continuum results [35]. Increasing the
flux per plaquette, lattice effects become more dominant and the continuum description breaks down.

To study lattice effects, we perform single-site DMRG simulations [36–39]. We exploit the U(1)
symmetry associated with particle number conservation and the SU(2) spin-rotational symmetry of the
model. This allows us to calculate the variational ground state in the sectors of minimal (S= 0) and maximal
total spin (S= Smax = N/2) on cylinders of size Lx × Ly = 31× 4 and 33× 5, and vary both the magnetic flux
per plaquette and the density.

3. QH ferromagnetism at ν " 1

First, we focus on systems with magnetic filling factor ν≈ 1. Close to the continuum limit, where the flux per
plaquette α and the particle density n= 1− δ are small, we expect the ground state to exhibit
QH ferromagnetism for ν= 1 [35]. This is confirmed by our DMRG simulations where we find the ground
state to be spin polarized, see figure 2. This behavior extends significantly to larger flux α where lattice effects
become increasingly relevant. Additionally, in the spin polarized sector the system is incompressible at filling
factor ν= 1 as expected for the corresponding QH state, see supplemental material. This clearly shows the
emergence of QH ferromagnetism in the Hofstadter–Fermi–Hubbard model.

Above some large critical flux αc ≈ 0.35 per plaquette the QH ferromagnetism at ν " 1 breaks down and
we find that the ground state is a spin-singlet.

4. Comparison with trial states

Before deepening our understanding of the DMRG results, we introduce two paradigmatic trial states
describing the spin polarized and unpolarized sector, respectively. Since the two states feature different
short-range correlations, comparing their variational energies provides insights into the underlying magnetic
order.

For the spin polarized case our trial state |Ψtrial
S=Smax

〉 is the exact eigenstate with energy E trial
S=Smax

constituted
by a Fermi sea of N identical fermions.

For the spin-singlet sector we make a resonating valence bond ansatz [40]. We start from a state
consisting of N/2 up- and down-spin fermions each forming separate Fermi seas, |Ψ↑/↓〉. To account for the
strong Hubbard repulsion, we perform a Gutzwiller projection [41] to project out doubly occupied sites and
obtain the trial state
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Figure 3. (a) Energy difference between the trial energies for the S= Smax and the S= 0 sectors. The gray dotted line indicates
ν= 1 and the shaded area indicates the regime where the DMRG finds the ground state in the spin-singlet sector, while the trial
states predict ferromagnetic order. (b) Trial state energies in both sectors at α= 0.2 (solid line in (a)). Data is given for a system of
size Lx × Ly = 33× 5.

|Ψtrial
S=0〉= P̂G

(
|Ψ↑〉⊗ |Ψ↓〉

)
,

P̂G =
∏

x,y

(
1− n̂x,y,↑n̂x,y,↓

)
. (2)

We determine the variational energy EtrialS=0 of this state using Metropolis Monte Carlo sampling of
NMC = 1000 snapshots.

As previously for the DMRG energies, we compare the trial energies in the different spin sectors in
figure 3. The trial states predict correctly the existence of QH ferromagnetism revealed earlier by DMRG. For
large α and some fillings ν # 1, however, we find a region (shading in figure 3) where QH ferromagnetism is
predicted, but DMRG revealed a spin-singlet ground state.

The variational energy of the trial states is only sensitive to local correlations. Hence the extended range
of QH ferromagnetism predicted by the trial states provides a first indication that non-trivial spin textures
may lead to the formation of spin-singlet ground states while retaining local ferromagnetism: this is a
hallmark of skyrmion formation.

5. Skyrmions at ν ≷ 1

We now turn to the low-energy spin-singlet states competing with the QH ferromagnet. In the regime we
have just identified using the trial states, where local ferromagnetic correlations play an important role, we
expect the spin-singlet states to exhibit interesting spin correlations evolving from short-range spin
alignment into long-range anti-alignment. A general overview of the resulting phase diagram for the S= 0
sector is given in figure 1.

To identify and understand the different phases, we consider the local density n(x) =
∑Ly

y=1

〈
n̂x,y

〉
/Ly and

the normalized spin–spin correlations

Cx0(x) =
1

Ly

Ly∑

y=1

〈
&̂Sx0,y · &̂Sx,y

〉/〈
n̂x0,yn̂x,y

〉
(3)

relative to a fixed position x0 = (Lx + 1)/2 in the bulk of the system. On-site, we expect this spin–spin
correlation function to be Cx0(x0) = 3/4 for spin-1/2 fermions.

At filling factor ν= 1, the low-energy spin-singlet excitation shows local ferromagnetic correlations,
which at long distances continuously evolve into anti-aligned correlations, see figure 4(a). Similar to the
continuum case [5, 7], this indicates the existence of skyrmion states in lattice systems.

Upon removing fermions from the spin-singlet ν= 1 state, the local density develops localized drops, see
figure 4(b). We interpret these as quasi-holes of charge qqh =−1 derived from the ν= 1 state. The charge of
these quasi-holes is consistent with the prediction for skyrmions in the continuum QH system [7].
Furthermore, the spin–spin correlations around the quasi-holes are again consistent with localized skyrmion
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Figure 4. Low-energy S= 0 state at α= 0.2 with signatures of skyrmion states in (a)–(c). (a) ν= 1: Spin–spin correlations
resembling the characteristic behavior of skyrmions. (b) ν< 1: quasi-hole (qh) skyrmion state descending from the ν= 1 state.
(c) ν> 1: quasi-particle (qp) skyrmion excitation of the ν= 1 state. (d) ν # 1: state exhibiting local spin anti-alignment (SAA).
Data is given for a system of size Lx × Ly = 33× 5 and x0 = 17 for the parameters indicated by stars in figure 1.

excitations. Therefore, we interpret the low-lying excitations of the QH ferromagnet at filling factor ν< 1 as
quasi-hole skyrmions. In particular, we note that the number of quasi-hole skyrmions hosted by the system
increases as the particle density is reduced. We stress again that the overall ground state in this regime is spin
polarized, while the spin-singlet states just discussed are low energy excitations.

In contrast, for filling factors ν> 1, as additional fermions are added to the system, we always find the
ground state to be in the S= 0 sector independent of α. Furthermore, we find that the ground state hosts
localized quasi-particles of charge qqp = 1. Similar to the quasi-hole case, we find a characteristic change of
the spin–spin correlations around the quasi-particles as visualized in figure 4(c). While we can clearly
identify these as quasi-hole skyrmions in the former case, the situation is less clear for the quasi-particles.
However, we find the quasi-particles to be accompanied by non-trivial spin–spin correlations when
measured relative to a distant site in the bulk. We interpret these quasi-particles as being dressed by
non-trivial spin textures, which may be related to skyrmions or constitute a pre-cursor of stripe formation.

We note that the parameter regime where these exotic spin structures are observed is also part of the
regime where our trial states predict the ground state to be ferromagnetically ordered globally. In the ground
states obtained using DMRG, this global order is replaced by local ferromagnetic correlations, while
non-trivial spin textures lead to the formation of a global spin-singlet.

6. Non-skyrmion ground states

So far, the states discussed were significantly influenced by the local spin alignment underlying the ν= 1
QH ferromagnet. Now, we turn to a first explorative analysis of the phase diagram in regimes where the
influence of the QH ferromagnetism essentially disappears.

Upon increasing the particle number such that ν & 1, we find the ground state to be a spin-singlet
characterized by local SAA with essentially uncorrelated spins on large length scales, see figure 4(d). This is in
clear contrast to the skyrmion states which exhibit local ferromagnetism as one of their main features. The
local SAA is reminiscent of free fermions exhibiting a Pauli exclusion hole [42].

This state is the ground state for a broad range of parameters and might host other more complicated
structures, some of which might be related to the myriads of phases known from the doped Hubbard model.
Furthermore, earlier studies [43] using renormalized mean-field theory and exact diagonalization also found
phases with enlarged unit cells in this regime, which we can neither confirm nor completely exclude in our
finite-size simulations. Note that in this regime of large particle numbers the numerical simulations are
particularly challenging and we believe the density to be not fully converged.

We now return to the regime ν " 1. Upon increasing the flux per plaquette, we find a qualitatively change
of the behavior. For large flux per plaquette, α> αc ≈ 0.35, the QH ferromagnetism breaks down and also
the ground state at ν " 1 is a spin-singlet. Furthermore, for some values of the filling factor, this spin-singlet
state does no longer exhibit neither skyrmion correlations nor local SAA, but instead some oscillatory
behavior of the spin correlations.
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At the same time, in the very dilute limit, ν ' 1, the ground state is again spin polarized even for large
flux. In this regime, spin textures reminiscent of the skyrmions discussed above become visible close to the
transition region from spin polarized to spin-singlet ground states (see supplemental material).

7. Conclusions and outlook

We have found the QH ferromagnet to be the ground state of the Hofstadter–Fermi–Hubbard model at
magnetic filling factor ν= 1. Additionally, we have identified a skyrmion-like behavior of the low energy
spin-singlet states. In particular, the local density and the spin–spin correlations reveal quasi-hole skyrmions
and quasi-particles dressed by spin textures. For large flux per plaquette α# 0.35, we have observed a
breakdown of QH ferromagnetism in favor of a spin-singlet ground state. The microscopic nature of this
state and its origin deserve a more detailed analysis and will be addressed in the future.

Our work paves the way for future investigations of many interacting skyrmions, in particular at very low
fermion densities. Furthermore, varying the Hubbard interaction strength U/tmight give insight into the
stability of the QH ferromagnet against Landau level mixing or allow to explore doped chiral quantum spin
liquids [44]. More broadly, connections to high-Tc superconductivity can be explored by going to the
small-flux limit. Extending the model to bilayer systems or finite temperatures will lead to further interesting
questions for future research. Furthermore, different lattice geometries exhibiting topological flat bands
might allow for similar effects, even in the absence of a net magnetic field.

The model we studied can be realized with ultracold fermions in optical lattices, which provide
simultaneous spin and charge resolution down to individual lattice sites. In particular, specific spin sectors
can be experimentally addressed using adiabatic preparation schemes [35]. This type of system would also
allow to add further-range dipolar interactions, which can be used to address the fractional QH regime
where we expect similar skyrmion excitations to exist [45–48].
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The data that support the findings of this study are available upon reasonable request from the authors.
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