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1. Introduction

There is a well developed correspondence connecting topologically ordered phases in
2-dimensional systems with the theory of unitary modular tensor categories (UMTCs). Many
of the key properties of these systems, such as topological ground-state degeneracy and non-
abelian braiding statistics of low-energy point-like excitations, make them candidates for topo-
logical quantum computing. These features can be formalized through UMTCs and their associated
2 + 1-dimensional topological quantum field theories (TQFTs) [1-5].
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Levin and Wen constructed an important class of doubled, or time reverse symmetric,
2-dimensional phases utilizing a discretized model defined on a trivalent graph. The graph need
not be planar and can be regarded as living on a genus g surface. Their ‘string-net’ model
produces exactly solvable gapped Hamiltonians where the low-energy physics of a 2-dimensional
topologically ordered phase is described by the condensation of string-like objects [4]. These
models have been further generalized by modifying various assumptions [6-8]. The result is the
general belief that the most general class of bosonic topological orders with gapped boundaries
are described by the Drinfeld center of a fusion category. Indeed, in [9] the generalized string-net
models producing exactly solvable Hermitian Hamiltonians are classified.

In this work, we extend the paradigm of bosonic topological order by introducing a new class of
theories not arising as the Drinfeld center of a fusion category. A key difference in our approach
is that, while the Hamiltonians in our systems have positive spectrum and normalizable wave
functions, these Hamiltonians are not Hermitian. They are however pseudo-Hermitian, so that time
evolution is given by the exponential of the Hamiltonian that is self adjoint with respect to an
indefinite inner product. These inner products are also invariant under the time-evolution generated
by the Schrodinger equation.

Quantum mechanics with an indefinite inner product has been studied going back to Dirac [10]
and Pauli [11]. Even with the indefinite norms, they observed a formalism consistent with deter-
ministic quantum mechanics. More recently, there has been a resurgence of interest in indefinite
quantum mechanics coming from the study of P7-symmetric quantum theory [12]. PT-symmetric
quantum theory removes the assumption that the Hamiltonian is Hermitian and replaces it by
the condition that the Hamiltonian commutes with the antilinear operator P7 of parity and
time reversal, so that [H, P7] = 0. Hermiticity is then replaced by the condition H = HF7
(see [13] for a good introduction). P7-symmetric quantum theory was proposed as a way to
measure physical phenomena in the absence of Hermitian Hamiltonians. Indeed, non-Hermitian
PT-symmetric Hamiltonians have already been used to describe such phenomena as the ground
state of a quantum system of hard spheres [14], Reggeon field theory [15], and the Lee-Yang
edge singularity [16]. In each of these examples, the Hamiltonians have spectral positivity and the
associated quantum theories are unitary because the Hamiltonians are P7-symmetric.

It was discovered that P7-symmetric quantum theory was not the most general criteria that
would ensure that a given non-Hermitian Hamiltonian would have a real spectrum and unitary
evolution [17-19]. Rather, the notion of pseudo-Hermiticity provides such a criteria. Any diag-
onalizable Hamiltonian admitting a symmetry generated by an invertible antilinear operator is
pseudo-Hermitian, including the P7 operator. A linear operator H: # — 7 acting on a Hilbert
space H = (H, (-, -)+) (here we are assuming positive-definite inner product (-, -). ) is called pseudo-
Hermitian, or n-pseudo-Hermitian, if there exists a linear, invertible, Hermitian operator n: H — H
such that

H* = pHn™ ',

where H® above is the usual Hermitian conjugate (H*y, ¢), = (¥, H¢), determined by the
positive-definite form (-, -) .. We use this nonstandard notation since we will be primarily interested
in a different inner product and the Hermitian adjoint with respect to that form.

If H is pseudo-Hermitian, the choice of such 5 is not unique. Each choice of n determines a
possibly indefinite inner product, or pseudo-inner product, on H given by

(V. d) = (. n¢)y . (1.1)

When a Hamiltonian H is n-pseudo-Hermitian, then it becomes an actual Hermitian operator with
respect to the indefinite form (, ). We write H' = H to mean

(¥, Ho) = (HY, ¢).
If H is pseudo-Hermitian, exponentiating iH produces an operator U satisfying

Ut = U=yl
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Such an operator is called pseudo-unitary (see [20]). The group of such operators is controlled by
the group U(n, m) with n, m € Z* determined from the signature of the inner product.

In this article, we show that n-pseudo-Hermitian Hamiltonians extending the Levin-Wen models
arise naturally from recent non-semisimple modifications of the theory of 2 4+ 1-dimensional state-
sum TQFTs. As argued in [21], the key distinction between indefinite metric quantum mechanics and
pseudo-Hermitian quantum mechanics is that the choice of 7 is additional data that is fixed ahead
of time. Here we show that such an # arises naturally from topological considerations.

A key observation from [22-25] establishes a link between the exactly solvable Levin-Wen
Hamiltonians defined on trivalent graphs on a surface X and the Turaev-Viro topological quantum
field theory in three spatial dimensions. In this interpretation, the plaquette operators used to
define the Hamiltonian arise from three-dimensional tetrahedra glued onto the triangulated surface
of the model. Key properties of these plaquette operators, such as being projectors and mutually
commuting, also have natural topological interpretations as change of triangulations in 2 + 1-
dimensions, (see Section 3.6 for more details). The projection onto the ground state is then given
by the image of the operator assigned to X' x [0, 1] by the Turaev-Viro TQFT.

More recently, there have been developments in the study of topological quantum field theories,
so called, non-semisimple TQFTs that live outside the usual unitary modular tensor category
framework. ‘Non-semisimple’ refers to the fact that they are built on tensor categories that do
not satisfy the usual semisimple assumptions prevalent in nearly all categorical descriptions of
topological phases. These TQFTs are governed by relative G-spherical categories and depend on extra
data including a Hamiltonian link in the 3-manifold M and a cohomology class [®@] € H{(M, G). The
key examples of such non-semisimple categories have an infinite number of nonisomorphic simple
objects, all having vanishing quantum dimensions. Nevertheless, these non-semisimple TQFTs have
remarkable properties, often proving more powerful than their semisimple analogs. For example,
non-semisimple TQFTs lead to mapping class group representations with the notable property
that the action of a Dehn twist has infinite order, and thus the representation could be faithful,
(see [26]). This is in contrast with the usual quantum mapping class group representations where
all Dehn twists have finite order and the representations are not faithful. Also, after projectivization,
these TQFTs correspond to the Lyubashenko projective mapping class group representations given
in [27], (also see [28,29]). Related work of Chang [30] considers non-semisimple generalization
of Turaev-Viro TQFTs and their lattice model realizations based on non-semisimple quantum
groupoids.

In this article we define pseudo-Hermitian Levin-Wen models from relative G-spherical cate-
gories satisfying certain Hermitian properties. Any unitary modular tensor category provides an
example of a relative G-spherical category satisfying our assumptions, where G is the trivial group.
We give an example with nontrivial G in Section 5 coming from the non-semisimple representation
theory of quantum sl(2) at a root of unity.

1.1. Outline

Section 2 contains the definition of a relative G-spherical category along with extra data needed
to construct a pseudo-Hermitian Hamiltonian from it. We give a non-semisimple version of the
Levin-Wen construction in Section 3. Various properties of the Hamiltonian are proved here.
In Section 4, we construct a pseudo-unitary operator on our Hilbert space, which may be of
independent interest. Finally in Section 5 we provide an example of a relative G-spherical category
satisfying the extra data required to define a Levin-Wen model. This category comes from quantum
5[(2), but is not semisimple. This is a point of departure from other papers in the area. The Appendix
contains some explicit formulas for morphisms in this category.

2. System Hilbert space

The input for defining the system Hilbert space is a triangulated surface X' and certain categorical
data organized in the notion of a relative G-spherical category. The main examples of relative spheri-
cal categories are the categories of finite-dimensional weight modules over semi-restricted quantum

3
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groups. In contrast to the usual modular tensor categories used to study topological phases, these
categories are not semisimple and have an infinite number of nonisomorphic irreducible modules,
all having vanishing quantum dimensions. Nevertheless, such categories have been shown to give
rise to nonabelian braiding statistics and lead to new TQFTs.

We make some additional assumptions on the relative G-spherical category. We list these
conditions below as ‘Hermitian structure’. They are motivated by a Hermitian structure on the
non-semisimple category of modules for unrolled quantum sl(2) constructed in [31] and recalled
in Section 5 and the Appendix. We also assume the multiplicity spaces between generic string
types are one dimensional and that the group G is abelian. It should be relatively straightforward
to remove the first condition, but it is less clear how to handle non-abelian groups.

2.1. Basic input

The categorical input described above is the following data.

String data:

e G is an abelian group with identity 0 containing a small subset X C G, such that X is symmetric
(—x = x).
e For each g € ¢ there is a finite set of string labels I,.

Set I = Ul; and A = Ugeg\xl;. We say a string type is generic if it is in A. The decomposition
of string labels by elements of G and the ability to separate out the set A of generic string types is
vital to our new construction of string net Hamiltonians from nonsemisimple categorical data. By
restricting to generic string types, we are able to work with semisimple data within nonsemisimple
contexts. Most of the additional data described below can only be defined for these generic string
types, including the branching rules, modified dimensions d, and modified 6j-symbols.

If i € I, we say the degree of i is g and write deg(i) = g. Each element j € I, has a conjugate
string type j* € I_g, which satisfies j** = j. An There is unique vacuum string type j = 0 in Ip
satisfying 0* = 0. In Section 2.2, string types will be associated to edges of labeled graphs, so that
an oriented edge labeled j will have label j* if the orientation is reversed.

Branching Rules: To each triple of strings i, j, k € A, we associate a branching rule §; that equals
1 if the triple is allowed to meet at a vertex and O otherwise. Categorically, these branching rules
arise from the dimension of the space of maps from the unit object 1 into the tensor product of
simple objects V; ® V; ® V. For simplicity, we have considered the multiplicity one case. However, in
future work we will extend this construction to higher multiplicity allowing for ‘multiple branching
channels’.

Motivated by the cyclic symmetry of trivalent vertices, we consider the triple {i,j, k} up to
cyclic ordering and require §;; is symmetric under cyclic permutations of the three labels: §; =
8jki = éiij. To be compatible with the conjugation structure of labels given by reversing orientation
of graph edges, the branching rule satisfies Sgjx = 8gpj = 1, Skt = S+ and Sy = 0 if
deg(i) + deg(j) + deg(k) # 0 € G.

Modified dimensions: There exist functions d : A — R* and b : A — R satisfying d(i*) = d(i),
b(i*) = b(i), and for g, g1, & € G \ X with —g 4+ g1 + g2 = 0 we have
bi)= Y. bl1)b(i2), (2.1)
J1 Elgl JJ2 Elgz
for all j € I,.

Modified 6j symbols: There are symmetrized 6j symbols N defined to be zero unless

Imn
Sijter = Sprmn* = Ojenp = Spmr = 1. (2.2)
These symbols are required to satisfy

ik Akt nkimo
Nlmn — “'mnl _Nn*ij*’
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J1i2is 11115 J2dsi  __ aglsizie ni1f2s .
Z dU)NBJaI J4JOJ7NJ41718 - Nhiofs stjoh ’ (2.4)
j
ijip ppki*i Sk.p
Z ( )NlmnNnml = Sljk (Sklm (25)

d(l)

n
We refer to these identities as tetrahedral symmetry, pentagon identity, and orthogonality respec-
tively.
Hermitian Structure: There exist maps 8 : A — R* and y : A> — R* such that y is invariant
under cyclic permutations of its three arguments. Furthermore,
BG™) = BG): (2.6)
v, g, Ky (K, %, )BBGAKk) = Tif S = 1 2.7

]J] .
(NI )=N2 Ty (11,12,13))/0*,15,16)

x y(f;%js,jz)yug,h,jé)]_[ﬂ(m, (2.8)
i=1

where all string types are generic in the above formulas.
2.2. Definition of the state space

Let X be a compact, connected, oriented surface. Let 7 be a triangulation of X and I" be a finite
trivalent graph dual to 7. Each vertex of the graph I" acquires a cyclic ordering compatible with
the orientation of X'. A G-coloring of I" is a map & from the set of oriented edges of I" to G such
that

1. &(—e) = —@(e) for any oriented edge e of I, where —e is e with opposite orientation, and
2. ifeq, e, e5 are edges of a vertex v of I" with a cyclic ordering compatible with the orientation
of X and each edge is oriented towards the vertex v, then ®(e1) + @(e;) + ®(e3) =0

The G-colorings of I' form a group isomorphic via Poincaré duality to the group of G-valued
simplicial 1-cocycles on 7. We denote by [®#] € H!(X,G) the associated cohomology class. A
G-coloring of I' is admissible if @(e) € G \ X for any oriented edge e of I'.

A state of an admissible G-coloring @ is a map o assigning to every oriented edge e of I" an
element o(e) € Ip() such that o(—e) = o(e)*. Denote by St(®) the set of such states. For an
admissible G-coloring @ we define the Hilbert space # = H(I", @) as the span of all elements
corresponding to the states of @

H(, D) = EB C|I, o).

oeSt(P)

We write o* for the state of the G-coloring —@ assigning o (e)* to each oriented edge e of I".
2.3. Inner products

We equip H = H(I", @) with a complete Hilbert space structure by defining a positive definite
Hermitian inner product
(1) HOH —>C (2.9)
in which the states |I", o) form an orthonormal basis:
(Cyo | T,0")y =850 (2.10)

We will see that from the TQFT perspective, this is not the most natural inner product. The most
natural inner product can be obtained from this one utilizing a Hermitian operator n: H — .

5
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Define an invertible operator n by
n:H(,®) — H([, D) (2.11)
l_[eel"l

o) = vt ))]_[egplﬁa(e))|r’0>'

where o (v) = (j1, 2, j3) € I2,jx = o(ex), and ey, e,, e3 are the 3 ordered edges adjacent to v oriented
toward v. It is clear from the orthogonality of states |I", o) and the fact that y(o(v)), d(o(e)) and
B(o(e)) are all real that 5 is Hermitian with respect to the form (- | -)

(Y [ ne)y = v | @)+ (2.12)

for all ¥, ¢ € H.
Define a new inner product on # = H(I", @) via

Gy = ). (2.13)

This new pairing is Hermitian since
Wld)y=(WIn'¢)r=m1o V)
I =10,

However, it is indefinite since
Hvefo y(o(v)) l_[esl"] Blo(e))
HEEF] d(O'(e))

Indeed, for the example studied in Section 5, the coefficient on the right-hand-side of (2.14) takes
both positive and negative values. It follows that the » is Hermitian with respect to the new form
(-] -) since

(W I np) = [ n "nd)s = (¥ [ 1~ 'd)+ (2.15)

(2.12) 1
= Y ln @)=y |e).

Observe that if a Hamiltonian H is Hermitian with respect to the form (- | -), so that (¢ | H¢) =
(HY | ¢), then we have

(¥ | Hp)s == (Y | nHP) = (nH)'yr | ¢)
D) Hyy | ¢) i= (Hny | 07 '¢)
212< “Hny | ¢)4

Thus the Hermitian conjugate H* of H with respect to the form (- | -}, satisfies

H¥ = n~'Hy. (2.16)

(o |l o) =

8y (2.14)

Thus the resulting Hamiltonian then becomes pseudo-Hermitian with respect to the inner product

Gl
2.4. Topological origin of the indefinite inner product

In this section we show how the indefinite inner product from (2.13) arises naturally from
topological considerations. This helps to illustrate the distinction between indefinite quantum
mechanics and n-pseudo-Hermitian quantum mechanics articulated in [21]. The key distinction is
that an explicit map n as in (2.11) is chosen as part of the data. From the TQFT perspective discussed
in Section 3.6, this choice arises naturally.
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Given a tuple (X, 7, I", @) of the objects described in Section 2.2, consider the tuple (£*, 7, T,
@) where X* is the surface X with opposite orientation, I" is the graph I" dual to the triangulation

T whose cyclic order at each vertex had been reversed to be compatible with X* and where the
choice of orientation of each edge has been reversed. The G-coloring & (e) = —d(e) for any oriented
edge e of I'. In particular the dual of a state of @ is a state of @. For any oriented edge e of I",
d(e) = —d(e) but @ and @ represent the same 1-cocycle of on the 1-skeleton of 7.

There is a natural pairing (-, -) : H(I", ®)Q@ H(I", ®) — C arising from ribbon graph evaluations
associated to the relative G-spherical category defined on

Xx= ) xIT,0% andy= ) y,II',0)
oeSt(P) o eSH(P)
by
XY= Y XVo ]_[
oeSt(P) ecl
We then define t : H(I", @) — H(I", @) by
I,0) =] re@) ][] BT, 0% (217)
velp ecl

where o(v) = (j1,j2,j3) € R3, ji = o(ey), and ey, e;, e3 are the 3 ordered edges adjacent to v
oriented toward v. Then the inner product from (2.13) is given by (y|¢) = (¥, ¢).

3. Non-semisimple Levin-Wen Hamiltonian

In this section we define operators acting on states associated to the dual graph I" of a
triangulation 7 of the surface X. Recall that vertices of the graph I" correspond to triangles of
T, while regions (plaquettes), of the dual graph I can be identified with vertices of the original
triangulation. More precisely, by a plaquette p, we mean a region of X'\ I'. Its boundary 4p is a union
of oriented edges of I". We write I} for the set vertices of the graph I'. Using operators associated
with vertices and plaquettes, we introduce a pseudo-Hermitian Hamiltonian in Section 3.5.

3.1. Vertex operators
Associated to each vertex v € Iy we have vertex operators Q,: H(I", ®) — H(I", @) that act
locally to impose the branching constraints from Section 2.1.
J2 J2
Q, J3 > — 8j1j213 J3 >
J1 i
It is straightforward to see that these operators are mutually commuting projectors, so that
Q:=Q, QQ/=0Q/Q forv,v el
Furthermore, since Q, is a delta function, it is immediate that these operators are Hermitian with

respect to the inner product (- | -) from (2.14).

3.2. Plaquette operators

If g € G and p is a plaquette in X \ I", then we write g.5p for the coloring that sends oriented
edges of §p to g, their opposites to —g, and other edges to 0.

7
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For g € g\ X let @ be an admissible G-coloring such that ¢ + g.8p is also admissible. Let s € I,
and define the operator B, : H(I", #) — H(I", ¢ + g.6p) which acts on the boundary edges of the
plaquette p and is given on a triangle plaquette by

J3
ks k2 1 sj ] Si1  J5Si
. . _ 323 121 252
Byl i .2 - Z d(7y)d02)d03)N Jikaly Jzkﬂz Njﬁkzié*

s

J1:d2:03

More generally, for a plaquette with n sides, we define the plaquette operator by:

kn—1 ks kn—1 ks

d(] )stjl

ki

Note that the conditions on 6j symbols (2.2) ensure that deg(j;) = deg(j;) — deg(s) otherwise the
right hand side is zero in the above formula.
Then we define G-indexed plaquette operators

BE = Z b(s)B} : H(I", ®) > H(I", @ + g.5p). (3.1)

selg
Proposition 3.1. If g1, g, and g, + g, are generic, then
g1p%2 — REIHE
BS1BE = BEI T2,
Moreover, if g, and g, are generic then BS'B,*' = BB,

Proof. For a plaquette p and elements g, and g;, we compute the composition of plaquette
operators:

22 RS1 — " ]Sh i
BBl (x) = Z Z Z Hd(] )dGi N Jf ki ]1+1kdf/+*1'

selgy Fyseeesdn sy 8
telg,
(2.4) 4y i aiji tsa;
= d(j:)d E d(a;)N ‘N N."
Z Z Z ]_[ GeGi) 2 S]’a’ kil Tt
selgy Jpseesin J sy 1=1
telg,
(2.3) Z Z Z l_[ /, jaJx tsa; ajs*t
= LA Zda, O NS NS (32)
jt+1kL]x+*1 j1+111j:1]:+1 jl*Jt*]x*
selgy Jpseei J sy =1
[elgz

Reindexing the product for the last factor in (3.2) yields that Bf,zBﬁ’ (x) is equal to

Ja t: t
> b 3 et ) e N N N (33)
f:+1 TR BT AR R/ ST

selgy Fpoeeesdn 375w =1
telg,
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Using the orthogonality property (2.5) for the last two factors in (3.3) yields

Sa: a:
// ] ' agji 3;,0i41
Z (s)b(t) Z I Id(} Z aN kit d(ag )6““?“6”"*”?;111(/ (3.4)

BE2 B (x)

selgy L, j”l 1
telgz
,/ ] aji
= ) b(s)b t)E ]_[d(l E e, Sesar St
selgy G, jn =1
telg,
25w ¥ [l = me 39
: J:+1"'J:+1 b
u€lg; g, Ty ey

For the second statement, first note that for generic colors By' = B*B' . Then

—8 _ 3817838 _ 3p 83
B:B,*! = BY'B, ©B,"' = B’B,”. O

3.3. Commutativity of operators

In this subsection we show that plaquette operators commute following a proof given in [8].

Proposition 3.2. Let p and p’ be two plaquettes which share exactly one common edge e in a state
|I", o) as in (3.6). Then B;’stn = BZB;,.

k3 ky %)

(3.6)

ka Lp

Proof. First we compute B;/B;:

t —
BLB |, @) =

e\ seq u+15fa+1 ,+1Sf1+1
PDEDDED DD D ECO AR Ay Hd(flﬂ sk

v / / ! 4
€1 881 & Spoofo

Sh+1fg +1gb+1

”*te/ g g tg
//% 2 "2 | | 1+1 i+1
X {d(el )N e/ r /r d gH_] g 108
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Compare with the computation of B;B;,:

s pt _
BB, |I', @) =

b
et reyn 8o L8y ey 88
X T Y T an g s o

// / j—
el fofarr ™1 8pBhi i=2

k3 ko 12

+2kl+1fx+2

e//st’ Sfat1 sfita
X |: (e //)Nf,} /}/*d(fa+] ‘,]:1/* o ]_[d(fle ft+1

Fixing e.f,,....f,, 1.8, .. 8.1 and canceling identical factors leaves us with the task of
verifying:

/ a0+ NG el e PN
Z(d(faH)Nf*g* o AN 1 AN, L (g3 NG n) (3.7)
— e 1% gé*tgz r18fat ¢ efsry
Z d(rN, gb+1f +1gb+1)(d(g2 )Nk‘lfzf d(f“‘*'l)Nf*g/:le/{* Jd(e )Nf*g f’*)
Using tetrahedral symmetry, we need to verify
115 A e e’ gye1fr 85ty
Zd(fa+l ( )d(g )N fa+1gb+1 gb+1fu/j-1gl;+1 S*fz/ell N 1f2/ ’1/ (38)

K o1k Ik 4 //*

Zd oGy )l AN NS e e e
- a+ * ol .

gb+1fa+1gb+1 gb+1f+1/fa+1 €1f2T 1f25

Now we perform the pentagon identity on the last two factors of the left-hand side of (3.8) and on
the first two factors of the right-hand side of (3.8), we obtain the following equality to be verified.

/1% 4%
efers el e} 85ty \ 85°22f2 | teqz,
Ed/ d(e})d(e7*)d(gy )d(z2)N... N N 39
(fa+1) ( 1) ( 1 ) (gz) (z2)N S 18b+1 gb+1fa+1gb+1 eifaza sifiel] TUs*ele) (3.9)
)
= 3 Ay (g Az ONG TN NS N e
a+1 telzq Sor1fy Sy eS8y etfary rifas T
T ,Z]

Letting z; = e}, and z, = r{, and using symmetry, we see that (3.9) holds by matching up the first,
second third, fourth, and fifth factors on the left-hand side with the second, third, fourth, fifth, and
first factors on the right-hand side respectively. O

Corollary 3.3. Let p and p’ be two plaquettes. Then B;,B; = B;B;/.

Proof. If p and p’ are identical, or if they share no edges, the result is obvious. The case that they
share exactly one edge is proved in Proposition 3.2. O

3.4. Hermitian adjoints of plaquette operators

See [9] for a closely related calculation in the semisimple case. In the computations below, we
assume that the states are identical except in a neighborhood of the graph shown.

10
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Proposition 3.4. The Hermitian adjoint of B; is Bf:. In particular,
e\t _ p—¢
(B3)' = B,®.

Proof. We begin by computing matrix elements of (B;)T, where we ignore the contributions to the

inner product from edges not in the neighborhood of the plaquette, as these will cancel with the
identical contributions in (3.13).

(3.10)
i BUDBK) . o
L LOON, i, gpagy Y0 K90 31
This simplifies to
n ——— .
s BUDBk:)
N — ki 3.12
LI b d) Y U K (312)
On the other hand, the matrix elements of B;* are given by
kn,1 k3
n .
_ BBk N
= D Wygm, kiGN ki (3.13)
Showing that (3.12) and (3.13) are equal reduces to checking the following equality:
no—_—
l_[ ]Sjlku/* /3(] )y(]H_lv 7];)
i=1
= Hﬂ(l WG KGN e (3.14)

i=1

Using (2.8), and a symmetry from (2.3) on N this amounts to checking:

/* kLI* ’

H[ﬁu WU KDl G s, 5y G i i)

i=1
X y(5*7j;i17ji+l)y(ji7j;k+1a k,*)
11
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X BUNBOBGIBULBUIBUL N .
[T G ooV (3.15)

Canceling §(j;) from both sides of (3.15) and reorganizing factors, (3.15) is equivalent to

H[yuw ke JvGi™, ki Ji)BGDBGT B K:)]
< [y (i, .55 W(8", 070 i) )BGDBS)IBGT )]

] J
X y(.ll’-’l+l’ )de i
S fx J,
l_[ y(]H—]v k1 7] )N L}+ ]H-] (316)

i=1

Using (2.7) on each of the brackets in the first line of (3.16) verifies that equality. This proves the
first part of the proposition. For the second part, recall that Bg > oer b(s) )B,. Thus

selg

(B = b(s)By =B,%. O

selg
3.5. Properties of the non-semisimple Levin-Wen Hamiltonian

Define the plaquette operator
B, := Blg,B;'g CH(T, D) — H(T, D). (3.17)

A priori, this operator depends on g, but the following lemma shows that it does not.

Lemma 3.5. The plaquette operator defined by B, = BﬁB;g H(T, @) — H(I", ®) does not depend
ongeg\AX.

Proof. This follows from Proposition 3.1. O

Theorem 3.6. The plaquette operators have the following properties.

1. The plaquette operators are projectors Bf, =B,.
2. The plaquette operators are mutually commuting:

B,By = ByBy.
3. The operators B, are Hermitian with respect to the indefinite norm (2.14).
Proof. For the first item, recall that B, = B,‘%B;g, so if we assume g1, g», g1 + & are generic, by
Proposition 3.1 we have
2 ~8 & -8,-8,
B, =Bﬁpr 'B, ZBf,z = B§‘Bp ! ZB§2
-8,
=B, ZB§2 = B,.
The second item follows from Corollary 3.3. The third item is a consequence of
Proposition 3.4. O
Remark 3.7. The second claim above follows immediately from the topological interpretation of
the plaquette operators in Section 3.6.

12
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Define a Hamiltonian
H==>"B—Y Q. (3.18)
D v
or we can shift this Hamiltonian so that the ground state has zero energy.

H=Y (1-B))+ Y (1-Q) (3.19)
p v

Theorem 3.8. The Hamiltonian H from (3.19) has the following properties.

1. The Hamiltonian is Hermitian with respect to the indefinite inner product.

2. The Hamiltonian is gapped and local.

3. The ground state of H corresponding to the simultaneous 4 1-eigenspace of the operators B, and
Q, over all vertices v and plaquettes p, so that H has spectrum Zs.

Proof. The first claim follows from Theorem 3.6 and the Hermicity of the vertex operators Q,.
The second claim follows since the Hamiltonian is constructed from local commuting projectors
acting locally only on vertices and plaquettes of I". Since the Hamiltonian is comprised of mutually
commuting projectors, it is clear that the spectrum of H is Zx( with ground state corresponding to
the simultaneous +1 eigenspace of the vertex and plaquette operators. O

Observe, that the simultaneous +1-eigenspace of all the vertex operators Q, over all vertices
defines a subspace of the Hilbert space #(I", @) consisting of G-colored graphs where each labeled
trivalent graph is consistent with the branching rules §;z. The simultaneous +1-eigenspace B,
operators consists of those basis vectors |¢) in the image of the projector IT,B,. Indeed, if any
B, |¥) = 0, this operator maps |{) — 0 and fixed any vector with B, [/) = |) for all plaquettes
.

We now show that the ground state of the Hamiltonian is described by the modified Turaev-Viro
invariant coming from the relative G-spherical category.

3.6. Topological invariance of ground state

In this section we explain the topological origins of the plaquette operators defined in Section 3.2.
The modified Turaev-Viro TQFT from [32] is a 2 4+ 1-dimensional TQFT defined on a 3-manifold
M with the additional data of an isotopy class of an embedded graph Y in M and a cohomology
class [®@] € H'(M, G). Given a triangulation Ty of M, the graph Y is assumed to be Hamiltonian,
meaning that it intersects every vertex of the triangulation exactly once, and its edges are part of
the triangulation.

When the manifold M has boundary, the triangulation of M induces a triangulation 7 on the
boundary X and the cohomology class [@] € H'(M, G) restricts to [D 5] € HY(X,G). In [32], it is
assumed the graph Y is embedded transversely to the boundary surface. Thus, the modified Turaev-
Viro invariant for the surface X includes the additional data of a finite set of marked points m C X
on the surface corresponding to where the graph intersects the surface. Since the graph must go
through every vertex of the triangulation, in [32, Section 4], the notion of a “oscillating path” on a
surface is used to define enriched cobordisms between triangulated surfaces with oscillating paths.
The oscillating path allows vertices of the triangulation of a surface to be outside the set of marked
points. In this paper we do not consider oscillating paths but instead assume that the set of vertices
is exactly the set of marked points. This seems natural from the perspective of the B, operators
because as we will see, they generate the cylinder of the modified Turaev-Viro invariant, and they
are only defined for a vertex at a marked point (also see Remark 3.9). It would be interesting to
consider oscillating paths and graphs which are not transverse to the surface, but we leave this for
future work.

Next, we give a quick description of the modified Turaev-Viro invariant TV with the assumptions
and notation of this paper. Let (X, 7, ", ®) and (X, 7', I/, @') be tuples of objects described

13
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in Section 2.2 with [®] = [®'] € H!(X,G). The vertices Ty of the triangulation 7 and T, of
the triangulation 77 are the marked points m. Let M be the cylinder ¥ x [0, 1]. Define a graph
Y = 75 x [0,1] = m x [0, 1] in M. The cohomology class [®#] = [®'] € H(X,G) ~ H!(M, G)
induces a unique cohomology class on M.

Let (7™, y, ®M) be an admissible Hamiltonian triangulation of (M, Y) extending the triangula-
tion 7 of X x {0} and the triangulation 7’ of X x {1}, see [32, Section 3.2]. The cohomology class
[®] € H'(M, G) can always be represented by an admissible G-coloring ®™ of 7" which restricts
to ® on X x {0} and to @' on X x {1} [33, Lemma 23]. Likewise, every admissible G-coloring of
TM gives rise to a representative of a cohomology class [®M] € H!(M, ). In particular, " is an
admissible G-coloring of 7V representing [®M] € H'(M, G) which is a map on the set of oriented
edges of 7V such that for any oriented edge e of TV, ®M(e) € G \ x, ®M(—e) = —®M(e), and the
sum of the values of ®™ on the oriented edges forming the boundary of any face of 7" is zero.
Also, Y is a set of edges of 7™ such that the union of these edges is the graph Y in M and all the
vertices of 7 are contained in Y (i.e. all the vertices are incident to an edge of )).

A state ¢ of @M is a map assigning to every oriented edge e of 7™ an element ¢(e) € Igm (e such
that ¢(—e) = —¢(e). Given a state ¢ of @M, for each tetrahedron T of 7" whose vertices vy, vy, v3,
vy are ordered so that the (ordered) triple of oriented edges (v1v3, 0105, v1v4) is positively oriented
with respect to the orientation of M, set |T|, := N’ where

Imn
{i=¢(vz—v’1) j=¢(3t5) k= ¢(v301)
l=¢(vav3) m=p(vavy) n=d(vavs)’

Let &+ be a G-coloring of T representing [®] € H!(X, G). Let H(T, ®) = @UGW)C |7, 0)

be the span of all colorings corresponding to the states St(®) of &. Similarly, H(7', ®') =

@aest@') CIT', o)

Now fix a state o of @ and let St(®", o) be the set of states of @™ which restrict to o on
T = 7" N (X x {0}). The modified Turaev-Viro invariant TV(M, Y, [®M]) : H(T, ®) — H(T', ®')
is defined on vectors as

IT, o) (3.20)

> Y J]a@En] [ow@e) [T Ty 17 ¢

¢€5t(¢M’0)ee£ ecy Te7’3M

)

where € is the set of unoriented edges of 7™ that are not in 7 nor in ¥ and 73" is the set of
tetrahedra of 7M.

In [32] it is shown that the mapping (3.20) is independent of triangulation, coloring, and basis.
However, it does depend on M, Y = m x [0, 1], the cohomology class [#M] = [&®] and /th/e
triangulation of dM. For a fixed triple (X, [@], m), let us denote the associated mapping C;f .
Since thp c”ompogition oﬁf two cylinders is topologically equivalent to a single cylinder, [32] implies
that 7,2 CT,f = C; q;‘p . In particular the maps C;’g are projectors with canonically isomorphic

7—'!,43/
image. Then the definition of the modified Turaev-Viro invariant on surfaces with marked points is
V(Z, m, [@]) :=ImC] 3, (3.21)

for any choice of 7, @.

A key distinction between the modified invariant (3.20) and the usual Turaev-Viro invariant is
the use of a modified dimension d in place of the usual quantum dimension. As noted, the modified
dimension is real, but need not be positive. Another difference is the role the Hamiltonian graph Y
plays, allowing the modified dimension d to be used on edges not contained in Y, while b is used
on those edges of Y. This subtle difference is what enables non-semisimple categories to be used
for state-sum topological invariants.

Much like the semisimple case [22,23], the plaquette operators B,‘% from (3.1) used in the
definition of the non-semisimple Levin-Wen Hamiltonian have a topological origin via the modified
Turaev-Viro invariant. Each plaquette in the dual graph I" corresponds to a vertex p of the original
triangulation see Fig. 1(b). By adding an additional vertex p’ over the point p and connecting it by

14
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o
! \v\
(a) A plaquette p in the dual graph T'. (b) The dual graph I' superimposed (c) 3-dimensional tetrahedra obtained by adding

over the original triangulation 7. a vertex over the vertex in 7 corresponding to
the plaquette p in T".

Fig. 1. The plaquette operator Bﬁ has a topological interpretation as the operator assigned to the tetrahedra in 1(c) by the
modified Turaev-Viro TQFT. The initial edge labels in (1(a)) are mapped to new edge labels by the Turaev-Viro operator
from (1(c)). The index g € ¢ \ x labels the internal edge common in all the tetrahedra obtained by adding the point p’.

an edge to p and all vertices adjacent to p, we obtain a collection of tetrahedra X, over our original
triangulation (see Fig. 1(c)). Labeling the edge connecting p to p’ by g, we can then evaluate the
tetrahedra TV(X,) to produce an operator mapping the Hilbert space #(I", @) to the Hilbert space
H(I", @ + g.5p). We have defined Bj so that

BS = TV(X,). (3.22)

Note that several of the key properties of the operators Bf, become apparent from the topological
perspective. For example, the commutativity [Bf,i , Bﬁi] = 0 follows from the independence of the
modified Turaev-Viro invariant under change of triangulation.

(3.23)

Remark 3.9. Those familiar with the usual Turaev-Viro construction and its connection to Levin-
Wen models, might have expected the plaquette operators to be defined using the modified
dimension in place of the usual quantum dimension so that B§ = Zselg d(s)BS, rather than (3.1). This
is a key distinction in the non-semisimple version of the Turaev-Viro construction and is closely
related to the role the embedded graph plays in the theory. In Fig. 1(c) the graph was assumed to be
transverse to the surface at each vertex of the original triangulation and the resulting triangulation.
This means the new edge labeled g now contains the embedded ~graph, and as such, the Turaev-Viro
invariant utilized b(s), rather than d(s) for s € I;. The operators Bﬁ produce nilpotent operators that
cannot be used to define projectors.

Theorem 3.10. The degenerate ground state of the Hamiltonian in (3.18) defined on a surface X is
isomorphic to the vector space assigned to the surface by the modified TQFT from [32] defined from the
corresponding relative G-spherical category:

KerH ~ TV(X, m, [®])

where [®] € H'(X, G) and the cardinality of m is the number of vertices in the triangulation 7 of X.
In particular, the ground state of the system is a topological invariant of the surface X equipped with
the set of points m and the cohomology class [®] € H'(X, G).

Proof. Observe that the image of the operator [], Q, on H(I", @) consists of those states |I”, o)
where the G-coloring satisfies the additional constraint dictated by the branching rules §;; at each

15
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vertex. Denote this space by #'. The ground state of the Hamiltonian is then the subspace of #’
given by the image of [ | B,. We identify the operator [ | B, with the operator associated to a cylinder
X x [0, 1] by the modified Turaev-Viro invariant.

As above, let M be the cylinder X x [0, 1] with graph Y = m x [0, 1] C M. The triangulation
7 on X x {0} can be extended to a Hamiltonian triangulation of (M, Y). First, add a new vertex p’
over a vertex p of 7, making several tetrahedra as in Fig. 1(c) (here the edge between p and p’ is in
V). Iterating this process (similar to the picture in (3.23)) for all vertices of 7, we obtain the desired
triangulation. Now computing the modified Turaev-Viro invariant with this triangulation, we have
TV(M, Y, [®M]) = ] B, (see (3.20)). The theorem then follows from (3.21). O

4. Maps between Hilbert spaces for bistellar operator

Here we give an example of a pseudo-unitary transformation relating Hilbert spaces for different
triangulations that share the same ground state. These correspond to a change of triangulation
according given by the 2-2 Pachner move.

4.1. Local operators

Let (X, {p}, 7, I, @) be as above with & an admissible coloring of I". Given an edge e of the
triangulation, we can modify 7 and I" to 77, I’ by doing a bistellar move I <> H on e. The cocycle
condition of @ implies that there is a unique coloring @’ of I’ which coincide with & outside
I'. In particular, it satisfies [®] = [®'] € HI(X, G). If @' is admissible, we define the operator
T:H(,®)—> H(I',P') by

12 I3

. Js 7 \NJ12:05

T: > — Zd(}s)Nij% i > (4.1)
i1 Jja Is

In what follows below, we sometimes write T;, for the operator above to clarify algebraic compu-

tations.

4.2. Bistellar operators are Hermitian

Much like the work in [34], we can define certain local change of triangulation operators that
act on our Hilbert space, though the computations in the non-semisimple case require modification.
Using the Hermitian inner product from (2.14), we have

J2 i3 |2 J3

< Js Js >
1 Ja | Q1 Jja

1

d(js)’
Similarly, we can compute that for a state that is identical to the one above, except in a neighbor-
hood of js that we have

= y(1.J2.J5)7 (3. ja, 5 )B(s) (4.2)

1
=y (a2, j3,J5 ). J¢ . ja)BUs) ——
5 5 5 d(]/s)
16
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Proposition 4.1. The operator T is Hermitian and unitary.

Proof. Consider the matrix entries of TT with respect to the Hermitian form:

J2 Jj3
J2 i3
j
< = T >
5
i1 Ja
i1 Ja
J2 J3
J2 i3
j
= , T 2
5
i1 Jja
Jj1 Ja

T |
= d(ls)ij;JjZJ]S Y Ga. i3, Js )y G s+ ja)BUs )
5

= NUEPy G35y (. J5 Ja)BUS)

Compare with the matrix coefficients of T which you get by rotating (4.1) 90 degrees

= d(js)N ]sz -y (1. 2. J2 )y (s, 14,15)/305)(10 )

J4J ]
Therefore, we have shown that the T operator is Hermitian provided the following equality holds

Ny G, s, 3y o 15 JOBUS)
(4.4)

N2 By G, o, 5 s, Ja, 35 B

Recall from (2.8) that
1 i oy
NJI]ZJS = 215)/(]17.’29.]5))/(_,‘1’]47 )VU;]s’ﬁ)

FEU/ R /e
X y(js. ja. ja)BU1)BU2)BG1)BU3)B4)BUs)BUS) (4.5)
and using the symmetries of the tetrahedron we have
NP5 _ NJHs2 _ Tas. (4.6)
Jaitia Jiisia Jajais

Hence, we have

N G s, G, 5 J0BUS)

NS G B G B3 S Y U 6 3)
XJ/U57135]4) . y(]2513’]5 )y(]la]é*a_lél)ﬂ(lg)
x B )BU)BBUBGSBUS)BUS)

17
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I A
= ;:;;;;5V(h,]2,15)1/(15,]37]4),3(]5)'

x (3. 42,35 G Js' j)BGDBG)BUS))
x (v (3, ds» 13y G2, Ja» J5 )BU2)B3)BUS))

= N2y G, o, 357 Us. 3, J)BUs)

where we have used (2.7) twice in the last equality. Thus, (4.4) holds and T = T*.
Next we will show that TTT; = Id.

J2 J3
J2 i3
J
TTT 5 — Z d(’s N]l]Z]STT ,
Jaihis Jg
. . i
i1 s J5
1 Ja
J2 3
1112]5 ]213’5 Js
= d(js)N: E
Z Us) Jai4is dGsN Jafiis*
> ) .
Js J1 Jja

(The above works since we have established that TT = T.) Observe that using the symmetries from
(2.3) we have

ook o ks
J2i3s Jsiaj J1isi2 Jsi5it
N5 — 5/alq — N2 _ 52

e = N2 47
Jafjd Jiais FEVAN SANE] (47)

So unitarity follows from (2.5) since
111215 J2i3.Js
Z Z d(j5)d(s) 1\1131415 Jaitis*

5 5

5301
— 2 :§ :d(] dUs Nh]z]s 52
345 151413

-/

— i Jljzls 151211
- Zd05) Zd(l5) SE 151413

Jg Js

]5]5
= Z U ( 3111215*5151314> 51515' o

4.3. Local operators commute with the Hamiltonian

Lemma 4.2. When all involved G-coloring are admissible, plaquette and bistellar operators commute:

BgTj,1 = Tngg-

Proof. By direct computation we have

ST n]Jn 1jn
5= Y o N
i=1

Zn— 111 ,,,,, J -1

x d(]) ]5.11

P
. n—19n-1
ikt dUn-1 )NJ* i

J1Zn—1J1

18
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Z Z ‘/Hdzn 1d0 J]ijikﬂxﬂ

Zn— 1]1 ,,,,, Jp_q+dn 1

« d(_]';,,l)d(j;,)N]” 19n— 1NJnSJn N K _1in_1in

Jnkn—1in *knl knzn 1
In order to verify the equality, we need to check

k;,]jn—ljn 4;1,15]'11—1
iknzn 1 Viiza_ u'g*

_ n—19n—1 JnSJn ke tin_tn
Z d(J kn—1jn erl N‘a*knzn—l
which follows from (2.3) and (2.4). O

5. Example: quantum sl(2) at roots of unity

In this section we provide a non-trivial example of a Hermitian relative G-spherical category. It is
a certain category of representations of quantum s[(2) where the quantum parameter q is specialized
to a root of unity. There are two versions of the quantum group that we consider. The first is the
unrolled quantum group. This larger algebra plays an auxiliary role here. It was proved in [31]
that a category of representations for this algebra is Hermitian. This leads to some nice properties
about 6j-symbols for the category of representations. However, the category of representations for
the unrolled quantum group does not have certain finiteness properties that are required for a
relative G-spherical category, which are necessary to construct the modified Turaev-Viro invariant.
The semi-restricted quantum group for sl(2) does give rise to a relative G-spherical category. There
is a forgetful functor between the categories allowing us to transport the desired properties of the
6j-symbols for the unrolled quantum group over to the semi-restricted quantum group.

o
Throughout the section, fix an odd positive integer r = 2r' + 1 and let g = e~ 7 be a 2r"-root
of unity. Set

¢ —q" -
[n] := q—q n}:=¢"—q™"

5.1. Unrolled quantum group

Let U;*sr(z) be the C-algebra given by generators E, F, K, K~!, H and relations:

KK '=K'K =1, KEK ™' = ¢’E
K—K1 IR
[E,Fl= —— KFK™' = q~°F, (5.1)
q—q°
HK = KH, [H,E]=2E, [H,F] = —2F. (5.2)

The algebra Ug’sl(Z) is a Hopf algebra where the coproduct, counit and antipode are defined by

AE)=1QE+EQK, e(E)=0, S(E)= —EK~!, (5.3)
AF)=K'®@F+F®1, e(F)=0, S(F) = —KF, (5.4)
AK)=K ®K, eK)=1, S(Ky=K", (5.5)
AH)=H® 1+ 1Q®H, e(H)=0, S(H) = —H. (5.6)

Define the unrolled quantum group ﬁ’;s[(z) to be the Hopf algebra Uf;’s[(Z) modulo the relations
E'=F =0.
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We now consider the following class of finite-dimensional highest weight modules for 325[(2).
For each o € R, we let V,, be the r-dimensional highest weight UqHs[(Z)—module of highest weight

o +r — 1. The module V,, has a basis {vy, ..., v,_1} whose action is given by
d{{d —
Hvg=(ax+r—1—-2dvy, E.vg= Mvd,l,
{1)?
F.vd = Vd+1- (5.7)

For all ¢ € R, the quantum dimension of V, is zero, but is possible to define a modified dimension
that is nonzero.
For @ and g sufficiently generic, V, ® Vg decomposes into a direct sum of irreducible modules.

Proposition 5.1 ([35, Theorem 5.2]). If «, € (R\ Z)U1Z, and a + B ¢ Z, then
r/

Vo ®Vg = @ Votptay-
y=—1'

Remark 5.2. The modules V, also exist when o € C. We restrict to R here in order to ensure that
the required Hermitian structures exist.

The category of U 5[( )-modules generated by the V,, for « € R possesses a set of 6j-symbols
N,’j,l;1 that have exp11c1t formulas given in [36, Theorem 29].

Proposition 5.3. The following identities hold.
jk jk* kim .
1. N1]< — N]< i* — NH*T*,

Imn mnl
J1.d2.Js npidie npi2J3) 50306 NI 1J2J5 .
2. Z d@) N]3 Jesd NJ4]0]7NJ41718 NJ41018 stjoh
N s ) ) ) o
3. ), d(n) ;’rﬁn n‘{n,' = %&jk*a,{,m* where 8, is the branching rule that equals 1 if the triple is

allowed and 0 otherwise.

Proof. The first claim is from [33, Section 4]. The second claim is [33, Theorem 7]. The last claim
is [33, Theorem 8]. O

Fori,j, k € (R — Z)Urz, with i +j 4 k = 2F, define coefficients

dliy = dp L9 (5.8)
qu — q—n
2r=1) (3
pliy = W40 (5.9)
rdo
r'+F
y(i.j. k)= B(—k) [ [ti—FHi —f)
f=1
r'+F
{2r —g + 1}{—k+ g}
s 5.10
x g O (5.10)

where we set dg = 1.
Using the explicit formulas for the 6j-symbols from [36, Theorem 29] and the definitions above,
one can verify the following result.
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Proposition 5.4. The following identities hold.
L y(i,j, Ky (k*, j*, i)BOBGIAK) = 1;

2. (1\111'43'353) = Nj:j;j‘g)/(]1,127]?)/(]*,]57]2) X)’U;Js,]z)y(]&]mﬁ)l—[f BUi)-

In Appendix we give a conceptual derivation of Proposition 5.4 by studying elementary in-

tertwiners between U’;sl(2)—modules. There is a ribbon category D' of U’;sl(Z)—modules that are

generated by a certain set of objects A containing the V; for i € R (see [31, Equation 18]). In [31,
Theorem 4.18] it is shown that the category D' is a Hermitian ribbon category, so it possesses an
indefinite inner product (-, -) allowing one to compute Hermitian adjoints f1 for any morphism in
Di.

In this formulation the coefficients A(i) and y(i, j, k) have natural interpretations via the Her-
mitian structure. There is an isomorphism w;:V; — V*; determined by mapping a highest weight

vector vg € V; by wi(vg) = —q~'y*_,, where y,_; is a lowest weight vector of V_;. The coefficient
B(i) is the unique constant satisfying
wh = Bli)w1. (5.11)

Likewise, it is possible to specify a specific basis vector h;j in the 1-dimensional space Hom(1, V;®
V;®Vy). Then using the pivotal structure and the isomorphisms wy, these distinguished basis vectors
determine basis vectors

h* € Hom(V; ® V; ® Vi, 1) = Hom(V; ® V; ® Vi, 1)
= Hom(1, V; ® V' ® V")
= HOITI(], Vir ® Vj* X Vi*)'
The coefficients y (i, j, k) are the unique coefficients satisfying
hb = v(i.j. kht*, (5.12)
5.2. Semi-restricted quantum group and relative spherical data
Let G be the abelian group R/2Z. Let X be the subset Z/27 in G. Consider the natural morphisms
R — G. We denote the image of « € R in G as a.

Let~§ be the group R/2r7Z and X be the subset Z/2r7Z in G. Consider the natural morphisms
R — G — G. We denote the image of « € R in G as . For & € G let

I; = {& € G | @ = imd under the morphism § — G}

— @ a+2, ... ad+20r =)

Note that G comes with an involution & — a@* = —& with [_g = (I3 )*.
Define
o 4=
d@) = dOﬁ
for a fixed real number dy. Ifie Iz, then we define the constant quantity
~ 1
b(l) = ﬁ.

Let Ugsl(2) be the C-algebra generated by E, F, K, K~ subject to relations (5.1). Let qul(Z) be
the algebra Uysl(2) modulo the relations E" = F" = 0. This algebra becomes a Hopf algebra via
(5.3)=(5.5). B B

The category Ugsl(2)—mod of weight Ugsl(2)-modules is a relative G-spherical category with
basic data leading to 6j-symbols NT'I%; see Section 9 of [33]. As we now explain, these 6j-symbols
are essentially the same as the values of the 6j-symbols derived from the category U?s[(Z)—mod.
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Con51der the highest weight qul( )-module V; determined by a highest weight vector of weight

T4r— r—1le R/2r7. This module is simple ified \ X.
There is a forgetful functor

F:Uy si(2)—mod — Ugsl(2)—mod. (5.13)

This functor maps Vi to V5 for all k € Z. The branching rules are defined to be

i ] I3
i7% = dimHomg 5y moa(1, Vi ® Vy® Vg)

1, T+j+ke{=2r, =2 +2,...,2r),
~ 10, otherwise.

Note it is possible that 6;7; = 1 but §; = 0. However in such a case there exist lifts (via 7) of ¥, V;

]k
and Vg such that the correspondmg hom- 1-space inU 5[(2)—mod is non-zero and §;x = 1. Moreover,
there exist lifts of i,j, k, [, m, n ofl ], k I m, 1 such that

N~] ik — Nuk

Imn Imn

see [33, Remark 21].

Also note that the quantities 8(i) and y (i, j, k) computed in Appendices A.2 and A.3 are inde-
pendent of the pre- images of i, j, and k in R/2rZ. Thus, by choosing any lifts, these formulas define
ﬂ( i) and y(l ] k) Combining this discussion with Proposition 5.4 we have

y (.7, Ky (k7 F)BHBGIBK) = 1;

~~ gk

(NLI‘LZ‘B) NJZ ]1 13

~ON Rl R Nk
Jaisie Jajaie y(]lv]23.13 )y(ll ,J5,J6 )

< y(2"JosJa Yy (s, jas Js ) [ | BGD-
i
The discussion of this subsection can be summarized in the following theorem.

Theorem 5.5. The category of weight modules ﬁqst(Z)—mod is a relative G-spherical category giving
rise to input data

d(@). b(D). NI X B0, v (1.7 %), 877

for i,j, keA= Useg\xla satisfying the axioms of Section 2.1.
6. Conclusion

We have shown that using data associated to a relative G-spherical category, it is possible to
use non-semisimple categories to construct new classes of two-dimensional topological phases
described by local, gapped, commuting projector Hamiltonians. We showed that the ground state
of these models agreed with the modified, or non-semisimple, Turaev-Viro TQFT for the surface
that the string net Hamiltonian is defined on. A novel feature of these new theories is that
they are pseudo-Hermitian with respect to a specified metric », providing a new link between
non-semisimple TQFTs and pseudo-Hermitian phenomena in topological phases.

We gave a family of examples associated with a non-semisimple representation category of
quantum sl, at a root of unity. These models would not be possible in the traditional Levin-Wen
theory based on semisimple categories, as all of the simple objects utilized in our theory have
vanishing quantum dimensions. By utilizing the modified quantum dimension included in the data
of a relative G-spherical category, our theories have continuous parameters worth of simple objects
in contrast to the usual theory with a finite set of simple objects. These new non-semisimple Levin-
Wen models make use of a G-valued cohomology class, allowing us to select a finite set of allowed
string labels for each edge of our string net graph.
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We anticipate that the continuous nature of the non-semisimple Levin-Wen models introduced
here will provide additional flexibility in realizing these models physically. As explained in the in-
troduction, the non-semisimple TQFTs with which these theories are related, are significantly more
powerful than their non-semisimple counterparts. We are optimistic that these more sophisticated
topological tools, such as the infinite order mapping class group representations arising in non-
semisimple TQFTs, will lead to novel new topological gates and universal quantum computation at
smaller roots of unity than can be realized in the standard theory. This again may be physically
relevant as semisimple representation categories associated with quantum sl, are believed to
describe fractional quantum Hall states, where the order of the root of unity corresponds to the
filling fraction of the quantum Hall state [3].
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Appendix. Some graphical calculus for the unrolled quantum group

The aim of this section is to give representation-theoretic proofs for Proposition 5.4. Here we
recall the evaluation of a network and extend the definition to uni-trivalent graphs. Let I" be an
admissible uni-trivalent network in a disk with its n univalent vertices on the boundary circle. One
can associate to I a Df-ribbon graph which can be evaluated with the Turaev functor to some
invariant tensor € Hom(1, V; ® Vi, ® - - - ® V;, ). Note that we read our graphs from bottom to top.

A.1. The module v

Let v denote the two-dimensional irreducible highest weight module of Uggl(Z) with basis
{vo, v1}. The algebra acts as follows:

EU] = o, FU0:U1, HU():vo, HU]Z—U1.

Using dsfinitions from [36, Section 3.3], one could deduce that the following formulas determine
maps of U, sl(2)-modules:

i+1 v

Vi=> Vi1 Quv,
: X _ A1
va > — i — d)(vg ® v1) — 0~ {1)vgsr ® o, (A1)
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v i+1

‘Vi — V®Vi+], )
g > gl = d(v ® va) — 47 1o ® g,

Vili®v =V,
Vg @ g > [2r —d — 1)g 2 A=y, (A3)
vg ® V1 > —qug,

ve Vi =V,
100 ® vg > —q[d]vg-1, (A4)
v1 ® vg — g %vg.

v i+1
Proposition A.1 ([36, Equation 13]). For i € R \ %, there is an isomorphism v ® V; = Vi1 @& Vi_1.

Proposition A.2 ([36, Section 3.2]). There is an isomorphism w, :v — v*, where

Vo > —qui, vy > .
A.2. Isomorphisms w;

There are isomorphisms w;:V; — V*; determined by mapping a highest weight vector vy € V;
by wi(vg) = —q‘lyf_l, where y,_1 is a lowest weight vector of V_;. We depict w; in the graphical
calculus as follows:

—i
w; = . (AS)
i

We want to compute w?. In order to do this, consider the Hermitian pairing (, )y, in [31,
Proposition 4.5] and the Hermitian pairing (, )V:, in [31, Proposition 4.16]. Using those results, we
compute

5> wvalve, = (w'yy, valy,. (A6)

So we now need to recall the form on V*. By [31, Proposition 4.16],

5. ¥5) Zyb e yi(e;) (A7)

where {e;} and {e,} are dual bases of V_;. If e, = y\, we calculate e;, as follows. Note that

O = (yk,yk) = (F*y0, 1) = (Yo, E*y1) (A8)
_ 1—[ {sH{s + i}
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Then set e}, := Eikek. Now a specialization of (A.6) is
Vi1 wvolvs, = (wlys_;, vo)y. (A.9)
Now we define §(i) through the equation
wh = gl)w™. (A.10)
Then w'y* | = —qB(i)vo. Then the righthand side of (A.9) is —q~!B(i). The lefthand side of (A.9) is

— Oy = —a Yy (eyiq(el)
k

1
= —q 'y i 1( yr N==q =

Cr— Cr—1
This implies
1
Croq

Bi) =

Lemma A.3. There is an equality {r — 1}! = «/—1r71r.

Proof. We compute as follows:

r—1 r—1
{r—1}!=]‘[(qf—q—f)=1"[<zﬁ)sin(”7’)

j=1 j=1

= V=) 1 _\/*

(12 Dd(i)
rdg °

Proposition A.4. One has B(i) =

Proof. Recall from (A.8) that

r—1 .
{sHs+i}  {r—1}!
Cr—1= 1_[ {112 {1}2(r 1) 1—[ s+1i}
s=1

r—1

({r — 1)1y .
= AP =1 E{s+ i}
({r— 12 [r—14+i
= {1}2(r—1) [ i j|

By [37, Equation 6], this is equal to

Ur—12 [ di) \!
{121 ((—w-l) '

By Lemma A.3, this is equal to

(=12 odi) 2
{1 }Z(r 1) (( 1)y- 1> - {l}z(r*”d(i).

Recall that we take dg = r. Thus we get

—1)y- (r=1q(i (r=14(i
ﬂ(l.):( 7PN ‘d(l). -

rdo rdo
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A.3. Coefficients y

Consider the invariant space
H(i,j, k) = Hom(1, V; ® V; ® Vi).

This space is 1-dimensional and is spanned by a specific basis element hyj, that we depict using the
graphical notation

hijk = W (A.]])

defined explicitly in (A.22). Then using the pivotal structure, a choice of h; determines uniquely
basis elements of the 1-dimensional spaces

Hom(V", V; ® Vi) = Hom(Vj* ® Vi, Vi)
= Hom(Vy ® V" ® V", 1).
Combining with the isomorphisms (A.5), a choice of h; determines unique basis elements in
HOITI(V,I', V] ® Vk) = HOITI(V,J' RV, Vk)
= Hom(V_; ® Vi ®V_, 1).

Then we have h¥* as a distinguished basis element of the 1-dimensional space Hom(V;@Vi®V, 1) =
Hom(1, V) ® Vj* ® V) = Hom(1,V_y ® V_; ® V_;).

(A.12)
Since (hy)" € Hom(V; ® V; ® Vi, 1) we define nonzero scalars y (i, j, k) by
hb = v (.. kht. (A.13)
Proposition A.5. Ifi+j — k = —2r/, then there are maps of representations
i j k
(—2r): Ve vioy; 2r) Vi@V — Vi (A14)
k i j

determined by vy — vy ® vg and vy ® vg vo, respectively.

_L
d(k)

Proof. It is trivial to see that the first map defines a morphism of modules. The second morphism
is defined using the first one and the pivotal structure of the category. Both spaces of morphisms
are 1-dimensional. The scalar for the second morphism is determined by the identity ([36, Figure
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5])

Proposition A.6. Assume i +j — k = —2r’. Then there are equalities of maps
T

k i j
1
2r = % Vi — V1®V]1 (A.15)
i j k
i j t k
—2r = :Vi X V] — Vk. (A16)

k i J

Proof. Denote the maps in (A.14) by Yk and Y" respectively. In order to compute (Y") we use the
pairing from [31, Theorem 4.14]. Let us assume that (Y,.;-‘)T = MYk’, where M is a complex scalar.
Then we have the chain of equalities

(vo. Yf(vo ® v0))y, = ((Yf)vo, vo ® vo)vav,
= (MY;/vo, vo ® vo)visv;
= M(vg ® vg, vo ® Vo )v;ev

= M(vo ® vg, TX(vo ® vo))

= M(vp ® vo, 7-’,/9vj®v,- Cv,-,vj\/ By, ® {/0v;(vo ® vo))p
=M
where (, Vigv, denotes the form defined in [31, Theorem 4.14] and (, ), denotes the product of the
pairings on each tensor factor (see [31, Equation 31]). The fourth equallty follows from [31, Theorem
4.14]. The fifth equality is a consequence of [31, Equation 29]. The sixth equality is a consequence
of [31, Equation 28].
On the other hand,

K 1
(vo, Y;j(vo ® wo)) = o
Thus
e 1
d(k)
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establishing (A.15). Eq. (A.16) follows from (A.15), [36, Figure 5], and [31, Lemma 4.19]. O

There are maps (see [36, Lemma 12])

Vi ® Vik = Vi1 ® Vierr,

Hi: gese==145 o @ vgr + 1k — dhvess ® va, (A17)
defined as a composite of maps introduced earlier, and graphically denoted by
j+1 k+1
(A.18)

Remark A.7. A priori, there is an ambiguity in the diagram above since it is not clear which object
the morphism w (denoted by a dot) is acting on. However, by the definition of the basic data in a
relative G-spherical category, the dot may move anywhere along a cup or cap morphism (see [36,
Lemma 7]).
There are maps defined in [36, Section 3.6] (called X there)
j k

H* = Vi1 ® Vigr = Vi ® Vi, (A.19)

j+1 k+1

Proposition A.8. We have an equality of maps

Hj, = () (k}H".
Proof. This follows in a similar fashion to the proof of Proposition A.6. O

Letting i +j — k = 2F, we now define the map of representations

i J

V= Vi®V, (A.20)

i J i—r'—F4+1 j—r'—F+1 i—t/—F  j—r'—F

o o). (A21)
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For i+j+ k = 2F, this allows us to fix an explicit choice of basis element hj € Hom(1, V;®V; ® V)
by

\3 - | 2

"+ F{{k — F "+1
{1}
i+1  j+1

i+1 j+1

Proof. Since these morphism spaces are 1-dimensional, we must have

(A.24)

(A.25)
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k i—r'—F  j—r'—F i—1 j—1
r'+F . . ;
[147 4 — g4 — o} .
i—r'=F j=r'—F i—r/-F41  j—r'—F+1 i J

Fig. 2. A decomposition of the left-hand-side of Proposition A.10.

By [36, Proposition 24], (A.25) becomes

k

{r'+FHk—F+1"+1}; j
{1}

k

(A.26)

By [36, Figure 5], both diagrams in (A.26) evaluate to ﬁ This implies that

{r + F{k—F 41"+ 1}

Dor = O
{1}
Proposition A.10. There is an equality of maps
. T
i
r'+F
=[Jti-26-2
g=1
k
k
r'+F
{2r —t + 1}{k+t}
X .—ZF
E {1}

Proof. Recall the definition of the map (A.20). Using Proposition A.8 r’ + F times and (A.16), we
get that the left-hand side of the proposition is shown in Fig. 2 Applying (A.23) r’ 4+ F times yields
the result. O

The next proposition yields the value of y(i, j, k). Note that an explicit formula for g(—k) is given
in Proposition A.4.
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Proposition A.11. Assume i + j + k = 2F. Then

; ; t
i J k r'+F

W = p[]i-g0-g (A27)
g=1
r'+F
2r' — t + 1}{—k + t}
<] a /(‘{'\\ ) (A28)

t=1 i j k

Proof. Taking the dagger of the right-hand side of (A.22) using Proposition A.10 and the definition
of the dagger of the bullet (the map w_;) from Appendix A.2 yield the result. O

A.4. Modified 6j symbols

In order to reduce the clutter on the diagrams, we will abbreviate the morphism defined earlier
as follows:

= ) (A.29)

The category of representations being monoidal implies that there is an equality of morphisms
given below.

Remark A.12. We note that
i j ok

Nijk —
T/l m n

Imn

(A.30)

in the notation from [33]. Since all the vertices in the graphs represent specified maps in a 1-
dimensional morphism space, the NJ¥  are some complex numbers whose formulas could be found
in [36].

Note that N7¥

imn Could be defined as the value of the following network:
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In Appendices A.2 and A.3 we defined and computed quantities 8 and y:
B:R\Z—->R y:R\Z):}— R.

This leads to a non involutive semilinear conjugation operator I — I'* on the space of R-colored
planar uni-trivalent networks. The image of a graph I" with state o, with set of trivalent vertices
Iy, with set of univalent vertices I'; and with set of edges I is given by

rt=cnr (A31)

<>
where [ is the mirror image of I" with the opposite state and the complex coefficient ¢(I") is given
by

o(ry=[]ye) ][] o)™ ] B

velp ue]"é eel

where o (u) is o of the unique edge adjacent to u and o(v) = (ji,jo,j3) € R> where j, = o(e)
and ey, e,, e3 are the 3 ordered edges adjacent to v oriented toward v. A network with no univalent
vertices is closed.

Remark A.13. Note that for an oriented edge e, (o (—e)) = B(o(e)). Thus B(o(e)) make sense even
if we forget the orientation on e.

The Poincaré dual of @ is a G-valued 1-cocycle on the 1-skeleton of 7 given on an oriented edge
a of 7 by @(a) = &(e) where e is the oriented edge of I" such that the algebraic intersection anNe
is +1. We denote by [@] € H'(X, G) the corresponding cohomology class.

Proposition A.14. If I is a closed planar (or spherical) network, the evaluation of the network I'#* is
the conjugate of the value of I’

(rt)y=(r). (A.32)

Proof. In [37] it is shown that the graph evaluation arises from the representation theory of the
unrolled quantum group for s[(2), where the evaluation of a closed graph is determined from a
modified trace applied to a cutting of the graph along a projective object. The claim then follows
from [31] proving that this category is Hermitian. O

The next result is the goal of the section and is a key ingredient in proving the Hermiticity of
the Hamiltonian for the example coming from the semi-restricted quantum group for sl(2).

Proposition A.15. The following identities hold:
1 y(i.j Ry (K j*. i)BDBGIBK) = 1;

BT e e s o e .
2. (NS2)=NZ L3y (G, 2, 35)y G s d) > v (g des 33y (3, s 33) TT; BUi)-

Proof. The first identity comes from (©*) = (©) = 1 where © is the network
i i

® = UWlth@:U v,
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For the second identity we consider the network I' defining the 6j-symbol I\Iﬁ;;’; Then we have

. 3
< Js J1 2 Ja
I = =
i3 3

where = is an isotopy of the graph in the sphere. This last graph evaluates to NJ 2j1j3. So Eq. (A.32)
applied to I'* implies the proposition. O

Jsjaje
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