SIMPLE WEIGHT MODULES WITH FINITE WEIGHT
MULTIPLICITIES OVER THE LIE ALGEBRA OF POLYNOMIAL
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DIMITAR GRANTCHAROV AND VERA SERGANOVA

ABSTRACT. Let W, be the Lie algebra of polynomial vector fields. We classify sim-
ple weight W,,-modules M with finite weight multiplicities. We prove that every
such nontrivial module M is either a tensor module or the unique simple submodule
in a tensor module associated with the de Rham complex on C”.
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1. INTRODUCTION

Lie algebras of vector fields have been studied since the fundamental works of S.
Lie and E. Cartan in the late 19th century and the early 20th century. A classical
example of such Lie algebra is the Lie algebra W, consisting of the derivations of the
polynomial algebra C|x, ..., z,,], or, equivalently, the Lie algebra of polynomial vector
fields on C". The first classification results concerning representations of W, and
other Cartan type Lie algebras were obtained by A. Rudakov in 1974-1975, [16], [17].
These results address the classification of a class of irreducible W, -representations
that satisfy some natural topological conditions. The modules of Rudakov are a
particular class of the so-called tensor modules.

General tensor modules T'(P, V) are introduced by Shen and Larson, [18], [11],
and are defined for a D,-module P and gl(n)-module V', where D,, is the algebra of
polynomial differential operators on C" (see §2.8 for details). The modules T'(P, V)
have nice geometric interpretations. If V' is finite dimensional, then we have a natural
map from W, to the algebra of differential operators in the section of a trivial vector
bundle on C" with fiber V. This map is a specialization of a Lie algebra homomor-
phism W,, — D,,®U(gl(n)). The tensor module T'(P, V') is nothing but the pull back
of the D,, ® U(gl(n))-module P ® V.

Tensor W;-modules and their extensions were studied extensively in the 1970’s and
in the 1980’s by B. Feigin, D. Fuks, I. Gelfand, and others, see for example, [4], [6].
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Important results on general tensor modules T'(P, V') have been recently established
by G. Liu, R. Lu, Y. Xue, K. Zhao, and others, see [19] and the references therein.

In this paper we focus on the category of weight representations of W,, namely
those that decompose as direct sums of weight spaces relative to the subalgebra b
of W, spanned by the derivations x,0,...,2,0,. The study of weight representations
of Lie algebras of vector fields is a subject of interest by both mathematicians and
theoretical physicists in the last 30 years. Two particular cases in this study have
attracted special attention - the cases of W, and of the Witt algebra Witt,,. Recall
that Witt,, is the Lie algebra of the derivations of the Laurent polynomial algebra
ClaT, ...,z or, equivalently, the Lie algebra of polynomial vector fields on the n-
dimensional complex torus. In particular, Witt; is the centerless Virasoro algebra.
The classification of all simple weight representations with finite weight multiplicities
of Wy and Witt; (and hence of the Virasoro algebra) was obtained by O. Mathieu
in 1992, [13]. Following a sequence of works of S. Berman, Y. Billig, C. Conley, X.
Guo, C. Martin, O. Mathieu, V. Mazorchuk, V. Kac, G. Liu, R. Lu, A. Piard, S.
Eswara Rao, Y. Su, K. Zhao, recently, Y. Billig and V. Futorny managed to extend
Mathieu’s classification result to Witt,, for arbitrary n > 1 (see [1] and the references
therein).!

The classification of simple bounded (i.e. with a bounded set of weight multiplici-
ties) modules of W, was completed in [19]. The result in [19] states that every simple
bounded module is a tensor module T'(P, V') or a submodule of a tensor module. In
order T'(P,V) to be bounded, P must be a weight D,-module and V' must be a
finite-dimensional module.

In this paper we classify all simple weight W,-modules M with finite weight mul-
tiplicities. The main result is surprisingly easy to formulate - every such nontrivial
module M is either a tensor module T'(P, V) or the unique simple submodule of
T(P, \* C") for k = 1,...,n. The necessary and sufficient condition for P and V so
that T'(P, V') has finite weight multiplicities is given in Theorem 3.5. This condition
is expressed in terms of the subsets of roots W,, and gl(n) that act locally finitely or
injectively on P and V| respectively. For our classification result, we first use a the-
orem of [15] stating that M is parabolically induced from a bounded simple module
N over a subalgebra g = W,, X (¢ ® O,,) of W,,. This subalgebra g plays the role
of a Levi subalgebra of a parabolic subalgebra of W,,. The classification of simple
bounded g-modules is one of the most difficult parts of the proof. By introducing the
so called (g, O,,)-modules, we prove that N is either the unique submodule of a ten-
sor module, or it is a special generalized tensor module F(T'(P, V), S), see Theorem
5.17. The essential tool for proving this theorem is the twisted localization functor
intrduced in [14]. For the main theorem we show that the parabolic induction functor
maps F(T(P,V),S) to a tensor module.

INote that the Witt algebra Witt,, is denoted by W, in [1].
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The content of the paper is as follows. In Section 2 we collect some important
definitions and preliminary results on weight modules, twisted localization, parabolic
induction, and tensor modules. In Section 3 we prove the necessary and sufficient
condition for the tensor module T'(P, V') to be a weight module with finite weight
multiplicities. We also show that T'(P, V') has a unique simple submodule and explain
how the restricted duality functor acts on the tensor modules. The main theorem of
this paper is also stated in Section 3. Section 4 is devoted to a few results concerning
the parabolic induction theorem. The study of bounded g-modules and the classifi-
cation of all possible g-modules N that appear in the parabolic induction theorem
are included in Section 5. In Section 6 we complete the proof of the main theorem
by showing that the application of the parabolic induction functor on all possible N
described in the previous section leads to modules M that are either tensor modules
or the unique simple submodules of T(P, A" C") for k =1, ..., n.

2. PRELIMINARIES

2.1. Notation and convention. Throughout the paper the ground field is C. All
vector spaces, algebras, and tensor products are assumed to be over C unless otherwise
stated.

2.2. Weight modules in general setting. Let U/ be an associative unital algebra
and H C U be a commutative subalgebra. We assume in addition that H is a
polynomial algebra identified with the symmetric algebra of a vector space b, and
that we have a decomposition

- ur

neh*
where
U" = {z e U|[h,z] = p(h)xz,Vh € bh}.

Let Qu = ZAy = Ay U (—Ay) be the Z-lattice in h* generated by Ay = {u €
b* | U* # 0}. We obviously have U*UY C UFT.

We call a U-module M a weight module, or a (U, H)-module, if M = P, - M,
where

M* ={m & M | hm = X\(h)m for all h € h}.

We call M* the weight space of M, dim M> the A-weight multiplicity of M, and
supp M = {\ € b* | M* # 0} the support of M. Note that

U*M*» ¢ M+,

for every weight module M.

We will call a weight U-module bounded if its set of weight multiplicities is a
bounded set. For a bounded U-module M, the degree d(M) is the maximal weight
multiplicity of M. A weight U-module M with finite weight multiplicities is cuspidal
if all nonzero elements of U* act injectively on M. If Ay, = —Ay, then every cuspidal
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U-module is bounded. We use this notion in the case when U is the Weyl algebra or
the universal enveloping algebra of a reductive Lie algebra where the latter property
holds.

In the particular case when U = U(g) for a Lie algebra g and H = S(h) for a
Cartan subalgebra b of g, we have that a weight ¢/-module is a weight g-module.

2.3. Twisted localization in general setting. In this subsection we collect some
facts about the twisted localization functor. This functor was originally introduced
in [14] and for proofs and more details we refer the reader to §7 of [10].

We retain the notation of the previous subsection. Let a be an ad-nilpotent element
of U. Then the set (a) = {a™ | n > 0} is an Ore subset of U which allows us to
define the (a)-localization DU of U. For a U-module M by DM = DU @y M
we denote the (a)-localization of M. Note that if a is injective on M, then M is
isomorphic to a submodule of D M. In the latter case we will identify M with that
submodule.

We next recall the definition of the generalized conjugation of DU relative to
r € C. This is the automorphism ¢, : DU — DU defined by the formula

T i —i
b () = Z <Z) ad(a)'(u)a™".
>0
If © € Z, then ¢,(u) = a®ua™". With the aid of ¢, we define the twisted module
O, (M) = M? of any D U-module M. Finally, we set Dfa>M = &, DM for any
U-module M and call it the twisted localization of M relative to a and x. We will

use the notation a” - m (or simply a®m) for the element in D7y M corresponding to
m € D M. In particular, the following formula holds in DZ”’@M :

x oz -z i —i
u(a®m) =a <Z < ; ) ad(a)'(u)a m)
>0
forueld, me D<a>M.
If ai, ..., ap are commuting ad-nilpotent elements in U and ¢ = (cy, ..., ¢;) is in CF,

.......... >]\/[. Note that

the products Hle D,y and Hle Dy, are well defined because the functors involved
pairwise commute.

If a € U is an ad-nilpotent weight element and M is a weight module then D?CL)M
is again a weight module.

Lemma 2.1. Let a € U be an ad-nilpotent weight element in U, M be a simple
a-injective weight U-module, and z € C. If N is a simple nontrivial U-submodule of
Dfa>M, then DM ~ D((SN. In particular, if a acts bijectively on M, M ~ D(a‘;N.

Proof. We use that since M is a simple a-injective weight ¢/-module, then DM and
Df@M are simple D ,U-modules. Indeed, DM is a simple D ,U-module because
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O(M) generates the D U-module DM, where 6 : M — DM is the localization
map. The simplicity of Dfa)M follows straightforward from the simplicity of D M.
Since N is submodule of DM, DigyN is a submodule of D7 M. The simplicity

of N implies DN ~ D@M and D@;N ~ DyM. If a acts bijectively, then

M ~ D<a>M. ]

We will also consider the following particular case of the twisted localization functor
ford = U(g), where g = W,, +€®0O,, where ¢ is a reductive Lie algebra isomorphic to
gl(p)@gl(q). Leta; € € i=1,....,¢, and I' = {ay, ..., ay} is a set of commuting roots
of £ that is linearly independent in ZA. Let also A € h* be such that A\ = Zle 2.

We set D = D<231>...D‘<Zfbe>. If M ~ DpM we will say that M is obtained by a twisted

localization from M. If M is bounded, then M is bounded, [14] Lemma 4.4.
2.4. The algebras O,,, D,,, and W,. In what follows, O,, = C[zy, ..., z,] and D,, will
stand for the associative algebra of differential operators in O,,. In other words, D,, is
the n-th Weyl algebra. We will often use the fact that D,, ~ D; ® ... ® D; (n copies).
Also, W, will stand for the Lie algebra of vector fields on C", i.e. W,, = Der(O,,).
Henceforth, we fix h = Span{x10;, ..., 2,0,}. Note that b is a Cartan subalgebra
of W, and H = C[z10y, ..., 2,0,] is a maximal commutative subalgebra of D,,. We
will use the setting of §2.2 and §2.3 both for Y = U(W,) and U = D,,, and in both
cases b is the one that we fixed above. The set of roots of W, is:

A= {Z migj, —€; + ijsj | m; € Zsp,1 =1, ,n} ,
=1 i
where ¢;(z;0;) = ;5. Let A’ :== AN —A. One can see that A’ is a root system of
type A,.

A W,-module M is a (W,, O,)-module if M is an O,-module satisfying

X(fv)=fX(w)+X(f)v, Yve M, feO,, X eW,.

If M is a weight W,,-module with finite weight multiplicities, then the restricted dual
M, of M is by definition the maximal semisimple h-submodule of M*. The following
properties of the restricted dual functor are straightforward.

Lemma 2.2. Let M be a weight W,,-module with finite weight multiplicities. Then
(1) supp M, = —supp M;
(2) dim M# = dim M~#;
(3) M is simple if and only if M, is simple.
Consider the embedding C* — CP". The Lie algebra of vector fields on CP" is

isomorphic to sl(n 4+ 1) and is a Lie subalgebra of W,. In other words we have a
canonical embedding sl(n + 1) C W, of Lie algebras.

Lemma 2.3. Let M be a bounded weight WW,-module such that supp M C A\+ZAyy,
for some weight A\. Then M has finite length.
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Proof. The result holds for sl(n + 1)-modules, see Lemma 3.3 in [14], and hence it
holds for W, by using the natural embedding of sl(n 4 1) in W,. O]

2.5. Simple weight D,-modules. According to §2.2, a D,-module M is a weight

module if
M= M,
AeCn
where M* = {m € M | x;0;m = \ym, for i = 1,...,n}. Below we recall the classifica-
tion of the simple weight D,-modules.

We will use the automorphism o : D,, — D,, defined by or(z;) = 0;,0r(0;) = —x;
for all i. We call o the (full) Fourier transform of D,,. If M is a D,-module, by M*
we denote the module M twisted by op.

The following gives the classification of all simple weight D,,-modules, see for ex-
ample Corollary 2.9 in [§]

Proposition 2.4. (i) Every simple weight module of D; is isomorphic to one of
the following: O; = Clz], OF | 2*C[z*!], A € C\ Z.
(ii) Every simple weight module of D,, is isomorphic to P| ® ... ® P, where P; is
a simple weight Di-module.

We note also that every simple nontrivial weight D,,-module M has degree 1, i.e.
all its weight multiplicities equal 1. Moreover, for every i, x; (respectively, 0;) acts
either injectively, or locally nilpotently on M. Let I (M) denote the subset of indices
in {1,...,n} such that 9; acts locally nilpotently on M and z; acts injectively on M,
I~ (M) the subset of indices such that x; acts locally nilpotently on M and 0; acts
injectively on M, and I°(M) the subset of indices such that both z; and 0; act
injectively on M. Note that {1,...,n} = I~ (M) U I°(M) U I'*(M). Furthermore,
there exists A € supp M such that

suppM =\ + Z L>oe; + Z Lej + Z Li<oEy,.
eIt (M) JEIO(M) kel— (M)

2.6. Parabolic induction in general. Let g be any Lie algebra with Cartan sub-
algebra b such that g = b ® @, ga- Let v € b*. Then the subalgebra

p=be P g

Re(v,a)>0

is called the parabolic subalgebra of g corresponding to . The Levi subalgebra of p

1S
(=bd P 0o

Re(v,a)=0

= @D o

Re(y,0)>0

and the nilradical of p is
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For a g-module M we set
M"={m e M | nm = 0}.

It is easy to see that M" is p-submodule of M.
We are going to use extensively the following standard result.

Proposition 2.5. (a) Let N be a simple l-module, considered also as simple p-
modules by letting n act trivially on N. Then the g-module U(g) ®u) N has a
unique simple quotient.

(b) If L is a simple g-module such that L™ # 0, then L" is a simple [-module.

(c) If L and M are simple g-modules such that M"™ and L" are isomorphic simple
[-modules, then M ~ L as g-modules.

Remark 2.6. If M is a simple weight g-module then M" = €, ¢ M* where S is the
subset of supp M such that A + o ¢ supp M for any @ € A(n). For an arbitrary
weight module M we call @ egM? the p-top of M and denote it by M*P.

2.7. Parabolic induction for W,. In this subsection we recall one of the main
results in [15]. Recall the definitions of A and A’ from §2.4. Let v = aje1 + -+ -+ anéy
for some a; € R. Set

Ag={ac€A|(7,a) =0}, Ar={a€cAl(y,a)>(<0)},
Ay=A0oNA, AL =ALNA"
Let
p=be P Wia s=bs P Wi
a€AgUA ¢ acNg
Theorem 2.7. Let M be a simple weight VV,,-module.
(a) There exists a weight X\ € supp M and ~y such that

supp M C X+ Zso(AL U AY).
(b) One can choose 7y in such a way that ZA| = ZA, and
A+ ZAy C supp M.

(c) M is a unique simple quotient of the parabolically induced module U(W,,) @y )
My for some simple weight g-module M, that is extended in the natural way to a
simple p-module.

2.8. Tensor modules over W,. Let V be a gl(n)-module and V := O, ® V. One
can look at V as the space of sections of the gl(n)-bundle on C™ with fiber V. Thus,
V has the natural structure of a (W,, O,)-module.

For a D,-module P and a gl(n)-module V', we define the tensor (W,, O,,)-module
by

T(P,V):=P®o, V
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and call it the tensor Wy-module relative to P and V. If P is a weight D,-module
and V' is a weight gl(n)-module then P ®¢p, V' is a weight module and

supp(P ®o,, V') = supp P + supp V.

Alternatively, we can define T'(P, V') as follows. Consider T'(P,V) as the vector
space T'(P,V) = P ®c V and define W,-action and O,-action by the formulas

%0, - (f®v) = 290;f®@v+ Z&-(:ca)f ® Eyjv,
i=1

- (fev) = 2°f®u,

for fe P,velV.
In what follows, the k-th exterior power /\k C™ of the natural representation of gl(n)

will be called the k-th fundamental representation. We have the following result from
[12] (Theorem 3.1 and Lemma 3.7):

Proposition 2.8. (i) Let P be a simple D,-module and V' be a simple gl(n)-
module that is not isomorphic to a fundamental representation. Then T'(P, V')
is a simple W,,-module.

(ii) Let P, and P, be simple D,,-modules and let V; and V5 be simple gl(n)-modules
such that neither of them is isomorphic to a fundamental representation. Then
T (P, Vi) ~T(P,,V3) if and only if P, ~ Py and V; ~ V5.

We next consider tensor modules T'(P, V') for which V' is a fundamental represen-
tation. For any D,,-module P, the differential map

d:T(P,/\C") - T(P, \C"),

is defined by d(f ®v) =31 (0;f) ® (e; Av), where (e, ..., e,) is the standard basis
of C™ associated to the coordinates xq, ..., x, of C". The map d is a homomorphsim
of W,-modules but not O,-modules. One readily sees that d?> = 0. As a result we
have the following generalized de Rham complex:

0 1 n
05T\ C) S TP\ C) S S TP\ €Y 5o
By Theorem 3.5 in [12] we have the following.

Proposition 2.9. Let P be a simple D,,-module.

(i) If k =0,...,n—1, then the module T'(P, /\k C™) has a simple quotient isomor-
phic to dT(P, \* C™).

(ii) The module T(P,\’C") is simple if and only if P is not isomorphic to
On. If P ~ O, then T(P, \"C") contains a trivial W,-submodule C and
dT(P,\°C") ~ T(P, \’C")/C.

(iii) The module T(P, \" C") is simple if and only if 3", 0;P = P.



SIMPLE WEIGHT MODULES OVER POLYNOMIAL VECTOR FIELDS 9

We finish this subsection by stating the main result from [19] concerning the clas-
sification of the simple bounded W,,-modules.

Theorem 2.10. Let M be a nontrivial simple bounded W,-module. Then M is
isomorphic to one of the following:

(a) the module T'(P,V'), where P is a simple weight D,, module and V is a sim-
ple finite-dimensional gl(n)-module that is not isomorphic to a fundamental
representation;

(b) a simple submodule of T(P, \* C"), where k € {1,2,...,n}, and P is a simple
weight D,, module.

Remark 2.11. Proposition 3.7 implies that T'(P, /\k C™) has a unique simple submod-
ule.

3. TENSOR MODULES WITH FINITE WEIGHT MULTIPLICITIES

3.1. Tensor product of weight gl(n)-modules. Let M be a simple weight gl(n)-
module with finite weight multiplicities. Recall from [3] that M induces the following
the following shadow decomposition of the root system:

A(gl(n)) = AL UAL UAT LA,
such that the a-root vectors X, act locally nilpotently on M for all roots a € A}, L
AF, and injectively for all roots a € Ay, U Al,. Moreover, A}, U Al and A},
are the roots of the Levi subalgebra g’ 4+ g/ and the nilradical g*, respectively,
of a parabolic subalgebra p C gl(n), and M is a quotient a parabolically induced
module Indg[(") (M Feo M! ), for some cuspidal simple g/-module M’ and some finite-
dimensional simple g"'-module M*".

Lemma 3.1. Let [ be the Levi subalgebra of some parabolic p in gl(n). Assume that
M’ and N’ are weight [-modules and that M’ ® N' has finite weight multiplicities.
Then (Ind3™ M) ® (Ind¥™ N') has finite weight multiplicities.

Proof. Let m denote the nilradical of the opposite to p parabolic subalgebra p~, and
let U = U(m). Then U has a Zx-grading U = 5, U, such that Uy = C and
each U, is a finite-dimensional [-module. This grading induces Zxo-gradings on both
M =Tndd™ M’ and N = Ind3™ N’ so that M, = M'® U, and N,, = N'®U,. Then
M ® N is also graded and its mth graded component is

(M@N)w= P MeNaU,aU,
prg=m
Hence, M ® N has finite weight multiplicities. 0
Lemma 3.2. Let M and N be simple weight gl(n)-modules. Then M @ N has

finite weight multiplicities if and only if (AL, U Ay,) C (AL U AY) or, equivalently,
(AL, UA) N (AL UAY) =0.
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Proof. First assume that the condition is not true. There exists a root o € Al LIA},
such that —a € AL UAY. If 4 € supp M and v € supp N then p + Zsoa C supp M
and v — Zsoo € supp N. Hence p + v has infinite multiplicity in M @ N.

Next assume that the condition holds. Then Af, C AL, AL C Al and A}, C
(AL U Ay). Choose vy € QA such that (ya,a) = 0 for all @ € AL, U ALY, and
(yar, ) < 0 for all @ € Ay, Similarly choose vy, and let v = vy + yn. Then
(v,AL)) = (7,AL) = 0 and (y,a) < 0 for any o € Ay, UAL. Let p be the
parabolic defined by . Then both M and N are quotients of the parabolically
induced modules Indg[(”) M’ and Indgl(") N’, respectively. The Levi subalgebra [ of
p is isomorphic to gi, & g4 & (g4, N g&). Furthermore, M’ = M @ M/ where M’
is a simple cuspidal g!,-module and M/ is some finite-dimensional g4 & (g4; N gk )-
module. Similarly, N’ = N‘® N/ where N? is a simple cuspidal g4 -module and N7 is
some finite-dimensional gi, @ (g4, N g4 )-module. Therefore M’ ® N’ has finite weight
multiplicities and the statement follows from Lemma 3.1. 0

3.2. Weight tensor modules.

Lemma 3.3. Let P be a simple weight D,,-module. Then P = &, P, where P, is
the eigenspace of > | x;0; with eigenvalue . Furthermore, every nonzero P, is a
simple gl(n)-module and all nonzero P, have the same shadow.

Proof. The first assertion is obvious. Since the adjoint action of gl(n) on D, is locally
finite, every root vector X, € gl(n) either acts locally nilpotently or injectively on all
nonzero vectors of P. Therefore all P, have the same shadow. By the classification of
simple weight D,,-modules, every P, is multiplicity free and supp P, C A+ ZA(gl(n))
for any weight A\ € supp P.. Using these and the fact that U(gl(n))P? = P, we
obtain that P, is simple. O

Remark 3.4. Lemma 3.3 implies that every simple D,-module P has a well-defined
gl(n)-shadow. Below we give an explicit description of this shadow in terms of the
subsets I=(P), I°(P) of {1,...,n} defined in §2.5:
AL ={ei—¢j|i,jeI’(P)}, Ap={e;—¢;li,jelt(P)ori,jel (P)},
Ap={ei—c; i€ IF(P)j ¢ I*(P) or i ¢ I°(P),j € I(P)}, Ah=—-Af.
Theorem 3.5. Let P be a simple weight D,,-module and V' be a simple weight gl(n)-

module. Then the W,,-module T'(P,V') has finite weight multiplicities if and only if
(ApUAR) C (AyUAY).

Proof. For every semisimple h-module X we denote by X, the eigenspace of > x;0;

with eigenvalue x. By Lemma 3.3, P =, .5 Pr for some 75 € C. Then

and the statement follows from Lemma 3.2. O
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Example 3.6. Consider a simple highest weight module gl(4)-module V' such that
AV ={ei—¢g;|i=1,2;7=3,4}, A = {£(e1 — &2), £(e3 —4)}.

Let P be a simple weight Ds-module P on which xq,x3, 02,04 act injectively and
01, 0, T2, x4 act locally nilpotently. Then by Remark 3.4 and Theorem 3.5, T'(P, V)
has infinite weight multiplicities as e; — &4 € Ap N A{.. On the other hand, if P’ is a
simple Dy,-module on which x1, ds, J5, 04 act locally nilpotently and 0y, x9, x3, T4 act
injectively, then T'(P’, V') has finite weight multiplicities.

Proposition 3.7. For any simple weight D,,-module P and any simple weight gl(n)-
module V', the W,,-module T'(P, V') has a unique simple submodule.

Proof. If V' is not a fundamental representation the statement follows from Propo-
sition 2.8(1). Now let V. = A"C". It is shown in [9] that if P is cuspidal, i.e.,
It(P) = I"(P) = 0, then T(P, A\* C") is simple for k = 0,n and an indecomposable
sl(n + 1)-module of length two for K = 1,...,n — 1. This implies the statement for a
cuspidal module P. For a general module P, consider

Y=S Z E; — Z €j
iel—(P) JEIT(P)

for some irrational s > 1. Let p be the corresponding parabolic subalgebra of W, and
n be the nilradical of p. The Levi subalgebra g is isomorphic to gl(p) @ gl(q) ® W,
where p = [~ (P)|, ¢ = |IT(P)|, and m = |I°(P)|. Note that

P~0OF®0,® Py,

for some cuspidal D,,-module P,,. Since V is finite dimensional and simple, V91" ~
V,®V,®V,, is a simple module over gl(p) & gl(q) ® gl(m). It is easy to compute that
T(P,V)" =V, ® V, @ TPy, V).

Since P, is cuspidal, T'(P,,,V;,) has a unique simple W,,-submodule and hence
T(P,V)" has a unique simple g-submodule N. If M is a simple W, submodule
of T(P,V) then M" # 0 and hence N C M. That implies the uniqueness of M. [

3.3. Duality for tensor modules. Recall that P¥ denotes the Fourier transform
of a D,-module P.

Lemma 3.8. Let P be a simple weight D,,-module. Consider P as a WW,-module via
the natural homomorphism W,, — D,,. Then P, ~ T(P¥ A"C").

Proof. Recall the definition of I*(P), I°(P). As a vector space

P= [] «"®Claljerr) © Clowier-p) ® Clai leer+p),
1€I0(P)
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where \; are nonintegral for all i € I°(P). We denote the monomial basis of P by
e(p) where pu; € \; + Z for i € I°(P), pu; € Z>q for i € I'(P) U I~ (P). We have

e(p) = e(p+e)ifi € IN(P)UIT(P)
T Sl e ifi e I(P)

el — &; 1fZ€IOP Ult(P
() = el — =) T EIUTTE)
e(p+e)ifie I~ (P)
Denote the corresponding basis of P¥ by f(u) where p runs over the same set as e(j).
Using identification of P and P¥" as vector spaces, we have that if X (e(u)) = ce(v)

then op(X) f(1) = ¢f(v). This observation allows us to write the action of generators
in the basis f(u):

—f(p+e)iftie I°(P)UTIT(P),
pif(p—e)ifi € I7(P),

o ) e P UTHP)

f ) {f(/i-i-&) if i € I-(P).
Let o(p) be a function satisfying
V) (i Dp(pliti € IM(P) U IT(P),
plute) = {—mi § 1)p(u) it i € I-(P).
Define a pairing P x P¥ — C by setting (e(u), f(v)) = ¢(11)d,.,. Then we have
(Gie(p), f(v)) = =(e(w), 0if(v)),  (wie(p), f(v)) = {e(u), i f (V).

dif(p) = {

Hence

{g(2)die(n), f(v)) = =(e(n), Big(x) f (V).
Using that 9;9(x) = g(2)d; + 9;(g(x)) and choosing nonzero w € A" C", we obtain

9(2)0:(f(v) @ w) = (Gig(x) f(v)) ® w.
This leads to a nondegenerate W, -invariant pairing P x T'(P¥, A" C") — C. O]

Lemma 3.9. Let V and P be such that T'(P, V') has finite weight multiplicities, and
let V., be the restricted dual of V. Then T(P¥ V., \" C") and T(P, V) are restricted
dual to each other in the category of weight W, -modules.

Proof. We define a pairing
T(P*,V.e \"C") x T(P,V) = C
by the formula
(fRu,gw)=(fg)(v,w)y, veViweV, fePgc T(PF,/\nC").



SIMPLE WEIGHT MODULES OVER POLYNOMIAL VECTOR FIELDS 13

Then we have

(x0;(f)@v+ Z 0;(z%) f ® Ejjv,g@w) + (f @v, x%0;(g9) @ w + Z 0;(z%) ® Ejjw) =

(@20;(f), g){v, w) + (f,2%0;(9)) (v, w)+
D (5@ f, ) (Eijo, w) + (f, 0;(z%)g) (v, Eyjw) = 0,

J
because of

(x20;(f), 9) + (f,2°9;(f)) = 0,
(0;(x*)f, 9) = ([, 0;(x%)g)

and
<EijU, ’LU> + <’U, EUU}> =0.
O

3.4. Statement of Main Result. In this subsection we state and prove the main
result in the paper. Some of the results used in the proof will be established in the
next three sections.

Theorem 3.10. Let M be a simple weight W,-module with finite weight multiplic-
ities. Then M is the unique submodule of some tensor module T'(P,V') with finite
weight multiplicities. More precisely, exactly one of the following holds:

(i) M is isomorphic to T(P,V) for a simple weight D,,-module P and a simple
weight gl(n)-module V with finite weight multiplicities, such that (ALUAR) C
(AYUAY) and such that V is not isomorphic to a fundamental representation.

(ii) M is isomorphic to dT'(P, /\lC C™) for some k = 0,1,....,n — 1, and a simple
weight D,,-module P.

(iii) M ~ C, which is the unique simple submodule of T(O,,, \" C").

Proof. Let M be a simple weight W,-module with finite weight multiplicities. By
Theorem 2.7 and Proposition 4.1, M is a quotient of the parabolically induced module
Ind;/‘}” N where N is a simple bounded g-module over the Levi subalgebra g of p.
Moreover, by Corollary 4.4, N satisfies the additional conditions (5.1) and (5.2) of
Section 5. Theorem 5.17 provides a classification of such N. Finally, Lemma 6.2 and
Lemma 6.3 ensure that M is one of the modules listed in the statement. O

4. APPLICATIONS OF THE PARABOLIC INDUCTION

Recall that A stands for the set of roots of W,,. We use the setting of §2.7.

In what follows we always assume that M is a simple weight WV,,-module that has
finite weight multiplicities. We will use that M is the unique simple quotient of a
parabolically induced module U(W,) ®u ) Mo, as stated in Theorem 2.7. Let p be
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the parabolic subalgebra associated with v = >""  a;e;. We assume without loss of
generality that

alZ...Zap>0:ap+1:...:ap+m>ap+m+1Z...>an'

Henceforth we fix p and denote by g the Levi subalgebra of p. Then g ~ W,, X (¢00,,)
where ¢ is a Levi subalgebra in gl(p) @ gl(n — m — p). Under this assumptions we
have the following

Proposition 4.1. The simple g-module M, is bounded.
Proof. First we prove three preliminary results.

Lemma 4.2. Let « = —¢; or a € A(€). Then

(1) dimg, = 1 and any nonzero X, € g, can be included in the sly triple;
(2) Either g, acts locally nilpotently on My or g, : My — M is injective.

Proof. The first assertion is obvious. The second follows from the fact that ad g, is
locally nilpotent in g. 0

Lemma 4.3. Let a« = —¢; for p <i < p+m or a € A(¥). Then g, acts injectively
on M.

Proof. Suppose that g, is locally nilpotent on M,. Let h be the Cartan element in
the slo-triple containing X, € g, \ {0}. In particular, a(h) = 2. Let u € supp M.
Then p + Za C supp M. Furthermore, for any n > 0 there exist £k > n and v €
M#F*e such that g,v = 0. Let M, denote the sl(2)-submodule of M generated by
v. For all sufficiently large k£ we have u € supp M. Therefore dim M* = oco. A
contradiction. OJ

Corollary 4.4. Let « = —¢; or a € A(¢). For any A\ € supp M and X € g, \ 0 the
map X : M* — M>® is an isomorphism.

Proof. From the previous lemma we know that X : M* — M is injective. Ap-
plying the same lemma to M, we obtain X : M =% — M * is injective. Hence
X : M — M is surjective. O

We are now ready to complete the proof of Proposition 4.1. Corollary 4.4 implies
dim M* = dim M**7 for any v € ZAW,,) + ZA(¢) and p € supp M. The statement
follows. O

5. BOUNDED SIMPLE g-MODULES

5.1. Generalization of tensor modules for the Levi subalgebra g of p. We
retain the notation of the previous section. In this section we assume that m > 0.
Recall that g = W, x (¢ ® O,,). Without loss of generality we may assume O,, =
Clx1, ..., Zp). In this section we will classify simple bounded g-modules N satisfying
the additional properties:

(5.1) supp N = A+ ZA(g) for any A € supp N.
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(5.2) All weight spaces of N have the same dimension d.

First, we generalize the notion of a (W,,, O,,)-module to that of a (g, O,,)-module.

Definition 5.1. A g-module N is a (g, O,,)-module if N is a O,,-module satisfying
(5.3) X(fv)=fXw)+X(flro Yo e N, f € Op, X € Wy,

(5.4) (h@Y)(fv) = (hf)Yv Vo € N, f,h e O,,Y €t

From now all (W,,, O,,)-modules and all (g, O,,)-modules we consider are weight
modules.

Lemma 5.2. Let N be a g-module satistfying (5.1) and (5.2).

(a) If « = —¢; or a € A(t) then g, acts injectively on N.

(b) If in addition N is equipped with O,,-module structure satisfying (5.3) then x;
acts injectively on N for allt =1,...,m.

Proof. The proof of (a) is exactly the same as the proof of Lemma 4.3. To prove
(b) we consider the subalgebra W, generated by z70; for all n. Then condition (5.3)
implies that N is a (W, O1)-module and the statement follows from [13]. O

Remark 5.3. Consider the associative algebra A(m) generated by W,,®1 and 1® O,,
with relations

Felyol)-yel)rel)=zyal,

lefileg =1 fg,

Eellef)-(1efllz®l)=1®(f)
forz,y € W, and f,g € O,,. Any (W,,, O,,,) is an A(m)-module, and conversely, any
A(m)-module is a (W,,, Op,)-module. Furthermore, A(m) is isomorphic to U(W,,) ®
O,, as a vector space by the correspondence (X®1)(1®f) — X®f forall X € U(W,,)
and f € O,,. Let B:= A(m) ® U(t). Then any (g, O,,)-module is a B-module.

Example 5.4. Let S be a t-module. We define a (g, O,,)-module structure on the
vector space O, ® S by setting

f(h®s)=fh®s, (fRY)(h®s)=fheYs, Xh®s)=X(h)®s
forall f,he O,,,Y €t X € W, and s € S. One can easily verify that S := On®5S

is a (g, Op,)-module. Moreover, if R is a (W,,, Op,)-module then F(R, S) := R®o,, S
is a (g, O,,)-module.

Remark 5.5. A simple weight (W,,, O,,)-module R with finite weight multiplicities
is a tensor module T'(P, V') for some simple weight D,,,-module P and some simple
weight gl(m)-module V', see Theorem 3.7 in [19].

Lemma 5.6. If R is a simple (W,,, O,,)-module and S is a simple weight ¢-module
then F(R, S) is a simple (g, O,,)-module, in the sense that it does not contain proper
nontrivial (g, O,,)-submodules.
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Proof. Observe that F(R,S) is isomorphic to R ® S as a B-module. Hence it is a
simple B-module. This implies the statement. |

Lemma 5.7. If N = F(R, S) satisfies conditions (5.1) and (5.2), then S is a simple
cuspidal ¢-module, and R = T (P, V') for some simple cuspidal D,,-module P a simple
finite-dimensional gl(m)-module V. For any A € supp N we have that dim N* =
(dim V')d(.S), where d(S) is the degree of the cuspidal module S.

Proof. The lemma follows from the isomorphism of h-modules F(R,S) ~ R® S. O

Lemma 5.8. Let S be a simple nontrivial weight ¢-module, P be a simple weight
D,n-module, and V' be a simple finite-dimensional gl(m)-module. Then F(T(P,V),S)
is a simple g-module.

Proof. Choose a regular v € € N h that acts nontrivially on S, and denote by
F(T(P,V),S)" the eigenspace of u with eigenvalue a. Let M be a proper nonzero
submodule of F(T'(P,V),S). Then M* = M N F(T(P,V),S)* is O,,-invariant for
any a # 0. Using the action of the root elements of €, we obtain that M?® is O,,-
invariant for a = 0 as well. Hence M is a (g, O,,)-submodule of F(T'(P,V),S) and
we reach a contradiction. O

Lemma 5.9. Let N be a simple (g, O,,)-module satistying (5.1) and (5.2). Then
N is isomorphic to F (R, S) for some (W,,, O,,)-module R and some simple cuspidal
t-module S.

Proof. Recall the definition of B from Remark 5.3. Consider N as a B-module. By
definition, for any vector v € N we have Bv = U(g)v (this follows from the relation
(f®Y)v = f(Yv)). Hence, N is a simple B-module. For a simple £-module 5,
the subspace Homg(S’, N) ® S” of N is B-stable. Hence, there is a unique up to
isomorphism S’, such that Hom,(S’, N) # 0. The existence of such S’ follows from
condition on the support of N. Let S be such module. We have that R = Hom,(S, N)
is a simple A(m)-module. Therefore, N ~ R® S as a B-module. The condition (5.4)
ensures that N ~ F(R,S). O

Recall that V stands for (W,,, O,,)-module O,, @ V.

Lemma 5.10. Let N be a simple weight g-module, such that 0; acts locally nilpo-
tently for alli = 1,...,m. Then N is isomorphic to a simple submodule of F(V,S)
for some simple t-module S and a simple gl(m)-module V.

Proof. Let Ny be the space of invariants of 01, ..., 0,,. If q is the parabolic subalgebra
associated to v = —(e1+- - -+¢&p,), then IV is the unique simple quotient of U(g) @ (q)
Ny. Thus, Ny is a simple gl(m) @ t-module, so Ny = V' ® S for some simple modules
V and S. Then we have a natural homomorphism ¢ : Ny — F(V,S) of gl(m) & ¢
modules, hence, also of g-modules. The homomorphism ¢ induces a homomorphism
®: U(g) @u(g No — F(V, S) of g-modules. The image of ® is isomorphic to N. [
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Lemma 5.11. Let N be a simple g-module satisfying (5.1) and (5.2). Assume that
one can define an O,,,-module structure on N in such a way that it satisfies (5.3) and

flgaY)w=(gxY)fv, Ywe N, f,g€ O,,,Y € L.
Then N is a (g, O,,)-module.

Proof. We need to verify (5.4). First, we claim that verifying (5.4) is equivalent to
checking

Indeed, let f € O,, and X = f0;. Then
(X, 2]10Y)=f1Y)=[X,1:9Y]=f®Y.

For f,g € O,, we have
flgeY)=f91eY).

By Lemma 5.2, 9; and z; act injectively on N. Therefore we can localize N with
respect to x; and define a (W,,, O,,)-module structure on N, where

O, = ClzE 2. 2t

Consider the twisted localization Do of N with U = B, and some c € C™.

.....

Next we observe that that there is ¢ such that Dfxl 77777 xn>N has a nonzero weight
vector annihilated by all 9;. Indeed, it is enough to find such c in the case n = 1. In
this case we first fix an eigenvalue « of the endomorphism (z1)(01)|y» where A is any
weight of N.? Then if v is nonzero vector such that (x;)(0,)v = av, (0;)(x;*)v = 0.

Among all vectors in D? >N annihilated by all 0; choose a vector u of weight
p with maximal possible ||, := Re )"~ p;. Let N” be a g-submodule of D¢, N
generated by u. Note that for any v € supp N’ we have |u|, > |v|.. Let v € N’ have
weight v with |v|, = |u|,. Then d;uv = 0 and for any ¥ € ¢

01(951(1 ® Y) -1 &K Y)U = 0.

Hence v/ = (21(1 ®Y) — 21 ® Y)v is annihilated by all d;. On the other hand, the
weight n of «' satisfies |n|, = |u|, + 1 hence v’ = 0. Let w € N’ be a weight vector of
weight A with minimal |\|, such that for some Y € ¢

(r1(1®Y) -2 Y)w # 0.

,,,,,

We have

Oi(r1(1®Y) - @Y w=(x;(1®Y) —2; ®Y)dw = 0,
which leads to a contradiction. Next we note that Dfxl ’’’’’ xn>N = (’~)m - N’. Since
£,(10Y) — 2, ®Y commutes with O, we have (z,(1®Y) — 2, ® Y)N© = 0. Then
(x1(1®Y) —2; ® Y)N = 0. This completes the proof. O

2Warning: here z1 € O,,, &1 € W, and (21)(01) should not be confused with x10; € W,,.
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Lemma 5.12. Assume that N is a simple g-module satisfying (5.1) and (5.2). Sup-
pose that there exists a central element z € € which does not act trivially on N. Then
N is a (g, Op,)-module and hence is isomorphic to a module F(R,S).

Proof. Without loss of generality we may assume that z acts as identity on N. Define
an O,,-module structure on N by setting x;v := (z; ® z)v. Then N satisfies the
assumptions of Lemma 5.11. The statement follows. 0

Lemma 5.13. Let ¢ be abelian and N be a simple g-module satisfying (5.1) and
(5.2). If ¢N =0, then (O,, @ &) N = 0.

Proof. We will show that (f ® h)N =0 for any f € O,,, h € £. Note that
[O1, 21 ® h|N = hN = 0.
Therefore we have the following identites on V:
[01(z1 @ ), 05 (2] @ h)] = 207 (21 @ h)? = 2(D1 (21 @ h))?,

[(01(x1 ® h))*, 02 (23 @ h)] = 2k(01(z1 @ h))FT,
This implis that, on each weight space N* of N, try(01(z1 ® h))* = 0 for all k > 2.
Since N is bounded this implies nilpotency of 0y (x; ® h) on N. Since 0y is invertible
on N we obtain that x; ® h is nilpotent on N. Let p be the nilpotency degree of
r1 ® h. There exists v € N such that w := (z; ® h)?"'v # 0. Then for f € O, we
have
0= foi(x1 ® h)Pv = p(f @ h)(x1 ® h)'o.

In other words, w is annihilated by O,,®h. The subspace N’ of all vectors annihilated
by O,, ® h is g-invariant, but we just proved that N’ # 0. By the irreducibility of
N, we have N = N’. Thus (O,, ® h)N = 0. O

Proposition 5.14. Let N be a g-module satisfying (5.1) and (5.2). Then for any
Borel subalgebra b C ¢ there exists a simple bounded g-module N satisfying the
following two conditions:
(i) There exists a weight A € b* such that supp N C X+ D", Ze; — Z>oA(b)
and A\(h N¢) # 0.
(ii) The module N is obtained from N by a twisted localization with respect to
some set of commuting roots I' C —A(b).

Proof. Let E =€+ h, n = [b,b]. Then N is a bounded weight t-module, hence, any
cyclic -submodule of N has finite length (see Lemma 3.3 in [14]). Let Ny be a simple
t-submodule of N. Note that N is a cuspidal t-module. By Proposition 4.8 in [14],
there exist © € (hN€)* and ' € —A(b) such that Ny ~ DEM, for some simple
bounded b-highest weight t-module My. Since D¢ is well defined for g-modules and
commutes with the restriction functor Resg, M := Dy"N contains an n-primitive
weight vector v € My, while 0; act injectively on M for all @ = 1,...,m. Since
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U (%)U is bounded it has finite £-length and hence there is N € supp U (%)v such that

~

N+« ¢ supp U(8)v for all @ € A(b). The injectivity of the action of 9; implies that

(N 4+a+ Z Z>og;) Nsupp U(g)v = 0.

i=1

If w is a nonzero vector of weight A\’ then

supp U(g)w C X + Z Ze; — Z>oA(b).
i=1
This implies dim(U (O,, ® n))u < oo for any u € U(g)w. By Lemma 2.3, the bound-
edness of U(g)w implies that U(g)w has finite length. Let N be a simple submodule
of U(g)w. Then there is a nonzero weight vector u € N annihilated by O,, ®n. Then
N satisfies (i) with A being the weight of u, while (ii) follows from the simplicity of
N.

It remains to show that A(h N¢€) # 0. For the sake of contradiction, assume that
the opposite holds. Take a simple root a € A(b). Then a simple computation shows
that g_,u is annihilated by O,, ®n. The simplicity of N hence implies that g_,u = 0
for all simple roots o and thus M contains a trivial ¢-submodule. But the roots of I
act injectively on N and hence on M. This leads to a contradiction. O

For a weight © € (h N€)* and a Borel subalgebra b of € by Ly(u) (or simply by
L(p) ) we denote the simple b-highest weight €-module of highest weight .

Lemma 5.15. The module N constructed in Proposition 5.14 is isomorphic to
F(T(P,V),L()\)) for a cuspidal simple D,,-module P, a simple finite-dimensional
gl(m)-module V', and a simple highest weight ¢-module L(\), where A is the restric-

tion of A to h N ¢.

Proof. Consider v € (ENh)* which determines the Borel subalgebra b. Then ~v
determines also a parabolic subalgebra q in g. The g-top of the module N is a
simple (W,, @ h)-module. Since A # 0, this module is isomorphic to T(P,V) ® Cj
by Lemma 5.12. A simple computation shows that it is also isomorphic to the top of

F(T(P,V),L(\)). Hence the statement follows from Proposition 2.5(c). O

Corollary 5.16. If ¢ is not abelian then N is isomorphic to F(T'(P,V),S) for some
cuspidal simple D,,-module P, a simple finite-dimensional gl(m)-module V', and a
simple cuspidal €-module S.

Proof. The result follows immediately from Proposition 5.14, Lemma 5.15, and the
isomorphism of g-modules

D' F(T(P, V), L(\) ~ F(T(P,V), D" L(N)).
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Theorem 5.17. Let N be a simple bounded g-module satisfying (5.1) and (5.2).
Then we have one of the following two mutually exclusive statements.

(a) O, @t acts trivially on N and N is a unique simple submodule of T'(P, V') for
some simple cuspidal D,,-module P and a simple finite-dimensional gl(m)-module V.
In this case € must be abelian.

(b) N is isomorphic to F(T'(P,V),S) for some cuspidal simple D,,-module P, a
simple finite-dimensional gl(m)-module V' and a simple nontrivial cuspidal ¢-module

S.

Proof. 1f £ is not abelian the statement follows from Corollary 5.16. If £ is abelian and
t acts nontrivially on IV, the statement follows from Lemma 5.12. If € acts trivially on
N, then by Lemma 5.13, (O,, ® )N = 0. Then N is a simple bounded W,,-module
and the statement is a consequence of Theorem 1.1 in [19]. O

6. BACK TO TENSOR MODULES VIA PARABOLIC INDUCTION

6.1. The case of infinite-dimensional g. We retain the notation of Section 4 and
assume again that M is a simple weight WW,-module that is also the unique simple
quotient of the parabolically induced module U(W,,) ®u () N, where N is a simple
bounded g-module satisfying (5.1) and (5.2). We will use the properties of N listed
in Theorem 5.17.

Recall that p and m are fixed and defined in §4. Let p’ = p N gl(n). The Levi
subalgebra of p’ is isomorphic to €@ gl(m). Consider a g-module F(T'(P,V), S) where
V' is a finite-dimensional gl(m)-module, P is a simple cuspidal D,,-module and S be
a simple cuspidal £-module. Note that S might be a trivial -module in the case
when ¢ is abelian. Let U be the one-dimensional £-module of weight Y 7  &; and
SU = S®U. Finally, let S be the unique simple quotient of U (gl(n)) @y (ST @ V).
Using the isomorphism

D, ~D, @Dy, @Dy,

define a D,-module P by

P=Clzy,...,2,)f ® PQClTpsmi1,---,Tn),
(recall that X* is the full Fourier transform of X).
Lemma 6.1. The p-top of T(P, S) is isomorphic to F(T(P,V),5).

Proof. The statement follows by comparing the supports of the two modules. Let
p=gDdn

p n
supp P = Z Zicoe; + supp P + Z L>o¢;,
i=1 i=p+m+1

p
supp S C supp S + Z gi +suppV —suppU(n'),
i—1
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where ' = n N gl(n). Then we have that
supp F(T(P,V),S) C supp T(P, S) C supp F(T(P,V),S) + supp U(n"),

where n~ is the nilradical of the opposite parabolic. Moreover, the multiplicity of
any p € supp F(T(P,V),S) is the same as its multiplicity in 7'(P, S). O

Lemma 6.2. Let N = F(T(P,V),S) be a simple g-module. Then the unique simple
quotient M of U(W,) ®u ) N is isomorphic to unique simple submodule of T'(P, S).

Proof. The isomorphism of p-modules N — T'(P, V)tOP induces a nonzero homomor-
phism of Wy,-modules U(W,,) @y N — T(P, V). The image of this homomorphism

is simple since T'(P, V) has a unique simple submodule. Thus, this submodule is
isomorphic to M. O

Now assume that F(T(P,V),.S) is not simple. This is only possible if £ is abelian,
S is trivial, and V = A* C™.

Lemma 6.3. Assume that N is the simple submodule T(P, \* C™) for some k =
0,...,m— 1. Then the unique simple quotient M of U(W,) ®u) N is isomorphic to

the unique simple submodule of T(P, \'** C™).

Proof. We consider the monomorphism of p-modules N — T(P, A"** C")°P, and the

induced map

~ k
UW,) @ug N = TP, N ),

To complete the proof, we use the same reasoning as the one in the proof of the
previous lemma. O

6.2. The case of finite-dimensional g. In this case we have m = 0 and g is a Lie
subalgebra of gl(n). Using arguments similar to the ones used in the previous subsec-
tion, one can show that the unique simple quotient of U(W,) @, S is isomorphic

to the unique simple submodule of T'(P, S ).
6.3. The case g = W,,. This case follows from Theorem 2.10.
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