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Abstract
Extending previous results, we prove that for n ≥ 5 all hypersurfaces of degree n + 1 in ℙn+1 
with isolated ordinary double points are birational superrigid and K-stable, hence admit a 
weak Kähler–Einstein metric.
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1  Introduction

This work continues prior research on birational superrigidity of Fano hypersurfaces in 
projective spaces, a property of certain Mori fiber spaces that was first identified for smooth 
quartic threefolds as a byproduct of Iskovskikh and Manin’s proof of nonrationality.

The starting point of the paper is the following theorem.

Theorem 1.1  For n ≥ 3 , every smooth hypersurface of degree n + 1 in ℙn+1 is birationally 
superrigid, hence nonrational.

This theorem has a long history that covers over a century, starting with the work of 
Fano on quartic threefolds [16, 17] which was later revisited and completed by Iskovskikh 
and Manin [21]. The higher dimensional case was promoted in the work of Pukhlikov [35, 
38], where significant advances were made, and a complete proof was eventually given in 
[9]; the proof was later simplified in [54]. Other people have contributed with key ideas 
along the way; we recall here Segre and Manin’s works of cubic surfaces over nonclosed 
fields [29, 48], Corti’s new proof of the three-dimensional case where inversion of adjunc-
tion is used for the first time to connect the method of maximal singularities to log canoni-
cal thresholds [6], and the author’s work with Ein and Mustaţă on log canonical thresholds 
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[12, 13]. A survey of the history of Theorem  1.1 can be found in [23]. We will briefly 
review the proof of Theorem 1.1 following [23, 54] before turning our attention to the case 
of singular hypersurfaces.

Birational superrigidity is sensitive to singularities. Singular quartic threefolds in ℙ4 are 
never birationally superrigid, though under some reasonable assumptions those with ordi-
nary double points are birational rigid, which is a weaker condition compared to super-
rigidity [7, 30, 36, 37]. In higher dimensions, Pukhlikov extended his proof of birational 
superrigidity of general smooth Fano hypersurfaces to general hypersurfaces with isolated 
ordinary multiple points [41, 42], and with Eckl, they prove a similar result for general 
hypersurfaces with quadratic (non-necessarily isolated) singularities of rank ≥ 5 [15]. 
Cheltsov looked at sextic fivefolds in ℙ6 with isolated ordinary double points, proving that 
they are always birationally superrigid provided they do not contain any plane [5].

More recently, birational superrigidity of singular hypersurfaces was established in [10] 
under rather broad assumptions on the singularities, where a certain measure of the singu-
larity is bounded in terms of the dimension. An asymptotically stronger bound was later 
given under more restrictive conditions on the types of singularities in [27]. While these 
results are asymptotically strong as the dimension grows, they leave a gap open in low 
dimensions.

Even restricting to the simplest case of isolated ordinary double points (namely, points 
whose tangent cones are cones over smooth quadrics), the main theorem of [10] only cov-
ers the cases of dimension n ≥ 19 , leaving Cheltsov’s theorem on sextic fivefolds not con-
taining planes and Pukhlikov’s result for general hypersurfaces with isolated ordinary dou-
ble points the only known results in the remaining cases 4 ≤ n ≤ 18.

The purpose of this paper is to try to fill this gap.

Theorem 1.2  For n ≥ 5 , every hypersurface of degree n + 1 in ℙn+1 with only isolated ordi-
nary double points as singularities is birationally superrigid, hence nonrational.

To prove this result, we provide a new asymptotic argument which allows us to cover all 
cases n ≥ 8 , thus reducing the gap to a few lower dimensional cases. The remaining cases 
are treated using an extension to singular hypersurfaces of the projection method of [12], 
which is made possible using a result from [14] on Mather log discrepancies. The proof 
does not extend to the case n = 4 , and the question whether all quintic hypersurfaces in ℙ5 
with isolated ordinary double points are birationally superrigid remains open.

Birational superrigidity is a property closely related to K-stability. A first indication of 
this was discovered in [32], and a more precise connection was established in [51, 54]. It 
was observed in particular in [51] that Theorem 1.1, combined with Cheltsov’s bound on 
the �-invariant [3, 4], implies that all smooth hypersurfaces of degree n + 1 in ℙn+1 are 
K-stable, hence admit a Kähler–Einstein metric. Note that the same conclusion follows 
from by combining Cheltsov’s bound to [19], which extends Tian’s criterion for K-stability 
of Fano manifolds [52] to the boundary case.

Under suitable generality conditions on the defining equation which are met by general 
hypersurfaces of degree n + 1 in ℙn+1 with quadratic singularities of rank ≥ 8 , Pukhlikov 
established stronger bounds on �-invariant and canonical thresholds, see [43–47]. These 
bounds immediately imply K-stability by Tian’s criterion and its extension to singular 
Fano varieties due to [33]; note, however, that these stronger bounds do not holds without 
some generality conditions. See also [26] regarding the sharpness of Tian’s criterion and its 
aforementioned extensions.



Birational rigidity and K‑stability of Fano hypersurfaces…

1 3

Here we apply [51], along with [28], to deduce the following result from Theorem 1.2.

Theorem 1.3  For n ≥ 5 , every hypersurface of degree n + 1 in ℙn+1 with only isolated ordi-
nary double points as singularities is K-stable and hence admits a weak Kähler–Einstein 
metric.

2 � Preliminaries on singularities

We work over an algebraically closed field of characteristic zero.

2.1 � Multiplicities

We start this section by recalling some basic properties of multiplicities. We follow [20]. 
In particular, for us the multiplicity ep(X) of a pure dimensional scheme X at a closed point 
p is defined to be the Samuel multiplicity e(�p) of the maximal ideal �p of the local ring 
OX,p.

Example 2.1  If X ⊂ �
n is a pure dimensional Cohen–Macaulay scheme and p ∈ X is a 

closed point, then ep(X) = i(p,X ⋅ L;�n) , the intersection multiplicity of X with a general 
linear subspace L ⊂ �

n of codimension equal to the dimension of X. This follows from 
[20, Example 4.3.5(c) and Proposition 7.1]. It relates the definition of multiplicity adopted 
here with more classical definitions. The equality does not hold in general if X is not 
Cohen–Macaulay.

Example 2.2  If D is an effective Cartier divisor on a variety X and p ∈ X is a regular point, 
then ep(D) is simply the order of vanishing of D at p, namely, the multiplicity of a genera-
tor of the ideal of D in the local ring OX,p [20, Example 4.3.9]. This is no longer true, how-
ever, if p is a singular point of X (cf. Remark 2.5 below).

More generally, for any closed subscheme Z of a pure dimensional scheme X and any 
irreducible component T of Z, the multiplicity of X along Z at T, denoted by eZ(X)T , is 
defined to be the Samuel multiplicity of the ideal of Z in the local ring OX,T ; equivalently, 
eZ(X)T is the coefficient of [T] in the Segre class of the normal cone to Z in X [20, Exam-
ple 4.3.4]. If Z = T  , then we just write eT (X).

Example 2.3  Whenever T is an irreducible component of a scheme Z we have 
eT (Z) = l(OZ,T ) by definition, and if Z is regularly embedded in a pure dimensional Cohen–
Macaulay scheme X then eT (Z) = eZ(X)T [20, Example 4.3.5(c)].

Example 2.4  If Z = D1 ∩⋯ ∩ Dr ⊂ X is the complete intersection of r divisors on variety 
X and T is an irreducible component of Z, then eZ(X)T = i(T ,D1 ⋅ ⋯ ⋅ Dr;X) , where the last 
term denotes the intersection multiplicity of the divisors Di at the generic point of T [20, 
Example 7.1.10.(a)].

Multiplicities are semicontinuous, in the following sense. If X is a pure-dimen-
sional scheme, then for every irreducible closed set T ⊂ X there is a nonempty open 
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set T◦ ⊂ T  such that ep(X) ≥ eT (X) for every point p ∈ X , and equality holds if p ∈ T◦ . 
This is proved in [1, Theorem (4)]; we will tacitly use this fact without further mention.

Remark 2.5  Differently from the multiplicity, the order of vanishing of a Cartier divisor 
D on a variety X is not always a semicontinuous function of the point of the variety. For 
example, take X ⊂ �

3 to be a cone over a smooth conic and D = 2L where L is a line 
through the vertex of the cone. The order of vanishing D at any point of L is 2 except at the 
vertex, where the order of vanishing drops to 1.

We list a few properties of multiplicities that will be used later in the paper. The 
first property, which can be interpreted as a Bertini-type property, is proved in [12, 
Proposition 4.5] and [8, Proposition 8.5].

Proposition 2.6  Let Z be a pure-dimensional closed Cohen-Macaulay subscheme of ℙm 
of positive dimension and H ⊂ (ℙm)∨ a hyperplane in the dual space. Then for a general 
H ∈ H we have ep(Z ∩ H) = ep(Z) for every p ∈ Z ∩ H.

The proof of the next Bezout inequality combines various properties established in 
[20] and is included for the convenience of the reader.

Proposition 2.7  Let Z = X ∩ H1 ∩⋯ ∩ Hr be the complete intersection of a variety X ⊂ ℙ
n 

with r hypersurfaces Hi ⊂ ℙ
n . Then for every irreducible component T of Z we have

Proof  As we recalled in Example  2.4, letting Di = Hi ∩ X we have 
eZ(X)T = i(T ,D1 ⋅ ⋯ ⋅ Dr;X) . By the definition of intersection product, this number is 
bounded above by the intersection product (D1 ⋅ ⋯ ⋅ Dr)X , which in turns is equal to 
(H1 ⋅ ⋯ ⋅ Hr ⋅ [X])ℙn , see [20, Example 2.4.3]. Therefore the proposition follows by Bezout 
theorem [20, Propostion 8.4]. 	�  ◻

Finally, we recall the following multiplicity bound on cycles on projective hypersur-
faces due to [39, 40, Proposition 5] (cf. [12, Remark 4.4]).

Proposition 2.8  Let X ⊂ ℙ
n be a smooth hypersurface and Z ⊂ X a pure-dimensional 

closed scheme with no embedded points. Let k = codim (Z,X) , and assume that the cycle 
[Z] is numerically equivalent to m ⋅ c1(OX(1))

k . Then dim{x ∈ X ∣ ex(Z) > m} < k.

Remark 2.9  The example discussed in Remark  2.5 shows that Proposition  2.8 does not 
hold in general if the hypersurface is singular. However, one can always cut down away 
from the singularities and use Proposition  2.6 to generalize the proposition to singular 
hypersurfaces. In particular, if X ⊂ ℙ

n is a hypersurface with isolated singularities then 
dim{x ∈ X ∣ ex(Z) > m} ≤ k , and we have eT (Z) ≤ m for every closed subvariety T ⊂ X of 
dimension k that is disjointed from the singular locus of X.

eZ(X)T ≤ degX ⋅

∏
degHi.
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2.2 � Singularities of pairs

Let X be a positive dimensional normal variety and assume that the canonical divisor KX of 
X is ℚ-Cartier.

We consider pairs of the form (X, Z) where Z =
∑

ciZi is a ℚ-subscheme, i.e., a proper 
linear combination of proper closed subschemes Zi ⊂ X with coeffients ci in ℚ . We say that 
the ℚ-subscheme Z (or the pair (X, Z)) is effective if ci ≥ 0 for all i. If H is a linear system 
on X, then we denote by (X, cH) the pair (X, cBs (H)) where Bs (H) is the base scheme of 
H . We will also consider pairs of the form (X, �c) where � ⊂ OX is a nonzero coherent ideal 
sheaf and c ∈ ℚ , and (X,Δ) where Δ is a ℚ-Cartier ℚ-divisor; both versions can be view in 
an obvious way as special cases of the above definition of pair.

We will refer to any prime divisor E on a resolution of X as a divisor over X, and denote 
by cX(E) ⊂ X the closure of the center of the corresponding valuation val E . With small 
abuse of terminology, we call cX(E) the center of E in X, and identify two divisors over X 
whenever they define the same valuation.

Given a pair (X, Z) and a divisor E over X, we define the log discrepancy of (X, Z) along 
E to be

where Y is a resolution of X where E lives, KY∕X is the relative canonical divisor (a ℚ-divi-
sor), and val E(Z) ∶=

∑
ci val E(IZi ) where IZi ⊂ OX is the ideal sheaf of Zi . If Z = 0 , then 

we simply write aE(X) (the same quantity is also denoted by AX(E) in the literature). The 
minimal log discrepancy mld p(X, Z) of a pair (X, Z) at a point p ∈ X is the infimum of the 
log discrepancies aE(X, Z) of all divisors E over X with center p.

Remark 2.10  Once E is fixed, if H is a linear system and Di ∈ H are general members of 
it, then aE(X,H) = aE(X,

⋂
Di) . Using resolution of singularities, one also sees that once 

a point p ∈ X is fixed, if Di ∈ H are general members then mld p(X,H) = mld p(X,
⋂

Di).

The next property is an immediate consequence of Shokurov–Kollár’s connectedness 
principle [22, 49, 50].

Theorem 2.11  (Inversion of Adjunction) Let (X, Z) be an effective pair where Z =
∑

ciZi , 
let H ⊂ X be a normal irreducible Cartier divisor that is not contained in any Zi , and set 
Z�H ∶=

∑
ci(Zi ∩ H) . Suppose p ∈ H is a closed point where mld p(X, Z + H) ≤ 0 . Then 

mld p(H,Z|H) ≤ 0.

Remark 2.12  The converse of Theorem  2.11 also holds, namely, we have 
mld p(X, Z + H) ≤ 0 whenever mld p(H,Z|H) ≤ 0 . This direction is a simple consequence 
of the adjunction formula.

Assuming dimX ≥ 2 , a pair (X,  Z) is said to be terminal (resp., canonical) if 
aE(X, Z) > 1 (resp., ≥ 1 ) for all exceptional divisors E over X. A pair (X, Z) is said to be log 
terminal (resp., log canonical) if aE(X, Z) > 0 (resp., ≥ 0 ) for all divisors E over X.

Let (X,  Z) be an effective pair. If dimX ≥ 2 and X is canonical, then we denote by 
ct (X, Z) the canonical threshold, namely, the supremum of the set of coefficients c such 
that (X, cZ) is canonical. If X is log canonical, then we denote by lct (X, Z) the log canoni-
cal threshold, namely, the supremum such that (X, cZ) is log canonical. For a point p ∈ X , 

aE(X, Z) ∶= ord E(KY∕X) + 1 − val E(Z),
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we denote by ct p(X, Z) and lct p(X, Z) the canonical and log canonical thresholds of the 
pair restricted to any sufficiently small open neighborhood of p.

The next proposition relates thresholds to multiplicities. The first property stated in the 
proposition follows from inversion of adjunction (e.g., see [8, Proposition 8.8]). The sec-
ond is proved in [13].

Proposition 2.13  Let X be a smooth n-dimensional variety and p ∈ X a closed point. 

(1)	 If n ≥ 2 , then for any effective divisor D on X, we have ep(D) ≥ 1∕ ct p(X,D).
(2)	 For any zero-dimensional subscheme Z of X, we have eZ(X)p ≥ nn∕ lct p(X, Z)

n.

The multiplier ideal of an effective pair (X, Z), where Z =
∑

ciZi , is defined by taking a 
log resolution f ∶ Y → X of the pair and setting

where f −1(Z) denotes the ℚ-divisor 
∑

cif
−1(Zi) . It is a standard computation to check that 

the definition is independent of the choice of resolution. Multiplier ideals satisfy the fol-
lowing vanishing theorem due to Nadel (see [24, Sect. 9.4]).

Theorem 2.14  (Nadel Vanishing Theorem) Let (X, Z) be an effective pair with Z =
∑

ciZi , 
let Ai be Cartier divisors on X such that OX(Ai)⊗ IZi

 is globally generated for every i, and 
let A be a Cartier divisor such that the ℚ-divisor A − KX −

∑
ciAi is nef and big. Then 

Hj(X,OX(A)⊗ J(X, Z)) = 0 for all j ≥ 1.

2.3 � Bounds on colength

Here we review the main new ingredient of [54] as revisited in [23].

Proposition 2.15  Let X be a smooth variety of dimension n ≥ 2 , and Z an effective ℚ
-scheme on X with lct (X, Z) ≤ 1 . If Σ ⊂ X is the subscheme defined by the multiplier ideal 
J(X, 2Z) ⊂ OX , then

We briefly review the proof. We start with two lemmas.

Lemma 2.16  Let (X, Z) be an effective pair. Then for every divisor E over X we have

In particular, if (X, Z) is not log terminal, then (X,J(X, 2Z)) is not log canonical.

Proof  Denote for short J = J(X, 2Z) . We may assume that E is a prime divisor on a log 
resolution f ∶ Y → X of (X, Z). Set kE = ord E(KY∕X) , zE = ord E(Z) , and jE = ord E(J) . 
By definition, J = f∗OY (−⌊2f −1(Z) − KY∕X⌋) , hence

J(X, Z) ∶= f∗(⌈KY∕X − f −1(Z)⌉)

l(OΣ) ≥ 1

2
3n.

aE(X,J(X, 2Z)) < 2aE(X, Z).
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This implies that

as claimed. 	�  ◻

Lemma 2.17  Let R = OX,x be the local ring of a variety X at a regular point x. Assume that 
dimR = n ≥ 2 , and let � ⊂ R be an �-primary ideal with lct (�) < 1 . Then

Proof  A standard argument (see, e.g., the proof of [13, Theorem 1.1]) allows to reduce to 
the case where � is a monomial ideal in a polynomial ring k[x1,… , xn] . The condition that 
lct (�) < 1 implies that there are positive numbers ai such that the tetrahedron

is disjoint from the Newton polyhedron P(�) . Hence l(R∕�) ≥ |T ∩ ℤ
n| . The upperbound 

1

2
3n accounts for the fact that for any (u1,… , un) ∈ ℤ

n with ui ∈ {0, 1, 2} for all i, either 
(u1,… , un) or (2 − u1,… , 2 − un) belongs to T. 	�  ◻

Proof of Proposition 2.15  We may assume that Σ is zero dimensional as otherwise 
l(OΣ) = ∞ . Since (X,  Z) is not log terminal, Lemma  2.16 implies that (X,Σ) is not log 
canonical, that is, lct (X,Σ) < 1 . Then there is a connected component Σ� of Σ such 
that lct (X,Σ�) < 1 , hence l(OΣ� ) satisfies the claimed bound by Lemma  2.17. Since 
l(OΣ) ≥ l(OΣ� ) , this proves the proposition. 	�  ◻

2.4 � Mather log dicrepancies

A different way of measuring singularities of pairs on singular varieties is to use the Jaco-
bian ideal sheaf Jacf = Fitt 0(ΩY∕X) of a log resolution f ∶ Y → X in place of the relative 
canonical divisor. We define the Mather log discrepancy of E over a pair (X, Z) to be

If X is smooth then âE(X, Z) = aE(X, Z) , but we have a strict inequality �aE(X, Z) > aE(X, Z) 
as soon as X is singular at the generic point of the center of E. This follows from [11, 
Proposition  3.4], which shows that ord E(JacX) = ord E(KY∕X) +

1

r
ord E(�r,X) where 

JacX = Fitt dimX(ΩX) is the Jacobian ideal sheaf of X, r is any positive integer such 
that rKX is Cartier, and �r,X is the ideal sheaf defined by the image of the natural map 
(∧dimXΩX)

⊗r
→ OX(rKX) , and Nobile’s theorem [31, Theorem 2], which implies that �r,X 

vanishes precisely on the singular locus of X.

Example 2.18  If X has locally complete intersection singularities, then 
ord E(Jacf ) = ord E(KY∕X) + ord E(JacX) (see [34, Proposition 1]), hence

jE ≥ ord E(⌊2f −1(Z) − KY∕X⌋) = ⌊2zE − kE⌋ > 2zE − kE − 1.

aE(X,J) = kE + 1 − jE < 2kE + 2 − 2zE = 2aE(X, Z),

l(R∕�) ≥ 1

2
3n.

T =
{
u ∈ ℝ

n≥0 ∣
∑

aiui ≤
∑

ai
}

âE(X, Z) ∶= ord E(Jacf ) + 1 − ord E(Z).

âE(X, Z) = aE(X, Z) + ord E(JacX).
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Let now X ⊂ �
N be a Cohen–Macaulay variety of dimension n, and E a divisor over X. 

Consider general linear projections

where 1 ≤ m ≤ n . We denote by � ∶ X → V  be the composition. Write val E|k(U) = p val F 
and val E|k(V) = q val G where F and G are divisors over U and V, respectively, and p and q 
are positive integers (e.g., see [14, Lemma 2.3]). Let Z ⊂ X be a closed subscheme of codi-
mension r = n − m + 1 cut out by a regular sequence. We assume that �|Z is a proper finite 
morphism. Note that �∗[Z] is a cycle of codimension 1 in V. We regard �∗[Z] as a Cartier 
divisor on V.

Theorem 2.19  With the above notation, for every c ≥ 0 such that âE(X, cZ) ≥ 0 we have

This theorem was first proved in [12] assuming that X is smooth. The proof was then 
extended to singular varieties using Mather log discrepancies in [14].

3 � Birational rigidity

A Mori fiber space is a normal projective variety X with ℚ-factorial terminal singularities, 
equipped with an extremal Mori contraction f ∶ X → S of fiber type. This means that f is 
a proper morphism with connected fibers and relative Picard number 1, the anticanonical 
class −KX is f-ample, and dim S < dimX . Note that Fano varieties with ℚ-factorial terminal 
singularities and Picard number 1 can be viewed as Mori fiber spaces over a point.

A Mori fiber space f ∶ X → S is birationally superrigid if for every birational map 
� ∶ X ⤏ X� from X to another Mori fiber space f � ∶ X�

→ S� there exists a birational map 
� ∶ S ⤏ S� such that f �◦� = �◦f  and, furthermore, � induces an isomorphism between 
the generic fibers of f and f ′.

Birational superrigidity is a notion that is naturally motivated from the point of view 
of the minimal model program. Clearly, birational superrigid varieties are nonrational. In 
dimension 2, every rationally connected Mori fiber space is rational and hence cannot be 
birationally superrigid, something that should be contrasted with the fact that two-dimen-
sional minimal models are unique in their birational classes. Both facts are no longer true 
in higher dimensions. The first example of birationally superrigid rationally connected 
Mori fiber space was discovered as a byproduct of Iskovskikh and Manin’s proof of nonra-
tionality of smooth quartic threefolds in ℙ4.

Restricting to a Fano variety X with ℚ-factorial terminal singularities and Picard number 
1, we see that X is birationally superrigid if and only if every birational map � ∶ X ⤏ X� to 
a Mori fiber space is an isomorphism. The following result, established in [6, 21], is at the 
center of the study of birationally superrigid Fano varieties. A more general version can be 
stated where X is any Mori fiber space, but we will not need it.

Theorem  3.1  (Noether–Fano Inequality) Let X be a Fano variety with ℚ-factorial ter-
minal singularities and Picard number 1, and let � ∶ X ⤏ X� be a birational map to a 
Mori fiber space f � ∶ X�

→ S� . Fix a projective embedding of X′ given by a linear system 
H

� ⊂ | − r�KX� + A�| where r′ is a positive rational number and A′ is the pullback of an 

X ⊂ �
N

𝜓

�������→ U = �
n

𝛾

�����→ V = �
m,

q aG(V ,
cr

rr
⋅ �∗[Z]) ≤ âE(X, cZ).
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ample divisor on S′ (we set A� = 0 if S′ is a point), so that � is defined by the movable 
linear system H ∶= �−1

∗
H

� . Let r the positive rational number such that H ⊂ | − rKX| . If 
ct (X,H) ≤ 1

r
 , then � is an isomorphism.

Before addressing Theorem 1.2, we quickly revisit the proof of the smooth case. We fol-
low the proof given in [23, 54].

Proof of Theorem 1.1  Let X ⊂ ℙ
n+1 be a smooth hypersurface of degree n + 1 , with n ≥ 3 . 

Note that −KX ∼ OX(1) , and this generates the Picard group of X by the Lefschetz hyper-
plane theorem.

We assume by contradiction that X is not birationally superrigid, and let � be a bira-
tional map to a Mori fiber space X′ that is not an isomorphism. Let H ⊂ | − rKX| be a linear 
system defining � as in Theorem 3.1. By the Noether–Fano inequality, we have

On the other hand, Proposition  2.8 implies that eC(D) ≤ r for every D ∈ H and every 
irreducible curve C ⊂ X , hence it follows by Proposition 2.13 that (X, 1

r
H) is canonical in 

dimension 1 (i.e., away from a finite set). Therefore there is a closed point p ∈ X such that

Fix now two general elements D,D� ∈ H , and let Z = D ∩ D� ⊂ X their schematic intersec-
tion. For any subvariety V ⊂ X , we will denote by Z|V the intersection Z ∩ V  . Note that we 
still have mld p(X, cZ) = 1 , and Proposition 2.8 implies that the set {x ∈ X ∣ ex(Z) > r2} is 
at most one-dimensional. Let Y ⊂ X be a general hyperplane section through p. Bertini’s 
theorem ensures that the pair (Y , cZ|Y ) is canonical away from p, and inversion of adjunc-
tion (Theorem 2.11) implies that

Note that, by Proposition 2.6, the set dim{y ∈ Y ∣ ey(Z|Y ) > r2} is zero-dimensional.
If n = 3 , then Y is a surface and Z|Y is zero dimensional. Since lct p(Y , Z|Y ) <

1

r
 , we 

have eZ|Y (Y)p > 4r2 by Proposition 2.13. On the other hand, observing that Y has degree 4 
and Z|Y is a zero dimensional complete intersection scheme cut out on Y by two equations 
of degree r, we also have eZ|Y (Y)p ≤ 4r2 by Proposition 2.7. This gives a contradiction.

Assume therefore that n ≥ 4.
We clam that the pair (Y , 2cZ|Y ) is log terminal in dimension 1. To see this, first recall 

that the set {y ∈ Y ∣ ey(Z|Y ) > r2} is zero-dimensional, hence there is a finite set Γ ⊂ Y  
such that eq(Z|Y ) ≤ r2 for all q ∈ Y ⧵ Γ . For any such q, let S ⊂ Y  be a smooth surface cut 
out by general hyperplanes through q. We have eq(Z|S) ≤ r2 , and since Z|S is a zero-dimen-
sional complete intersection subscheme of S, we have

by Proposition 2.13 (cf. Example 2.3). It follows that (S, 2cZ|S) is log terminal near q. By 
inversion of adjunction, this implies that (Y , 2cZ|Y ) is log terminal near q. This proves that 
(Y , 2cZ|Y ) is log terminal away from a finite set Γ , as claimed.

c ∶= ct (X,H) <
1

r
.

mld p(X, cH) = 1.

mld p(Y , cZ|Y ) ≤ 0.

lct q(S, Z|S) ≥ 2√
eq(Z|S)

≥ 2

r
> 2c
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Therefore the multiplier ideal J(Y , 2cZ|Y ) defines a zero-dimensional sub-
scheme Σ ⊂ Y  . Since Z|Y is cut out by forms of degree r and 2cr < 2 , we have 
H1(Y ,OY (2)⊗ J(Y , 2cZ|Y )) = 0 by Nadel’s vanishing theorem (Theorem  2.14). This 
implies that there is a surjection H0(Y ,OY (2)) ↠ H0(Σ,OΣ) . Keeping in mind that 
H0(Y ,OY (2)) ≅ H0(ℙn,O

ℙn (2)) , we obtain

On the other hand, Proposition 2.15 gives the lower-bound

The two inequalities lead to a contradiction as soon as n ≥ 5.
With the case n = 3 already settled, this leaves open only the case n = 4 . We treat this 

case using generic projections, as in [12]. Note that the same argument can also be used to 
deal with the case n = 3 , instead of the argument based on Bezout’s theorem we outlined 
earlier, hence one can think of the proof of Theorem 1.1 as splitting into two parts rather 
than three.

If n = 4 , then Y is a threefold in ℙ4 and Z|Y is one dimensional. Let f ∶ Y ⤏ ℙ
2 be the 

map induced by a general linear projection ℙ4
⤏ ℙ

2 . We may assume that the indetermina-
cies of f are disjoint from the support of Z|Y , hence we can define the ℚ-divisor

Since the set {y ∈ Y ∣ ey(Z|Y ) > r2} is zero dimensional and, for a general projection, f 
restricts to a birational morphism on the support of Z|Y , it follows that the pair (ℙ2,Δ) 
is log terminal in dimension one. By contrast, Theorem 2.19 implies that the pair is not 
log terminal at f(p). Therefore, J(ℙ2,Δ) defines a zero dimensional scheme W ⊂ ℙ

2 . Note 
that deg(Δ) < 2 . We have H1(ℙ2,O(−1)⊗ J(ℙ2,Δ)) = 0 by Nadel’s vanishing theo-
rem, and this yields a surjection H0(ℙ2,O(−1)) ↠ H0(OW ) , which is impossible since 
H0(OW ) ≠ {0} . 	�  ◻

Proof of Theorem  1.2  Let X ⊂ ℙ
n+1 be a hypersurface of degree n + 1 with only isolated 

ordinary double points as singularities, and assume that n ≥ 5 . Note that X is a Fano variety 
with terminal ℚ-factorial singularities and KX generates the Picard group. It is easy to see 
that ordinary double points in dimension ≥ 3 are terminal and locally factorial in the ana-
lytic topology, but ℚ-factoriality is a local property in the Zariski topology, so it needs to 
be verified. This is done, for instance, in [10, Lemma 5.1].

The starting point of the proof of Theorem 1.2 is the same as in the smooth case just 
discussed. Assuming X is not birationally superrigid, we construct a movable linear system 
H ⊂ | − rKX| such that

Let E be an exceptional divisor over X such that aE(X, cH) = 1 , and let T ⊂ X be the center 
of E. We fix a general point p ∈ T  . It follows by Proposition  2.8 and Proposition  2.13 
(see also Remark 2.9) that T is at most one-dimensional, and it is zero-dimensional if it is 

h0(Σ,OΣ) ≤ h0(Y ,OY (2)) =

(
n + 2

2

)
.

l(OΣ) ≥ 1

2
3n−1.

Δ =
c2

4
⋅ f∗[Z|Y ].

c ∶= ct (X,H) <
1

r
.
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contained in the smooth locus of X. If T ⊂ Xreg , then we can argue as in the proof of Theo-
rem 1.1 to get a contradiction. We can therefore assume that T ⊄ Xreg.

Let Z = D ∩ D� be the intersection of two general members D,D� ∈ H and 
Y = V ∩ V � ⊂ X the intersection of two general hyperplane sections V ,V ′ ⊂ X through 
p. After cutting down with one hyperplane, we get a pair (V , cZ|V ) that is canonical in 
dimension 1. After cutting down with the second hyperplane, we get a pair (Y , cZ|Y ) that 
is not log canonical at p; here we apply inversion of adjunction. Furthermore, by Proposi-
tions 2.6 and 2.8 (see also Remark 2.9) we can ensure that the set {y ∈ Y ∣ ey(Z|Y ) > r2} is 
zero-dimensional.

We split the proof in two cases, depending on the dimension of X.
We first treat the case where n ≥ 8 . By the same argument as in the proof of Theo-

rem 1.1, we see that J(Y , 2cZ|Y ) defines a zero dimensional scheme Σ ⊂ Y  . Since Z|Y is cut 
out on Y by forms of degree r and 2cr < 2 , we have H1(Y ,OY (3)⊗ J(Y , 2cZ|Y )) = 0 by 
Nadel vanishing, hence

By Lemma  2.16, we have lct (Y ,Σ) ≤ 1 . If p is a smooth point, then we can 
apply Lemma 2.17 to get a lower bound. However, if p is a singular point then we cannot 
apply the bound directly. Instead, we will take a suitable degeneration which will allow us 
to apply Lemma 2.17 in lower dimension.

Let us discuss here the case where p is a singular point, the other case being easier and 
leading to a stronger bound. We restrict to affine chart �n−1 containing p, and fix coordi-
nates (x1,… , xn−1) centered at p such that the tangent cone of Y at p is defined by 

∑
x2
i
= 0 . 

For simplicity, we still denote by Y its restriction to �n−1 and let Σ denote now the con-
nected component of the zero dimensional scheme defined by J(Y , 2cZ|Y ) that is supported 
at p.

We take a flat degeneration of Y ⊂ �
n−1 to the union H1 ∪ H2 of two hyperplanes 

through p, and let Σ� ⊂ �
n−1 be the zero dimensional scheme supported at p obtained by 

flat degeneration from Σ . Note that Σ� ⊂ H1 ∪ H2 . Concretely, if f (x1,… , xn−1) = 0 is the 
equation of Y in �n−1 , then degeneration is constructed using the �m-action on �n−1 given 
by xi ↦ �xi for i = 1, 2 and xj ↦ �2xj for j > 2 , and sending � → 0.

Recall that mld p(Y ,Σ) ≤ 0 . By adjunction, this implies that

By semicontinuity of log canonical thresholds, we have

By inversion of adjunction, this implies that

where Σ�
1
= Σ� ∩ H1 and H12 = H1 ∩ H2 . Applying inversion of adjunction again, we get

where Σ�
12

= Σ�
1
∩ H12 = Σ� ∩ H12 . Note that H12 = �

n−3 . Then Lemma 2.17 implies that

(3.1)h0(OΣ) ≤ h0(Y ,OY (3)) = h0(ℙn−1,O(3)) =

(
n + 2

3

)
.

mld p(�
n−1,Σ + Y) ≤ 0.

mld p(�
n−1,Σ� + H1 + H2) ≤ 0.

mld p(H1,Σ
�
1
+ H12) ≤ 0

mld p(H12,Σ
�
12
) ≤ 0
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Since l(OΣ) = l(OΣ� ) by flatness and l(O�
Σ
) ≥ l(OΣ�

12
) from the inclusion Σ�

12
⊂ Σ� , we con-

clude that

Comparing the two inequalities (3.1) and (3.2), we get a contradiction as soon as n ≥ 8 . So 
the theorem is proved in this case.

We now address the remaining cases 5 ≤ n ≤ 7 . Suppose first that dimT = 1 . Recall 
that we have fixed a general point p ∈ T  and let Y ∶= V ∩ V � ⊂ X be the intersection of 
two general hyperplane sections through p. Let f ∶ Y ⤏ ℙ

n−3 be the map induced by a gen-
eral linear projection ℙn−1

⤏ ℙ
n−3 , and let

This is an effective ℚ-divisor of degree less than (n + 1)∕4 . Since deg(Δ) < 2 , Nadel’s van-
ishing theorem gives

Theorem 2.19 implies that the pair (ℙn−3,Δ) is not log terminal at f(p), and since the set 
{y ∈ Y ∣ ey(Z|Y ) > r2} is zero dimensional, we can argue as in the proof of [12, Theo-
rem 4.1] that if n ∈ {5, 6} then J(ℙn−3,Δ) defines a zero dimensional scheme W ⊂ ℙ

n−3 , 
hence the surjection

forces n ≤ 4 . If n = 7 , then one can only conclude that J(ℙ4,Δ) defines a scheme 
of dimension at most 1, but after cutting down one more time and using the vanishing 
H1(ℙ3,O(−2)⊗ J(ℙ3,Δ|

ℙ3 )) = 0 we get to a similar contradiction.
Therefore T must be zero dimensional, i.e., T = {p} . With the case p ∈ Xreg already 

been settled by the proof of Theorem 1.1, we assume that p is a singular point. After cut-
ting down with just one hyperplane section V ⊂ X through p, we get mld p(V , cZ|V ) ≤ 0 
by inversion of adjunction, hence we can find a divisor E over V with center p such that 
aE(V , cZ|V ) ≤ 0 . Note that JacV ⋅OV ,p = �V ,p since p is an ordinary double point, hence

We take a general linear projection g ∶ V → ℙ
n−2 and let

By Theorem 2.19, there exists a divisor G over ℙn−2 with center q = g(p) such that,

Restricting to a general hyperplane ℙn−3 through q and letting Δ be the restriction of Θ , we 
get a pair (ℙn−3,Δ) which satisfies the same properties as in the situation we discussed in 
the case dimT = 1 . We can therefore repeat the same argument to get a contradiction.

l(OΣ�
12
) ≥ 1

2
3n−3.

(3.2)l(OΣ) ≥ 1

2
3n−3.

Δ =
c2

4
⋅ �∗[Z|Y ].

H1(ℙn−3,O(4 − n)⊗ J(ℙn−3,Δ)) = 0.

H0(ℙn−3,O(4 − n)) ↠ H0(OW )

âE(V , cZ|V ) ≤ val E(�V ,p).

Θ =
c2

4
⋅ �∗[Z|V ].

aG(ℙ
n−2,Θ) ≤ val G(�q).
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This completes the proof of Theorem 1.2. 	�  ◻

Remark 3.2  The first part of the proof of Theorem 1.2 works for more general quadratic 
singularities, with the same argument showing that, for n ≥ 8 , every hypersurface of degree 
n + 1 in ℙn+1 with isolated quadratic singularities of rank ≥ 2 is birationally superrigid. 
Note, however, that the part of the proof of Theorem 1.2 dealing with the case 5 ≤ n ≤ 7 
does not extend automatically, as the Jacobian ideal at a quadratic singularity of submaxi-
mal rank is strictly contained in the maximal ideal and can have larger order along some 
valuations, invalidating the last step of the proof.

4 � K‑stability

K-stability is an algebro-geometric notion related to the existence of Kähler–Einstein met-
rics on Fano varieties. The original definition is given in terms of the positivity of the gen-
eralized Futaki invariant of test configurations. We will recall here an equivalent definition 
following the valuative approach of [18, 25]. According to the latter approach, an n-dimen-
sional normal ℚ-Gorenstein projective variety X with ample anticanonical class is K-stable 
if for every divisor E over X

where f ∶ Y → X is a resolution on which E appears as a divisor. This definition better fits 
the theme of this paper. The equivalence between this definition and the one via the gen-
eralized Futaki invariant is proved in [2]. We refer to [53] for a general introduction to the 
subject.

We use the following result, due to [51]. A stronger result along the same lines is proved 
in [54], but we will not need it.

Theorem 4.1  Let X be a Fano variety with ℚ-factorial terminal singularities and Picard 
number 1. Assume that X is birationally superrigid and lct (X,D) > 1

2
 for every effective ℚ

-divisor D ∼
ℚ
−KX . Then X is K-stable.

As it is already observed in [51], in view of Theorem 1.1 and well-established bounds 
on the alpha invariant of smooth Fano hypersurfaces, this result implies immediately that 
smooth hypersurfaces of degree n + 1 in ℙn+1 are K-stable hence admit a Kähler–Einstein 
metric. In order to apply the result to hypersurfaces with isolated ordinary double points, 
we need the following property.

Proposition 4.2  For any n ≥ 4 , if X ⊂ ℙ
n+1 is a hypersurface of degree n + 1 with only iso-

lated ordinary double points as singularities, then lct (X,D) > 1

2
 for every effective ℚ-divi-

sor D ∼
ℚ
−KX.

Proof  Suppose by contradiction that there exists an effective ℚ-divisor D ∼
ℚ
−KX such 

that lct (X,D) ≤ 1

2
 . Let E be a divisor over X such that aE(X,

1

2
D) ≤ 0 , and let T ⊂ X be 

the center of E in X. Propositions 2.13 and 2.8 imply that T is at most one-dimensional, 
and that it is zero-dimensional if it is contained in the smooth locus of X. Let p ∈ T  be a 
general point.

aE(X) >
1

(−KX)
n ∫

∞

0

vol (f ∗(−KX) − tE) dt,
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Let f ∶ X → ℙ
n be induced by a general linear projection, let q = f (p) , and let

We fix a general hyperplane ℙn−1 ⊂ ℙ
n through q.

We claim that

If dimT = 1 and � is the generic point of f(T), then we have mld �(ℙ
n,Δ) ≤ 0 by Theo-

rem 2.19, and since q is a general point of f(T), (4.1) follows by Bertini’s theorem applied 
on a log resolution. If T = {p} is zero-dimensional, then we have âE(X,

1

2
D) ≤ val E(�p) . 

This is clear if p ∈ Xreg , and holds if p is a singular point since in this case we have 
JacX ⋅OX,p = �p . Then Theorem 2.19 implies that there is a divisor F over ℙn with center 
q such that aF(ℙn,Δ) ≤ val F(�q) . This implies that mld q(ℙ

n,Δ + ℙ
n−1) ≤ 0 , hence (4.1) 

follows by inversion of adjunction.
Our next claim is that the pair (ℙn−1,Δ|

ℙn−1 ) is log terminal in dimension 1 near q. We 
will prove this by showing that the pair (ℙn,Δ) is log terminal in dimension 2 near q. To 
see this, we restrict to formal neighborhoods. Let U = Spec (ÔX,p) and V = Spec (Ô

ℙn,q) , 
and denote by g = f |U ∶ U → V  the induced map. Resolution of singularities holds in 
this setting (and in fact for the purpose of this proof it suffice to rely solely on resolutions 
obtained by base-change from X and ℙn , respectively), so we can extend the definition of 
singularities to this setting. We are going to show that (V ,Δ|V ) is log terminal in dimen-
sion 2. By taking a general projection we can ensure that p is the only point in the support 
of D mapping to q, hence Δ|V =

1

2
⋅ g∗(D|U) . If p is a smooth point of X, then g is an iso-

morphism and the claim is clear. If p is a singular point, then g is a generically two-to-one 
cover. In this case, if G is any divisor over V with positive dimensional center W ⊂ V  , and 
G′ is any divisor over U such that val G� restricts to b val G on V for some b ∈ ℕ (such G′ 
always exists), then a standard computation gives

Here we are using the fact that W is positive dimensional in order to reduce to a com-
putation on smooth varieties (i.e., away from p and q), and use that KU∕V ≥ 0 in the 
last inequality. If � ∶ U → U is the involution defined by the cover U → V  , then 
g∗(Δ|V ) =

1

2
(D|U + �(D|U)) , hence

Since both (U,D|U) and (U, �(D|U)) are log terminal in dimension 2, it follows that 
aG� (U, g∗(Δ|V )) > 0 , and hence aG(V ,Δ|V ) > 0 by (4.2), whenever dim(W) ≥ 2 . This 
proves that (V ,Δ|V ) is log terminal in dimension 2, which in turns implies that (ℙn,Δ) is 
log terminal in dimension 2 near q. Since ℙn−1 is a general hyperplane through q, we con-
clude that (ℙn−1,Δ|

ℙn−1 ) is log terminal in dimension 1 near q.
We are now ready to finish the proof. Since deg(Δ) < ⌈ n

2
⌉ + 1 , Nadel’s vanishing gives

Δ =
1

2
⋅ f∗D.

(4.1)mld q(ℙ
n−1,Δ|

ℙn−1 ) ≤ 0.

(4.2)b aG(V ,Δ|V ) = aG� (U, g∗(Δ|V ) − KU∕V ) ≥ aG� (U, g∗(Δ|V )).

val G� (g∗(Δ|V )) ≤ max{ val G� (D|U), val G� (�(D|U))}.

H1(ℙn−1,O(−n + ⌈ n

2
⌉ + 1)⊗ J(ℙn−1,Δ�

ℙn−1 )) = 0.
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Note that −n + ⌈ n

2
⌉ + 1 ≤ −1 for n ≥ 4 . As the multiplier ideal J(ℙn−1,Δ|

ℙn−1 ) defines a 
scheme with a zero-dimensional component supported at q, this gives a contradiction. 	
� ◻

Proof of Theorem 1.3  It follows by Proposition 4.2 and Theorem 4.1 that X is K-stable, and 
[28, Theorem 1.5] implies that X admits a weak Kähler–Einstein metric. 	�  ◻

Remark 4.3  Proposition  4.2 also holds for n = 4 , a case which is not covered by Theo-
rem 1.2. If one can extend Theorem 1.2 to include the four-dimensional case, then K-stabil-
ity would follow as well.
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