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ABSTRACT
Heterogeneous ice nucleation is ubiquitous but its microscopic mechanisms can be extraordinarily complex even on a simple surface. Such
complexity poses a challenge in modeling nucleation using advanced sampling methods. Here, we investigate heterogeneous ice nucleation
on an FCC (211) surface by a forward flux sampling (FFS) method to understand how the complexity in nucleation pathways affects the
accuracy of FFS. We first show the commonly adopted, size-based order parameter fails to describe heterogeneous ice nucleation on the
FCC (211) surface. Inclusion of geometric anisotropy of ice nucleus as an additional descriptor is found to significantly improve the quality
of the size-based order parameter for the current system. Subsequent application of this new order parameter in FFS identifies two com-
peting ice nucleation pathways in the system: a primary-prism-planed (PPP) path and a secondary-prism-planed (SPP) path, both leading
to the formation of hexagonal ice but with different crystalline orientations. Although the PPP pathway dominates ice nucleation on the
FCC (211) surface, the occurrence of the less efficient SPP pathway, particularly its strong presence at the early stage of FFS, is found to
yield a significant statistical uncertainty in the calculated FFS rate constant. We develop a two-path model that enables gaining a general,
quantitative understanding of the impact of initial finite sampling on the reliability of FFS calculations in the presence of multiple nucle-
ation pathways. Our study also suggests a few general strategies for improving the accuracy of FFS when exploring unknown but complex
systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0144712

I. INTRODUCTION

Ice nucleation is a vital natural phenomenon, which plays a sig-
nificant role in global climate change,1 cell cryopreservation,2 and
drug production.3 Despite its ubiquity and importance, ice nucle-
ation is also a complex process where the underlying microscopic
mechanisms can be sophisticated, particularly in heterogeneous ice
nucleation. A vivid manifestation of such complexity is the diver-
sity in the physical and chemical nature of those identified efficient
ice nucleation centers. Fromminerals to biological macromolecules,
all these materials are known for being able to efficiently catalyze
ice formation, despite a wide range of surface characters.4 Subtle

modifications on the surface can also drastically change the efficacy
of ice nucleation,5–8 highlighting the delicacy of heterogeneous ice
nucleation.9,10

Despite the complexity and diversity in the microscopic fac-
tors controlling the formation of ice embryos, extensive modeling
studies have suggested ice nucleation itself is rather a one-step pro-
cess where nucleation occurs in a single activated step, including
both homogeneous11–20 and heterogeneous nucleation.5,7,8,21–27 The
size of ice nucleus, which is defined as the number of ice-like water
molecules calculated based on local bond-order parameters,11,28

has been shown to serve as the best reaction coordinate for
ice nucleation.17,23 The one-step nature and the applicability of
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size-based order parameter strongly suggest ice nucleation is a
process that can be well described by classical nucleation theory
(CNT).11,21 Indeed, studies showed homogeneous ice nucleation
leads to stacking disordered ice11,17,29–32 and when corrected in its
driving force by including size-dependence, ice nucleation path-
way can be satisfactorily depicted by CNT.17 For heterogeneous ice
nucleation on the graphitic surface,21,23 organic crystals,26 and ice-
binding proteins,25,26 modeling studies based on the mW model33
also show that ice nucleation follows a classical pathway on different
substrates.

These findings provided a justification for using nucleus size as
an effective order parameter to drive advanced sampling approaches
such as forward flux sampling (FFS)34 to acquire a quantitative
description of ice nucleation (e.g., nucleation rate) under vari-
ous thermodynamic conditions,8,11,12,15,18,20,21,24,27,35–39 particularly
for those where nucleation event becomes inaccessible by standard
molecular dynamics (MD) simulations. An advantage of FFS is that
its accuracy does not require its order parameter to be exactly the
actual reaction coordinate.40 This flexibility enables the application
of a less specific, but more inclusive order parameter in FFS that can
include as many potential pathways as possible, which can be partic-
ularly beneficial for discovering unknown nucleation mechanisms
or pathways. However, the exploratory benefit of FFS may come
at an expense of compromised efficiency or even accuracy because
sampling efficiency can be significantly decreased when an order
parameter significantly deviates the actual reaction coordinates. In
practice, with only a finite sampling that can be afforded, the most
relevant pathway sometimes can be significantly under-sampled if
phase points at the initial milestones are not sufficiently collected,
particularly when there exist multiple competing pathways.16 In this
regard, a commonly adopted order parameter in modeling crystal
nucleation is the size of the nucleus, as it naturally measures the
progress of nucleation.41 However, other factors, such as shape and
structure, have been shown to play a key role in determining the crit-
ical state of crystal nucleation.42,43 Furthermore, as crystal size can be
a loosely defined quantity and its determination critically depends
on the identity of crystalline-like atoms/molecules, adopting crystal
size as an order parameter in an unknown system can be of risk,
even if the same order parameter has been proven effective and
accurate in a closely related system. In this work, we demonstrate
this ineffectiveness through a case study by investigating heteroge-
neous ice nucleation on a Lennard-Jones (LJ) FCC (211) surface
using FFS.

Previous direct MD simulations employing the mW model
showed ice nucleates spontaneously on an FCC (211) surface.7,10,22

The enhancement of ice nucleation was attributed to the topogra-
phy of the FCC (211) surface that facilitates a structural match to
the primary prism plane of hexagonal ice Ih,7 thus promoting the
formation of pure Ih. This constitutes an interesting system that
contrasts the heterogeneous ice nucleation on graphene that facil-
itates the formation of the ice basal plane.44 In a graphene–water
system, the nucleation of ice, which yields a stacking disordered
ice, was found to be accurately characterized by the size of the ice
nucleus.21,23

Surprisingly, we find that the size-based order parameter leads
to extremely low nucleation rates or even completely fails to drive
FFS to obtain the relevant ice nucleation trajectories on FCC (211)
surface. The inapplicability of this size-based order parameter is

attributed to the fact that the FCC (211) surface promotes an inter-
facial ordering of water that is distinguished from ice I but cannot
be properly differentiated from ice I by the local bond-order para-
meter commonly used to identify crystalline order.11,28 Employing a
collective variable based on such local order parameter, thus, yields
an ensemble of phase points that are virtually composed of “disk-
like” seeds that cannot grow into ice. Inclusion of the geometric
anisotropy of ice nucleus as an additional collective variable is found
to significantly mitigate the issue. Using this new set of order para-
meters, we find that the nucleation of ice on FCC (211) with a
lattice constant of 4.158 Å can proceed via two distinct pathways,
both leading to hexagonal ice Ih. One pathway forms the primary
prism plane (PPP) of Ih parallel to FCC (211) surface, consistent
with the structure previously identified in direct MD simulations.7,22

The other pathway, which was absent from these direct MD simula-
tions, yields the secondary prism plane (SPP) of Ih. Although the
PPP path has a significantly higher nucleation rate than the SPP
path, thus dominating ice nucleation, the less-efficient SPP path is
found to overwhelm the ensemble of configurations collected at the
early milestones of FFS modeling, which can lead to a significant
variation in the calculated nucleation rate constants that exhibit an
undesirable dependence on the choice of FFS parameters. To ratio-
nalize our finding, we subsequently develop a two-path model to
understand the convergence issue of the FFS rate constant when two
pathways with distinct rate constants co-exist. The model, which
depicts the variation of the final FFS rate constant with respect
to both the level of initial sampling of FFS and the difference in
rate constant between the two co-existing paths, provides a gen-
eral strategy for improving the reliability of FFS for modeling those
systems.

II. METHOD
A. Molecular dynamics simulation

Molecular dynamics simulation is performed employ-
ing the coarse-grained mW model33 through the Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS)
package.45 The interaction between mW water and atoms in an
FCC (211) substrate is described by a truncated LJ potential, with
εws = 0.48 kcal/mol, σws = 2.582 Å, and cutoff distance rc = 7.53 Å.
The lattice constant of the FCC substrate is set to be aFCC = 4.158 Å
with all FCC atoms frozen. With these parameters, previous direct
MD simulations7,22 showed hexagonal ice Ih forms spontaneously
with its primary prism plane parallel to the FCC (211) surface. A
total of 4000 mW molecules and 960 surface atoms are included
in a simulation cell with a dimension of 58.8 × 57.6 × 70 Å3. With
a periodic boundary condition applied, a water slab about 35 Å
along the z axis is created between an FCC-water interface and
a vacuum–water interface. The isothermal canonical ensemble
(NVT) with a Nose–Hoover thermostat is employed throughout
our simulations, with an equilibrium time of 0.5 ns at the target
temperature of 230 K. A time step of 5 fs is used throughout this
work.

B. Forward flux sampling method
Heterogeneous ice nucleation rates on the FCC (211) surface

are calculated using our recent implementation of FFS in LAMMPS.
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In FFS, the transition pathway is decomposed into consecutive seg-
ments through milestones based on order parameter λ.34 Nucleation
rate is then given by R = Φλ0∏n

i=1P(λi∣λi−1),46 where Φλ0 is the ini-
tial flux rate crossing the initial milestone λ0, and P(λi∣λi−1) is the
crossing probability for a trajectory starting frommilestone λi−1 and
successfully reaching the next adjacent milestone λi. In practice, FFS
is carried out through two steps. In the first step, the initial flux
rate Φλ0 is obtained by N0/t0V , where N0 is the number of suc-
cessful crossings collected at λ0, t0 is the total simulation time, and
V is the volume of the water slab. Sufficient sampling of the initial
flux has been demonstrated to be critical for ensuring the conver-
gence of the final rate constant,16 and its role will be discussed in
depth in the current system. To ensure sufficient sampling, a total of
1000 ∼ 3000 configurations (∼1 μs of simulation time) are collected
at the first milestone λ0. In the second step, the crossing proba-
bility P(λi∣λi−1) = N i/Mi−1 is computed by firing a large number
(Mi−1) of MD trial shootings starting from the milestone λi−1 and
collecting N i successful crossings (∼120) at the milestone λi. The
statistical uncertainty of P(λi∣λi−1) is mainly attributed to both the
variance of binomial distributions of the number of configurations
at each milestone and the landscape variance of the configurations
collected at the previous milestone.47 However, for a system that
exhibits multiple nucleation pathways, the statistical uncertainty due
to finite sampling can be more significant in the final rate con-
stant R. Therefore, multiple independent FFS runs (e.g., m = 5) are
carried out to obtain the geometric mean ⟨R⟩ = (∏m

i Ri)1/m and

the standard error of ln⟨R⟩ is given by
√
∑m

i (ln Ri − ln⟨R⟩)2/m. It
should be noted that the heterogeneous nucleation rate on the sur-
face should be measured by area, not by volume. However, since
the volume of water is small and there is only one nucleation event
occurring, a volume-based nucleation rate is used instead to enable
a direct comparison between homogeneous and heterogeneous
nucleation.

The milestones in FFS are defined by order parameter(s) λ. In
the case of ice nucleation, λ has been conventionally chosen to be
the number of the ice-like water molecules contained in the largest
ice cluster.8,11,12,15,21,24,35,37 This definition has been shown to serve
well to describe the reaction coordinates of both homogeneous and
heterogeneous ice nucleation. In fact, prior investigations further
showed that mW ice nucleation behaviors can be well described by
classical nucleation theory that assumes nucleus size as the sole order
parameter.8,11,17,21,23 However, in the current system with the FCC
(211) surface, we find that this size-based order parameter fails to
describe heterogeneous mW ice nucleation. As shown in Fig. 1, the
calculated growth probability P(λ∣λ0) in FFS employing the conven-
tional size-based order parameter λ becomes extremely low, leading
to an inability to grow ice. By analyzing those ice nuclei collected
at the initial milestones of FFS runs, we find ice nuclei all exhibit a
“disk-like” geometry that spreads out on an FCC (211) surface, as
shown in Fig. 1. The 2-D nature of these ice seeds is attributed to
both the complex surface topography of the FCC (211) surface and
the convention used to define an “ice-like” water molecule. On the
one hand, the arrangement of surface atoms on the FCC (211) sur-
face creates a strongly ordered interfacial water layer that does not
resemble the structure of ice I (either Ih or Ic).7 This is similar to the
interfacial ordering previously identified on a phloroglucinol dihy-
drate surface that seamlessly connects ice and organic surface but

FIG. 1. Calculated growth probability P(λ∣λ0) of ice nucleus forming on FCC (211)
surface as a function of the conventional, size-based order parameter λ (red) and
the new, size-based order parameter combined with a geometric constraint λk

(black). Insets show the side view (left) and top view (right) of the “disk-like” ice
nucleus, as the only structure identified through the conventional λ. FCC (211)
atoms and ordered water molecules are colored as gray and blue, respectively.

does not resemble any ice face;26 On the other hand, water molecules
in this ordered interfacial layer are found to indeed satisfy the com-
monly used criterion for being “ice-like” water, i.e., a q6 > 0.5 with
four hydrogen-bonded neighboring water molecules.11 Therefore,
water molecules in this interfacial layer are incorrectly labeled as
“ice-like” with ease, leading to a strong, artificial preference for the
in-plane geometry of those ice seeds selected by the local bond-order
parameter. In fact, a detailed analysis of the structures shows that
only three out of 5000 seeds collected at λ0 are truly “ice-like,” while
the rest are all “disk-like.” The subsequent FFS shootings based on
this ensemble can only lead to horizontal but not vertical growth
because these “disk-like” seeds do not possess the correct structural
template to grow into ice I.

Since the interfacial water molecules do exhibit an orientational
order but are not “ice-like,” tuning the cutoff value of a local bond-
order parameter like q6 is unlikely to resolve their true non-“ice-like”
identity. After all, the essence of the Steinhardt-type bond-order
parameter is that it should be sensitive to a general but not spe-
cific crystalline order.48 Therefore, the remedy to the issue should
call for an additional descriptor that enables screening out these ice
seeds that cannot truly grow. In this regard, an important struc-
tural attribute of these “disk-like” seeds is their shape, which can
be reflected by the maximum ratio in the resolved components of
the radius of gyration for an ice seed, i.e., k = max(Rα

g /Rβ
g), where

Rα
g = 1/N

√
∑N

i>j(rαij)2. Here, N is the number of water molecules in
an ice cluster, α,β = x, y, or z and rαij is the α component of the dis-
tance between molecule i and j. Therefore k reflects the geometric
anisotropy of a cluster, as an isotropic geometry yields k ∼ 1 and
a large k corresponds to a strong geometric anisotropy. Using this
definition, we indeed find the average k of ice nuclei collected at λ0
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to be around 8.5, indicating their strong geometric anisotropy (see
Fig. S1 in the supplementary material).

Conceptually, a constraint on k thus can potentially prevent
those “disk-like” seeds from “poisoning” the ensemble and allow
identifying the true, “healthy” ice seeds that will grow. To imple-
ment this idea, we thus introduce a combined order parameter λk as
follows: For a given configuration, the largest ice cluster is first iden-
tified, following the same procedure as described in Ref. 11. Then,
shape screening is conducted so that if this cluster yields a k greater
than a pre-defined cut-off kcut, the next largest ice-like cluster is
selected and then goes through the same shape screening. The pro-
cedure is repeated until the largest ice-like cluster with a k ≤ kcut is
identified, and its size is defined as λk.

III. RESULT
A. Effect of k cut on ice nucleation rate

To understand whether the new order parameter λk mitigates
the sampling issue, we compute heterogeneous ice nucleation rates
as a function of kcut by FFS at 230 K, as shown in Fig. 2(a). Clearly,
a large kcut (>5) restores the conventional, size-based order para-
meter, thus leading to an extremely low nucleation rate (not shown
in Fig. 2). On the contrary, a small kcut (<2) places a very strong
geometric constraint that becomes incompatible with the natural
geometry of a nucleus forming on a substrate via heterogeneous
nucleation. For example, heterogeneous nucleation typically pro-
ceeds with the formation of nucleus with a spherical cap or a
similar shape,21,23 which is inherently anisotropic. Therefore, a low
kcut can lead to a complete miss of the most relevant nucleation
pathway. Indeed, the calculated nucleation rate 1011±1 m−3 s−1 for
kcut = 1.5 is found comparable to the homogeneous ice nucle-
ation rate 1013 m−3 s−1 at the same temperature.11 As shown in
Fig. 2(b), the ice nucleus formed under kcut = 1.5 contains cubic
ice Ic and stacking disorder, which is typical in homogeneous ice
nucleation.11,17,29 This is in contrast to the structure (Ih with its
primary prism plane (101̄0) parallel to the substrate) identified in
previousMD simulations on the FCC (211) surface.7,22 Although the
bottom of the ice nucleus (in the vicinity of a surface) is indeed found
to carry a structural signature resembling the primary prism plane of
Ih (Fig. 2), the strong geometrical constraint imposed by kcut restricts
this layer from growing into Ih.

With a proper range of geometric constraints, the calculated
nucleation rates are found to be nearly invariant with a kcut between
3 and 5. The fact that there exists a range of kcut where the calcu-
lated rate becomes independent of kcut is desirable and indicates the
potential effectiveness of the new order parameter. To further under-
stand whether λk can serve as a good approximation to the actual
reaction coordinate, we carry out pB histogram analysis at the critical
sizes identified at different kcut. A committor pB measures the prob-
ability of a configuration to reach state B (solid ice in this case); thus,
by definition, a critical nucleus should have a pB of 0.5.49 For the
identified critical milestone λk∗ , we select 120 configurations, each
receiving 20 trial runs to compute pB, to construct pB histogram. As
shown in Fig. 3(a), the calculated distribution for kcut = 3.5 is peaked
at the mean μ = 0.504, with a standard deviation σ of 0.17. The over-
all agreement with the Gaussian distribution of the same μ and σ
confirms λk with kcut of 3.5 is indeed a good order parameter.50

FIG. 2. (a) Calculated heterogeneous ice nucleation rate as a function of the
degree of geometric constraint kcut on an FCC (211) surface at 230 K. (b)–(d)
Small, pre-critical ice nuclei containing ∼40 water molecules (on the left) growing
into large, post-critical ice clusters containing ∼500 water molecules (on the right)
with different structures. In (b), a stacking disordered ice nucleus forms under a
strong geometric constraint kcut = 1.5, accompanied by a low nucleation rate. With
a softened constraint (kcut ≥ 2), ice nucleation is found to proceed via two path-
ways, forming Ih with its (c) primary–prism plane (PPP) and (d) secondary–prism
plane (SPP) parallel to the FCC (211) surface.

In contrast, the calculated pB histogram for kcut = 2 is found to
exhibit a clear deviation from a Gaussian distribution, suggesting λk
with kcut = 2 does not well describe the actual reaction coordinate. In
particular, the abnormally high distribution of pB between 0.9 and
1 suggests at λk∗ = 550, there already exist configurations that are
strongly committed to basin B. To understand the nature of these
configurations, we trace back all the configurations at λk∗ to their
parents at the first milestone λk0. Interestingly, this structural analysis
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FIG. 3. Calculated pB histogram for (a) kcut = 3.5 and (b) kcut = 2 at the corre-
sponding critical milestones λk ∗ . The Gaussian distribution with a mean μ and
standard deviation σ determined from the corresponding pB histogram is shown
as the red line. Insets show the calculated committor pB as a function of order
parameter λk , which allows determining the critical size λk ∗ through its intersec-
tion with the horizontal dash line corresponding to pB = 0.5. For (a) kcut = 3.5, the
overall critical size is determined to be ∼170. For (b) kcut = 2, the overall critical
size is ∼550, but PPP and SPP yield very different critical sizes, being ∼600 and
∼350, respectively.

of nucleation trajectories identifies the co-existence of two distinct
nucleation pathways. One pathway leads to the formation of Ih with
its primary prism plane (101̄0) parallel to the surface, as shown
in Fig. 2(c). This pathway was previously identified in direct MD
simulations,7,22 where the enhancement of heterogeneous ice nucle-
ation in this pathway was attributed to the strong geometric match
of the surface topography of FCC (211) to the ice double layer. We
accordingly denote this pathway as “primary-prism-planed” or PPP.
Another pathway, which has not been found from direct MD sim-
ulations on FCC (211) surface with the lattice constant of 4.158 Å,
is identified from the ensemble of FFS trajectories to form Ih but
with its secondary prism plane (112̄0) parallel to the FCC (211)
surface [Fig. 2(d)]. This pathway is correspondingly denoted as

“secondary-prism-planed” or SPP. We note that SPP was indeed
reported to form spontaneously in direct MD on FCC (211) sur-
face, but with a much greater lattice constant of 4.66 Å.7 In fact, the
primary and secondary prism planes of Ih share a structural simi-
larity in that both planes exhibit double layers (see Fig. S3 in the
supplementary material). However, the difference in the length of
double layers means when growing on FCC (211) surface with a lat-
tice constant of 4.158 Å, PPP structurally matches the periodicity of
the surface, while SPP is under compression.

To understand the efficiencies of the two distinct nucleation
pathways, we calculate the growth probability P(λkB∣λk0) for PPP and
SPP with different kcut. This is carried out through conducting the
second step of FFS by using the PPP and SPP seeds as the only start-
ing configurations at the first milestone λk0, respectively. As shown
in Fig. 4, under a strong geometric constraint kcut = 2, the two path-
ways are found to yield comparable growth probabilities (PPP is only
about 1 order of magnitude faster than SPP). However, the shape of
the calculated growth probabilities suggests a significant difference
between PPP and SPP in their corresponding critical sizes. Indeed,
the calculated pB as a function of λk [Fig. 3(b)] shows SPP yields a
critical size of ∼350, much smaller than that (∼600) of PPP. Such a
large difference means that, for kcut = 2, the critical size λk∗ = 550
determined through the “overall” growth probability becomes inad-
equate to define the true critical state: At this milestone, the SPP
pathway has already well passed its own critical size (∼350), thus,
is strongly committed to the basin B, whereas the PPP pathway is
just about to approach its critical state (∼600). Therefore, in the case
where the system contains two nucleation pathways with compara-
ble probabilities to grow but very different critical sizes, the nucleus
size itself becomes an ineffective order parameter.

Interestingly, under kcut = 2, the faster route (PPP) is found to
exhibit a critical size larger than that of the slower route (SPP). This

FIG. 4. Calculated growth probability P(λk
∣λk

0) for PPP and SPP paths as a func-
tion of λk under different geometric constraints kcut. Insets show the convergence
of the calculated P(λk

∣λk
0) with respect to applied geometric constraint kcut for

both pathways.
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counterintuitive behavior is attributed to the applied strong geo-
metric constraint artificially altering the landscape of the nucleation
pathway. To recover the natural nucleation pathways, we repeat the
partial FFS runs for SPP and PPP with a proper range of kcut where
the ice nucleation rate exhibits a plateau (see Fig. 2). As shown in
Fig. 4, softening geometric constraint leads to a significant increase
in growth probability for both pathways. For the PPP pathway,
such increase amounts to 6 orders of magnitude, yielding a con-
verged growth probability to 10−4, consistent with the calculated
growth probability from a full FFS simulation with a kcut between
3 and 5. Correspondingly, the critical size for the true PPP path-
way under this range of constraint is identified to be ∼180, which
is also consistent with the critical size determined from the full FFS
run [Fig. 3(a)]. For the SPP pathway, the growth probability is found
to converge at 10−8 (see the insets of Fig. 4), yielding a critical size
of ∼300. Therefore, as a proper kcut restores the landscape of nucle-
ation pathways, the faster route indeed leads to a smaller critical size.
Importantly, the large difference in the growth probability between
PPP and SPP (4 orders of magnitude) implies the nucleation of ice
on the FCC (211) surface is dominated by PPP. Indeed, the fact that
both the partial FFS run based on PPP seeds at the first milestone
λ0k and the full FFS run including all possible seeds yield identical
growth probability simply means that the overall nucleation rate
of mW ice on FCC (211) is determined by the fast PPP pathway.
This also explains the absence of the SPP in the previous direct MD
simulations,7,22 as the 4-orders-of-magnitude difference in rate con-
stant implies only one out of 10 000 successful nucleation trajectories
can be of SPP type at this temperature.

The preference of PPP over SPP is not surprising because the
spacing between the steps of FCC (211) with aFCC = 4.158 Åmatches
well the double layer of the primary prism plane of Ih (see Fig.
S3 in the supplementary material). Therefore, the epitaxial growth
of the secondary prism plane on this surface will be negatively
strained by about 5%, thus should be less unfavorable. However,
despite the dominance of the PPP path in the final rate constant,
the co-existence of a fast PPP and a slow SPP is found to yield an
unexpected convergence issue when acquiring nucleation rate using
FFS. In particular, the calculated rate constants from multiple, inde-
pendent FFS runs exhibit an undesirable variability. Such an issue
has not been encountered in our previous investigation of either
homogeneous ice nucleation11,12 or heterogeneous nucleation on
graphene.8,21,36 Therefore, it is important to understand the origin
for the lack of convergence in the current system.

B. Effect of FFS parameters on ice nucleation rate
An advantage of FFS is its flexibility in defining milestones

λA and λi in that the final rate constant can be virtually indepen-
dent of the choices of these parameters if they are within a certain
range. For example, basin A (liquid in this case) represents a well-
defined region in phase space, but there is no unique way in defining
its boundary λA in practice. One way for defining λA is through
choosing a λ such that the cumulative probability below λA is 0.5,
i.e., ∫ λA

0 P(λ)dλ = 0.5.51 Alternatively, λA can be chosen near the
peak of the distribution obtained from a direct simulation near
basin A. Despite the arbitrariness in defining λA, the calculated
FFS rates stay nearly invariant, which renders both the robust-
ness and convenience of the method. Indeed, as shown in Fig. S2

in the supplementary material, the calculated homogeneous nucle-
ation rates for mW ice, each obtained based on ten independent
FFS runs at 220 K, show little variation with respect to the position
of λA.

However, in heterogeneous ice nucleation on the FCC (211)
surface, the same test shows the position of λkA does affect the
FFS rate. As shown in Fig. 5(a), the calculated geometric mean
ice nucleation rate based on five independent runs is found to
decrease by one order of magnitude from 1026 m−3 s−1 for λkA = 10 to
1025 m−3 s−1 for λkA = 13. The variation of the mean rate may not
seem to be significant given the intrinsic statistical uncertainty of
the FFS rate constant being of a similar order of magnitude,47 but
the variability among the five independent FFS runs is found to sub-
stantially increase with λkA. In particular, at λkA = 13, the calculated
rates are found to span over five orders of magnitude, ranging from

FIG. 5. Variation of the calculated ice nucleation rate on the FCC (211) surface
through FFS with respect to the positions of (a) λk

A and (b) λk
0 in FFS. Each data

point represents the geometric mean nucleation rate based on five independent
FFS runs, with error bars being the standard errors of the mean. kcut is set for 3
and 5 for (a) and (b), respectively. Each FFS run is conducted by collecting 1000
(N0) initial configurations at λk

0. To understand the role of N0, FFS tests with 3000
initial configurations (red) are also carried out in (a).
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FIG. 6. Comparison between FFS simulations (solid symbols) and the two-path
model (open symbols) on the weight of the PPP path (ωPPP

) at each milestone.
Three independent FFS simulations are carried out using a kcut = 5. The corre-
sponding nucleation rates obtained directly from FFS simulations are indicated in
the legends.

1022 to 1027 m−3 s−1. Similarly, the choice of λk0 in preparing the
ensemble of initial configurations is also found to significantly affect
the final rate constant. Figure 5(b) shows a decreasing λk0 not only
leads to a steady decrease of the mean nucleation rate but also a sig-
nificant increase in the variability of the rates. The large uncertainty
thus raises a concern about the convergence and reliability of the
calculated FFS rate based on a single FFS run in the current system.

Since the convergence issue was virtually absent in the FFS
studies of homogeneous ice nucleation11,12,35,39 and heterogeneous
ice nucleation on a graphene surface,8,21,36 its origin is expected to be
related to the intrinsic dynamics of ice nucleation on the FCC (211)
surface. As demonstrated above, although the SPP pathway is sig-
nificantly less efficient, its nucleation rate is not extremely far from
that of the PPP pathway; thus, SPP still can make a non-negligible
contribution to the overall ensemble of nucleation trajectories. In

particular, the less-effective SPP pathway is found to have a signif-
icant representation at the early stage of the FFS, e.g., λk0 and λk1,
despite that these SPP seeds have a lower probability than those PPP
seeds to grow at a later stage.

To quantify the fraction of the PPP seeds, we carry out a struc-
tural analysis for the configurations collected at each milestone. The
differentiation between PPP and SPP seeds is based on the differ-
ence in the distribution of the projected hydrogen-bond lengths (see
the supplementary material for more details). Although such analy-
sis can be less quantitative for small ice nucleus that barely contains
one complete hexagonal core, e.g., those at λk0, the quantification is
robust for larger clusters. Indeed, the analysis reveals a clear trend,
as shown in Fig. 6, that the overall nucleation rate is highly depen-
dent on the fraction of PPP seeds at the early milestones of FFS. For
the FFS run that yields the lowest rate, the entire ensemble is found
completely composed of the SPP pathway; in contrast, the highest
rate FFS run is found to proceed with a significant fraction of PPP
seeds at the early stage, which then dominate the growth afterward.
For other runs, a higher fraction of PPP at the early stages of FFS is
found to lead to a higher nucleation rate.

Thus, consequently, how well an FFS calculation can capture
the true nucleation rate in the current system strongly depends on
how well the PPP pathway can be sufficiently sampled at the early
stage of FFS. In an ideal situation where an unlimited sampling
can be afforded, the weights of all pathways at the initial stage can
be correctly sampled, but in practice where only a finite sampling
can be obtained, the final FFS rate constant can depend on the
“composition” of the fast route collected at the initial milestone λ0.

C. Two-path model
To understand how the collection of initial sampling at λ0 can

affect the final FFS rate constant quantitatively, we consider a two-
path model where two competing nucleation pathways, path a (fast)
and path b (slow), co-exist in one system and both pathways can
be characterized by the same order parameter λ. If we know the full
details of each pathway, say,Ra = Φa

0∏n−1
i=0 Pa(λi+1∣λi) for path a, then

the total FFS rate constantRtot can be obtained through the following
(see the supplementary material for its derivations):

Rtot = (Φa
0 +Φb

0)
n−1
∏
i=1
[ω

a
i−1Pa(λi∣λi−1)Pa(λi+1∣λi) + ωb

i−1Pb(λi∣λi−1)Pb(λi+1∣λi)
ωa
i−1Pa(λi∣λi−1) + ωb

i−1Pb(λi∣λi−1)
]

× [ωa
0Pa(λ1∣λ0) + ωb

0Pb(λ1∣λ0)], (1)

where ωa
i and ωb

i are the weights of paths a and b at the milestone λi,
respectively, and they are related to the weights ωa

i−1 and ωb
i−1 at the

milestone λi−1 through

ωa
i = ωa

i−1Pa(λi∣λi−1)
ωa
i−1Pa(λi∣λi−1) + ωb

i−1Pb(λi∣λi−1)
, (2)

ωb
i = ωb

i−1Pb(λi∣λi−1)
ωa
i−1Pa(λi∣λi−1) + ωb

i−1Pb(λi∣λi−1)
, (3)

with ωa
0 = Φa

0/(Φa
0 +Φb

0) and ωb
0 = Φb

0/(Φa
0 +Φb

0). Equation (1) can
be simplified as

Rtot = ΦtotPtot = Φtot(ω0
aPa + ω0

bPb). (4)

For ice nucleation on the FCC (211) surface, the fast route a
and slow route b are the PPP and SPP pathways, respectively. Using
Eqs. (1)–(3), the total FFS nucleation rate Rtot and the weights of
both pathways at all milestones can be readily predicted through
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the two-path model if one knows the initial weights ω0 and the
full growth probabilities P(λi∣λi−1) for both path a and b. This
potentially enables a comparison between the theoretical estimate
and the actual FFS simulations to understand the impact of initial
sampling on the FFS rate constant. However, a direct comparison
may not be feasible because an accurate estimate of ωPPP

0 directly
from simulation can be difficult. Instead, an indirect comparison
can be achieved through fitting an initial weight αPPP0 at λ0 (as an
approximation of the true weight ωPPP

0 ) such that the predicted
weight αPPP1 at λ1 through Eq. (2) matches ωPPP

1 obtained from
simulation.

As shown in Fig. 6, the two-path model is found to compare
well against the actual FFS runs. For example, an αPPP0 of 0.18 ∼ 0.19
from the two-path model is found to not only well reproduce the
weights at all milestones (Fig. 6, red line) for FFS run-2, but also yield
a predicted Rtot of 1.71 × 1028 m−3 s−1, which is in a good agreement
with the FFS rate constant (1.97 × 1028 m−3 s−1). Similar agree-
ment can also be found for run-1 (Rtot = 6.64 × 1027 m−3 s−1, with
αPPP0 = 0.07) and run-3 (Rtot = 3.80 × 1028 m−3 s−1, with αPPP0 = 0.4).
These results thus confirm the variations in the calculated nucleation
rates obtained from independent FFS runs are largely attributed to
the difference in the weights of the PPP and SPP paths obtained from
different initial samplings.

Importantly, the two-path model provides a comprehensive
understanding of how the initial weight of the fast route ω0

a
and the difference in the growth probability η ≡ Pa/Pb affect the
final rate constant in FFS. Re-arranging Eq. (4), one obtains
Ptot = Pa[(1 − η−1)ωa

0 + η−1] = Pa f , where the factor f ≡ Ptot/Pa
measures the fraction of the total growth probability relative to that
of the fast route a. Figure 7 displays the variation of f with respect to
both ω0

a and η through the contour of f . As shown in Fig. 7(a), when
the fast route a is sufficiently represented at the initial sampling
(ω0

a > 0.1), the total growth probability Ptot is virtually indistin-
guishable from Pa (within one order of magnitude), irrespective of
η. When the fast route is significantly underrepresented (ω0

a ≪ 1)

at the initial milestone λ0, the degree of underestimation for Ptot
becomes more complex: for a large η (η≫ 1), f ≈ ωa

0, as indicated
by the vertical contour lines in Fig. 7(b). This means how well FFS
reproduces the true rate depends only on how much the fast route
is captured during initial sampling when the slow route has a neg-
ligibly small rate. This is sensible because, in such a scenario, the
entire transition process proceeds essentially as if there exists only
one pathway (path a) so that the fraction of initial sampling of path
a ultimately determines f ; For a small η (η > 1 but not by a lot),
consequently f ≈ 1/η, as indicated by the horizontal contour lines
in Fig. 7(b). This is the case where the two pathways are comparable
in rates (say path a is 100 times faster than path b), and if path a is
severely missed from initial sampling (ωa

0 ≪ 1), then FFS can only
catches route b, which yields a final rate Rtot = Rb = (1/η)Ra; Finally,
for an intermediate η, the scaling factor f depends on both ωa

0 and
η, whose domain is indicated by the shaded arrow in Fig. 7(b).
In this case, an increasing ωa

0 and a decreasing η will lead to an
increase in f .

Applying the two-path model to the current system [FCC
(211)] where η = 104 ∼ 105, one finds f can exhibit a wide variation
(10−3 ∼ 1)when ω0

a varies between 10−3 to 1. It should be noted that
the two-path model only considers the role of initial sampling while
assuming the determination of weights and growth probabilities at
other milestones is not subject to errors. In practice, errors in these
quantities introduced due to finite sampling can exacerbate the issue,
leading to an f even smaller than considered here. The model sug-
gests any factor affecting ω0

a can contribute to the variation of the
FFS rate. In the current system, these factors include the position of
milestones λkA and λk0, and the number of configurationsN0 collected
at λk0. Although SPP is the slow route, its propensity near basin A is
significantly higher than the fast route PPP, as reflected by the fact
that most of the configurations collected at λk0 are from SPP. This
indicates the free energy landscape for SPP near basin A is much
less steep than PPP. Moving away from basin A, the propensity of
SPP decreases quickly (Fig. 6) while PPP has a greater probability to

FIG. 7. Contour of f = (1 − η−1
)ωa

0 + η
−1 in (a) full scale and (b) zoom-in for ωa

0 ≤ 0.1. f (<1) is the ratio of Ptot to Pa, η (>1) is the ratio of Pa to Pb, and ωa
0 (∈ [0, 1])

is the weight of path a at λ0. The contour of f is featured by vertical lines for η≫ 1 and horizontal lines for η ∼ 1. For intermediate η, f increases with a decreasing η and
an increasing ωa

0, as indicated by the red arrow.
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grow (Fig. 4). Therefore, positioning λk0 at a greater value increases
the fraction (ω0

a) of the PPP route sampled at λk0, leading to a total
FFS rate closer to RPPP. On the other hand, the dependence of the
FFS rate on λkA seems less straightforward in its first look. However,
since λkA sets the “end point” of a trial run in FFS, having a smaller λkA
tends to keep a trial run “alive,” which allows it to continue explor-
ing parameter space, thus enhancing the chance for sampling the
more effective PPP pathway. In the same spirit, simply increasing
the number of configurations N0 can also help better explore the
PPP pathway—even having a few more PPP seeds included in the
ensemble will help reduce the error in the final rate. Indeed, as shown
in Fig. 5, increasing N0 from 1000 to 3000 is found to significantly
reduce the variation in the final FFS rate.

IV. DISCUSSION
This study, which is carried out in a relatively simple system

but contains rich physics, has enabled an investigation of a few
key issues in modeling crystal nucleation using FFS. First and fore-
most, the quality of order parameters plays a paramount role in FFS.
An advantage of FFS is its exploratory nature that allows probing
nucleation pathways and dynamics that are usually largely unknown
a priori. Therefore, an order parameter should be both general
(inclusive of possible pathways) and accurate (close to actual reac-
tion coordinates). In practice, however, striking a balance between
the two can be challenging. For a given system, approaches have
been developed to identify or optimize order parameters to enable a
faithful description of the nucleation pathway.52,53 However, it is not
guaranteed that an optimized order parameter in one system may
serve well in another. This study presents a good example in this
regard: even an order parameter that has been proven effective in
both homogeneous and heterogeneous mW ice nucleation can still
be problematic in the same system upon a subtle change in nucle-
ation dynamics. In the same spirit, the developed order parameter
λk with kcut ∈ [3, 5] in the current system may not always perform
well in another system because the nucleus can carry a wide range
of shapes depending on how heterogeneous nucleation is promoted
by surface; thus, a different range of λk may be required. Neverthe-
less, the idea that enforcing some kind of constraint helps screening
out non-relevant, “poisoning” seeds and facilitating the most rele-
vant pathways can be more generically applicable to a broader range
of nucleation modeling.

The issuemay bemore severe in a systemwhere nucleationmay
proceed via multiple pathways. When an order parameter includes
multiple pathways that can exhibit very different rates and free
energy landscapes, how FFS can effectively capture the most relevant
pathway can be an issue. In particular, when the slow route is much
less steep than the fast route in the early portion of their free energy
profiles, just as the SPP path in this study, the initial sampling can
be nearly dominated by the slow path. The two-path model quan-
titatively shows how the level of sampling at the initial part of FFS
affects the determination of the final rate constant. In practice, there
can be several remedies for this issue. First, a specific order para-
meter can be tailored to focus on themain path by excluding the slow
paths. For example, for the current system, crystal orientation54 can
be added as another metric in the order parameter to favor the PPP
pathway over SPP pathway. However, this requires the knowledge

of nucleation dynamics in the system, which is, in general, unavail-
able unless already explored first by advanced approaches like FFS.
Second, a less-specific order parameter can be used to include mul-
tiple pathways, and knowing that the final rate can be subject to
convergence issues and errors due to finite sampling, FFS studies
need to be carried out with carefully chosen FFS parameters and/or
multiple FFS runs to gain sufficient statistics. In the case of choosing
optimal FFS parameters, a general strategy is to ensure milestones
are sufficiently separated, so as to both reduce correlations and “filter
out” weak path from FFS path ensemble. Nevertheless, this leads to
a significant increase in computational cost: for example, the cost
increases from 2700 CPU hours for λk0 = 45 to 12 000 CPU hours for
λk0 = 65 for a single FFS run in the current system. On the other hand,
a similar level of statistics may be achieved by conducting multiple
independent FFS runs to compensate the inaccuracy from individ-
ual FFS run. The variability itself from multiple runs can also reflect
the hidden dynamics that may be missed otherwise, just as shown
in this study. Ideally, multiple runs with well-designed FFS para-
meters should be conducted to achieve the optimal accuracy, but the
cost can be prohibitive when the system itself is already expensive,
for example, ice nucleation with all-atommodels.15,24,37,38 It remains
to be understood how to optimize the cost and efficiency for an
unknown materials system.

V. CONCLUSION
In this study, we have investigated heterogeneous ice nucle-

ation on an FCC (211) surface through the forward flux sampling
method and mW water model. Our study shows the commonly
adopted, size-based order parameter fails to describe heterogeneous
ice nucleation on the FCC (211) surface, which promotes a unique
2D order incoherent to ice I. To overcome the issue, we develop a
new order parameter λk by including a geometric constraint on ice
seed by computing its maximum ratio in the resolved components
of the radius of gyration k. The new order parameter is found to
significantly improve the quality of FFS when a range of geometric
constraints is applied, as demonstrated by pB histogram analysis and
the obtained ice nucleation rates.

Analysis of the ensemble of nucleation trajectories obtained
from FFS identifies two competing nucleation pathways: a primary-
prism-planed path and a secondary-prism-planed path. Although
the nucleation of ice on the FCC (211) surface is dominated by
the primary-prism-planed path, which has a nucleation rate 4 ∼ 5
orders of magnitude greater than the secondary-prism-planed path
at 230 K, the significant presence of the SPP path at the early stage
of FFS can lead to large uncertainty in the calculated FFS rate con-
stants that can exhibit an undesirable dependence on the chosen FFS
parameters due to finite sampling. To understand the behavior in
depth, we develop a two-path model that considers the co-existence
of a fast and a slow route in one system and provides a general
understanding of the dependence of the final rate constant in FFS
on the initial weights and the difference in the growth probabili-
ties of both routes. Through the application of the two-path model,
we rationalize how the choice of FFS parameters, particularly per-
taining to initial sampling, including, for example, initial milestones
and the number of initial configurations collected, affects the final
rate constant and its variability. Such dependence highlights the
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challenge of modeling crystal nucleation in the presence of multi-
ple pathways, particularly in pursuit of a quantitative description
of the key rate constant that governs the true nucleation dynamics.
Our study also suggests a few strategies for achieving this goal based
on FFS.

SUPPLEMENTARY MATERIAL

The supplementary material includes (1) a description of the
method for distinguishing the primary prism plane from the sec-
ondary prism plane in a hexagonal ice nucleus, (2) a derivation of
the two-path model, (3) a figure showing the geometric anisotropy
of crystalline seeds collected in the initial sampling of FFS using the
conventional, size-based order parameter, and (4) a figure showing
FFS homogeneous ice nucleation rate independent of λA.
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