Electronic Journal of Differential Equations, Vol. 2023 (2023), No. 22, pp. 1-24.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu or https://ejde.math.unt.edu
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ABSTRACT. We establish basic properties of a variant of the semi-discrete op-
timal transport problem in a relatively general setting. In this problem, one is
given an absolutely continuous source measure and cost function, along with a
finite set which will be the support of the target measure, and a “storage fee”
function. The goal is to find a map for which the total transport cost plus the
storage fee evaluated on the masses of the pushforward of the source measure
is minimized. We prove existence and uniqueness for the problem, derive a
dual problem for which strong duality holds, and give a characterization of
dual maximizers and primal minimizers. Additionally, we find some stability
results for minimizers and a I'-convergence result as the target set becomes
denser and denser in a continuum domain.

1. INTRODUCTION

Semi-discrete optimal transport. We begin by recalling the classical optimal
transport problem. Suppose X, Y are Polish spaces, ¢ : X x Y — R is a Borel
measurable cost function, and u, v are Borel probability measures on X and Y
respectively. Then the optimal transport problem or Monge problem transporting
i to v is to find a Borel measurable mapping 7' : X — Y such that Tup = v
(here recall the pushforward measure is defined by Tyu(E) = u(T~1(E)) for any
measurable E C Y'), and T satisfies

/c(:c,T(:z:))du(x): min /c(x,S(z))dﬂ(x). (1.1)
X b's

Sup=v
If v is a finite linear combination of delta measures, the above is usually referred
to as the semi-discrete optimal transport problem.

We will now be interested in the following variant of the semi-discrete optimal
transport problem, where we introduce a “storage fee.” Fix a finite collection of
N points, Y := {yj}j-v:l and a function F : RV — R, and assume p is a Borel
probability measure on a Polish space X. This variant is to find a pair (7', \) where
A=A AN) eRY and T: X — Y is Borel measurable satisfying

N
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such that

/ (@, T@) du@) + F) = min_ / o, (@) du(z) + F(3).
X AERN, Tyup=371  Xd,, JX

(1.2)
Note here that the vector A is actually uniquely determined by the map 7. We will
consider a relaxation of this problem which we will refer to as the primal problem
for the remainder of the paper. To define this relaxation, we write II(u,v) to
denote the space of probability measures on X x Y whose left and right marginals
are 1 and v respectively. Then, we wish to find a pair (7, \) where A € RY and

v € (g, Z;\f:l N6, ), satisfying

/ cdy+F(\) = min / cdy+F().  (13)
XXY AERN, FeIl(p, 3070, Méy;) J X XY

The above relaxation is the analogue of relaxing the Monge problem (1.1) in classical
optimal transport to the Kantorovich problem, which we recall is (fixing Borel
probability measures p and v on any two topological spaces X and Y') the problem
of finding a measure y € II(p, v) satisfying

/ cdy= min / cdy. (1.4)
XxY Fell(wy) Jx xy

Once a minimizing pair in the above primal problem (1.3) is found, it is clear
the measure « is a solution in the Kantorovich problem (1.4) with the choice v =
Zjvzl )\jéyj. Hence under standard conditions on the cost function and g, it is
easily seen that a solution of (1.3) gives rise to a solution of the Monge version of
the problem (1.2). For more details see Remark 4.3.

Previous results. The paper [6] considers the problem presented here in the spe-
cific case of cost function given by c(z,y) = |z — y|P with p > 1, and storage fee
function of the form F(\) = Z;\Izl M hj(A) for some functions h; (note however,
the authors mention their results can be extended to more general cost functions
satisfying the condition (4.2)). This previous result gives conditions for optimiz-
ers, but does not introduce the dual problem or show stability properties as we do
here. We are careful to mention our characterization from Section 4 matches the
characterization of optimizers given in [6]: however our methods differ as we use
a proof based on the dual formulation, while [6] relies on both the specific form of
their function F' and an assumption of differentiability. Finally, we mention that
[6] also analyzes an associated but different variational problem which we do not
discuss, our problem is equivalent to what Crippa, Jimenez, and Pratelli refer to as
finding an “optimum,” while the above reference deals with the additional problem
of finding an “equilibrium.”

There are also a number of results in the literature dealing with the so-called
bilevel location problem using the framework of optimal transport: this can be
viewed as a two level problem in which there is a “lower level problem” equivalent
to the problem discussed in this manuscript, followed by a second “upper level
problem” consisting of minimizing over the locations {y; é\le in the target domain.
The paper [8], analyzes the case when the lower level problem corresponds to our
problem with c(x,y) = |z — y|? in R? x R? and F(\) = {(a,\) for a fixed vector
a, and shows existence and uniqueness under certain conditions. The result [5]
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views the problem in an economic context, their lower level problem is related to
a partial optimal transport problem with an associated storage fee; note however
that their problem is not exactly an optimal transport problem as it arises from the
problem of monopolistic pricing, and involves an extra nonlinearity in the definition
of Laguerre cells. We emphasize that we do not deal with the “upper level problem”,
while the above two references also analyze that problem as well.

Contributions of this article. We show the existence of minimizers of the opti-
mal transport problem with storage fees, exhibit a dual problem with strong duality
(along with existence of dual maximizers) for a wide class of storage fees F' and ¢,
show a sharp characterization of dual and primal extremizers, and produce some
stability results. One novelty of our results is that both existence and the charac-
terization of minimizers do not require any assumption of differentiability of F', in
contrast with previous results such as [6]. The class of functions is wide enough to
allow for storage fee functions which may take the value co at some points in the
standard simplex. Additionally, the simple characterization of extremizers can be
exploited to form a provably convergent numerical approximation scheme based on
a damped Newton method, which the authors have explored in [1].

We also mention the following economics interpretation of the problem with stor-
age fees. A manufacturer has a distribution of factories pu, all producing the same
product, and is leasing a finite number of warehouses at the locations y;. At the
end of each production cycle, the manufacturer must ship all of their product to be
stored at some combination of the warehouses. The manufacturer can choose how
many units of their product is to be stored at each warehouse, but the leasing com-
pany will charge a storage fee given by F' based on the capacity used. Additionally,
there is a cost associated to the transportation itself given by ¢, and the goal is to
minimize the total cost of transport plus storage.

We conclude by mentioning that even in the restricted cases treated in previous
work, there is no mention of the associated dual problem, which we have shown
has strong duality. The dual problem we exhibit here has a very natural interpre-
tation in terms of the economic analogy mentioned above. Namely, for the classical
optimal transport problem (see [12, p. 53]), the dual problem can be interpreted
as contracting a third party shipping company: a pair of dual potentials repre-
sents a price schedule (the amount the company would charge to pick up and drop
off goods at given source and target locations) and the dual functional would be
the total price charged for a given distribution of source and target goods. In our
dual problem with storage fee (see Theorem 3.3 for precise statement), the dual pair
(p, 1) again represents a price schedule for pickup and drop off, but the term F™* (1))
indicates that the third party company will build into their prices the added step
of optimizing how to distribute the target mass, accounting for the storage fee that
will be charged. While the classical optimal transport problem has a well-known
canonical dual problem, as a general optimization our primal problem may have
many possible associated dual problems; this interpretation in terms of shipping
suggests the particular dual problem presented here represents a canonical choice.

Remark 1.1. The minimization problem with storage fees has potential applica-
tions in supervised data clustering. If p is a distribution of data points known to
fall into IV clusters, and ¥, ..., yy are representative data points from each cluster,
solving the optimal transport problem with a storage fee is a method of cluster-
ing the data, where the size of each cluster is penalized according to the storage
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fee function F. The theory developed is flexible enough to allow for combining a
convex function to penalize large cluster size, with a hard size constraint (F' = oo
when the capacity at a point exceeds a certain threshold) in such a data clustering
problem.

As a toy example, one could consider testing whether a handwritten document
conforms well to Benford’s law of leading digits. It is empirically observed that
the probability the digit d occurs as a leading digit in a document tends to follow
Benford’s law:

1
P(d) ~logyo(1+ 5), d=1,....9.

This has been suggested as a potential method to detect whether numerical figures
are unnaturally generated, for example in accounting fraud or fabrication of scien-
tific data. Now consider a handwritten document containing many numbers. Then
each leading digit can be considered as a grey scale image, which can be described
as a vector in some R", suppose the distribution g describes this collection of dig-
its. Let Y = {y1,...,y9} where each y; is one representative for the handwritten
digit j. Finally suppose some cost function c¢(x,y;) is given which is a measure of
affinity between a handwritten digit = and the representative digit y;. Now define
the storage fee function F : R — R by

9
FO) = 30 (N = logso(1+ 7).

where f : R — R is a strictly increasing, convex function with f(0); note that F is a
convex function hence (modulo conditions on ¢) all of our results in this article will
be applicable. Then a minimizer in (1.3) with this choice of F' will give a clustering
of the leading digits appearing in the distribution p, and the value of the functional
associated to this minimizer can represent a measure of divergence of the document
from Benford’s law.

Notation and conventions. We will fix some notation and conventions to be used
in the remainder of the paper. We fix positive integers N and n and a collection
Y := {y;}}_, (however, in Subsection 5.1 we will consider an arbitrary bounded
metric space Y, not necessarily finite). We also denote the standard N-simplex by

N
A={XeRV:Y M=1MN>0}
j=1

and given a vector A € A we write vy = Zjvzl M6,,. We reserve the boldface
notation 1 for the vector in RYN whose components are all 1. The space of Borel
probability measures on a metric space X will be denoted P(X). The subset of
P(X xY) consisting of measures with left and right marginals equal to u € P(X)
and v € P(Y) respectively will be written as II(u, v), and II(x) will be the subset
of P(X xY) consisting of measures with left marginal x. Projection from X xY to
X and Y will be written mx and 7y. We will write Cp(.S) for the set of bounded,
continuous functions on a metric space S. As is standard practice, we will refer
to weak * convergence of probability measures in duality with Cy(S) as “weak
convergence.”

We will also identify any real valued function on Y with a vector in RY in the
obvious way, and always assume that X is separable.
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Also given a convex function f : RN — RU{oo}, we write dom(f) := {z : f(x) <
oo} to denote its effective domain. The function F will be assumed to be lower
semicontinuous on RY for Section 2, while for Sections 3 and 4 we assume F is a
proper, closed, convex function, with dom(F) C A.

Finally we use |-| to denote either the Euclidean norm of a vector, or the Lebesgue
measure of a set, which usage should be clear to the reader from context.

Outline. In Section 2 we show existence of minimizers for the relaxed problem
(1.3) when F and c are lower semicontinuous. In Subsection 3 we show strong
duality when F' is convex, and existence of dual maximizers when c¢ is uniformly
continuous and bounded (Proposition 3.5). We also provide an estimate on the
duality gap when F' is not convex which is sharp (Remark 3.6 and Proposition 3.7).
In Subsection 3.1 we show some relationships between our dual problem and the
classical Kantorovich dual problem. In Section 4, under additional assumptions on ¢
and p we show the existence of solutions of the primal problem exist in the “Monge”
sense of (1.2) along with a sharp characterization of dual and primal extremizers.
Finally we show two stability results in Section 5: the first for minimizers under
perturbations of the storage fee function, and the second a I'-convergence result as
one takes a sequence of finite target sets that become dense in some domain. Ap-
pendix 6 contains the proof of the sharp duality gap Proposition 3.7 while appendix
7 presents an example where a maximizer in the classical Kantorovich problem is
not a maximizer in our dual problem.

2. EXISTENCE OF MINIMIZERS

In this section we prove the existence of minimizers for problem (1.3). First we
recall some elementary definitions and results.

Definition 2.1. A collection of I' C P(X) is said to be tight if for any ¢ > 0, there
exists a compact set K C X such that u(K) > 1 — € for every p €T

Lemma 2.2. Fiz p € P(X), then II(pn) is tight.

Proof. Since X is separable, the collection {u} is tight. Now let € > 0 be given.
Choose K C X, compact so that pu(K) > 1 —e. Note that since Y is finite, K x YV’
is also compact. Then for any v € I(u), we find v(K xY) = u(K) > 1 — ¢, hence
II(p) is tight. O

As a corollary we see that II(u) is relatively weakly compact by Prokhorov’s
Theorem (see [2, Theorem 5.1]). With this compactness in hand, existence of a
minimizer follows easily.

Theorem 2.3. Suppose c(-,y;) : X — (—o0,00] is lower semicontinuous for each
j, there exists some upper semicontinuous a € L'(u) with a : X — [—00,00) such
that min; c(x,y;) > a(z) for allz € X, and F is lower semicontinuous. Then there
exist minimizers of the primal problem (1.3).

Proof. Replacing each c(-,y;) with ¢(-,y;) — a, we may assume c(-,y;) > 0 and is
lower semicontinuous for each j.

Let {(vk, Ax)}32, be a minimizing sequence for (1.3): that is a sequence with
Yk € II(p) such that [y, cdyx + F(Ay) approaches the minimum value in (1.3),
where vy, is the right marginal of ;. By the above remark II(x) is compact and
so there is a subsequence of 7y, which we do not relabel, that converges weakly to
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some Ymin € (). We will show that v, is actually a minimizer. Let Apin be the
vector in R¥Y so that V... 18 the right marginal of ymin-
For ¢ € Cp(Y) =RV,

lim [ @dvy, = klim (pomy)dy = /

(4/7 o 7TY) d’}/min = / <pdl/>\mm,
k—oo Jy —0 Jxxy XxXY Y

meaning vy, converges weakly to vy hence in particular since 1 x ;1 € Cp(X x

Y'), we have

min ?

lim A} = lim (X % {}) = min(X % {53}) = M- (2.1)

k—o0

By [12, Lemma 4.3], the functional v — [ yxy €dv is weakly lower semicontinuous.
Since F' is lower semicontinuous, we thus obtain

/ ¢ dYmin + F()\min) < liminf (/ cdyi + F()\k))
XxXY XxXY

k—o0

showing (Ymin, Amin) 1S & minimizer. O

3. DUAL PROBLEM

Our first goal in this section will be to deduce a dual problem associated to our
primal problem (1.3). For the following Sections 3 and 4, we will assume that F' is
a proper, closed, convex function, with dom(F) C A.

Strong duality. To state the dual problem, we first recall a basic concept from
convex analysis.

Definition 3.1. Let E be a Banach space. If G : E — RU{co} is a proper function
(i.e., it is not identically 0o), its Legendre-Fenchel transform is the (proper, convex)
function G* : E* — R U {co} defined for any y € E* by

G*(y) = 22§(<y’x> - F(x)),

where (y, z) is the duality pairing between elements of E* and E.
If E = E* = RY, the Legendre-Fenchel transform is called the Legendre trans-
form.

Since A is compact, we see that F' is bounded from below everywhere, as any
affine function supporting F' from below will be bounded on dom(F'). Thus, since
F is proper we see that F* is actually finitely valued everywhere on RY by the
definition of Legendre transform.

It is also convenient at this point to introduce the notion of ¢ and c*-transforms,
and c-convexity. Note carefully that, since we are in the semi-discrete case the c-
transform of a function defined on X will be a vector in RY, while the ¢*-transform
of a vector in RY will be a function whose domain is X.

Definition 3.2. If p : X — R U {0} (which is not identically oo) and ¢ € RY,

their c- and c*-transforms are a vector ¢ € RY and a function ¢ : X — RU{oc}
respectively, defined by

(¢°)7 = sup(=c(x,y;) = 9(2),  (7)(2) == max (~c(z,y;) — o).
zeX SIS

If p: X — RU{oo} is the c*-transform of some vector in RV, we say ¢ is a
c-convez function. A pair (¢,v) with ¢ : X — RU{oco} and ¢ € RY is is called a
c-conjugate pair if ¢ =¥ and ¥ = h° ¢ = ¢°.
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Note that from the definition, if —¢ — 1 < ¢, then —p(z) < —¢¢ (z) and
—1p7 < —(¢°)’ forall z € X and 1 < j < N, while —p — (¢°) < ¢, —(¢¢) —¢ < ¢
always holds.

Theorem 3.3 (Strong duality). Suppose ¢ satisfies the same conditions as Theorem
2.8 and F is a proper, closed, convex function, with dom(F) C A, then there is
strong duality, i.e.,

min cdy+ F(A
,\eA,veH(um)/XxY ! W

= sup { —/Xsodu—F*(w) (p,9) € L' () x RY,

—p(x) —YI < c(z,y;), Yy; €Y, p-ae z € X}.

(3.1)

Moreover, it is possible to replace L'(u) by Cy(X) in the right hand side above.

Proof. Since Cy(X) C L'(u), the supremum of the dual problem with Cy(X) is a
lower bound for the one with L(). On the other hand, for any v € I(u,vy) for
some A € A and (p,9) € L'(u) x RY which is admissible in (3.1), by the definition
of F* (see [9, p.105, Fenchel’s inequality]),

*/wwaWMSf/wW*QWHWU)
X X
:/)(—ﬂ@—MwM%%w+FQ)
XxY

g/ cdy+F(N).
XXY

Thus it is sufficient to prove that

min cdy+ F (X

AEA, ’YEH(M,VA)/){)(Y ’Y ( )

<sup{ = [ pdu-F'(0): (90) € CoX) xRV,
X

- @(x) - W < c(m,yj), V(x,yj) € X X Y}

First assume X is compact and each c(-,y;) is continuous; by subtracting a
constant we may assume ¢ > 0. We first prove the duality statement with Cy(X)
in place of L'(u). Let E = C(X x Y) = Cp(X x Y) (by compactness of X) and
note its dual is given by E* = M(X xY'), the space of Radon measures on X x Y.
Then define ©, Z: E — R U {oo} by

(u) L 0, if u(x,y) 2 _C(l‘,y), V(l',y) eXxY
" )oo, otherwise

(3.2)

— [x edp+ F* (=),
Ew) =< (e, 9) € Cp(X) xRN s.t. u(z,y;) = —p(z) — ¢, V(z,y;) € X XY,

o0, otherwise,

(we will write u = —¢p — ¢ as shorthand for the condition in the first case of
= above). It is now necessary to check that = as above is well-defined. Indeed,
if u(z,y;) = —p1(x) — Y] = —pa(z) — Y3 for all (z,y;) € X XY, we can see
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there exists some r € R such that ;3 = —r + @2, and Y1 = 1o + r1l. Since A is
contained in a plane orthogonal to 1 and F' = oo outside of this plane, a direct
verification of the definition implies that for any A € dom(F) and ¢ € RY such
that (- —\, )+ F(A) < F on RY | we have (-—\, ¢ +7r1)+ F(\) < F on R for any
r € R as well. Since F* is finite everywhere, by [9, Theorem 23.4] there exists some
A which must be in A, such that (- — (=), \) + F*(—12) < F* on R, Hence by
[9, Theorem 23.5],

F*(—=tp1) = F* (=g — rl) = — (o, A) — (1, \) — F(A\) = —r + F*(—12). (3.3)
Since p is a probability measure, this shows = is well-defined. It is immediate to see
that © and E are convex, and that for v = 1, ©(u), E(u) < co and © is continuous

at u.
We now compute

>
0" (=) = sup (—/X Yudfy) _ {&XyCdV, 7>0
X

uz=c ) otherwise
and
= - ’ - — ) d du — F*(—
" ((p7w)ez}:?X)XRN (/XXY( v(z) —¥) 7"‘/}(%0 H ( T/’))
_ [y (00 = FH(0) = P ) = FO), - (mx)g7 = i (v = 14
oo otherwise

where we used convexity of F' in the last line above.
Next we find (where by an abuse of notation we will write —¢ — 1 < ¢ to denote
—p(x) — ) < c(z,y;) forallz € X and 1 < j < N)

inf (0(z) +2()) = inf (- /X B+ F*(~))

F+vp<c

—— sw_ ([ codu-Fw).

—p—¢<c
Hence by the Fenchel-Rockafellar theorem (see [11, Theorem 1.9]) we have

sp (- /X pdp— F*()) = — inf (O(z) +2(2))

—p—y<c 2€E
—  min (/ cdy + F()\))
AEAYE(p,va) N J X xY
proving (3.2) in this case.

Next assume X is a general Polish space, but ¢ € Cy(X X Y) is uniformly
continuous; again we may assume ¢ > 0. Fix € € (0,1), then by Ulam’s lemma
there exists a compact K C X such that u(K) > 1—e > 0. Let us define i := %,
then by Theorem 2.3 there is a minimizer (3, A) of (1.3) with & and the restriction
of ¢ to K x Y replacing p and ¢. Then we can apply the first case above to find

(¢,1) € Cp(K) x RN admissible in (3.1), satisfying
—/ @dﬂ—F*(?L)z/ cdi+ F(\) — € >minF — e = —F*(0) — e,
X KxY A

where by an abuse of notation we identify the discrete measure (my)gy with its
vector of weights in A, and we have used [9, Theorem 27.1] to obtain the final
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equality. In particular, this shows that for some xg € K, we have —@(xq) —F*(JJ) >
—F*(0) — 1, then by adding a constant to ¢ and subtracting the same multiple of 1
from 1), by (3.3) we may assume min (—@(20), —F* (1/?)) > —%. Then for any
index j, we have 17 > —c(x0,y;) — P(x0) > — sup |¢| — %. On the other hand,
since F is proper, there exists at least one A\g € A for which F()\g) < oo, thus we

have F*(rXg) > (rXo, Ao) — F(Ao) — o0 as r — 0o. Since F*(¢) is bounded from
above, this shows that (1/;, Ao) has an upper bound, independent of e. Combined
with the previous line, there exists some fixed index j and M > 0 independent of
e such that |¢)7| < M. In turn, this shows supy [0¢ | < supx .y |¢| + M, and we

calculate
- [ 0 - (@)
X

— /K Wi [ )

. ~ (3.4)
Z_H(K)/KQBd,&_H(X\K)S;pW)C | — F*(¢))
2(1%)(/}{ YCd:YJrF()\))e(1+;1i};|c|+M+F*(02)H),

Now define v := pu(K)7+ (p®@va)L(x\k)xy. For A C X and B C Y Borel we have
YA X Y) = (KV(A X V) + p(A\ K) = w(ANK) + p(A\ K) = p(A),
V(X x B) = p(K)Y(X x B) + p(X \ K)vA(B)
= w(K)vA(B) + (X \ K)va(B) = vA(B),
thus v € II(p, vx). Then

/ cd7+F()\):u(K)/ cdw/ cd(p® )+ F(V)
X XY XxY (X\K)xY
< / cdi+ F(\) + (X \ K) sup |c
KXY XxXY

S/ cdy+ F(X\) + € sup ||,
KXY XxY
hence combining with (3.4) and taking € — 0 shows (3.2) in this case.

Finally, suppose c is lower semicontinuous, considering ¢ — a we can assume
¢ > 0. By [4, Corollary 1.34], ¢ is the limit of an increasing sequence of ¢, €
Cy(X x YY) which are uniformly continuous, by Theorem 2.3 there exist a sequence
of minimizers (yx, \x) to the associated primal problems (1.3). By Lemma 2.2
and arguing as in (2.1), we extract a subsequence where A\ — A € A and 4
converges weakly to v € II(u, vy ). Arguing as in Step 3 of the proof of [11, Theorem
1.3] and using the lower semicontinuity of F, we find that [y , cdy + F(A) <
lim infkﬁoo(fXXY ek dyk + F(A\r)). We may then apply (3.2) for each ¢, and use
that dual pairs admissible for ¢; are admissible for ¢ (since ¢x < ¢) to obtain (3.2)
for ¢, finishing the proof. O

We will now show the existence of maximizers for the dual problem (3.1). As
in the classical optimal transport case (see, for example [10, Proposition 1.11]), we
utilize the ¢- and c*-transforms of functions to obtain compactness.
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Remark 3.4. It turns out a dual maximizing pair in (3.1) is maximizing in the
classical optimal transport problem where the target measure is the minimizer in
the primal problem (1.3). However this fact is not obvious because of the presence
of the term —F*(¢) in the dual problem, we will obtain this as a consequence of
Lemma 3.10 in Subsection 3.1 below. We also warn the reader, a maximizer in the
classical dual problem (3.5) between p and a minimizing measure v in the primal
problem may not be a maximizer in our dual problem 3.1, as illustrated in Example
7.1 in the appendix.

Finally, unlike Theorem 3.3, it is not clear how to extend existence of dual
maximizers to more general (for example, lower semicontinuous) ¢. In the classical
Kantorovich duality one can use an argument based on c-cyclical monotonicity
as in [12, Theorem 5.10 (iii)], however this approach fails as there is a lack of
information of F' and F*. Additionally, for more general ¢ it could be possible
that the potential function defined on Y takes the values oo in the classical dual
problem, which corresponds in our problem to 1 having components equal to oo, in
this case it is not clear what the meaning of F*(1) should be. We hope to explore
this question in a future work.

Proposition 3.5. (1) Ifc(-,y;) is lower semicontinuous for each j and (¢, 1) €
Cy(X) x RN is any mazimizing pair in (3.1), then ¢ = 1° on spt .
(2) If c(-,y;) ts uniformly continuous and bounded for each j, then there exists
at least one mazimizer in Cy(X) x RN of the dual problem (3.1) that is a
c-conjugate pair.

Proof. (1) Let (@max, ¥max) be a maximizing pair. Recall that —@max < —ngjax on
X. Since —4¢,,. can be written as a finite minimum of lower semicontinous func-
tions, it is also lower semicontinuous, then the set {—@max < —%S,.} is open; in
particular if the inequality —@max < —1C.,, iS strict at any point in spt 4, it holds

on a neighborhood relatively open in X. Then we would have — [ ¢ Pmax Al —

F*(hmax) < — fX fn*ax dp — F*(tmax), contradicting that (@max; ¥max) 1S & maxi-
mizing pair. Thus we must have @nx = z/;fr:ax on spt u.

(2) Suppose c(-,y;) is uniformly continuous and bounded for each j and let
(or,¥x) € L' () x RY be an admissible, maximizing sequence for (3.1). We may
assume @ = wg* and ¥ = w,g*c for this sequence as — fX rdy < — fX wz* dp and

—F () = | _jnf (O =) + F(A)

<t (= FO)+FN)

= —F*(yf),

using that A7 > 0 for all A € dom(F) and —, < —w,ﬁ*c componentwise; in partic-
ular we may assume each ¢y, € Cy(X). Since (Y +71)¢ (z) = ¢§ (x) — r for any
7, the above along with (3.3) implies that replacing ¢ by (1 +71)° ¢ and taking
¢r = (Y1, +r1)¢" does not reduce the values of — [ ¢ du — F*(¢y,) for each k,
hence we may assume @i (zg) = 0 for all k, for some fixed zyp € X. It can then
be seen that boundedness and uniform continuity of the c(-,y;) are enough to ob-
tain boundedness and equicontinuity of {¢x}2° ; as in the proof of [10, Proposition
1.11] hence we can conclude existence of a subsequence, that we do not relabel, of
(or,¥r) that converges (¢ uniformly on X and ¢ in RY) to some (@max; Ymax)-
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Since —F* is a concave function, finite on all of RV by compactness of dom(F), it is
continuous on RY, hence we obtain that (max, ¥max) i a maximizer in (3.1). We

can replace the pair by (¥, ., 1< ¢) which only increases the value of the associated
functional, hence there exists at least one c-conjugate maximizing pair. (I

Remark 3.6. If F' is lower semicontinuous but not convex, we may not ob-
tain strong duality, however it is easy to see that the duality gap is bounded by
|F' — F**| Lo (dom(F)udom(F++)), When the minimal value is finite and c is lower
semicontinuous. Let mp and mp«- denote the minimal values in (1.3) with stor-
age fee functions F' and F™** respectively, assume mp < oo, and 9Mr denote the
supremum in the dual problem (3.1) associated to F. Since F** < F'| we also have
mp«« < 00. Then by strong duality combined with Proposition 5.1 below, we see
(since F™* = F***)

0<mp —Mp =mp — Mp =mp —Mpee < F — F| Lo (dom(F)udom(F*+)) -
This bound is essentially sharp, as the following proposition (whose proof we defer
to the appendix) illustrates.
Proposition 3.7. Suppose F : A — R is L-Lipschitz. Then for each ¥ =
{y, }j\;l C R™ satisfying min,z; |yi — y;| > 2VL, there exists a p € P(R™) such that
mp — Mp = ||[F — F**| poo(n), where we take the cost function c(x,y) = |z — y|*.
3.1. Relationship with classical Kantorovich duality. The dual problem (3.1)
bears many similarities to Kantorovich’s dual problem for the classical optimal
transport problem, and it is natural to explore relationships between maximizers of

the two problems; we do so in this subsection. We recall the classical dual problem
here for clarity.

Definition 3.8 ([11, Theorem 1.3]). If y, v are Borel probability measures on X
and Y respectively and ¢ a Borel measurable cost on X x Y, Kantorovich’s dual
problem is to find

sup{—/xwdu—/ywdvz(%w)ELl(u) x L (v),

— (@) = ¥(y) < cla,y), ¥(z,y) € X x Y}

First recall the definition.

(3.5)

Definition 3.9 ([9, Section 23]). If F : RN — R U {oc} is a convex function, its
subdifferential at a point A\g € RY is defined as

OF(Xo) := {¢p e RY : F(\) > F(X\o) + (A — Ao, ¥), VA € RV}
Next, we prove a key lemma.

Lemma 3.10. Suppose c is lower semicontinuous, there exists a real valued up-
per semicontinuous function a € L'(u) with c(z,y;) > a(z) for all x and j, and
(Ymin, Amin) € I(p, v, ) X A are a minimizing pair in the primal problem (1.3).
Then if there exists a (Pmax, Ymax) € L(1) x RN which is a mazimizing pair in
the dual problem (3.1), we must have F(Apax) < 00 and

—F* (wmax) = _<)\mina ’(l}max> + F()\min)
or equivalently by [9, Theorem 23.5], ¥max € OF (Amin)-
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Proof. Let (Ymin, Amin) and (@Pmax, Ymax) respectively be minimizing and maximiz-
ing pairs in the primal problem (1.3) and dual problem (3.1). By definition of the
Legendre transform, we have

_F* (wmax) = )\Helf\(_<>\7¢max> + F(/\)) S _<>\mina wmax> + F()\min)~

For the opposite inequality, using Theorem 3.3 we have

/)(XycdvminJrF(/\min): sup (—/leu—F*(w))

—p—¢<c

= sw_ (= [ edut pf (00 + FO))

—p—p<c

S sup ( - / (pd/’b - <)\minaw>) + F()\min)
—p—¢<c X

<

/ Cd’Ymin + F()\min)-
XxXY
Thus we have

—/X@maxdu—F*(lﬁmax): Sup (_/X“"d”_F*(d’))

—p—9<c

= swp (= [ edn = i 8) + F i)

—p—9<c
Z - A Pmax d/,L - <>\mina ’(/]max> + F()\min)y

since pmax € LY(1), this yields —F* (¢¥max) = —(Amin, Ymax) + F(Amin). Since F*
is finite everywhere, we have F(Apax) < 00. O

Corollary 3.11. Assume the same conditions on ¢ as Lemma 3.10. Then:

(1) If (Ymins Amin) € (p, va,,,) X A are a minimizing pair in the primal prob-
lem (1.3), then any mazimizer of (3.1) is a maximizer in the classical
Kantorovich dual problem with source measure i and target measure vy, -

(2) If there is a Amin € A such that (Pmax, &max) 18 a maximizer in the classical

Kantorovich dual problem with source measure pv and target measure vy,
and TZJmaX € OF (Amin), then (gﬁmax,z/;max) is also a maximizer in the dual
problem (3.1). Moreover, if ymin 1S @ minimizer of the classical Kantorovich

problem (1.4) between p and vy, then (Ymin, Amin) ¢S @ minimaizer in (1.3).

Proof. (1) Let (Ymin, Amin) € (g, vx,,,) X A be a minimizing pair in the primal
problem (1.3) and (@max, ¥max) be a maximizer of (3.1). Then by Theorem 3.3 and
Lemma 3.10, fXXY Cd/ymin""F()\min) = - fX Pmax dM_F* (ql}max) = - fX $Pmax d,U/—
(Amins Ymax) + F'(Amin ), proving the first claim.

(2) Now suppose Amin € RY and (L[Jmax,’l[}max) are as in claim (2) above; by [12,
Theorem 4.1] there exists Ymin € II(p,Va,,,) minimizing (1.4). By [12, Theorem
5.10 (i)] and [9, Theorem 23.5],

/ CdWmin + F()\min) = _/ Qbmax dM - <)\min71[}max> + F()\min)
XXY X

min

= */ @max d,u - F*(i/;max)a
X
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hence (@max,ﬁ}max) maximizes (3.1). Theorem 3.3 then shows (Ymin, Amin) 1S a
minimizer in (1.3). O

4. RELATIONSHIP BETWEEN DUAL AND PRIMAL OPTIMIZERS

In this section we work towards a sharp first order condition characterizing op-
timizers in (3.1) and (1.3), along with uniqueness of minimizers under some mild
conditions.

Proposition 4.1. Suppose ¢ is lower semicontinuous, there exists a real valued
upper semicontinuous function a € L'(u) with c(x,y;) > a(x) for all x and j. Also
let (Ymins Amin) € (v, ) X A and (Omax, Ymax) € L) x RN be extremizers
respectively in (1.3) and (3.1). If N >0 for some1 < j <N, then we must have

min
( f;éfx)J = . for that index j.
Proof. Suppose A . > 0 for some 1 < j < N. Recall that by Proposition 3.5 (1) wi
must have Puax = <., on spt , and ¥k c)forall 1 <k <N. Suppose
by contradiction there is a strict inequality for the index j. Since (YC, ., ¥S.<,) is
also a maximizer in (3.1) we would then obtain

7F*( max) = 7<)‘min7 m'1x> + F(Amin)

= - Z max mln - ( rcna?x)J )\fnln + F(Amm)
k#j

> = Zwmax min gn'lXA-[jInn ()‘min)
k#j

= _<)\min7¢max> + F(Amin) = _F*(¢max)'

However, this contradicts that (¢max,¥max) 1S & maximizer, thus we must have
Ymax = ( xcnacx) U

Next we aim to start with a maximizer in the dual problem and construct a
minimizer in the primal problem. To do so, we need an assumption about when
minimizers in the classical Kantorovich problem (1.4) can be written as solutions
to the Monge problem (1.1).

min

max — ( max

Definition 4.2. If y € P(X), we say the cost function ¢ satisfies the condition
(p-Twist) if for each 1 < j < N, the function c(-,y;) € L'(u) is lower semicon-
tinuous, there exists a real valued upper semicontinuous function a € L!(u) with
c(x,y;) > a(z) for all x € X, and for any u € R, and each j # k, we have

n({z € X : e(a,y;) = cla,ye) +u}) = 0, (s-Twist)

Remark 4.3. If ¢ satisfies (u-Twist) then we can apply [12, Theorem 5.30] to
find the Kantorovich problem (1.4) has a unique solution for any choice of v = vy,
A € A, which can be written in the form (Id XT")4p where T' is a mapping defined
p-a.e., that is in turn a solution to the Monge problem (1.1). In particular, under
these conditions, a solution 7y of (1.4) must be supported on the graph of a mapping
from X to Y that is single valued p-a.e. We note that when X is a subset of a
smooth Riemannian manifold and p is absolutely continuous with respect to the
Riemannian volume, (u-Twist) holds under what is usually referred to as the “twist”
or “bi-twist” condition (see [12, p. 234]).
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Now let v € RY and define A € RY by
N o= p({z e X v () = —c(w, ) - v'})

for each j. When c satisfies (u-Twist), it is clear that for j; # jo,

p({z € X 19 () = —c(w,y;,) =0} N {z € X : ¢ (2) = —c(w,y5,) — ¥7})

< p({z € Xt —c(z,y;,) — ¥ = —c(z,y5,) —97*}) =0
thus in particular A € A, and for p-a.e. x there is a unique index j such that
Y (2) = —c(z,y;) — 7. Defining Ty, : X — Y by Ty(x) = y; whenever j is the
unique index associated to x, it is clear that (Tiy)xp = va, hence by [12, Remark
5.13], we can see that v, := (Id xTy)4p is a solution to the Kantorovich problem
(1.4) with v = v).

Proposition 4.4. Suppose ¢ satisfies (u-Twist). Also suppose ($,v) is a mazi-
mizing pair in the dual problem (3.1), define A € A by

N o= ,u({x eX:¢(x)= —C(x,yj) - W})’

and take ymin € II(p,v5) to be the (unique) solution of the classical Kantorovich

problem (1.4) with v = v5. Then (Ymin,A) @5 a minimizing pair in the primal
problem (1.3).

Proof. Let (¢, 1/1) be a maximizing pair in the dual problem By Proposition 3.5
we see that ¢ = wc and we easily see that replacing w with z/;c ¢ does not change
the vector \, so we make this replacement.

Since —p(x) — Wi < c(z,y;) for all z, j, by Kantorovich duality in the classical
optimal transport problem [11, Theorem 1.3], we have for any A € A that

L(N) ::—/ @dp — (A, h) < min / cdy=:C(\) < o0,
X yell(pva) J X xy

where finiteness comes from c(-,y;) € L' (u) for each j. At the same time by strong
duality, Theorem 3.3,

it [FV) + (V)] = - /X pau+ it [F(N) — (0, 0)]
=—A¢W—W@)

= min cdy+ F(A
XA, yEll(n, Vx)(/XxY ! ( )>

= min[F(}) +C(A)].

Thus we obtain that F + ¢ < F + C pointwise everywhere on A, and the above
calculation shows that F' + ¢ attains its minimum value over A, at the same point
as F' 4+ C; say this point is Apin-

Arguing as in the proof of [10, Proposition 7.19] (which can be carried out under
the assumption (p-Twist), note the exact form of the cost function is immaterial),
we find that C is strictly convex on A. By Remark 4.3 and the choice of A, we have
C(A) = £()), hence for any t € [0, 1] we must have

(1 = ) Amin + tA) < C((1 = t)Amin + tA)
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< (1 = t)C(Amin) + tC(N)
= (1 — )0(Amin) + L)
= 0((1 = £)Amin + EN),

i.e., £ =C on the segment [Apin, 5\]
However the only way for the strictly convex function C to equal an affine function

on [Amin, A] 18 if Apin = \. Tt is then clear that (3, 5\) is a minimizer in the primal
problem (1.3). O

The strict convexity of C demonstrated in the above proof immediately yields
the following corollary.

Corollary 4.5. If ¢ satisfies (u-Twist), minimizers in the primal problem (1.3)
are unique.

Using the above properties of dual and primal optimizers, we obtain a charac-
terization for optimizers in both problems.

Theorem 4.6. Assume c satisfies (u-Twist). If (¢, ) is a mazimizing pair in the
dual problem (3.1) and (3, A) is a minimizer in the primal problem (1.3), ¥ and A
satisfy the conditions:

(i) ¥ € IF(N)

(i) ¥ = p({z € X : —c(z,y;) — 97 =9 (2)}).
Furthermore, if N > 0 for some 1 < j < N, we have

(iii) o7 = (7€)
Conversely, if A € A and ¢ € RN are such that conditions (i) and (i) hold,
then defining Ty, as in Remark 4.5, the pairs (77/16*,1/;) and ((Id XTJ))#H, ;\) are
mazimizing and minimizing pairs in the dual and primal problem respectively.

Proof. Under the hypotheses above “conversely”, conditions (i) and (ii) follow from
Lemma 3.10, Proposition 4.4, and Corollary 4.5. Condition (iii) follows from Propo-
sition 4.1.
Now suppose 1) € RN, X € A satisfy (i) and (ii). Then
sup (—/ = F* () = —/ O dp— F*(§)
—p—yP<c X X (4.1)

- —/ 0 du— () + F(Y
X

where this last equality follows from condition (i) and [9, Theorem 23.5]. Let T}
be defined as in Remark 4.3, by condition (ii), we see that § = (Id xT};)4p is
a minimizer in the classical Kantorovich problem (1.4) with v = v;. Let = €
X De such that T;(z) is well-defined. By definition, this means that )¢ (@) +
I = —c(,y;) where y; = Tjj(z). Since (see Remark 4.3) the set of such z has
full p measure, the union of (z,T;(x)) over such z has full ¥ measure. Thus

by [12, Theorem 5.10 and Remark 5.13], we have that ()¢, ) is a maximizer in
the classical Kantorovich dual problem, and in particular — [ x ¢ dp — MY) =
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Infermu,vy) (fXXy cdfy). Thus we can calculate,

—/Xlﬁc* dp—(M\O)+ F(A) = inf (/XXYCCZ’Y)‘*‘F(;\)

YEM(p,v5)

> inf (/ cdy+ F()\))
AEA, vell(pwa) NS x xy

> sup (—/X%OdM—F*W))-

—p—y<c

Combining this with (4.1), we have

/ cdi+F(3) = inf (/ cd’y)+F(:\)
XXY YE(uvs) N Jx xy

inf cdy+ F(A
)\GAKYGH(I%VX)(/XXY v ( )>

hence (%, ) is a minimizing pair in the primal problem. The above calculations
also yield

swp (= [ pdn=F @) == [ i du- P,

—p—9<c

thus (@/AJC , 1[1) is a maximizing pair in the dual problem. a

5. STABILITY OF F

In this section we show two kinds of stability for our primal problem (1.3). The
first is stability of minimizers under perturbations of the storage fee function F
when the finite target set Y is fixed. The second is I'-convergence of a sequence
of objective functionals obtained when one takes a sequence of target sets Y} that
become suitably dense in some continuous domain Y.

5.1. Stability for a fixed finite target. First we estimate the change in the
minimum value of the problem.

Proposition 5.1. Let Fy and Fy : RN — R U {oo} be lower semicontinuous and
proper, ¢ be lower semicontinuous and bounded, and write mg, for the minimum
value attained in (1.3) with some fived measure u and the choice F = F;, i =1 or
1 = 2. Then if both of mp, are finite,

Imp, —mp,| < [[F1 = Fll Lo (dom(Fy)udom(Fy))

Proof. Let the pair (7o, 5\2) achieve the minimum value in mg,, which exists by
Theorem 2.3. Then both fXXY cde and FQ(S\Q) are finite. If F1(5\2) = 0o we have
| F1 — Fa| Lo (dom(Fy)udom(Fs)) = 00 and the desired inequality is trivial, thus we
may assume Fy(\g) is finite. Then

mp, —mp, < (/ cds +F1(5\2)) — (/ cds +F2(5\2))
XxY XxXY
= F1(A2) — F2()\2)
< ||F1 - F2||L°°(dom(F1)Udom(Fg))~

The same argument reversing the roles of F; and F» completes the proof. [
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The above statement shows that if F}, converges to F' uniformly, then mp, con-
verges to mp. Next we prove that the minimizing plans weakly converge to a
minimizer of the original problem.

Theorem 5.2. Suppose ¢ satisfies (u-Twist). Let (3,\) and (3, Ax) minimize
(1.3) with storage fee functions F and Fy, for each k respectively, where F, Fy, are
all proper, convex functions with compact essential domains contained in A. If

Jim | Fre — F|| Lo (dom(Fy)udom(F)) = O,

then Ay converges to 5\, and yx converges weakly to 7.

Proof. Let Cr(X\) = inf ey, [xxy €@y + F(\) and define Cr, (\) analogously.
By the proof of Proposition 4.4 and Corollary 4.5, we see that Cp and Cp, are
strictly convex functions on A each of which have unique minimizers, given by A
and )y, respectively. By (u-Twist) and the properness of F' and Fy, all Cp, (:\k) and
Cr(\) are finite, then by Proposition 5.1,

|Cr(Ak) = Cr(N)] < [Ch, (Ar) = C(N)| + |Cr, (M) — Cr ()]
= [mp, —mp| +[Fe(A) — F(Ax))|
< 2||Fk - F||L°°(d0m(Fk)Udom(F)) — Oa k — oo.

By the compactness of A, any subsequence of {S\k}k ;1 has a convergent subse-
quence, by the above calculation and strict convexity of Cr on A all of these sub-
sequential limits must be /\ hence we must have limy,_, o )\k =\

Now suppose by contradiction that 45 does not converge weakly to 4. Since IT(u)
is weakly compact by Lemma 2.2, we can extract a subsequence (which we do not
relabel) which converges weakly to some limiting measure that is not % say 7. By
the above paragraph combined with (2.1) we have A = limp_y00 Ae = A where A is
such that the right marginal of 4 is v5. We then have

/ cdy + F())
- / edir+ Fe() + (F() = FOw)) + (FOw) = Feh) ) / edy — / i)
smp, + (F(j\) - F(:\k)> + [[Fx = F'[| Lo (dom(Fy)udom(F)) + /Cd? - /Cd:Yk .

Letting k go to infinity we see that [cdy + F(5\) < mp by Proposition 5.1, the
lower semicontinuity of F', and the fact that §; converges weakly to 4. Hence 7 is
a minimizer and by Corollary 4.5 we see that 4 = 7 as desired. (]

I'-convergence. We now turn to I'-convergence. For this subsection, we assume
(X,dx) is a Polish space which may not be compact, and we will suppose (Y, dy )
is a bounded Polish space, not necessarily finite.

Definition 5.3. Recall that if €2 is a first countable topological space and Gy : Q —
RU{+oo} is a sequence of functions, we say the Gy, I'-converge to G : Q@ — RU{%o0}
if

(1) G(w) < liminfg_y o Gi(wg) whenever limg_, oo Wi = w.
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(2) For any w € , there exists a recovery sequence {wy 52 s.t. limy_y o0 wy =
w and
G(w) > limsup;,_, ., Gk (wg).

Before stating our second stability result, we recall some classical definitions in
optimal transport theory.

Definition 5.4. If (X,dx) is a Polish space, we write for the set of probability
measures with finite moment,

Pi(X) :={p € P(X):3zo € X with /X dx (z,zo) du(z) < 0o}

Also for pq, pe € P1(X), we write

Wldx(ﬂl,,U,Q) = inf / dx(a?l,zg) d7($1,$2).
vEl(p1,p2) J X x X

It is well known that W{* is a metric on P (see [12, Chapter 6]).
Our second stability result is as follows.

Theorem 5.5. Suppose there is a sequence of cost functions ¢, € Cp(X X Y)
converging uniformly to some ¢ € Cp(X xY), and F : P(Y) — RU {£oo} is
sequentially weakly continuous. Also suppose for each k € N, the finite set Yy :=
{ykd};-v:’“l C Y is an ex-net of Y (ie., for any y € Y there is a yx; such that
dy (Y, yk,j) < €x) with e, \, 0, and define the sets

Iy (p) := {y € T(p) = spt((my )47) C Ya}-
Also define the functionals Cy, C : P(X xY) = RU {£o0} by

Ce(y) == Jxxy wdy +F((my)gy), v € ilp),
' 0, otherwise

C(v) == fXxYCd7+f((7rY)#7)a v € H(w),
' 0, otherwise

Then

(1) Ck T'-converges to C, where the underlying topology on P(X xY') is that of
weak convergence of measures.

(2) Suppose {ux}3, C P1(X) converges in WX to pu € P1(X). Then if each
I (1) is replaced by T (k) in the definition of Ck, again Cy, T'-converges
to C.

Remark 5.6. At first glance, the condition of weak continuity of F may seem
restrictive. However, by [4, Remark 1.25 and Proposition 1.28], if Cj, I'-converges
to C, we must have that F is weakly lower semicontinuous. At the same time,
considering the example where F is 0 for some fixed measure which is not discrete,
and 1 otherwise shows that weak lower semicontinuity is not enough to produce
a recovery sequence to obtain I'-convergence. Essentially, one would need that for
any measure v, there is a sequence of discrete measures weakly converging to v
along which F is continuous, which is not so far off from simply requiring weak
continuity.

Before giving the proof, we recall a form of disintegration of measures which
follows from [7, Chapter III-70 and 72].
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Theorem 5.7 (Disintegration of measures). If X1, Xo are Polish spaces, for any
p € P(X1 x Xo) there is a map X1 3 x — p* € P(Xs), defined uniquely (mx,)xp-
a.e., such that for any bounded or nonnegative Borel function ¢ on X1 X Xa, the
map X1 3 x1 — sz o(x1,x9)dp™ (x2) is Borel, and

/XlxXz wap = /X1 /X2 p(z1,22)dp™ (22)d((7x, ) #£0)(21).

Proof of Theorem 5.5. First suppose a sequence ~; weakly converges to some ~ €
P(X xY). If (mx)gy # p, since the sequence of left marginals (wx)xy, converge
weakly to (mx)xvy, we must have that (mx)xvi # i (or # pi in case (2)) for all k
sufficiently large. Thus in this case we have

lim inf Ci(y) = 00 > C(7).
k—o0

If (7x)xy = p, since the sequence of right marginals (my )4, converge weakly to
(Ty )47,

k—o0

lim inf C(y) = lim inf (/ cx dyg + ]:((WY)#'Yk))
k—o00 XxXY

Z/ cdy+ F((my)gy) =C(y).
XXY

Next we fix a v € P(X x Y), we aim to produce a recovery sequence. If the left
marginal of v is not p, we have C(y) = co and we can take the constant sequence
{7} as the recovery sequence, thus assume (mx)gy = p. For each k € N and
1 < j < Ng, we define K’kyj as the Voronoi cell associated with s ;, that is,
Ky ={yeY :dy(y,yx,,;) < mini<i<n, dy (Y, yx,:)}- Then, we define
Kiy =K1, Kiji=Kpj\U_|Kp;, 2<j<Ny,

and the maps ¢ : Y — Yi by ¢r(x) := yi,; whenever x € Kj ;, this map is
well-defined by the disjointness of the collection {Kj ; };V:’“1 for each fixed k.

We will first consider case (1). Define y;, := (mx X (promy))xy € P(XxY'). Then
(mx)gve = (mx )4y = p for each k, and since the range of ¢y, is contained in Yy, it
is clear that spt((my)xvk) C Yy hence v € I, (11). Now suppose ¢ € Cp(X X Y) is
L-Lipschitz for some L > 0, and fix y € Y with y € K; ;, () for some index j; (k).
Since Y} is an €, net of Y, for some ¥; ;,(x) € Y we have dy (y, y; j, (k) < €. Hence
for any z € X,

lo(@, pr(y) — w(z,y)| < Ldy (y, & (y)) = Ldy (Y, yi j, (k)
< Ldy (y,Yi jo k) < Ler,

which proves limy_oo ¢(x, k(y)) = p(z,y) for all (x,y) € X x Y where the con-
vergence is uniform over X X Y. Since -y is a probability measure, we have

lim o(x,y) dyi(z,y) = lim w(:v,@k(y))dv(wyyb/ @ dy.
k—oo Jx xy k—oo Jx xy X XY

(5.1)

As it is sufficient to test for convergence against bounded, Lipschitz functions (see
[3, Remark 8.3.1]) this proves weak convergence of ~, to v; in particular it also
proves weak convergence of the (my )47k to (my)x7y. Thus the uniform convergence
of the ¢ and weak continuity of F gives that

lim sup Cy, (%) = limsup (/ ¢ dye + ]:((WY)#%)) <C(v).
XxY

k—o0 k—o0
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Now we consider case (2). Since p and all u have finite first moments, there exist
o € I(p, pz;) which achieve the minimum in the definition of W (s, Mk) (say, by
[12, Theorem 4.1]). It is clear that the unique minimizer achieving VV1 () =0
is (Id x Id)4u, while for some zy € X,

sup/ dx (x1,x2) dog(x1,x2) < bup/ dx(x, o) dpg(x / dx (x, o) dp(z) <
k XxX

hence by [12, Theorem 5.20] we see o, converges weakly to (Id x Id)xu. Now if of
and * are the disintegrations of o; and 7y respectively, with respect to their left

marginals (both u) as given in Theorem 5.7, we define a linear functional 7 acting
on bounded Borel functions ¢ on X x Y by

/// (2, y) dog; (2)d((er)#7") (y) du().

We claim that yk e P(X xY). Fixe > 0. If v € Cy(Y) is L-Lipschitz, by (5.1)
we have | [i, ¥d((¢r 0 7v)#7) — [y ¥d((7y)#7)| < Ley, and again by [3, Remark
8.3.1] we see (promy )xy weakly converges to (my)gy. Since {pu}52, is also weakly
convergent, for any € > 0, by Prokhorov’s theorem there are compact sets K3 C X
and Ko C Y such that pi(X \ K1) < € and (¢ o my)xy(Y \ K2) < € for all k.
Then, if ¢ € Cy(X x Y) is identically zero on the compact set K := K; x Ko, we
have

k(@) Ssuplwl/x/y\K /X\K doy (2)d((r)#7") () du(z)
— suplg| /X (X Ky (o5 (Y \ Ka)) dp(x)

<suplol( [ o\ K2 dn) ([ et 0\ K aute)
<suplol( [ ot \ KD du(o) ([ et 0\ K du(o)

— sup | /or (X x (XN Ky 1(X x 7 (¥ \ K2))

= sup [l /(X \ K1)/ (01 0 7)) (Y \ K2)

< esup g,

where we have used Holder’s inequality for the third line, and that o} and ~*
are probability measures to obtain the inequality in the fourth line. Hence by [3,
Theorem 7.10.6], 7% is a Radon measure on X x Y, and it is clear that ~; > 0 with
Yk(X x Y) =1, hence the claim is proved. Next, for any Borel ¢ : X — [0, 00| we
have

[ v dntay) - / / / b(2) dot (2)d((pr) 47" () dpu(z)

//w ) dort (=) dpu()

/ Y(z2) doy (1, x2)
XxX

/¢ ) dyuy
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hence the left marginal of 7 is ux and we have 5 € Il (ug), in particular Cg(yx)
is finite. Finally suppose ¢ € Cp(X x Y) is L-Lipschitz. Then by (5.1),

[ oo oo
<| [ [ oot dot @) dr ) auta)

-/ [/ so(z,y)daz(z)de(y)du(x)\

+‘/// (2, y) ot (2) dy® (y) due // (2, ) dy" (y) dps(x)
< [ [ ] e = etz ldor ) v ) dute)

[ ][ e = el doie dv o) duta)

<Le+L /X /Y /X dx (z,7) dof () dy" (y) dpu(x)

= L(eg —&-/X XdX(z,x) doy(z,2))

= L(ex + W™ (jug, 1)) = 0

as k — oo. Thus as in case (1), we see ~y;, weakly converges to . A similar argument
yields limsupy,_, ., Ck(7x) < C(v). This completes the proof of I'-convergence in
both cases. O

6. APPENDIX

Proof of Proposition 3.7. Let us write R := min;; |y; — y;|. Let Aos € A be such
that F(Aoo) — F**(Aso) = [|[F' — F**|| o (), and define

i Aio]lB%wi)(x)d
= —i  — dx.
—~  [Bza(yi)l

Now suppose the pair (T, A) achieves the minimum in (1.2) with ¢(z,y) = |z — y|2,
storage fee function F', and this u; since ¢ satisfies (u-Twist) such a pair exists
by Theorem 2.3 combined with Remark 4.3. We claim that A = M. Let us
write B; := Bpg/4(y;) for brevity, clearly the B; are disjoint hence the map T
defined by T(x) = y; whenever z € B; is well-defined u-a.e. We also see that
Tup = vazl AL 8,,. Let us also write £; := T~ '({y;}) which form a partition
up to sets of y-measure zero. Then if z € B; with T(z) = y; and ¢ # j, we see
|z — T(x)| > |T(x) — T(z)| — |z — T(x)| > 3R/4, while for any j, M = u(L;) =
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L |BiNL,|

Zool 2t =31 Hence
[B;]

N
Ao
=S [ (=T o= TP
i=1 7 oy S BiNL
R\ |BiN L
>
i=1 j#£i |Bil 6.1)
6.1
R® [ am A |Bin £y X |B; N L
_7(22 |B;| Z |B;| )
=1 j=1
R L N)\’|Bﬁ£\
_ v j_ oo |t 7
2 (ZA Z |B,] )
j=1 i=1
R? NN |B; N Ll
2(12 |Bi| )
On the other hand,
N N
~ ~ . OOB mg )
NI S Rl 3 P
j=1 1=
N
:Z’Z elBiN Ll (IBjﬂﬁj\ 71)’
=l B <\ B
N ~
A Bin L] 1B N L]
<3y RS- B
J=1i#j J
N N 3
:ZZAZ i |B; m,c| 1_22 M_|B; N L
j=11:i=1 |B| |B|
N
_ Nl B N L]
_2<1_, |B;] )
j=1
Thus combining this with (6.1) we have
- 4 .
A= < g5 [ (o = T@)P [0 = T(@)P) dulz)
4 -
< 23 (Fso) = F(V)) (6.2)

4L ~ -
< ﬁ|>\_>\oo| < |/\_/\00"

In turn this implies that for at most one index i, we can have [A* — AL_| # 0.
However, since 1 = >~ A" = Y. XY, this actually implies A = A as claimed. By

the uniqueness in Remark 4.3, this also shows T =T [-a.e.
By [9, Corollary 13.3.3] and since F*** = F*, we see that F** also has Lipschitz
constant L, then a calculation similar to (6.2) with F** replacing F' shows that the
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pair (T, A\oo) minimizes (1.2) with storage fee function F**. Thus, by the strong
duality Theorem 3.3 we have

mpg —DﬁF = Mp — Mpxx = F()\oo) _F**()\oo) = HF— F**HLOO(A).

7. CLASSICAL DUAL MAXIMIZERS MAY NOT BE DUAL MAXIMIZERS
Example 7.1. Let X =R, N =2, y; = —1, yo = 1, p = Lj_1 _1/9up1/2,1)(z)dx,
and c(x,y) = |z —y|?/2. Also suppose F(\1, \2) = f(\1) on A, where f is a smooth,
convex function with a strict minimum at 1/2, satisfying f(1 — ) = f(A) for all
A € [0,1]. By Theorem 2.3 there is a minimizer (v, A) of (1.3), and by [11, Remark

2.19 (iv)], v must be given by (Id xT))gp for some increasing map Ty : R — R,
defined by

—1, mg_l"_)\lv . 1
Ty\(z) = if A\ < -,
M@) {1, > 14\, =9

and

-1 xr < )\1 1
T = ’ - ’ if —=.
() {17 2>\, if Ay > 5

Then, if A; < 1/2,

/R (. Tx (x)) dp(z) + F(N)

- ;(/_1ﬂ1(:c +1)2dx + /_1/2 (z 1)z + /1@ - 1fde) + f(h)

-1 —1+X\ z
A2 2\ 19
= f(\ 1 27, 2
which is minimized at A; = 1/2. By symmetry the case A\; > 1/2 has a minimum
when \; = 1/2, hence A = (1/2,1/2), and the optimal map T" := T\ 1/2) satisfies
T(-1,-1/2)) = =1, T([1/2.1]) = 1. For ¢ i= (!, 4?) € R?, let

|z — 12
2

T+ 12
Pap ::max(f%fwl,f —1/12).
If 42—t € [—~1,1], then —w —pt > —@—1& on [—1,—1/2] and vice versa
on [1/2,1]. Thus
1

—py(x) — Pt =z, T(x)), Vacl-1, —5],

~pula) 4 = o, (@), Vr € [5,1],

and by [12, Remark 5.13], for all such ¢ the pair (¢y,) is a maximizer in the
classical dual problem from p to %(5_ 1 +01) (identifying ¢ € R? with a function in
LA+ 61).

By the choice of F, we see that 0F(1/2,1/2) = {(r,r) : r € R}, which does not
contain all ¢ as above. Hence by Lemma 3.10, not all classical dual maximizers are
maximizers in (3.1).
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