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ABSTRACT

We establish a framework for signal processing on product spaces of

simplicial and cellular complexes. For simplicity, we focus on the

product of two complexes representing time and space, although our

results generalize naturally to products of simplicial complexes of

arbitrary dimension. Our framework leverages the structure of the

eigenmodes of the Hodge Laplacian of the product space to jointly

filter along time and space. To this end, we provide a decomposition

theorem of the Hodge Laplacian of the product space, which high-

lights how the product structure induces a decomposition of each

eigenmode into a spatial and temporal component. Finally, we apply

our method to real world data, specifically for interpolating trajecto-

ries of buoys in the ocean from a limited set of observed trajectories.

1. INTRODUCTION

In recent years, graph signal processing (GSP) has proven itself to

be an important tool for analyzing, filtering, denoising, and interpo-

lating signals defined on abstract domains. Extending the tools of

ordinary signal processing to graphs opened the door for a multitude

of more combinatorially inspired applications [1, 2, 3, 4]. Recently,

this shift has been extended further to signal processing on topolog-

ical spaces using simplicial complexes (SCs) [5, 6, 7, 8, 9], cellular

complexes (CCs) [10, 11, 12], or cellular sheaves [13]. This move to

topological signal processing allows both for a more general geome-

try of the underlying domain to be captured, as well as for additional

constraints on the filtering to be taken into account. Example ap-

plications where this topological viewpoint has been used include

wireless traffic networks [7] or outlier detection on whales traveling

in the Canadian Arctic Archipelago [14].

Sometimes the data considered varies not only in spatial dimen-

sions, but also has a temporal dimension. An effective filter then

should consider both of these dimensions. However, filtering on the

simplicial complex will only take the spatial dimension into account,

whereas filtering individually along each edge in time disregards the

underlying topology and geometry of the problem. To solve this is-

sue we propose to construct a new complex that captures both the

spatial and temporal dimensions of the problem.

The idea of signal processing for product spaces has already

been considered for product graphs for data defined on the nodes

[15, 16, 17, 18]. However, processing of edge flow data is not pos-

sible within these product graph frameworks: while the product of

two 0-dimensional vertices is again a (0 + 0)-dimensional vertex
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and can be considered via standard graph products, the product of

two (1-dimensional) edges is not an edge again but a 2-dimensional

face. Hence, more sophisticated techniques and models are needed

to model and process such data.

1.1. Contributions and Outline

We present a novel framework for signal processing on product

spaces of simplicial complexes, which enables us to filter time-

varying signals on SCs. By interpreting the time axis as an SC (in

particular, as a graph), we construct a cellular complex that repre-

sents the spatially distributed, time-varying signal. It turns out that

the Hodge Laplacian for the resulting product complex is a concise

way to express a filter with the desired properties.

Section 2 gives an overview of the mathematical concepts of

simplicial and cellular complexes, the Hodge Laplacian, and product

complexes. Section 3 elaborates on the motivation and the theory for

temporal flow interpolation. Specifically, Proposition 1 describes the

Hodge Laplacian of a product space. Finally, we apply our method

to real world ocean currents and show that interpolating along both

time and space using the Hodge Laplacian of the product space out-

performs interpolation solely along a single dimension.

2. BACKGROUND

In this section, we present an elementary overview of concepts used

to process signals defined on higher order networks such as simpli-

cial or cell complexes. For more details, [19, 20] give a background

in algebraic topology and [10, 5] in topological signal processing.

Notation. For some n ∈ N, let [n] denote the set of integers

{1, . . . , n}. Matrices and vectors are denoted by letters A,x. We

use ∼= to denote two isomorphic vector spaces, and ⊕ to denote the

direct sum of vector spaces. Further, ⊗ denotes the tensor product.

Simplicial Complexes. A simplicial complex [19, 20] (SC) X

consists of a finite set of points V , and a set of nonempty subsets of

V that is closed under taking nontrivial subsets. A k-simplex Sk is

a subset of V with k + 1 points. Further, the faces of Sk are the

subsets of Sk with cardinality k, that is, exactly one element of the

simplex is omitted. If Sk−1 is a face of Sk, Sk is called a coface

of Sk−1. We denote the set of k-simplices and their number in X

by Xk and Nk, respectively. We can ground the understanding of

SCs as an extension of the well known concept of graphs: X0 is

the set of vertices, X1 is the set of edges, X2 is the set of filled in

triangles (not all 3-cliques must be filled in triangles), and so on.

The orientation of a k-simplex Sk is represented by an ordering of

its k+1 elements of V . Two orientations are considered the same if

they differ by an even permutation. Thus every simplex admits two

possible orientations.IC
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