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ABSTRACT

We consider the task of representing signals supported on graph

bundles, which are generalizations of product graphs that allow for

ªtwistsº in the product structure. Leveraging the localized product

structure of a graph bundle, we demonstrate how a suitable parti-

tion of unity over the base graph can be used to lift the signal on

the graph into a space where a product factorization can be readily

applied. Motivated by the locality of this procedure, we demonstrate

that bases for the signal spaces of the components of the graph bun-

dle can be lifted in the same way, yielding a basis for the signal

space of the total graph. We demonstrate this construction on syn-

thetic graphs, as well as with an analysis of the energy landscape of

conformational manifolds in stereochemistry.

Index TermsÐ Graph signal processing, Graph Fourier trans-

form, Fiber bundle, Graph bundle

1. INTRODUCTION

In signal processing and machine learning, a key aspect of many

methods is the selection of a proper coordinate system with which to

represent a dataset. Preprocessing steps such as PCA, for instance,

represent a dataset in coordinates determined by its principal com-

ponents, with the hypothesis that only a few coordinates will dom-

inate the rest. Fourier representations of signals sacrifice spatial or

temporal locality in order to make each coordinate (frequency) carry

information about the entire signal in question ± wavelets interpo-

late between the spatial and spectral locality of standard and Fourier

representations. In graph signal processing (GSP), we are interested

in representing and processing graph signals in ways that reflect the

underlying graph geometry [1].

One such problem in GSP arises when processing signals on

product graphs, where factoring the vertex set as the Cartesian prod-

uct of the vertex set of factor graphs yields a multidimensional graph

Fourier transform [2±4], analogous to the multidimensional Fourier

transform in Euclidean space having frequency axes corresponding

to each coordinate. In this case, the Fourier modes of the Cartesian

product graph are given by the tensor product of the Fourier modes

on the factor graphs. However, these product factorizations do not

always hold. For instance, a graph may only factor as a product of

two factors locally about each node, but not globally. When the prod-

uct factorization only holds locally, the tensor product factorization

of the Fourier modes does not necessarily hold, as it is dependent

on the product factorization of the graph holding globally. This is

exemplified in the Möbius graph (Fig. 1), where the factors of the

graph are approximately given by a cycle graph and a path graph,

but there is a twist in the global structure that obstructs a global fac-

torization. To overcome this for the task of signal representation, we

propose a localized factored coordinate system.
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Fig. 1. (a) A Möbius graph. (b) The cylinder graph given by the

product of the base and the fiber. (c) The spectra of their Laplacians.

1.1. Contributions.

In this work, we develop tools for representing signals on graphs that

locally factor as product graphs. In particular:

1. We introduce graph bundles as objects describing graphs that

locally factor as product graphs.

2. With the local product structure of graph bundles in mind, we

illustrate how any bases for the local factors can be used to

construct a localized basis for signals on the graph bundle.

3. We illustrate the utility of this on synthetic graph bundles,

as well as an application in analyzing energy landscapes in

stereochemistry.

Data with an underlying fiber bundle structure has been considered

recently in the literature [5±7] with the goal of identifying and ana-

lyzing the topology of data that locally factors as a Cartesian product

space. Our goal in this work is to provide a groundwork for the anal-

ysis of signals supported on structures identified this way, bridging

a gap between topological and signal processing methods for data

analysis, following the recent efforts of the GSP community [8±13].

2. GRAPH BUNDLES AND SIGNAL REPRESENTATION

2.1. Graphs and graph signals

A graph G consists of a finite set of vertices, denoted VG , and a set

of edges, denoted EG , such that every edge is an unordered tuple

of vertices. We find it convenient to treat a graph as a set G =
VG ∪ EG , but this still captures the usual definition of a graph as a

tuple (VG , EG). For a vertex v ∈ VG , the neighborhood graph about

v is the graph Nv such that VNv
consists of v and all nodes u such

that (u, v) ∈ EG and ENv
consists of all pairs (u, v). That is, the

neighborhood graph is a star graph centered at v.

For graphs G and H, a graph map is a function φ : H → G
such that φ(VH) ⊆ VG , and for any (i, j) ∈ EH, it holds that

φ((i, j)) ∈ {φ(i), φ(j), (φ(i), φ(j))}. We will use the term ªmapº

to mean graph map, in general. For graphs G,H and an injective

map φ : H → G, we say that φ is a local isomorphism if for any pair

i, j ∈ VH, it holds that (φ(i), φ(j)) ∈ EG if and only if (i, j) ∈ EH.IC
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