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Warm dense matter is a material state in the region
of parameter space connecting condensed matter
to classical plasma physics. In this intermediate
regime, we investigate the significance of non-
adiabatic electron-ion interactions upon ion dynamics.
To disentangle non-adiabatic from adiabatic electron-
ion interactions, we compare the ion self-diffusion
coefficient from the non-adiabatic electron force
field computational model to an adiabatic, classical
molecular dynamics simulation. A classical pair
potential developed through a force-matching algorithm
ensures the only difference between the models is
due to the electronic inertia. We implement this
new method to characterize non-adiabatic effects on
the self-diffusion of warm dense hydrogen over a
wide range of temperatures and densities. Ultimately
we show that the impact of non-adiabatic effects
is negligible for equilibrium ion dynamics in warm
dense hydrogen.
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1. Introduction

Warm dense matter (WDM) is an intermediate state of matter that approximately spans a density
range of 0.01-100 g/cm? and temperatures from 0.1-100 eV [1,2]. Simulations of WDM typically
employ the Born-Oppenheimer (BO) approximation, also known as the adiabatic approximation,
which dictates that the electrons adjust instantaneously to the ion fields [3]. Usually justified
through the disparate energy scales of the electron and ion motion, it is the cornerstone of
modern simulation techniques in both physics and chemistry [4,5]. Whether such a fundamental
premise holds in the extreme states of matter in the center of planets and stars is ultimately
unknown. Recent attempts to remove this approximation have led to conflicting predictions of the
sensitivity of ion dynamics to non-adiabatic effects. Given the lack of theoretical consensus and
the dearth of experimental data on ion transport properties in the WDM regime, the importance
of non-adiabatic effects is still under scrutiny [6-11].

Non-adiabatic effects are ordinarily associated with non-equilibrium processes in which
significant energy exchange occurs between the plasma components. The classic example in
WDM is temperature equilibration between electrons and ions [12,13]. Many authors have
claimed that non-adiabatic effects can also influence processes in equilibrium, such as ion self-
diffusion [10] and ion acoustic wave propagation [7,8]. However, these claims are difficult to
test using available simulation methods, where it is complicated to disentangle the effects of
non-adiabatic interactions from the approximations used for treating the electrons. The primary
focus of this paper is to unambiguously determine whether non-adiabatic effects (i.e., those that
do not employ the BO approximation) are relevant to ion self-diffusion in equilibrium WDM.
Ion self-diffusion was chosen as the ion transport property of interest as it is simple to obtain
computationally and was recently predicted to have a large sensitivity to non-adiabatic effects
[10].

Table 1. lon self-diffusion coefficient of warm dense hydrogen from DFT and eFF simulations for four specific densities
and temperatures. I' = (Ze)2 /akpT is the coulomb coupling parameter, where a = (3/47n)'/3 is the Wigner-Seitz
radius, n is the ion number density, T" is the temperature, and Z is the average ion charge state which estimated using the
Thomas-Fermi model [11,14]. © = kpT/ E- is the electron degeneracy parameter, where Ep = /i2(372Zn)2/3 /2m,
is the Fermi energy [15].

p(g/ecm®) T@V) Z I 6 Dppr(cm’/s) Depr (cm/s)

0.7 1.5 0.66 5.06 0.10 0.016 0.009
0.7 4.5 067 174 0.29 0.053 0.024
5.0 250 082 090 038 0.083 0.059
21.73 200 088 209 0.11 0.020 0.019

The ideal approach to quantifying non-adiabatic effects on ion dynamics would be to compare
adiabatic density functional theory molecular dynamics (DFI-MD) simulation results to a
similarly high-fidelity non-adiabatic method, such as time-dependent DFT-MD. Unfortunately,
the high computational cost of such methods makes them infeasible to study the ion dynamics in
WDM. This high computational cost has led to the development of faster non-adiabatic simulation
methods, such as the electron force field method (eFF), but these faster methods rely on many
simplifying approximations to speed up calculations [7,16-18].

One would like to attribute discrepancies between DFT and eFF predictions to non-adiabatic
effects, but the approximations used for treating the electrons in eFF are so simplified [18,19]
compared to DFT that such a comparison is dubious [9,10]. Table 1 shows the ion self-diffusion
coefficient for various temperatures and densities across the WDM regime using DFT-MD and
eFF. The DFT-MD data was obtained using the Kohn-Sham DFT (KS-DFT) formulation, with the
simulation details outlined in the supplemental material. Noticeable differences are seen between
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the DFT and eFF at some conditions, but we cannot conclusively ascribe non-adiabatic effects
as the primary explanation. To avoid equating models with fundamentally different theoretical
underpinnings, we have developed a method based on the electron force field (eFF) technique that
allows for direct examination of non-adiabatic effects while controlling for the approximations
made by the underlying model.

To investigate the relevance of non-adiabatic effects on the ion dynamics in WDM, we compare
the ion self-diffusion coefficients calculated from a non-adiabatic and adiabatic simulation.
However, in contrast to previous work [10], we utilize a force-matching technique to extract an
effective ion-ion interaction potential from the non-adiabatic simulation for use in a classical
adiabatic MD simulation. We can then compare the ion self-diffusion predicted from each
simulation approach to isolate non-adiabatic effects on the ion dynamics. Since both approaches
are derived from eFF, the comparison is fair and avoids the problems inherent in comparing eFF
with DFT.

2. Method

We use eFF as our non-adiabatic simulation method [6,19] and Potfit as our force-matching
code [20-22]. eFF is a flavor of the wave packet molecular dynamics method that treats the
electrons as quantum mechanical entities while the ions remain classical point-like particles;
both the electrons and ions are simultaneously propagated forward in time according to
Hamilton’s equations of motion. The wave packet molecular dynamics methodology intrinsically
incorporates non-adiabatic effects by allowing the electrons and ions to move together. In eFF,
several significant simplifications allow the electrons to evolve in time with classical equations of
motion while retaining a quantum mechanical description. These include using a single spherical
Gaussian to describe each electron’s wave packet, treating electrons as distinguishable particles
using a Hartree product for the total wave function, and adding empirically parameterized
Pauli potentials to account for the neglect of anti-symmetry [6,18]. Despite the uncontrolled
approximations in eFF, no high-fidelity alternative exists for simulating non-adiabatic dynamics
over the long timescales needed to compute ion transport properties. Improvements to the current
eFF model that would provide a more robust alternative would be to increase the basis for each
electron wave packet, implement a better approximation to the exchange energy, and incorporate
a direct approximation for the electron correlation energy. All of these additions have been studied
in a previous publication [18].

In addition, eFF allows for the dynamic electron mass, Me, to be altered, which has previously
been utilized to increase the simulation time step to provide a reduced computational wall time
[6]. However, variation of the dynamic electron mass has also been used to modify non-adiabatic
electron-ion interactions to allow eFF simulations to better match experimental data [23-26]. In
adiabatic simulations such as DFT-MD, the electrons” mass can be thought of as effectively zero,
which allows them to respond instantaneously to the motion of the ions in the simulation. Thus,
as the dynamic electron mass approaches zero, eFF simulations satisfy the BO approximation and
become adiabatic. Conversely, as the dynamic electron mass increases, the non-adiabatic effects
become more prevalent. In this work, we are interested in varying Me as a way to study the
sensitivity of ion dynamics to non-adiabatic effects.

The eFF MD simulations in this work utilize the eFF implementation in the LAMMPS code
[27]. The eFF simulations contained 1024 ions of H and 1024 electrons and were implemented in
the microcanonical (NVE) ensemble. The simulation time step was 1.0 x 10~* fs for Mc > 1 me,
where me is the physical electron mass, and the system was allowed to evolve for 2 ps after an
equilibration time of 500 fs using a velocity rescaling thermostat. For Me < 1me the time step
ranged from 2.0 x 107% - 8.0 x 107 fs, depending on temperature and density of the system.
To prevent the electron wave packet from becoming excessively diffuse, the width was regulated
using a restraining harmonic potential [9,28]. Due to the increased computational cost of eFF
simulations with the small time step, we performed the Me < 1 me eFF simulations for 300 fs
after equilibrating for 100 fs. In all cases, convergence with respect to total simulation time was
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checked by evaluating the velocity auto-correlation function (VACF) sum rule, (7(t =0) - 5(0)) =
3kpT/m. We ensured the ions had reached equilibrium by verifying that the ion temperature
did not fluctuate more than +3%, with no noticeable long-term drift. The electrons were verified
to be in thermodynamic equilibrium with the ions based on the electron kinetic energy, which
oscillated less than £5% during the simulation.

In order to directly connect the eFF results with the BO approximation, we require an equal-
fidelity adiabatic simulation method. We accomplish this using classical MD with a force-matched
ion-ion potential. From Potfit, we extract an effective ion-ion potential defined by tabulated values
and spline interpolation. Potfit implements the simulated annealing method to minimize the
mean square deviations between a set of reference and calculated forces [29]. For this work,
we use data from the eFF simulations as the reference forces in the force-matching algorithm.
For each eFF simulation (i.e., at each specific temperature, density, and dynamic electron mass)
we extract the forces from 32 reference configurations, uniformly selected from the simulation.
In each case, we used a Yukawa potential with a Thomas-Fermi screening length as an initial
guess for the force-matched potential. The effective potential obtained from Potfit contains the
ensemble-averaged screening effects due to the presence of electrons in the eFF simulation. Potfit
produces a forced-matched potential in an output file that can be read directly into LAMMPS to
implement a classical MD simulation [30]. To ensure equality in underlying approximations and
allow for a direct comparison between the adiabatic simulation (classical MD with force-matched
potential) and the non-adiabatic simulation (eFF), we compare the radial distribution functions
(RDF) at a given temperature and density. Furthermore, we include the RDF from the DFT-MD
simulation in Fig. 1 (b) to provide more evidence for why eFF and DFT should not be compared.
Each classical MD simulation had the same parameters as the corresponding eFF simulation; that
is to say, the parameters were matched to the eFF simulations used to produce the force-matched
potentials.

3. Results and Discussion

In Fig. 1 (a), we show an example force-matched potential generated from the eFF simulation
with Me = 1 me for p = 0.7 g/cm® at T = 4.5 eV. This potential is compared to a Coulomb
potential and a Yukawa potential with an inverse screening length, «, obtained by fitting the
force-matched potential. « is dimensionless with respect to the Wigner—Seitz radius, a, where
a=(3/ 4)1/ 3(7m)_1/ 3 and n is the ion particle density. The fitted Yukawa potential matches well
with the force-matched potential, demonstrating that the potential obtained from eFF contains
screening effects due to the electron-ion interactions, in agreement with previous work where the
ion-ion interaction for warm dense hydrogen was shown to be Yukawa-like [31].

We compare the RDFs from the classical simulations to those produced from the eFF
simulations to ensure the two methods describe the same thermodynamic state. Previous work
has shown that non-adiabatic effects have little influence on the static structure factor [7]. Thus,
the RDF, which is related to the static structure factor through a spatial Fourier transform, is also
not expected to be impacted by non-adiabatic effects. We confirm this in Fig. 1 (b), which shows
RDFs from simulations performed at the same thermodynamic conditions as in Fig. 1 (a). As
expected, the RDFs from the eFF simulations using a dynamic electron mass of Me = 1 me and
Me = 1836 me match.

In Fig. 1 (b), we demonstrate the validity of the force-matching algorithm by obtaining an
effective ion-ion potential that reproduces the RDF of the non-adiabatic simulation. For the
Me = 1 me case, we confirmed that the RDFs for eFF and classical simulations match. These
results demonstrate that we have successfully obtained an effective ion-ion potential that captures
the time and spatially averaged ion-ion interactions of the eFF simulation with the same level
of underlying approximations. Furthermore, we find the same agreement for the Me = 1836 me
case, which exhibits exaggerated non-adiabatic interactions. As the RDFs are required to match
for our method to be legitimate, we perform this verification for all thermodynamic conditions
investigated in this work (see supplemental material). We find that all RDFs, a static property
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Figure 1. (a) Plot of ion-ion potential energy for a H plasma derived from an eFF simulation at p = 0.07 glem3, T=4.5¢V,
and M = 1 me. The solid black line is the force-matched potential obtained from Potfit. The dashed red line is a
Yukawa potential with an inverse screening length, «, obtained by fitting to the force-matched potential.  is dimensionless
with respect to the Wigner—Seitz radius, a. The dot-dashed blue line is the Coulomb potential for reference. (b) Radial
distribution functions (RDF) for warm dense hydrogen at the same thermodynamic conditions as figure (a). The solid black
line represents the force-matched potential from Potfit generated from th eFF simulation with M = 1836 m,, the dashed
red line represents the eFF simulation with M = 1836 me, solid blue line represent the force-matched potential from
Potfit generated from the eFF simulation with M = 1 me, the dashed light blue line represents the eFF simulation with
Me = 1 me, and the purple squares represent the RDF from the KS-DFT simulation.

of the system, match regardless of how the non-adiabatic effects are scaled by modifying the
dynamic electron mass in the corresponding eFF simulation.

We now focus on dynamic properties, where the importance of non-adiabatic effects is an open
question. The Green-Kubo relation,

p=1 ro (@0) - #(1)) dt, 3.1)

was used to calculate the ion self-diffusion coefficient, D, from both simulations using the
VACE, (7(0) - 9(t)) [32,33]. The calculated ion self-diffusion coefficient results for both simulation
methods are given in Fig. 2 for several temperatures and densities spanning the WDM parameter
space. The ion self-diffusion coefficient is plotted against the dynamic electron mass, which
modifies the importance of non-adiabatic effects. The estimated uncertainty for the ion-self
diffusion coefficients was less than 4% for all results (less than 2% for Me > 1 me) in Fig. 2. The
details of the analysis methods used to obtain the ion self-diffusion coefficient and the uncertainty
are outlined in the supplemental material.

In eFF, the ions experience the instantaneous force from electrons, whereas the force-matched
potential only has the time-averaged effect of electrons. The classical MD generates an ion
self-diffusion coefficient that is essentially independent of M. because the dependence on the
dynamic electron mass is located in the kinetic energy component of the Hamiltonian [19], and
for static, equilibrium properties, the partition function disassociates the kinetic energy and
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Figure 2. lon self-diffusion coefficients obtained for a range of dynamic electron masses at various densities and
temperatures from non-adiabatic and adiabatic simulations. The black line with triangles is the ion self-diffusion obtained
from eFF simulations, and the brown line with circles is the ion self-diffusion obtained from classical MD simulations with
the force-matched potential. The error bars were less than 4 % for all points (less than 2% for Me > 1 me) in the figure,
and the error bars were smaller than the markers on the scale of the figure.

potential energy terms. Therefore, the configurational snapshots from the eFF simulations are
static, equilibrium configurations of particles that will not include a significant mass dependence.
The lack of mass dependence also explains why the RDEFE, a static equilibrium property, is
equivalent for the classical MD and eFF simulations, but the self-diffusion coefficient, a dynamic
property, is not. It should be noted that a different potential was obtained from the corresponding
eFF simulation for each value of the dynamic electron mass, confirming that the force-matched
potential is insensitive to non-adiabatic electron-ion interactions. Conversely, the ion self-
diffusion coefficient obtained from the eFF simulations changes as the electron mass increases,
demonstrating the effects of non-adiabatic electron-ion interactions on the ion self-diffusion
coefficient.

Differences in the ion self-diffusion coefficient between the two simulation techniques can be
directly attributed to non-adiabatic effects. What can be seen in Fig. 2 is from Me = 0.001 me
to Me = 1 me, the adiabatic and non-adiabatic simulation methods agree. That is, the ions only
respond to the electron motion if Me is sufficiently large. Importantly, the two methods converge
as the dynamic electron mass approaches zero, confirming that the eFF and classical simulations
produce the same adiabatic limit. This is a critical difference from past efforts which compare eFF
to DFT-MD [10], which do not agree in the adiabatic limit (c.f. Table 1) and therefore cannot be
used to assess the importance of non-adiabatic effects.

For all temperatures and densities investigated, we find little difference between the two
simulations at a dynamic electron mass of Me = 1 me, suggesting that non-adiabatic effects play
little role in the WDM regime. However, we must take care with this interpretation as a varying
dynamic electron mass has been used previously in eFF simulations to match experimental data
[23,26]. Regardless, the ion self-diffusion coefficient is insensitive to the dynamic electron mass
for the highest temperatures and densities investigated. Thus, its exact value is unimportant,
suggesting that non-adiabatic effects are genuinely insignificant in this regime. However, at lower
temperatures and densities, the ion self-diffusion coefficient exhibits greater sensitivity to the
dynamic electron mass and its value must be calibrated using experimental data [34].

For the p = 0.07 g/cm? case, we see large sensitivity to the dynamic electron mass, but we do
not know which value of Me is applicable to the WDM regime. Fortunately, a recent experiment
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examined the ion-electron equilibration rate in liquid hydrogen at this density [35]. The ion-
electron equilibration rate strongly depends on non-adiabatic effects, making it the ideal quantity
to help set the dynamic electron mass in eFF simulations. To confirm the correct dynamic electron
mass, we preformed three eFF simulations of electron-ion equilibration for different values of the
dynamic electron mass, Me. In the simulations, two separate thermostats hold the electron and
ion temperatures at 10 eV and 1 eV, respectively, to match the initial conditions of the experiment.
Once the electrons and ions reached their respective temperatures, the thermostats disengaged,
allowing them to equilibrate.

To extract the relaxation rates correctly, we implemented a two-temperature model [15] defined
as follows:

dT;

= 9(Te-T), (32)
dT.

067; = g(Ti - Te), (3.3)

where T; is the ion temperature, T. is the electron temperature, cg = %nzkz B is the kinetic
component of the heat capacity of the ions, n; is the ion number density, ce is the electronic heat
capacity, and g is the electron-ion coupling factor. The coupled differential equations were solved
iteratively to fit Eq. (3.2) and Eq. (3.3) to the electron and ion temperature data generated by eFF,
where c. and g were treated as constant fitting parameters. These two parameters were fit over
multiple sub-intervals of the simulation data, with ce and g found to remain constant to within
6% and 17%, respectively, over the temperature range of interest.

However, the electron heat capacity for eFF is known to be inaccurate, leading to the final
equilibrium temperature in the eFF simulations being higher than the experimental data. This
effect is attributed to the inclusion of the width of the single Gaussian electron wave packet,
which acts as an additional degree of freedom in the dynamical equations of motion [28,36]. The
electron heat capacity in all eFF simulations was found to be approximately 2nekp for all three
dynamic electron masses, consistent with this description. To correct for this, the electron-ion
equilibration curves shown in Fig. 3 are solutions to Eq. (3.2) and Eq. (3.3) utilizing the electron
heat capacity inferred from the experimental data [35] while using the electron-ion coupling factor
found from the eFF simulations. The corrected electron heat capacity is nekp. In Fig. 3, we display
the average result for an initial electron temperature of 10 eV, and we include the uncertainty due
to the variation in the electron-ion coupling factor, g, with transparent bands.

Table 2 contains the values of 7 and g for all three values of Me and 7 for two experimental
results [35,37]. We also included the dynamic electron mass values of Me = 2me and Me = 3me
to show the boundary of acceptable values. The errors in Table 2 include uncertainty arising
from the experimental initial electron temperature, in addition to the variation of g from the eFF
simulations, shown in Fig. 3. The equilibration time, 7, is determined with ce, c?, and g through
the equation 7 = (cec?)(ce 4+ ) “1g™1. Only the relaxation time obtained from simulations with
Me < 3 me lie within the uncertainty of both experimental results.

Recall from Fig. 2 that for p = 0.07 g/cm? for values of M > 1 m, there were changes in the
ion self-diffusion due to non-adiabatic effects. However, there was no way to establish the correct
choice of M, as past work has used various values of Me [6,19,23,26]. We now have independent
support for choosing Me = 1 me, and we conclude non-adiabatic effects do not substantively affect
the ion self-diffusion.

4. Conclusion

In this work, we have developed a new method that disentangles non-adiabatic from adiabatic
electron-ion interactions in MD simulations, independent of underlying model approximations.
We demonstrated that the RDF, much like the static structure factor, is insensitive to non-adiabatic
effects. We have used this to compare the ion self-diffusion coefficient from the non-adiabatic eFF
computational model to an adiabatic, classical MD simulation. The method conclusively shows
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Table 2. Electron-ion relaxation time from eFF and experiments for hydrogen at p = 0.07 g/cm3. The uncertainty for the
eFF simulations takes into account the large error in the initial electron temperature from the experimental data and the
uncertainty in g obtained from the eFF simulations.

g/10'" (Wm 3K 1) 7 (ps)

eFF M. = 1 me 5.6610-82 0.621058
eFF M =2 me 7.51+2:38 0.47%01$
eFF M. =3 me 8.881242 0.391063
eFF M, = 10 m, 16271239 0.2175:63
eFF M, = 100 me 36.94713-59 0.09%6:05
Fletcher et. al. [35] 1.221_8:%
Zastrau et. al. [37] 0.901‘8:%8

that at the highest temperature and density values investigated, ion self-diffusion is insensitive to
non-adiabatic effects. At lower temperatures and densities, we show how the dynamic electron
mass, which must be set empirically, increased the influence of non-adiabatic effects. In this
regime, we set the dynamic electron mass using experimental temperature equilibration data
in warm dense hydrogen, noting that non-adiabatic effects play a crucial role in temperature
equilibration. Ultimately, we find Me < 3 me fits both experimental electron-ion relaxation
times confirming that non-adiabatic effects also have a negligible influence on the ion self-
diffusion coefficient at lower temperatures and densities. Our results show that great care must
be taken when comparing the difference between adiabatic and non-adiabatic techniques with
varying levels of approximations and ultimately validate the Born-Oppenheimer approximation
in calculations of the ion transport coefficients across the WDM regime.

Funding. This work was supported by the National Science Foundation under Grant No. PHY-2045718. This
work was funded in part by the US Department of Energy, National Nuclear Security Administration (NNSA)
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Figure 3. Electron-ion temperature relaxation versus time for the corrected eFF heat capacity, as described in the main
text. The solid lines represent the electron temperature, and the dashed lines represent the corresponding hydrogen ion
temperature. The orange color represents Mc = 100 me, the purple color represents M = 10 me, and the light blue color
represents Me = 1 me, where me is the physical mass of the electron. The blue circles are the experimentally measured
electron temperatures, and the red squares are the corresponding experimental ion temperatures [35]. The bands around
the lines represent the uncertainty due to the uncertainty in the electron-ion coupling factor, g, obtained from the eFF
simulation.
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