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Abstract

We introduce the problem of domain adaptation under Open Set Label Shift (OSLS)
where the label distribution can change arbitrarily and a new class may arrive dur-
ing deployment, but the class-conditional distributipps|ygare domain-invariant.
OSLS subsumes domain adaptation under label shift and Positive-Unlabeled (PU)
learning. The learner's goals here are two-fold: (a) estimate the target label distri-
bution, including the novel class; and (b) learn a target classi er. First, we establish
necessary and suf cient conditions for identifying these quantities. Second, moti-
vated by advances in label shift and PU learning, we propose practical methods
for both tasks that leverage black-box predictors. Unlike typical open set domain
adaptation problems, which tend to be ill-posed and amenable only to heuristics,
OSLS offers a well-posed problem amenable to more principled machinery. Ex-
periments across numerous semi-synthetic benchmarks on vision, language, and
medical datasets demonstrate that our methods consistently outperform open set
domain adaptation baselines, achieviig25%improvements in target domain
accuracy. Finally, we analyze the proposed methods, establishing nite-sample
convergence to the true label marginal and convergence to optimal classi er for
linear models in a Gaussian setup

1 Introduction

Suppose that we wished to deploy a machine learning system to recognize diagnoses based on their
clinical manifestations. If the distribution of data were static over time, then we could rely on the
standard machinery of statistical prediction. However, disease prevalences are constantly changing,
violating the assumption of independent and identically distributed (iid) data. In such scenarios,
we might reasonably apply thabel shiftassumption, where prevalences can change but clinical
manifestations cannot. When only the relative proportion of previously seen diseases can change,
principled methods can detect and correcting for label shift on th&6y 78, 45, 4, 1, 27]. But what

if a new disease, like COVID-19, were to arrive suddenly?

Traditional label shift adaptation techniques break when faced with a previously unseen class. A
distinct literature on Open Set Domain Adaptation (OSDA) seeks to handle such Shsgslf,

70, 43, 73,58, 59, 25]). Given access to labelesburcedata and unlabelethrgetdata, the goal in

OSDA is to adapt classi ers in general settings where previous classes can shift in prevalence (and
even appearance), and novel classes separated out from those previously seen can appear. Most
work on OSDA is driven by the creation of and progress on benchmark datasets (e.g., DomainNet,
Of ceHome). Existing OSDA methods are heuristic in nature, addressing settings where the right
answers seem intuitive but are not identi ed mathematically. However, absent assumptions on: (i)
the nature of distribution shift among source classes and (ii) the relation between source classes and
novel class, standard impossibility results for domain adaptation condemn us to guesswork [8].

1Code is available aittps://github.com/acmi-lab/Open-Set-Label-Shift

36th Conference on Neural Information Processing Systems (NeurlPS 2022).
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Figure 1: Left: Domain Adaptation under OSLS. An instantiation of OSDA that applies label shift
assumption but allows for a new class to show up in target domain. Right: Aggregated results across
seven semi-synthetic benchmark datasets. For both target classification and novel class prevalence
estimation, PULSE significantly outperforms other methods (lower error is better). For brevity, we
only include result for the best OSDA method. For detailed comparison, refer Sec. 7.

In this work, we introduce domain adaptation under Open Set Label Shift (OSLS), a coherent
instantiation of OSDA that applies the label shift assumption but allows for a new class to show
up in the target distribution. Formally, the label distribution may shift between source and target
ps(y) # pe(y), but the class-conditional distributions among previously seen classes may not (i.e.,
Yy e {1,2,...,k},ps(x|y) = pi(x|y)). Moreover, a new class y = k + 1 may arrive in the target
period. Notably, OSLS subsumes label shift [56, 67, 45] (when p;(y = k+ 1) = 0) and learning from
Positive and Unlabeled (PU) data [20, 42, 24] (when k& = 1). As with label shift and PU learning, our
goals are two-fold. Here, we must (i) estimate the target label distribution p;(y) (including the novel
class prevalence); (ii) train a (k + 1)-way target-domain classifier.

First, we characterize when the parameters of interest are identified (Sec. 4). Namely, we define a
(necessary) weak positivity condition, which states that there exists a subset of each label’s support
that has zero probability mass under the novel class and that the submatrix of p(z|y) consisting only
of rows outside the novel class’s support is full rank. Moreover, we prove that weak positivity alone
is not sufficient. We introduce two sufficient conditions: strong positivity and separability, either of
which (independently) ensures identifiability.

Focusing on cases with strong positivity, we show that OSLS reduces to £ PU learning problems
(Sec. 5). However, we demonstrate that straightforward applications of this idea fail because (i) bias
accumulates across the k£ mixture proportion estimates leading to grossly underestimating the novel
class’s prevalence; and (ii) naive combinations of the k£ PU classifiers are biased and inaccurate.

Thus motivated, we propose the PULSE framework, which combines methods from Positive and
Unlabeled learning and Label Shift Estimation, yielding two-stage techniques for both label marginal
estimation and classification (Sec. 6). Our methods build on recent advances in label shift [45, 4, 1, 27]
and PU learning [38, 35, 29], that leverage appropriately chosen black-box predictors to avoid the
curse of dimensionality. PULSE first estimates the label shift among previously seen classes, and
then re-samples the source data to formulate a single PU learning problem between (reweighted)
source and target data to estimate fraction of novel class and to learn the target classifier. In particular,
our procedure builds on the BBE and CVIR techniques proposed in Garg et al. [29]. PULSE is simple
to implement and compatible with arbitrary hypothesis classes (including deep networks).

We conduct extensive semi-synthetic experiments adapting seven benchmark datasets spanning
vision (CIFAR10, CIFAR100, Entity30), natural language (Newsgroups-20), biology (Tabula Muris),
and medicine (DermNet, BreakHis) (Sec. 7). Across numerous data modalities, draws of the label
distributions, and model architectures, PULSE consistently outperforms generic OSDA methods,
improving by 10-25% in accuracy on target domain. Moreover, PULSE outperforms methods that
naively solve k& PU problems on both label distribution estimation and classification.

Finally, we analyze our framework (Sec. 8). First, we extend Garg et al. [29]’s analysis of BBE to
derive finite-sample error bounds for our estimates of the label marginal. Next, we develop new
analyses of the CVIR objective [29] that PULSE relies in the classification stage. Focusing on a
Gaussian setup and linear models optimized by gradient descent, we prove that CVIR converges to



a true positive versus negative classi er in population. Addressing the overparameterized setting
where parameters exceed dataset size, we conduct an empirical study that helps to elucidate why, on
separable data, CVIR outperforms other consistent objectives, including nnPU [38] and uPU [21].

2 Related Work

(Closed Set) Domain Adaptation (DA) Under DA, the goal is to adapt a predictor from a source
distribution with labeled data to a target distribution from which we observe only unlabeled examples.
DA is classically explored under two distribution shift scenar®g:[ (i) Covariate shift /8, 74, 19,

18, 32] whereppy|xqremains invariant among source and target; and (ii) Label $6ft45, 4, 1, 27,

77l whereppx|yqis shared across source and target. In these settings most theoretical analysis requires
that the target distribution's support is a subset of the source sug@oHd¢wever, recent empirically

work in DA [48, 49, 68, 69, 80, 79, 26, 64] focuses on settings motivated by benchmark datasets (e.g.,
WILDS [57, 39], Of ce-31 [55] Of ceHome [71], DomainNet p2]) where such overlap assumptions

are violated. Instead, they rely on some intuitive notion of semantic equivalence across domains.
These problems are not well-speci ed and in practice, despite careful hyperparameter tuning, these
methods often do not improve over standard empirical risk minimization on source data alone for
practical, and importantly, previously unseen datasets [57].

Open Set Domain Adaptation (OSDA) OSDA [51, 9, 62] extends DA to settings where along

with distribution shift among previously seen classes, we may observe a novel class in the target
data. This setting is also known asiversal domain adaptatiofy 3, 59]. Rather than making precise
assumptions about the nature of shift between source and target as in OSLS, the OSDA literature is
primarily governed by semi-synthetic problems on benchmark DA datasets (e.g. DomainNet, Of ce-
31 and Of ceHome). Numerous OSDA methods have been propéséd,[70, 43, 73,58, 59, 25, 11].

At a high level, most OSDA methods perform two steps: (i) align source and target representation
for previously seen classes; and (ii) train a discrimination to reject novel class from previously seen
classes. The second step typically uses novelty detection heuristics to identify novel samples.

PU Learning Positive and Unlabeled (PU) learning is the base case of OSLS. Here, we observe
labeled data a single source class and unlabeled target data contains data from both the novel class
and the source class. In PU learning, our goals are: (i) Mixture Proportion Estimation (MPE), i.e.,
determining the fraction of previously seen class in target ; and (ii) PU classi cation, i.e., learning

to discriminate between the novel and the positive (source) class. Several classical methods were
proposed for both MPE2H4, 23, 63, 36, 6, 7] and classi cation R4, 22, 21]. However, classical MPE
methods do not scale to high-dimensional settifaig. [More recent methods alleviate these issues by
operating in classi er output spacg9, 35]. For classi cation, traditional methods fail when deployed

with models classes with high capacity due to their capacity of tting random laBB]sRecent
methods [29, 38, 16], avoid over- tting by employing regularization or self-training techniques.

Other related work A separate line of work looks at the problem of Out-Of-Distribution (OOD)
detection B4, 31, 41, 37, 50, 76]. Here, the goal is to identify novel examples, i.e., samples that lie

out of the support of training distribution. The main different between OOD detection and OSDA is
that in OOD detection we do not have access to unlabeled data containing a novel class. Recently,
Cao et al[13] proposed open-world semi-supervised learning, where the task is to not only identify
novel classes in target but also to separate out different novel classes in an unsupervised manner.

Our work takes a step back from the hopelessly general OSDA setup, introducing OSLS, a well-
posed OSDA setting where the sought-after parameters can be identi ed.

3 Open Set Label Shift

Notation For a vectow PRY, we usev; to denote itg h entry, and for an everi, we letl rEs
denote the binary indicator of the event. Byj, we denote the cardinality of sAt

LetX PRY betheinputspaceand t 1;2;:::;k Jlube the output space for multiclass classi ca-
tion. LetPs andP; be the source and target distributions ancpleaindp; denote the corresponding
probability density (or mass) functions. By andE;, we denote expectations over the source and
target distributions. We assume that we are given a loss function* Y N R, such that pz; yqis

the loss incurred by predictirgwhen the true label ig. Unless speci ed otherwise, we assume that



is the cross entropy loss. As in standard unsupervised domain adaptation, we are given independently
and identically distributed (iid) samples from labeled source g, y1G X2; Y2G & ; Xn; Yn QU
P2 and iid samples from unlabeled target data 1;Xn 2;:::;Xn mu P,

Before formally introducing OSLS, we describe label shift and PU learning settings. Under label
shift, we observe data frot classes in both source and target where the conditional distribution
remain invariant (i.,epspx|yq pipx|yqgfor all classey P r1; ks) but the target label marginal may
change (i.e.ptpyq  pspyd. Additionally, for all classes in source have a non-zero support , i.e., for
ally P r1; ks pspyq ¥ ¢, wherec j 0. Under PU learning, we possess labeled source data from a
positive class and unlabeled target data from a mixture of positive and negative class with a goal of
learning a positive-versus-negative classi er on target. We now introduce the OSLS setting:

De nition 1 (Open set label shiff)DeneY; Y andYs Yztk 1u Under OSLS, the label
distribution among source class¥s may change but the class conditiongk|yqfor those classes
remain invariant between source and target, and the target domain may contain a novel class, i.e.,

psXly ja pxly jg @PYs and pspy k 1q O: )

Additionally, we have non-zero support for kl{previously-seen) labels in the source distribution,
i.e., forally PYs, pspyq ¥ cfor someci O.

Note that the label shift and PU learning problems can be obtained as special cases of OSLS. When
no novel class is observed in target (i.e., wpgy k 1q 0), we recover the label shift problem,

and when we observe only one class in source (i.e., Wheri), the OSLS problem reduces to PU
learning. Under OSLS, our goal naturally breaks down into two tasks: (i) estimate the target label
marginalp; pyqfor each clasy P Y (ii) train a classi erf : X N ¥ to approximatep py|xq

4 |denti ablity of OSLS

We now introduce conditions for OSLS, under which the solution is identi able. Throughout the
section, we will assume access to population distribution for labeled source data and unlabeled target
data, i.e.pspx; yqandp; pxqis given. To keep the discussion simple, we assume nite input domain

X which can then be relaxed to continuous inputs. We relegate proofs to App. B.

We rst make a connection between target label margpmpyq estimation and learning the tar-
get classi erp; py|xq showing that recovering;pyqis enough to identifyp,py|xq In population,
given access tp;pyq the class conditiongh x|y k 1gcan be obtained in closed form as
epxa £ Py Japsexly joadppy k10, We can then apply Bayes rule to obtaimy|xg Henceforth,
we will focus our discussion on identi ability o, pyqwhich implies identi ability of pipy|xq In
following proposition, we presenteak positivitya necessary condition fgfpyqto be identi able.

Proposition 1 (Necessary conditionsAssumep pyq j Ofor all y PY,. Thenp:pyqis identi ed
only ifpipxly k  1gandpspx|yqgfor all y P Y satisfy weak positivity, i.e., there must exists a
subdomairX y, € X such that:

() pPXwply k 1g O;and
(i) the matrixrpspx|yas px oy PYs is full column-rank.

Intuitively, Proposition 1 states that if the target marginal doesn't lie on the vertex of the simplex

k| then their must exist a subdomairy, where the support of novel class is zero and witkig,
ppyqfor source classes is identi able. While it may seem that existence of a subdoiggiis
enough, we show that for the OSLS problem, existence doesn't imply uniqueness. In App. B.1, we
construct an example, where the weak positivity condition is not suf cient. In that example, we show
that there can exist two subdomaiXg,, andx\,lVp satisfying weak positivity, both of which lead to
separate solutions f@rpyg Next, we extend weak positivity to two stronger conditions, either of
which (alone) implies identi ability.

Proposition 2 (Suf cient conditions) The target marginap; pyqis identi ed if forally PYztk 1u,
pix]y k 1lgandpspx|ygsatisfy either:

(i) Strong positivity, i.e., there exiskssp € X such thapXsply k 1g 0and the matrix
PsX|YaS px WY PYs is full-rank and diagonal; or

4



(i) Separability, i.e., there exiskssep€ X, such thapypXsedy kK 19 0, pspXsefl 1
and the matrixpspx|yagpx ., .y ey, IS full column-rank.

Strong positivity generalizes the irreducibility conditidkO], which is suf cient for identi ability

under PU learning, t& PU learning problems. Note that while the two conditions in Proposition 2
overlap, they cover independent set of OSLS problems. Informally, strong positivity extends weak
positivity by making an additional assumption that the matrix formeggsyygon inputs inX y is
diagonal and the separability assumption extends the weak positivity condition to the full input domain
of source classes instead of jis},,. Both of these conditions identify a support regiorXofvhich

purely belongs to source classes where we can either individually estimate the proportion of each
source classes (i.e., under strong positivity) or jointly estimate the proportion (i.e., under separability).

To extend our identi ability conditions for continuous distributions, the linear independence condi-
tions on the matrixps x|y og, px sy PYs has the undesirable property of being sensitive to changes on

sets of measure zero. We may introduce stronger notions of linear independence as in Lemma 1 of
Garg et al. [27]. We discuss this in App. B.2.

5 Reduction of OSLS tok PU Problems

Under the strong positivity condition, the OSLS problem can be broken dowik iBtd problems as
follows: By treating a given source clagsP Y aspositiveand grouping all other classes together
asnegativewe observe that the unlabeled target data is then a mixture of data from the positive and
negative classes. This yields a PU learning problem and the corresponding mixture proportion is
the fractionpipy  j q(proportion of clasy; ) among the target data. By iterating this process for

all source classes, we can solve for the entire target label mampyal Thus, OSLS reduces to
instances of PU learning problem. Formally, note thakqcan be written as:

ptpy  iq . .
ivaiuT ppy Jg jqloslf»dy iq ; (2

pexd ey jopspxly  jg pl opy  jaq
individually for allj P Ys. By repeating this reduction for all classes, we obtaiseparate PU
learning problems. Hence, a natural choice is to leverage this structure and $8lveroblems
to solve the original OSLS problem. In particular, for each cjaBsYs, we can rst estimate its
prevalencgmpy jqgin the unlabeled target. Then the target marginal for the novel class is given
bympy k 19 1 i 1mpy ig Similarly, for classi cation, we can traik PU learning
classi ersf, wheref; is trained to classify a source clasgersus others in target. An example is
classi ed as belonging to the clags k 1, if it rejected by all classi erd; as other in target. We
explain this procedure more formally in App. A.1.

This reduction has been mentioned in past wé® [/2]. However, to the best of our knowledge, no
previous work has empirically investigated both classi cation and target label marginal estimation
jointly. Sanderson and Scd@0] focuses only on target marginal estimation for tabular datasets and
Xu et al. [72] assumes that the target marginal is known and only tkaseparate PU classi ers.

In our work, we perform the rst large scale experiments to evaluate ef cacy of the reduction of the
OSLS problem t&k-PU problems. With plugin state-of-the-art PU learning algorithms, we observe
that this naive reduction doesn't scale to datasets with large number of classes because of error
accumulation in each of tHe MPEs andk one-versus-other PU classi ers. To mitigate the error
accumulation problem, we propose the PULSE framework in the next section.

6 The PULSE Framework for OSLS

We begin with presenting our framework for OSLS problem under strong positivity condition. First,
we explain the structure of OSLS that we leverage in PULSE framework and then elaborate design
decisions we make to exploit the identi ed structure.

Overview of PULSE framework Rather than simply dividing each OSLS instance iktBU
problems, we exploit the joint structure of the problem to obtasinglePU learning problem. To

begin, we note that if only we could applhyjabel shift correctiorto source, i.e., re-sample source
classes according to their relative proportion in the target data, then we could subsequently consider



Algorithm 1 Positive and Unlabeled learning post Label Shift Estimation (PULSE) framework

input : Labeled source datX S;ySuand unlabeled target sampls .
1: Randomly split data into trainingX $;y$u, X1 and hold out partition X $;ySu, X 7.
2: Train a source classi efs on labeled source datX Tiydu
3: Estimate label shi j o PP 19
'y iq P K
W@ gamong source classgd Ys.
: Re-sample training source data according to label distribyitda gett X $;yfuandtX 3;y5u.
5: Using Algorithm 3, train a discriminatdry and estimate novel class fractipmpy k 19
: wp g fspxas ;
6: Assignrf f forallj PYs andrf 1 f And
gnrieXqs p TqXqc v, WkQ spXas J s tXO% 1 dXq

forallj PYs,assigppy jq pl ppy k lgappy g
output : Target marginal estimag@ P ¥ and target classief;pq P X.

using Algorithm 2 and hence importance ratios

N

the unlabeled target data as a mixture of (i) the (reweighted) source distribution; and (ii) the novel
class distribution (i.epyx]y k 1g. Formally, we have

P py jexly jq %‘jpspcy jg pxly k 1y k 1q
iPY, iPYs
Pl ppy k loagexq ppy ko lpxly kg €)

whereplqis the Iabgl—shift—corrected source distribution, igpxq i PYs wg oPs Py ig
wherewg q prw i, py kaQfpspy jqforallj PYs. Intuitively, plgq Pw i | ppy kq

is re-normalized label distribution in target among source classesvgrfs are the importance
weights. Hence, after applying a label shift correction to the source distribptjmg, we have
reduced the OSLS problem tosingle PU learning problem, whengipxq plays the part of the
positive distribution angh; x|y k 1gacts as negative distribution with mixture coef cients
1 ppy k 1gandpipy k  1grespectively. We now discuss our methods (i) to estimate the
importance ratiosvpyqg and (ii) to tackle the PU learning instance obtained from OSLS.

Label shift correction: Target marginal estimation among source classes While traditional
methods for estimating label shift breakdown in high dimensional settirgjsrecent methods
exploit black-box classi ers to avoid the curse of dimensionaHty, @, 1]. However, these recent
techniques require overlapping label distributions, and a direct application would require demarcation
of samples fronplpxqsub-population in target, creating a cyclic dependency. Instead, to estimate the
relative proportion of previously seen classes in target, we leveradeRkkreduction described in

Sec. 5 with two crucial distinctions. First, we normalize the obtained estimates of fraction previously
seen classes to obtain the relative proportiongyg In particular, we do not leverage the estimates

of previously seen class proportions in target to directly estimate the proportion of novel class which
avoids issues due to error accumulation. Second, we expkeivay source classi ef 5 trained

on labeled source data instead of trainkingne-versus-other PU classi ers. We tailor the recently
proposed Best Bin Estimation (BBE) technique from Garg €28l]. We describe the modi ed BBE
procedure in App. C (Algorithm 2). After estimating the relative fraction of source classes in target
(le.,pigg P iq vy by kaforallj PYs), we re-sample the source data according'wq

to mimic samples from distributioplpxg

PU Learning: Separating the novel class from previously seen classe#\fter obtaining a PU
learning problem instance, we resort to PU learning techniques to (i) estimate the fraction of novel
clasgprpy k 1qg and (i) learn a binary classi €rgpxqto discriminate between label shift corrected
sourcepipxgand novel clasp x|y  k  1g With traditional methods for PU learning involving
domain discrimination, over-parameterized models can memorize the positive instances in unlabeled,
assigning them con dently to the negative class, which can severely hurt generalization on PN
data B8, 29]. Rather, we employ Conditional Value Ignoring Risk (CVIR) loss proposed in Garg et al.
[29] which was shown to outperform alternative approaches. First, we estimate the proportion of novel
classpppy  k  1qwith BBE. Next, given an estimagpy k 1g CVIR objective discards the
highestlosgl ppy k 1qgfraction of examples on each training epoch, removing the incentive
to over t to the examples fromplpxg Consequently, we employ the iterative procedure that alternates



between estimating the prevalence of novel clagg k 1q(with BBE) and minimizing the
CVIR loss with estimated fraction of novel class. We detail this procedure in App. C (Algorithm 3).

Combining PU learning and label shift correction Finally, to obtain gk 1lgway classier
fpxqon target we combine discriminatfy and source classi €frs with importance-reweighted label

shift correction. In particular, for jl P Ys, rfxqs  p fqu% andrf  pxgs 1

1 fqpxqg Overall, our approach outlined in Algorithm 1 proceeds as follows: First, we estimate
the label shift among previously seen classes. Then we employ importance re-weighting of source
data to formulate a single PU learning problem to estimate the fraction of novepetgiss k  1q

and to learn a discriminatdy for the novel class. Combining discriminator and label shift corrected
source classi er we ggk  1gway target classi er. We analyse crucial steps in PULSE in Sec. 8.

Our ideas for PULSE framework can be extended to separability condition(@jcentinues to hold.
However, in our initial experiments, we observe that techniques proposed under strong positivity
were empirically stable and outperform methods developed under separability. This is intuitive for
many benchmark datasets where it is natural to assume that for each class there exists a subdomain
that only belongs to that class. We describe this in more detail in App. C.1.

7 Experiments

Baselines We compare PULSE with several popular methods from OSDA literature. While
these methods are not speci cally proposed for OSLS, they are introduced for the more general
OSDA problem. In particular, we make comparions with DANCGE][ UAN [73], CMU [25],

STA [46], Backprop-ODA (or BODA) 58]. We use the open source implementation available

at https://github.com/thuml . For alternative baselines, we experiment with source classi er
directly deployed on the target data which may contain novel class and label shift among source
classes (referred to asurce-only. We also train a domain discriminator classi er for source versus
target (referred to adomain disg. This is adaptation of PU learning baselidg[which assumes

no label shift among source classes. Finally, per the reduction presented in Sec. 5, weétain
classi ers (referred to ak-PU). We include detailed description of each method in App. F.1.

Datasets We conduct experiments with seven benchmark classi cation datasets across vision, natural
language, biology and medicine. For each dataset, we simulate an OSLS problem as described in next
paragraph. For vision, we use CIFAR10, CIFAR10M][and Entity30 B1]. For language, we exper-

iment with Newsgroups-2t(tp://qwone.com/~jason/20Newsgroups/ ) dataset. Additionally,
inspired by applications of OSLS in biology and medicine, we experiment with Tabula Mtis [
(Gene Ontology prediction), Dermnet (skin disease predidiitws://dermnetnz.org/ ), and
BreakHis p6] (tumor cell classi cation). These datasets span language, image and table modalities.
We provide interpretation of OSLS problem for each dataset along with other details in App. F.2.

OSLS Setup To simulate an OSLS problem, we experiment with different fraction of novel class
prevalence, source label distribution, and target label distribution. We randomly choose classes that
constitute the novel target class. After randomly choosing source and novel classes, we rst split
the training data from each source class randomly into two partitions. This creates a random label
distribution for shared classes among source and target. We then club novel classes to assign them a
new class (i.ek  1). Finally, we throw away labels for the target data to obtain an unsupervised DA
problem. We repeat the same process on iid hold out data to obtain validation data with no target labels.

Training and Evaluation We use Resnet18&§] for CIFAR10, CIFAR100, and Entity30. For
newsgroups, we use a convolutional architecture. For Tabular Muris and MNIST, we use a fully
connected MLP. For Dermnet and BreakHis, we use Resnet-50. For all methods, we use the same
backbone for discriminator and source classi er. For KPU, we use a separate nal layer for each class
with the same backbone. We use default hyperparameters for all methods. For OSDA methods, we
use default method speci ¢ hyperparameters introduced in their works. Since OSDA methods do not
estimate the prevalence of novel class explicitly, we use the fraction of examples predicted in class
k 1asasurrogate. We train models till the performance on validation source data (labeled) ceases
to increase. Unlike OSDA methods, note that we do not use early stopping based on performance
on held-out labeled target data. To evaluate classi cation performance, we report target accuracy
on all classes, seen classes and the novel class. For novel class prevalence estimation, we report
absolute difference between the true and estimated marginal. We open-source our code and by simply



Table 1: Comparison of PULSE with other method&cross all datasets, PULSE outperforms
alternatives for both target classi cation and novel class prevalence estimation. Acc (All) is target
accuracy, Acc (Seen) is target accuracy on examples from previously seen classes, and Acc (Novel)
is recall for novel examples. MPE (Novel) is absolute error for novel prevalence estimation. Results
reported by averaging across 3 seeds. Detailed results for each dataset with all methods in App. F.4.

CIFAR-10 CIFAR-100
Method Acc Acc Acc MPE Acc Acc Acc MPE
(All)  (Seen) (Novel) (Novel) (All)  (Seen) (Novel) (Novel)

Source-Only 67:1 87.0 - - 46.6 664 - -
UAN [73] 15:4 197 252 0214 181 406 148 0133
BODA [58] 631 66:2 420 0162 361 177 816 0:41
DANCE [59] 70:4 855 145 0174 473 66:4 12 0:28
STA [46] 579 696 149 0124 426 485 348 0:14
CMU [25] 62:1 779 412 0:183 354 46.0 155 0:161

Domain Disc. [24] 474 87.0 306 0:331 458 66.5 391 0:046
k-PU 836 794  98:9 0:036 363 226  99:1  0:298
PULSE (Ours) 86:1 91:8 884 0:008 63:4 67:2 635 0078

Entity30 Newsgroups20  Tabula Muris BreakHis DermNet

Acc MPE Acc MPE Acc MPE Acc MPE Acc MPE

Method —(aly (Novel) (All) (Novel) (Al) (Novel) (Al) (Novel) (Al) (Novel)

Source-Only 32:0 - 393 - 338 - 70:0 - 41:4 -
BODA[58] 422 0189 434 0:16 765 0079 715 0077 438 0:207

Domain Disc. 432 (0135 509 (0176 730 0071 585 0091 406 0.083
k-PU 507 0394 521 0373 859 0307 756 0:059 460 0313
PULSE (Ours) 58:0 0:054 62:2 0:061 87:8 0:058 79:1 0:054 48:9 0:043

changing a single con g le, new OSLS setups can be generated and experimented with. We provide
precise details about hyperparameters, OSLS setup for each dataset and code in App. F.3.

Results Across different datasets, we observe that PULSE consistently outperforms other methods
for the target classi cation and novel prevalence estimation (Table 1). For detection of novel classes
(Acc (Novel) column), kPU achieves superior performance as compared to alternative approaches
because of its bias to default  1d" class. This is evident by the sharp decrease in performance on
previously seen classes. For each dataset, we plot evolution of performance with training in App. F.4.
We observe more stability in performance of PULSE as compared to other methods.

We observe that with default hyperparameters, popular OSDA methods signi cantly under perform
as compared to PULSE. We hypothesize that the primary reasons underlying the poor performance
of OSDA methods are (i) the heuristics employed to detect novel classes; and (ii) loss functions
incorporated to improve alignment between examples from common classes in source and target. To
detect novel classes, a standard heuristic employed in popular OSDA methods involves thresholding
uncertainty estimates (e.g., prediction entropy, softmax con dei8e?pb, 59]) at a prede ned
threshold . However, a xed , may not for different datasets and different fractions of the novel class.

In App. F.5, we ablate by (i) removing loss function terms incorporated with an aim to improve source
target alignment; and (ii) vary thresholdand show improvements in performance of these methods.

In contrast, our two-stage method PULSE, rst estimates the fraction of novel class which then guides
the classi cation of novel class versus previously seen classes avoiding the need to.guess

Ablations Different datasets, in our setup span different fraction of novel class prevalence ranging
from 0:22 (in CIFAR10) t00:64 (in Tabula Muris). For each dataset, we perform more ablations on
the novel class proportion in App. F.6. For kPU and PULSE, in the main paper, we include results with
BBE and CVIR R9]. In App. F.8, we perform experiments with alternative PU learning approaches



and highlight the superiority of BBE and CVIR over other methods. Moreover, since we have access
to unlabeled target data, we experiment with SimCILB pre-training on the mixture of unlabeled
source and target dataset. We include setup details and results in App. F.7. While pre-trained backbone
architecture improves performance for all methods, PULSE continues to dominate other methods.

8 Analysis of PULSE Framework

In this section, we analyse key steps of our PULSE procedure for target label marginal estimation (Step
3, 5 Algorithm 1) and learning the domain discriminator classi er (Step 5, Algorithm 1). Due to space
constraints, we present informal results here and relegate formal statements and proofs to App. D.

Theoretical analysis for target marginal estimation Building on BBE results from Garg et al.
[29], we present nite sample results for target label marginal estimation. When the data satis es
strong positivity, we observe that source classi ers often exhibit a threshiad softmax output of

each clasy P Y above which theop bin(i.e., rc,; 1s) contains mostly examples from that clgss

We give empirical evidence to this claim in App. D.1. Then, we show that the existence of (nearly)
pure top bin for each class fra is suf cient for Step 3 in Algorithm 1 to produce (nearly) consistent
estimates:

Theorem 1(Informal). Assume that for each clagsP Y, there exists a thresholg such that for

the classi erf g, ifarf3p<q§ i C foganyx then the true label for that sampleis y. Then, we have

Ip: pt|1 a O k° log pak{ qn k? log pak{ qm

The proof technique simply builds on the proof of Theorem 1 in Garg §28J. By assuming that

we recover close to ground truth label marginal for source classes, we can also extend the above
analysis to Step 5 of Algorithm 1 to show convergence of estipgie k  1qto true prevalence

pipy  k  1g We discuss this further in App. D.3.

Theoretical analysis of CVIR in population While the CVIR loss was proposed in Garg efaf],
no analysis was provided for convergence of the iterative gradient descent procedure. In our work,
we show that in population on a separable Gaussian dataset, CVIR will recover the optimal classi er.

We consider a binary classi cation problem where we have access to positive distributioppfi.e.,
unlabeled distribution (i.,ep, © pp P1 @), and mixture coef cient . Making a parallel
connection to Step 5 of PULSE, positive distributignhere refers to the label shift corrected source

distributionp! andp, referstopy  prpy  k logxly k 19 pl ppy  k  lgeipxg Our
goal is to recover the classi er that discriminaggsversusp, (parallelpt versuspply k  19).

First we introduce some notation. For a classifeand loss function (i.e., logistic loss), de ne
VIR dfq inft PR:Py p,ppx 1;fge g¥1 u. Intuitively, VIR pf gqidenties a
threshold to capture bottormi fraction of the lossx; 1qfor pointsx sampled fronp,.
Additionally, de ne CVIR loss a4 pf; w q Ep, ' 2 L;fas Ep, rwpxqgpx; 1;f gsfor classi er
f and some weightwpxqg P ©0; 1u. Formally, given a classi ef at an iteraté, CVIR procedure
proceeds as follows:

wixg Irp; 1;fige VIR ffgs; 4

fv 1 fy rLos e weq: ()
We assume that are drawn from two half multivariate Gaussian with mean zero and identity
covariance, i.ex p, 6 X 0 opt  Z| gptz ¥ 0;andx p, 0 X 0 opt  Z| gptz

0; wherez N p0; 140 Here o is the margin andgpy P RY is the true separator. Here, we have
access to distributiop,,pu = Pp P 1  pn, andthe true proportion.

Theorem 2(Informal). In the data setup detailed above, a linear classifex; q Tx trained
with CVIR procedure as i(4)-(5) will converge to an optimal positive versus negative classi er.

The proof uses a key idea that for any classi anot separating positive and negative data perfectly,
the gradient in(5) is non-zero. Hence, convergence of the CVIR procedure (implied by smoothness of
CVIR loss) implies converge to an optimal classi er. For separable datasets in general, we can extend
the above analysis with some modi cations to the CVIR procedure. We discuss this in App. D.4.



Empirical investigation in overparameterized models As noted in our ablation experiments

and in Garg et al[29], domain discriminator trained with CVIR outperforms classi ers trained
with other consistent objectives (nnPB8[ and uPU P1]). While the above analysis highlights
consistency of CVIR procedure in population, it doesn't capture the observed empirical ef cacy of
CVIR over alternative methods in overparameterized models. In the Gaussian setup described above,
we train overparameterized linear models to compare CVIR with other methods. We discuss precise
experiments and results in App. E, but highlight the key takeaway here. First, we observe that when
a classi er is trained to distinguish positive and unlabeled deddly learninghappens47, 3, 28],

i.e., during the initial phase of learning classi er learns to classify positives in unlabeled correctly
as positives. Next, we show that post early learning rejection of large fraction of positives from
unlabeled training in equation (4) crucially helps CVIR.

9 Conclusion

In this work, we introduce OSLS a well-posed instantiation of OSDA that subsumes label shift and PU
learning into a framework for learning adaptive classi ers. We presented identi ability conditions for
OSLS and proposed PULSE, a simple and effective approach to tackle the OSLS problem. Moreover,
our extensive experiments demonstrate ef cacy of PULSE over popular OSDA alternatives when
the OSLS assumptions are met. We would like to highlight the brittle nature of benchmark driven
progress in OSDA and hope that our work can help to stimulate more solid foundations and enable
systematic progress in this area. Finally, we hope that our open source code and benchmarks will
foster further progress on OSLS.

9.1 Limitations and Future Work

Here, we discuss limitations of the PULSE framework. First, to estimate the relative label shift among
source classes in target, we leverage k-PU reductions with several modi cations. While we reduce the
issues due to overestimation bias by re-normalizing the label marginal among source classes in target,
in future, we may hope to replace this heuristic step to directly estimate the joint target marginal.

Second, since our methods use CVIR and BBE sub-routines, failure of these methods can lead to
failure of PULSE. For example, ef cacy of BBE relies on the existence of an almost pure top bin

in the classi er output space. While this property seems to be satis ed across different datasets
spanning different modalities and applications, failure to identify an almost pure top bin can degrade
the performance of BBE and hence, our PULSE framework.

In future work, we also hope to bridge the gap between the necessary and suf cient identi ability
conditions. While we empirically investigate reasons for CVIR's ef cacy in overparameterized
models, we aim to extend our theory to overparameterized settings in future. In our work, we strictly
operate under the OSLS settings, where we performed semi-synthetic experiments on vision, language
and tabular datasets. In future, it will be interesting to experiment with our PULSE procedure in
relaxed settings whemgax |ygmay shift in some natural-seeming ways from source to target.
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Supplementary Materials for Domain Adaptation under Open Set Label Shift

A Preliminaries

Domain adaptation under label shift Under label shift, we observe data frdntlasses in both
source and target where the conditional distribution remain invariantddxlyq p;px|yqgfor all

classey P r1; ks) but the target label marginal may change (pepyq  pspyg). Additionally, for all

classes in source have a non-zero support, i.e., fgrRIfL; ks pspyq ¥ ¢, wherec j 0. Here, given

labeled source data and unlabeled target data our tasks are: (i) estimate the shift in label distribution,
i.e.,prpyqfor ally P r1; ks (i) train a classi er for the target domaii to approximatep, py|xq

One common approach to label shift involves estimating the importance mbg$pspyq by
leveraging a blackbox classi er and then employing re-sampling of source data or importance re-
weighted ERM on source to obtain a classi er for the target domain [45, 4, 1].

PU learning Under PU learning, we possess labeled source data from a positive g/pasid
unlabeled target datafrom, p, p1 o, amixture of positive and negative clags ). Our
goals naturally break down in to two tasks: (i) MPE, determining the fraction of posfijviespy
and (ii) PU classi cation, learning a positive-versus-negative classi er on target.

Note that given access to population of positives and unlabeledan be estimated as
miny pyXafppxa Next, we brie y discuss recent methods for MPE that operate in the classi er
output space to avoid curse of dimensionality:

() EN: Given a domain discriminator classiefy trained to discriminate between
positive and wnlabeled, Elkan and Nof@4] proposed the following estimator:
i px, Taid{  px, fapxigwhereX is the set of positive examples aXd is the set

of unlabeled examples.

(i) DEDPUL: Given a domain discriminator classi ég, lvanov[35] proposed an estimator
that leverages density of the data in the output space of the clagiterdirectly estimate

min pu pf pxaap,pf praq

(i) BBE: BBE [29] identi es a threshold on probability scores assigned by the clas$ier
such that by estimating the ratio between the fractions of positive and unlabeled points
receiving scores above the threshold, we obtain proportion of positives in unlabeled.

After obtaining an estimate for mixture proportionfollowing methods can be employed for PU
classi cation:

(i) Domain Discriminator: Given positive and unlabeled data, Elkan and N@#j trained
a classi erf 4 to discriminator between them. To make a prediction on test point from
unlabeled data, we can then use Bayes rule to obtain the following transformation on

probabilistic output of the domain discriminatdr: o lfdfpxq , wheren andm
d Pxq

are the number of positives and unlabeled examples used td §r§zd].

(i) uPU: Du Plessis et a[21] proposed an unbiased loss estimator for positive versus negative
training. In particular, sincey pPp P1 n, the loss on negative examples
Ep, I'f iXg  1gscan be estimated as:

. 1 . .
Eo, rAXg 1o0s —— Bp, rmxg 1ogs By rdmxg las:  (6)
Thus, a classi er can be trained with the following uPU loss:
Leeudfa  Ep,rpmxg 1gs Ep, rpfmg 1gs  Ep, rfpxg lgs: (7)

(i) nnPU: While unbiased losses exist that estimate the PvN loss given PU data and the mixture
proportion , this unbiasedness only holds before the loss is optimized, and becomes
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ineffective with powerful deep learning models capable of memorization. Kiryo [g&l.
proposed the following non-negative regularization for unbiased PU learning:

. . . (
Lorpu¥ @ Ep, rfpxg  1gs max Ep, rpgfpxg 1gs  Ep, rfpxg 1gs0
(8)

(iv) CVIR: Garg et al[29] proposed CVIR objective, which discards the highest lofsction
of unlabeled examples on each training epoch, removing the incentive to overt to the
unlabeled positive examples. CVIR loss is de ned as

Lcvirpf Q Ep, r'px; 1;fas  Ep, rwxgpx; 1;fgs; 9)

where weightsvpxq  I1rpx; 1;fge VIR pfgsfor VIR ff qde ned asVIR pf g
inft PR:Px p,pp; 1;fgm g¥1  u Intuitively, VIR of gidenti es a threshold
to capture bottoni fraction of the losspx; 1qgfor pointsx sampled fronp,.

A.1 Reduction of OSLS intok PU problems

Under the strong positivity condition, the OSLS problem can be broken dowtk iRtd problems as
follows: By treating a given source clagsP Y aspositiveand grouping all other classes together
asnegativewe observe that the unlabeled target data is then a mixture of data from the positive and
negative classes. This yields a PU learning problem and the corresponding mixture proportion gives
the fraction ; of classy; among the target data. By iterating this process for all source classes, we
can solve for the entire target label margipglyg Thus, OSLS reduces toinstances of PU learning
problem. Formally, note tha pxgcan be written as:

P ply g (10)

XA pif, Igpsedy 19 Pl ey jqql Prajul py ] ]

j Pp
Pn

individually for allj P Ys. By repeating this reduction for all classes, we obtaiseparate PU
learning problems. Hence, a natural choice is to leverage this structure an#é $dllvproblems to
solve the original OSLS problem.

In particular, for each clagsP Ys, we can rst estimate its prevalengg in the unlabeled target.
Then the target marginal for the novel class is giverphy; 1 ,k , Pi. For classi cation, we
can traink PU learning classi erd;, wheref; is trained to classify a source clasgersus others
in target. Assuming that eadh returns a score betwee@; 1s, during test time, an exampleis
classi ed asf pxqgiven by
argmax py_ fjxq if maxjey, f;pxq ¥ 0:5

' k 1 0.W: (11)
That is, if each classi er classi es the example as belonging to other in unlabeled, then we classify
the example as belonging to the cl&ss 1. In our main experiments, to estimatg and to trainf;
classi ers for allj PYs, we use BBE and CVIR as described before which was shown to outperform
alternative approaches in Garg et al. [29]. We ablate with other methods in App. F.8.

Note that mathematically any OSLS problems can be thought &Rl problems as pg0).
However, for identi ablity of each of these PU problems, we need the irreduciblity assumption [
Put simply, for individual PU problems de ned for source clagsé&sYg, we need existence of a
sub-domairX; such that we only observe example for that classXjn CollectivelyX; gives us
the X sp de ned in the strong positivity condition.

Failure due to error-accumulation While trading off bias with variance, PU learning algorithms
tend to over-estimate the mixture proporti@®[7]. This error incurred due to bias can be mild

for a single mixture proportion estimation task but accumulates with increasing number of classes
(i.e.,k). This error accumulation can signi cantly under-estimate the proportion of novel class when
estimated by subtracting the sum of prevalence of source classes in target from 1.

18



B Proofs for identi ability of OSLS

For ease, we re-state Proposition 1 and Proposition 2.

Proposition 1 (Necessary conditions)Assumeypyq i Oforall y PY,. Thenp;pyqis identi ed
only ifprpxly k  1gandpspx|yqgfor all y P Y satisfy weak positivity, i.e., there must exists a
subdomairX y, € X such that:

() pePXwply k 1g 0;and
(i) the matrixrpsp<|yq§Ppr;prs is full column-rank.

Proof. We prove this by contradiction. Assume that there exists a unique solutipg We will
obtain contradiction when both (i) and (ii) don't hold.

First, assume for no subsety, , X, we haverpsx|yagpx . ey, @S full-rank. Then in that case,

we have vectorspspx|y  jasex as linearly dependent fgrP Yy, i.e., there exists j§pv, P R

suchthat ; jpspxly jgq Oforallx P X. Thus for small enough i 0, we have in nite

solutions of the formpipgy  j g a §py, -
Hence, there exist&w, , X for which we haverpspx|ydsey ey, @s full-rank. Without loss

of generality, we assume thpf,,j k. Assume thapipXwply Kk 19 O, i.e., rpix|y
k  ldsex,, hasl  k zero entries. We will now construct another solution for the label marginal

For simplicity we denoté r psp<|yq§wap;yPYs. Consider the vectarp g r piXq ppipy
k 19 oxmxly k 1gsex,, forsome j O. Intuitively, when 0,we haveu A lvpoq
whereu r ppygsey,. i.€., we recover the true label marginal corresponding to source classes.

However, singe the solution is not at vertex, there exists a small enoyghd such thatu?®

A 'vp qwith ;ul = landul ¥ 0. Since A'is full-rank andip g, vpOg we haveu®  u.
Thus we construct a separate solution wittasrp; pygsey, andp:pxq i PYs ujlpsp<|y jgas
pexly  k 1g Hence, when there exisk¥s,, , X for which we haverpsp<|yq§wap;yPYS as
full-rank, for uniqgueness we obtain a contradiction on the assumpt@t,ply k 19 0. O

We now make some comments on the assumptipyg i O for all y PY; in Proposition 1. Since,
p: pyqg needs to satisfy simplex constraints, if the solution is at a vertex of simplex, then OSLS
problem may not require weak positivity. For example, there exists contrived scenarios where

psXly ja psxly kaforalljjk PYsandppxly k 1q psxly jqforallj PYs.
Thenwhemyxg pixly k 1 we can uniquely identify the OSLS solution even when weak

positivity assumption is not satis ed.
Proposition 2 (Suf cient conditions) The target marginap;pyqis identi ed if forally PYztk 1y,
pix]y k 1lgandpspx|ygsatisfy either:

(i) Strong positivity, i.e., there exiskssp € X such thapXsly k 1g 0and the matrix
PsX|YO$ px WY PYs is full-rank and diagonal; or

(i) Separability, i.e., there exisksep€ X, such thapyXsedy Kk 19 0, pspXsefl 1
and the matrixpspx|yagex ., .y ey, IS full column-rank.

Proof. For each condition, we will prove identi ability by constructing the unique solution.
Under strong positivity, for alj P Y there existx P X, such thatpypx|ly kg O for all

kPYiztju Set j  Mingpx p.pxly jqi 0 % ;forallj PYs. Forx PXgpsuch thap x|y
kg Oforallk PY;ztju, we get—P*d pey  jgand forallx!  x, we hav% ¥

PsXly 9
Py jo Thus,weget; ppy jg Finally, weget « 1 o1 iPve - Plugging in values

of the label marginal, we can obtgippx|ly k  1qasp:pxq ypy. PRy JPsXly o

Under separability, we can obtain the label margmaior source classes by simply considering
the setXsep DenoteA 1 pIX|yOaSpx .zypy. aNdV I PrXdSpx ., Then, sincéA is full column-

rank by assumption, we can dene p ATAq ATv. For allx P Xsep We haveppxq
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YPYs P PyPsfX|ygand hencey r pipydseyv, . Having obtaigedp, pygsey, , we recovep; py
k 19 1 jpy, Py Jjgandpixly k 19 pXq ey, P jOsXly jo O

B.1 Examples illustrating importance of weak positivity condition

In this section, we present two examples, one, to show that weak positivity isn't suf cient for
identi ability. Second, we present another example where we show that conditions in Proposition 2
are not necessary for identi ability.

Example 1 AssumeX
Py

t X1;X2;X3;Xa; Xsu and Yy
2q andp;pxgare given as:

t 1;2;3u. Suppose the; x|y

pexly 19| pexly 29| pixq
X1 0:4 0:56 0:356
X2 0:3 0:3 0:207
X3 0:2 0:1 0:09
Xa 0:1 0:04 0:042
X5 0:.0 0.0 0:305

Here, there exists two separggx|y  3gandp;pygthat are consistent with the givggpx|ly  1q,
pexly 20 andpgpxgand both the solutions satisfy weak positivity for two differég, andlevp.

In particular, notice thapypx|y  3q r 0:17;0:0675 0:0; 0:0; 0:7625" andp;pyq r 0:3;0:3; 0:4s
gives us the rst solution. ppx|y 3q r 0:0;0:0;0:0645 0:0096 0:983%" and ppyq
r0:19; 0:5; 0:31sgives us another solution. For solutionXl,, t Xs;x4uand for solution 2X Ml,p
tx1; Xou. To check consistency of each solution notice that, prpy  igyx|y  ig  pyxgfor
eachx PX. O

In the above example, the key is to show that absent knowledge of wisiclonstitute the seX ,,
we might be able to obtain multiple different solutions, each with diffepegt and bothp,pyg
pipx]y k 1gsatisfying the given information and simplex constraints.

Next, we will show that in certain scenarios weak positivity is enough for identi ability.

Example 2 AssumeX t Xj;Xz;X3;XguandY;

2q andp;pxgare given as,

t 1;2;3u. Suppose thepx|y

pepxly g | pepxly 29| pipxq
X1 0:5 0:2 0:24
X2 0:3 0:4 0:2
X3 0:1 0:35 0:35
Xa 0:1 0:05 0:21

Here, out of all*C, possibilities forXwp, only one possibility yields a solution that satis es
weak positivity and simplex constraints. In particular, the solution is givepipyly 39
r0:0; 0:0; 0:6; 0:4s" andp,pyq r 0:4; 0:2; 0:4swith Xwp T X1;XouU.

In this example, we show that conditions in Proposition 2 are not necessary to ensure identi ability.
For discrete domains, this example also highlights that we can check identi ability in exponential
time for any OSLS problem givem pxgandpspx|yqfor ally P Ys.

B.2 Extending identi ability conditions to continuous distributions

To extend our identi ability conditions for continuous distributions, the linear independence condi-
tions on the matrixpspx|yds px wesy PYs has the undesirable property of being sensitive to changes

on sets of measure zero. In particular, by changing a collection of linearly dependent distributions
on a set of measure zero, we can make them linearly independent. As a consequence, we may im-
pose astrongernotion of independence, i.e., the set of distributibpgx|yq : y  1;:::; kuare such
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3
that there does not exigt 0 for which , j y px|lyavyjdx  O; whereX Xy, for necessary
condition andX X, for suf ciency. We refer this condition astrict linear independence

C PULSE Framework

In our PULSE framework, we build on top of BBE and CVIR from Garg et{29]. Here, we
elaborate on Step 3 and 5 in Algorithm 1.

Extending BBE algorithm to estimate target marginal among previously seen classesVe rst

explain the intuition behind BBE approach. In a PU learning problem, given positive and unlabeled
data, BBE estimates the fraction of positives in unlabeled in the push-forward space of the classi er.
In particular, instead of operating in the original input space, BBE maps the inputs to one-dimensional
outputs (i.e., a score between zero and one) which is the predicted probability of an example being
from the positive class. BBE identi es a threshold on probability scores assigned by a domain
discriminator classi er such that the ratio between the fractions of positive and unlabeled points
receiving scores above the threshold is minimized. Intuitively, if their exists a threshold on probability
scores assigned by the classi er such that the examples mapped to a score greater than the threshold
aremostlypositive, BBE aims to identify this threshold. Ef cacy of BBE procedure relies on existence

of such a threshold. This is referred to as tibye bin property We provide empirical evidence to the
property in Fig. 2 in App. D.1. We tailor BBE to estimate the relative fraction of previously seen
classes in the target distribution by exploiting-avay source classi ef 5 trained on labeled source

data. We describe the procedure in Algorithm 2.

We now introduce some notation needed to introduce the tailored BBE proceudre formally. For given
probability density functiom and a scalar output functidn de ne a functiongpezq A, pxadx,

whereA,; t x PX : fxq ¥ zufor all z P 10; 1s Intuitively, gpzg captures the cumulative
density of points in a top bin, the proportion of input domain that is assigned a value larger than
Z by the functionf in the transformed space. We de ne an empirical estimgpq given a set

Xt Xp;X2;::;Xpusamplediid fronppxg LetZz  f pX g De ne gzq ,” 111z ¥ zs{n.

Our modi ed BBE procedure proceeds as follows. Given a held-out dataset of SoGgce'5u
and unlabeled target samplés , we push all examples through the source clasdi ¢o obtain
k dimensional outputs. For gl P Ys, we repeat the following: Obtaidis  f; pX 3rid; sqand
Z, f;pX{q Intuitively, Zs andZ, are the push forward mapping of the source classi er. Next,
with Z, andZ,, we estimatgy andg@ . Finally, we estimatep s as the ratiqy ppo{psppg at p that
minimizes the upper con dence bound at a pre-speci ed levehd a xed parameter P ®; 1g Our
method is summarized in Algorithm 2. Throughout all the experiments, weak0:1 and at0:01.

Algorithm 2 Extending Best Bin Estimation (BBE) for Step 3 in Algorithm 1

input : Validation source X $;ySuand unlabeled target sampDés . Source classi ef : X N
K 1 Hyperparameted 1.

1. p B zerogsize jYsjq

2: for | PYsdo

3 idj B wherqy5 jg
4 Zs;Z D fpXPridisg; ; fpXia;.
5. Qg RRqD St s T E forall 2 P 0;1s
Tt b
. i @pcg 1 logp4{ ¢ logp4{ ¢
6 B D agmineos g 2jX1] 2jid;
7. rpg D AR
8: end for
output : Normalized target marginal among source clagge3 Igl
1

Extending CVIR to train discriminator f4 and estimate novel class prevalenceAfter estimat-
ing the fraction of source classes in target (igq P iq weve ey kaqforallj PYs), we
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re-sample the source data accordingigyqto mimic samples from distributioplpxg Thus, obtain-

ing a PU learning problem instance, we resort to PU learning techniques to (i) estimate the fraction
of novel claspxpy k 1g and (ii) learn a binary classi efgpxqto discriminate between label

shift corrected sourcglpxgand novel clasgix]y k  1g Assume that sigmoid outpéigpxq
indicates predicted probability of an exampl®elonging to label shift corrected sounggxg With

P g ;Xqgwe denote the loss incurred by when clasgifying examples froX as positive, i.e.,

P o ;xq P EBA 1 Similarly, P f ;xg ) EBeE

Given an estimate of the fraction of novel clgspy k 1g CVIR objective creates a provisional

set of novel exampleX ) by removingpl ppy k  lggfraction of examples fronX | thatincur

highest loss when predicted as novel class on each training epoch. Next, we update our discriminator

f4 by minimizing loss on label shift corrected sourk§ and provisional novel examples! .

This step is aimed to remove any incentive to over t to the examples fiimg Consequently,

we employ the iterative procedure that alternates between estimating the prevalence of novel class
ppy Kk 1g(with BBE) and minimizing the CVIR loss with estimated fraction of novel class.
Algorithm 3 summarizes our approach which is used in Step 3 of Algorithm 1.

Note that we need to warm start with simple domain discrimination training, since in the initial stages
mixture proportion estimate is often close to 1 rejecting all the unlabeled examples. In Garg et al.
[29], it was shown that the procedure is not sensitive to the choice of number of warm start epochs
and in a few cases with large datasets, we can even get away without warm st (i.e0) without

hurting the performance. In our work, we notice that given an estimatgprevalence of novel class,

we can use unbiased PU er(@) on validation data as a surrogate to identify warm start epochs for
domain discriminator training. In particular, we train the domain discriminator classi er for a large
number of epochs, sd&ypiji W g and then choose the discriminator, i.e., warm start ep@cht
whichf 4 achieves minimum unbiased validation loss.

Finally, to obtain gk  1lgway classi erf;pxqon target we combine discriminatbg and source
classi erf s with importance-reweighted label shift correction. In particular, foy &Y, rf  pxqs

ﬁdp(qq’% andrf xgs 1 1 fgmxg Similarly, to obtain target marginal, we
re-scale the label shift estimate among previously seen classes with estimate of prevalence of novel
examples, i.e., forajl PYs,assignpppy  jg pl pp k lgapy jg

Overall, our approach proceeds as follows (Algorithm 1): First, we estimate the label shift among
previously seen classes. Then we employ importance re-weighting of source data to formulate a single
PU learning problem between source and target to estimate fraction of novehglassk 1q

and to learn a discriminatdy for the novel class. Combining discriminator and label shift corrected
source classi er we ggk  1gway target classi er.

C.1 PULSE under separability

Our ideas for PULSE framework can be extended to separability condition @phcentinues to

hold. In particular, when OSLS satis es the separability assumption, we may hope to jointly estimate
the label shift among previously seen classes with label shift estimation techrddiiékdnd learn

a domain discriminator classi er. This may be achieved by estimating label shift among examples
rejected by domain discriminator classi er as belonging to previously seen classes. However, in our
initial experiments, we observe that techniques proposed under strong positivity were empirically
stable and outperform methods developed under separability. This is intuitive for many benchmark
datasets where it may be more natural to expect that for each class there exists a subdomain that only
belongs to that class than assuming separability only between novel class samples and examples from
source classes.

D Proofs for analysis of OSLS framework

In this section, we provide missing formal statements and proofs for theorems in Sec. 8. This mainly
includes analysing key steps of our PULSE procedure for target label marginal estimation (Step 3, 5
Algorithm 1) and learning the domain discriminator classi er (Step 5, Algorithm 1).
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Algorithm 3 Alternating between CVIR and BBE for Step 5 in Algorithm 1

input : Re-sampled training source dg, validation source dat§$. Training target datX |
and validation datX } . Hyperparametew; B; ;
1: Initialize a training modef and an stochastic optimization algorithin
2: XV b X7,
{/l Warm start with domain discrimination training}

3: for i 1toW do

4:  Shufe pk$; XY ginto B mini-batches. WithpX $ris X | risqwe denote ™ mini-batch.

5. for iD 1toB do

6: Setthe gradient IP of ;X3risq IP @ ;XY risq and update with algorithmA.
7:  end for

8: end for

9: pb BBEXXS;X];f) {Algorithm 4}

10: Rank sampleg P X ] according to their loss valuegf xq 1qg

11: X¥ Dt X{u pwheretX]w , denote the lowest ranked p fraction of samples.

12: while training errol® gf ;X5q B o ;XY qgis not convergedo

13:  Train modelf for one epoch opX $; X ¥ gas in Lines 4-7.

14: pb BBEXXS;XJ:f) {Algorithm 4}
15:  Rank sampleg P X1 according to their loss valuegf xqg 1q

16: XY Dt X{w pwheretX]w ,denote the lowestranked p fraction of samples.
17: end while

output : Trained discriminatofy ® f and novel class fractioppy k 1gb 1 p.

Algorithm 4 Best Bin Estimation (BBE)

input : Re-sampled source dake® and target sample$ T . Discriminator classi ef?: X Nr 0; 1s
Hyperparameted ; 1
1: Z5;Zy D fpXSgfpX T g

Irzi¥zs_ 2,PZ, Irz; ¥ zs

. z{PZs .
2: aEg g b X5 ; X focr allzP10; 1s

. ; i @pcqg 1 logp4{ g logp4{ q
3: Estimatep® argMiNgpro:1s g peq  gopeg 2% X T]

. @ ppg
output : pb % pa

D.1 Formal statement and proof of Theorem 1

Before introducing the formal statement, we introduce some additional notatien. Given probability
density functiorp and a source classidr : X N ¥ 1, de ne a functionqmz; j g Apzi q pxadx,

whereApz;jgq t x PX :rf xgs ¥ zuforall z P 10; 1s Intuitively, que; j qcaptures the cumulative
density of points in a top bin for clagsi.e., the proportion of input domain that is assigned a value
larger tharz by the functionf at the indeX in the transformed space. We de ne an empirical
estimatorge; jggiven aseX t Xi;Xo;:::;Xyusamplediid frompxg LetZ r f pX gs. De ne
pejg [, lrz ¥ zsi.

For each pdfps and p;, we de ne g and g respectively. Moreover, for each clagsP Yq,
we de ne q; corresponding tqy; :  pX|y jgandq; ; corresponding tqoy; j
pYezto PEY p: 35‘ pf(l]y " Assume that we have source examples amd target examples. Now
iPYtztju
buildington BBE results from Garg et §29], we present nite sample results for target label marginal
estimation:

Theorem 3(Formal statement of Theorem.1pe ne¢;  arg mingp,o,15P%; j C; j afak; pe; jaq for

allj PYs. Assumeninm; mq ¥ max; py, %"m . Then, for every j 0, p (in Algorithm 2
tj Mo
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with as {k) satis es with probability at least ~ , we have:

Cc Cc
. O PG ig k3 logpak{ q k2 logpak{ q
o — 0
o jPYS|01 P19 g o -

When the data satis es strong positivity, we observe that source classi ers often exhibit a thigshold
on softmax output of each clag® Ys above which théop bin(i.e.,rc,; 1s) contains mostly examples
from that clasy. Formally, as long as there exist a threshgld® [®; 1gsuch thaty; pc; g ¥ and

& jpgd Oforsome constantj Oforallj PYs, we show that our estimatqrconverges to
the true with convergence ratminm; mq 2. The proof technique simply builds on the proof of
Theorem 1 in Garg et a29]. First, we state Lemma 1 from Garg et [@9]. Next, for completeness
we provide the proof for Theorem 3 which extends proof of Theorem 1 [2H fdasses.

Lemma 1. Assume two distributiorng, andq, with their empirical estimators denoted y andq,
respectively. Then for everyj 0, with probability at leastt ~ , we have for alc P 10; 1s
d d
aPcq qupeq o1 logpH a9 qupeq  logpH g
e e ®Pcq 2ny Gpicq 2np

Proof of Theorem 3The main idea of the proof is to use the con dence bound derived in Lemma 1
atpand use the fact th@tminimizes the upper con dence bound. The proof is split into two parts.
First, we derive a lower bound ap; pg gfor allj PYs and next, we use the obtained lower bound
to derive con dence bound oppy  jg With p;, we denotggpy  jqforallj P Ys. All the
statements in the proof simultaneously hold with probability {k. We derive the bounds for a
singlej P Yy and then use union bound to combine bound fof &lYs. When it is clearly from
context, we denote; [oc; j qwith q; pcganda pe; j gwith o peg Recall,

c__ d
p : argmin g 1 logpaki g pl M and (12)
cPro;1s i ICQ @ Pcq 2m answ 19
o RBAa.
: : 13
Py iq WY, (13)
Moreover,
G : argmin e and j - m (14)
cPr0;1s 0(;j Pcq Q;j FX:] q

Part 1. We establish lower bound qg; m o Considert:jl P 10; 1ssuch thaf; pcjlq i 5 g
We will now show that Algorithm 2 will seleah cjl. For anyc P 10; 1s, we have with with
probabilityl  {k,

d

C
logpak{ q logpak{ q
. Tt 7 oo and — '@ : 15
;i e 2 by 4 G eq q e om fcq (15)
. Gt PC; g gt pcq
Slncer chJ g a G pod’ we have
¢ logpak{ ‘ logpak{ ¢ logpak{
GRS q ogpk{ q ogpAk{ ¢ a9 ogpak{ q
¥ O ¥ n - :
AP G PG P g 2m BP9 ey Ja S g 2m
(16)
Therefore, at we have
c d
LIV 1 logpak{ g GP5a  logpdk{ q (17)
micg @y pcg 2m ®C d 2n pspy g
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Using Lemma 1 at , we have

c__ d
apcq , A% A9 1 1 logpdk{ q &5 9 logpdk{ q (18)
fcd QPG d @ PGd /e 2m g;;;pch 2n pspy jq
c__ -
QG g 1 1 logpdk{ g logpak{ q (19)
niGa @G a Qe 2m 2n pspy jq

Ly qq o 1. Furthermore, the upper

where the last inequality follows from the fact that
con dence bound at is lower bound as follows:

It PG

c d__
apcq 1 logpdl{ g logpdk{ q
———t = (20)
@; Pcq @ Peq 2m 2n pspy jq d
c_ -
g q 1 1 1 logptk{ g logpak{ q
i 5 q g P9 e 2m 2n pspy jq
(21)
c d_
G q 1 logpk{ q logpdk{ q 22)
hiGa ajcad @pgq 2m 2n pspy jq
Using (22) att ¢!, we have the following lower bound on ucbct
c d_
arcg 1 logpak{ ¢ logpak{ g
: (23)
A c'a Ay g 2m 2n pspy qu
c -
aGa 1 logpdk{ q logpak{ q .
— (24)
nica /kgq 2m 2n pspy jq

Moreover from(22), we also have that the lower bound on ucle ¥t c'is strictly greater than the
lower bound on ucb at®. Using de nition of p, we have

d

c -
ama 1 logpdk{ q logpk{ q
- (25)
@i P5a /P59 2m 2n IOSOI?/ 1q
c -
ampg 1 logpak{ q logpak{ q
- (26)
i Pa @/ g 2m 2n pspy jq
and hence
po ct: (27)

Part 2: We now establish an upper and lower boundopnWe start with upper con dence bound on
p; - By de nition of g, we have

c d
g 1 logpk{ q logpdk{ q 28)
i PO & P4 2m 2n pspy jq
C e -
o min AP 1 logpak{ g logptk{ a 29)
cProils fj PCO @ Pcg 2m J 2n pspy  jq
C e -
Qg 1 logpak{ q logpdk{ q
. (30)
fiGad /gq 2m 2n pspy  jq
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Using Lemma 1 a¢; , we get

c_ d__
G q o &G q 1 logpak{ g &g 9 logpdk{ q
PG a GiPGa ®iPGQa 2m dqt;im]'q 2n pspy jq
c___ o
1 logpak{ q logpak{ ¢
& 5 q 2m 2n pspy g
Combining (30) and (31), we get
c d_
A 2 logpak{ ¢ logpak{ ¢
Y —— 0 _ - (32)
Q; ] i /5 a 2m 2n pspy iq

b
Using DKW inequality org;j pc; o we havenj pc; d ¥ & pc g %. Assumingn pspy

jq¥ %’w, we getq; p = a; pc gf2 and hence,
d

c -
4 2 logpak{ q logpak{ g
G G 9 2m 2n pspy iq

pj @ (33)

Finally, we now derive a lower bound g . From Lemma 1, we have the following inequalitypat
d

c_ -
G, AP 1 logptk{ 9 apa  logpdk{ g (34)
G PO & PO @ g 2m Gj PP 2n pspy  jq
Since | a L%, we have
c d_
5 amd | apd 1 logptk{ 9 apa  logpdk{ g (35)
ooajmd fi Ay e 2m G P9 20 pspy  jq

Using (33), we obtain a very loose upper bound @q"’% Assumingmingn pspy  jgmq ¥

2logptki 9 \ye have% a 4 2 a5 2 .Using thisin (35), we have

C o j
c__ d__
@ e 1 logpdk{ q b5 24 logptk{ a (36)
i a4 @/ PPa 2m 2n pspy jq
Moreover, ap ¥ c', we havep; ppq ¥ >—M; pg gand hence,
c_ d__
2 logpak logpak
J_ | ki a s 5y gptk{ o AP (3
i PG q 2m 2n pspy jq f; PP
Aswe assume pspy | q ¥ %,we haven; b, g @ o i, of2, which implies the following
lower bound on : n
c d__
2 4 logpak logpak
J_ ‘ 9I04{qp5 2 q gp4{q. o p (38)
Qe PG 9 2m 2n pspy jq
Combining lower bound (38) and upper bound (33), we get
c d
logpak{ g logpak{ g
» oo - 39
P B 2m 2n pspy iq (39)
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For ease, we re-introduce some notation. For a claséi @nd loss function, de ne
VIR ofq inft PR:Py p,pp L;fge g¥1 u: (42)
Intuitively, VIR pf gidenti es a threshold to capture bottor fraction of the losspx;  1gfor
pointsx sampled fronp, . Additionally, de ne CVIR loss as
Lp;wq Ep, r'p; 1;fas  Ep, rwxgpx; 1;fgs; (43)
for classi erf and some weightwpxq P 10; 1u. Recall that given a classi €fr; at an iteraté, CVIR
procedure proceeds as follows:
wixg  Irp; 1fige VIR fgfgs; (44)
fo 1 f¢ rL ¢ pfe;WeQ: (45)

We assume a data generating setup with where the support of positive and negative data is completely
disjoint. We assume thatare drawn from two half multivariate Gaussian with mean zero and identity
covariance, i.e.,

X PpO X o0opt 2zl opZ¥ O; wherez NpD;lqq
X pn6 X 0 opt Z| gptz 0; wherez N ;149

Here ¢ is the margin andqp P RY is the true separator. Here, we have access to distribpgiamd

Pu Pp P1  pn. Assume as the logistic loss. For simplicity, we will dendtesf | ; wqwith
Lp;wig

Theorem 4 (Formal statement of Theorem.2n the data setup described above, a linear classi er
frx; g Tx initialized at some g such thatl_p o;woq logp2q trained with CVIR procedure
as in equationg44)-(45) will converge to an optimal positive versus negative classi er.

Proof of Theorem 4The proof uses two key ideas. One, at convergence of the CVIR procedure, the
gradient of CVIR loss irf{43) converges to zero. Second, for any classi éhat is not optimal for
positive versus negative classi cation, we show that the CVIR gradient in (43) is non-zero.

Part1 We rst show that the loss functiobp;w qin (43) is 2-smooth with respect to for xed
w. Using gradient descent lemma with the decreasing property of Iqd4 h{45), we show that
gradient converges to zero eventually. Considering gradielnt afe have

rLpswag  Eprpfp g lks Ep rwxodpc; g Ooxs: (46)
Moreover,r 2L is given by
reLp;wag  Ep, rfpg oxT Ep, wpxg fp gkx o (47)

Sincer fpx; g 1, we havev'r ?Lv & 2 for all unit vectorv P RY. Now, by gradient descent
lemma if © Y2, at any stegt we have,Lp¢ 1;wiq @ Lp;w;g Moreover, by de nition
of VIR p qin (42) and updatd44), we haveLp: 1;w; 19 @ Lp: 1;w:g Hence, we have
Lpt 1;W¢ 192 Lp¢;wig Since, the loss is lower bounded from belov@ator every i 0, we
have for large enough(depending on), |[r Lp;wql, & ,ie,|r Lp;wal, N Oast N8 .

Part 2 Consider a general scenario when 0. Denote the input domain @, andp, asP and
N respectively. At any step for all pointsx P X such thap,pxg j 0andw;pxq 0O, we say that
x is rejected fronp,. We denote the incorrectly rejected subdomaippfrom p, asN, and the
incorrectly accepted subdomainmf from p, asP,. Formally,N, t X : p,xq j Oandw;pxq
OuandP,; t x:ppXqgi Oandw;pxq 1u. We will show thatp,pP.q N Oast N 8 , and hence,
we will recover the optimal classi er where we reject nonggfincorrectly.

Observe that at any time for xed w; and t, the gradient of CVIR loss i43), can be
expressed as:

» »
r Lp;wqq Fpx; g 1l ppxgdx pl g fFpx; g Oox pnpxodx
|XPPZPa |h n IXPNZNr |h n
| I
»
Rf px; g 1ok pppxodx : (48)
IXPPa ‘Ih n
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Note that for any; ,0a fx; q = 1. Now consider inner product of individual terms above with
opt, We get

» »

X opty P g 1" ot ppxadx @ g pl  fp<; qq popxadx; (49)
»x PP zP, )))( PP zP,

Xl opty Fpx; g O’ opt PaXcpx @ o g 0o pnpxoX;
XPN zN XPN zN

(50)

» »

XI5 opty " Rf ;g 1K' opt PpXadXx® o " pl  2f px; oq pepxapx:  (51)
XPP3a XPFa

Now, we will argue that individually all the three LHS terms(#®), (50), (51) are negative for all

classi ers that do not separate positive versus negative data beginind.-foagtwoq  log2g And

hence, we show that these terms approach zero individually only when the linear classi er approaches
an optimal positive versus negative classi er.

First, we consider the term in the LHS of equat{®d). When 0:5, we haveVIR pg 0:5and
hencepl 2f x; gqrOforx PP,. When | 05 VIR pg 0:5because, the proportion
PpPPagmatches with proportiopl g p, PN, g Hence, we again hay 2f px; qgq @0forx PP,.

To handle the case with  0:5, we use a symmetry of he distribution to becau#® p g i 0:5and
pl 2f px; gocan take positive and negative values. However, notévtiit p qwill be selected such
that the proportion pp[Paqmatches with proportiopl g Py n\l g In particular, we can spliR,

into three d|510|nt setB9, P9 andP such that for alk PP we havef px; q i  0:5, for all
x PPy PP we havef &g q 05 andpp;Pa —PppN: g Additionally, by symmetry of

distribution around , we have XPPap1qp1 2fx; qq ppp«plx XPP:qul 2f px; qgqpepxodx 0.
Hence, we get
» »

X opty® o pl 2 px; qq pppxopX 0 Al 2f x; qq pppxedx:  (52)

XPP, xpp 3
Combining all three cases, we géif ; oty Owhenpy,pPaq i O.

Now we consider LHS terms i@#9) and(50). Note that for alx PP Y N, we haved o f pxq = 1.
Thus withpypPzPaq i 0, XI; opty N 0 whenfpx; q N 1 forall x P PzP,. Similarly with
PnpNzN g i 0,XI; opy N Owhenf px; g N Oforallx PN2zN;.

From part 1, for gradierfr Lp ¢; w;ql, to converge to zero asN 8 , we must have that LHS in
equationg49), (50), and(51) converges to zero individually. Since CVIR loss decreases continuously
andLp o;woq logp2g we have thap,pPag N 0 and hencef px; g N 1for allx PP and

fp; qN Oforallx PN.

O

The above analysis can be extended to show convergence to max-margin classi er by using arguments
from Soudry et al[65]. In particular, apppPad N 0, we can show that,{| t|, will converge to the
max-margin classi er fop, versugy, i.e., optif ppPPadg N 0in nite number of steps. Note that we

need an assumption that the initialized modgis strictly better than a model that randomly guesses

or initialized at all zeros. This is to avoid convergence to the local minima of0 with CVIR

training. This assumption is satis ed when the classi er is initialized in a way suchxtlat opy i O.

In general, we need a weaker assumption that during training with any randomly initialized classi er,
there exists an iterateduring CVIR training such that ; opy i O.

D.3 Extension of Theorem 1
We also extend the analysis in the proof of Theorem 3 to Step 5 of Algorithm 1 to show convergence

of estimateppy k 1qtotrue prevalencpipy k 1g In particular, we show that the estimation
error for prevalence of the novel class will primarily depend on sum of two terms: (i) error in
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approximating the label shift corrected source distribution, plge g and (ii) purity of the top bin of
the domain discriminator classi er.

Before formally introducing the result, we introduce some notation. Similar to before, given prob-
ability density functionp and a domain discriminator classidr : X N , de ne a function

0 apqPPXadx, whereApzq t x PX :fxq ¥ zuforall z P 10;1s Intuitively, gozq captures

the cumulative density of points in a top bin, i.e., the proportion of input domain that is assigned
a value larger tham by the functiorf in the transformed space. We denptpx]y k  1gwith

pek 1. For each pdfy, pek 1, andpl, we de neq, gk 1, andcg respectively. Note that since

We de ne an empirical estimat@yzqgiven aseX t Xji;Xz;:::;Xpusampled iid frompmxg Let

Z fpXgDenegmeq | ,lrz ¥ zs{n.

Recall that in Step 5 of Algorithm 1, to estimate the proportion of novel class, we have access to
re-sampled data from approximate label shift corrected source distriggtion Assume that we

the size of re-sampled datasenis

Theorem 5. De ne ¢ arg mingpyo.15 Pk 1pca{ptpcgg Assumeminmn; mq ¥ %’”gq? .

Then, forevery | O,rpp& 1: Py k  1gin Step 5 of Algorithm 1 satis es with probability at
leastl , we have:

. . |
jgpa gpRd o Gk 1 d
|

gFEa x|

Error in estimating Impurity in
label shift corrected source top bin

C C
logp4{ g logp#{ q
n m

mMs 1 rpes depl rps 1Q

O

Proof. We can simply prove this theorem as Corollary of Theorem 1 from Garg x%l. Note

thatgpc g pl ppy Kk 1ggafpe g pepy k19 gk 1pc @ Adding and subtracting
) L

pl ppy  k lgg@ipe gand dividing bygt, Wegetg;lgccﬂ pl ppy K 1qu+w

il ppy k199 ppy ko 1g q“ﬁ’slT“”qq. Plugging in bound for LHS from Theorem 1 in

Garg et al. [29], we get the desired result. O

D.4 Extensions of Theorem 2 to general separable datasets

For general separable datasets, CVIR has undesirable property of getting stuck at local optima where
gradient in(51) can be zero by maximizing entropy on the sul®®etwhich is (incorrectly) not-
rejected fromp, in CVIR iterations. Intuitively, if the classi er can perfectly separ&eP, and

N zN, and at the same time maximize the entropy of the regigrthen the classi er trained with

CVIR can get stuck in this local minima.

However, we can extend the above analysis with some modi cations to the CVIR procedure. Note
that when the CVIR classi er maximizes the entropy®qn it makes an error on points P, . Since,

we have access to the distributipg we can add an additional regularization penalty to the CVIR loss
that ensures that the converged classi er with CVIR correctly classi es all the poimis iWith a

large enough regularization constant for the supervised logs,ome can dominate the gradient term

in (51) which pushes CVIR classi er to correct decision boundary eveR pofinstead of maximizing
entropy). We leave formal analysis of this conjecture for future work. Since we warm start CVIR
training with a positive versus unlabeled classi er, if we obtain an initialization close enough to the
true positive versus negative decision boundary, by monotonicity property of CVIR iterations, we
may hever get stuck in such a local minima even without modi cations to loss.

E Empirical investigation of CVIR in toy setup

As noted in our ablation experiments and in Garg ef24l], domain discriminator trained with CVIR
outperforms classi ers trained with other consistent objectives (nr88Ugnd uPU P1]). While the
analysis in Sec. 8 highlights consistency of CVIR procedure in population, it doesn't capture the
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The feature extractor is trained adversarially to move the probability of unknown class awa.from
on target examples by utilizing the gradient reversal layer.

Separate-To-Adapt (STAbLiu et al.[46] trained a network that learns jointly from source and target
by learning to separate negative (novel) examples from target. The training is divided into two parts.

The rst part consists of training a multi-binaf§. 'CY *! classi er on labeled source data for each class

and a binary classi ef5, which generates the weightsfor rejecting target samples in the novel

class. The second part consists of feature extr&giom classi erGy and domain discriminatdbq

to perform adversarial domain adaptation between source and target data in the source label space.

Gy andGy are trained with incorporating weightgpredicted byGy, in the rst stage.

Calibrated Multiple Uncertainties (CMU)Fu et al.[25] trained a source classi er and a domain
discriminator to discriminate the novel class from previously seen classes in target. To train the
discriminator network, CMU uses a weighted binary cross entropy loss wimgfor each example

X in target which is the average of uncertainty estimates, e.g. prediction con dence of source classi er.
During test time, target datawith wpxq ¥ wy (for some pre-de ned thresholdy) is classi ed as an
example from previously seen classes and is given a class prediction with source classi er. Otherwise,
the target example is classi ed as belonging to the novel class.

DANCE Saito et al[59] proposed DANCE which combines a self-supervised clustering loss to
cluster neighboring target examples and an entropy separation loss to consider alignment with source.
Similar to CMU, during test time, DANCE uses thresholded prediction entropy of the source classi er

to classi er a target example as belonging to the novel class.

Universal Adaptation Networks (UANYou et al.[73] proposed UAN which also trains a source
classi er and a domain discriminator to discriminate the novel class from previously seen classes in
target. The objective is similar to CMU where instead of using uncertainty estimates from multiple
classi ers, UAN uses prediction con dence of domain discriminator classi er. Similar to CMU,

at test time, target datawith wpxq @ wp (for some pre-de ned thresholdy) is classi ed as an
example from previously seen classes and is given a class prediction with source classi er. Otherwise,
the target example is classi ed as belonging to the novel class.

For alternative baselines, we experiment with source classi er directly deployed on the target data
which may contain novel class and label shift among source classes (referresbto@sonly. This

naive comparison is included to quantify bene ts of label shift correction and identifying novel class
over a typicak-way classi ers.

We also train a domain discriminator classi er for source versus target (referreditmasn disg.

This is an adaptation of PU learning baselR@[which assumes no label shift among source classes.
We use simple domain discriminator training to distinguish source versus target. To estimate the
fraction of novel examples, we use the EN estimator proposed in Elkan and2ddtd-or any target

input, we make a prediction with the domain discriminator classi er (after re-scaling the sigmoid
output with the estimate proportion of novel examples). Any example that is classi ed as target, we
assign it the clask 1. For examples classi ed as source, we make a prediction for them using the
k-way source classi er.

Finally, per the reduction presented in Sec. 5, we tkaflJ classi ers (referred to dsPU). To train

each PU learning classi er, we can plugin any method discussed in Sec. A. In the main paper, we
included results obtained with plugin state-of-the-art PU learning algorithms. In App. F.8, we present
ablations with other PU learning methods.

F.2 Dataset and OSLS Setup Details

We conduct experiments with seven benchmark classi cation datasets across vision, natural language,
biology and medicine. Our datasets span language, image and table modalities. For each dataset,
we simulate an OSLS problem. We experiment with different fraction of novel class prevalence,
source label distribution, and target label distribution. We randomly choose classes that constitute
the novel target class. After randomly choosing source and novel classes, we rst split the training
data from each source class randomly into two partitions. This creates a random label distribution for
shared classes among source and target. We then club novel classes to assign them a new class (i.e.
k 1). Finally, we throw away labels for the target data to obtain an unsupervised DA problem. We
repeat the same process on iid hold out data to obtain validation data with no target labels. For main
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experiments in the paper, we next describe important details for the OSLS setup simulated. All the
other details can be found in the code repository.

For vision, we use CIFAR10, CIFAR1004(] and Entity30 B1]. For language, we experiment with
Newsgroups-20 dataset. Additionally, inspired by applications of OSLS in biology and medicine, we
experiment with Tabula Murisl[7] (Gene Ontology prediction), Dermnet (skin disease prediction),
and BreakHis [66] (tumor cell classi cation).

CIFAR10 For CIFAR10, we randomly seleétclasses as the source classes and a novel class
formed by the remaining class. After randomly sampling the label marginal for source and target
randomly, we get the prevalence for novel clas6:2452

CIFAR100 For CIFAR100, we randomly sele86 classes as the source classes and a novel class
formed by aggregating the data frobt remaining classes. After randomly sampling the label
marginal for source and target randomly, we get the prevalence for novel cla29@6

Entity30 Entity30 is a subset of ImageNe&i4] with 30 super classes. For Entity30, we randomly
select24 classes as the source classes and a novel class formed by aggregating the déta from
remaining classes. After randomly sampling the label marginal for source and target randomly, we
get the prevalence for novel classa3942

Newgroups-20For Newsgroups2) we randomly select6 classes as the source classes and a novel
class formed by aggregating the data frémemaining classes. After randomly sampling the label
marginal for source and target randomly, we get the prevalence for novel clx8¥88 This dataset

is motivated by scenarios where novel news categories can appear over time but the distribution of
articles given a news category might stay relatively unchanged.

BreakHis BreakHis contains8 categories of cell typed, types of benign breast tumor addypes
malignant tumors (breast cancer). Here, we simulate OSLS problem speci cally @beheypes

are observed in the sourcgftom each) and a novel class appears in the target il type from

each category. After randomly sampling the label marginal for source and target randomly, we get
the prevalence for novel class @2708

Dermnet Dermnet data contains images of 23 types of skin diseases taken from Dernfn&vélZ
simulate OSLS problem speci cally wheld diseases are observed in the source and a novel class
appears in the target with the rest of thdiseases. After randomly sampling the label marginal for
source and target randomly, we get the prevalence for novel cl@s3183

Tabula Muris Tabula Muris dataset[/] comprises of different cell types collected acr@8organs

of the mouse model organism. We use the data pre-processing scripts provitigid.imje just use

the training set comprising &7 classes for our experiments. We simulate OSLS problem speci cally
where28 cell types are observed in the source and a novel class appears in the target with the rest of
the 29 cell types. After randomly sampling the label marginal for source and target randomly, we get
the prevalence for novel class @$366

F.3 Details on the Experimental Setup

We use Resnetl88§] for CIFAR10, CIFAR100, and Entity30. For all three datasets, in our main
experiments, we train Resnet-18 from scratch. We use SGD training with momentughfof
200epochs. We start with learning ra@el and decay it by multiplying it withd:1 every70 epochs.
We use a weight decay 6f 10 “. For CIFAR100 and CIFAR10, we use batch size66€. For
Entity30, we use a batch size 82. In App. F.7, we experiment with contrastive pre-training instead
of random initialization.

For newsgroups, we use a convolutional archite€tuvée use glove embeddings to initialize the
embedding layer. We use Adam optimizer with a learning rat@@J01and no weight decay. We
use a batch size @00 We train with constant learning rate fb20epochs.

2http://qwone.com/~jason/20Newsgroups/
3https://web.inf.ufpr.brivri/databases/breast-cancer-histopathological-database-breakhis/
“http://www.dermnet.com/dermatology-pictures-skin-disease-pictures
Shttps://github.com/snap-stanford/comet
Shttps://github.com/mireshghallah/20Newsgroups-Pytorch
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For Tabular Muris, we use the fully connected MLP used in Cao ¢12]. We use the hyperparame-
ters used in Cao et gl12]. We use Adam optimizer with a learning rate@®®001and no weight
decay. We train with constant learning rate 4@epochs. We use a batch size200.

For Dermnet and BreakHis, we use Resnet-50 pre-trained on Imagenet. We use an initial learning
rate of0:0001and decay it by:96 every epoch. We use SGD training with momentun@.8fand

weight decay o6 10 “. We use a batch size 8. These are the default hyperparameters used in
Alom et al. [2] and Liao [44].

For all methods, we use the same backbone for discriminator and source classi er. Additionally,
for PULSE and domain disc., we use the exact same set of hyperparameters to train the domain
discriminator and source classi er. For kPU, we use a separate nal layer for each class with the
same backbone. We use the same hyperparameters described above for all three methods. For OSDA
methods, we use default method speci c hyperparameters introduced in their works. Since we do not
have access to labels from the target data, we do not perform hyperparameter tuning but instead use
the standard hyperparameters used for training on labeled source data. In future, we may hope to
leverage heuristics proposed for accuracy estimation without access to labeled target data [30].

We train models till the performance on validation source data (labeled) ceases to increase. Unlike
OSDA methods, note that we do not use early stopping based on performance on held-out labeled
target data. To evaluate classi cation performance, we report target accuracy on all classes, seen
classes and the novel class. For target marginal, we separately report estimation error for previously
seen classes and for the novel class. For the novel class, we report absolute difference between true
and estimated marginal. For seen classes, we report average absolute estimation error. We open-
source our code dtttps://github.com/Neurips2022Anon . By simply changing a single con g

le, new OSLS setups can be generated and experimented with.

Note that for our main experiments, for vision datasets (i.e., CIFAR10, CIFAR100, and Entity30) and
for language dataset, we do not initialize with a (supervised) pre-trained model to avoid overlap of
novel classes with the classes in the dataset used for pre-training. For example, labeled Imagenet-1k
is typically used for pre-training. However, Imagenet classes overlaps with all three vision datasets
employed and hence, we avoid pre-trained initialization. In App. F.7, we experiment with contrastive
pre-training on Entity30 and CIFAR100. In contrast, for medical datasets, we leverage Imagenet
pre-trained models as there is no overlap between classes in BreakHis and Dermnet with Imagenet.

F.4 Detailed results from main paper

For completeness, we next include results for all datasets. In particular, for each dataset we tabulate

(i) overall accuracy on target; (ii) accuracy on seen classes in target; (iii) accuracy on the novel

elass; (iv) sum of absolute error in estimating target marginal among previously seen classes, i.e.,
yev. IRYA  pepyd; and (v) absolute error for novel fraction estimation, ijppy k1

pipy Kk 1g Table 5 presents results on all the datasets. Fig. 4 and Fig. 5 presents epoch-wise results.

F.5 Investigation into OSDA approaches

We observe that with default hyperparameters, popular OSDA methods signi cantly under perform
as compared to PULSE. We hypothesize that the primary reasons underlying the poor performance
of OSDA methods are (i) the heuristics employed to detect novel classes; and (ii) loss functions
incorporated to improve alignment between examples from common classes in source and target. To
detect novel classes, a standard heuristic employed popular OSDA methods involves thresholding
uncertainty estimates (e.g., prediction entropy, softmax con denge2pb, 59]) at a prede ned
threshold . However, a xed , may not for different datasets and different fractions of the novel
class. Here, we ablate by (i) removing loss function terms incorporated with an aim to improve source
target alignment; and (ii) vary thresholdand show improvements in performance of these methods.

For our investigations, we experiment with CIFAR10, with UAN and DANCE methods. For DANCE,

we remove the entropy separation loss employed to encourage align target examples with source
examples. For UAN, we remove the adversarial domain discriminator training employed to align
target examples with source examples. For both the methods, we observe that by removing the
corresponding loss function terms we obtain a marginal improvement. For DANCE on CIFAR10, the
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performance goes up froif0:4 to 72:5 (with the same hyperparameters as the default run). FOR
UAN, we observe similar minor improvements, where the performance goes ufd fdrto 19:6.

Next, we vary the threshold used for detecting the novel examples. By optimally tuning the threshold
for CIFAR10 with UAN, we obtain a substantial increase. In particular, the overall target accuracy
increases from 9:6 to 33:1. With DANCE on CIFAR10, optimal threshold achievEs6 as compared

to the default accuracy0:4. In contrast, our two-stage method PULSE avoids the need to guégs

rst estimating the fraction of novel class which then guides the classi cation of novel class versus
previously seen classes.

F.6 Ablation with novel class fraction

In this section, we ablate on novel class proportion on CIFAR10, CIFAR100 and Newsgroups20. For
each dataset we experiment with three settings, each obtained by varying the number of classes from
the original data that constitutes the novel classes. We tabulate our results in Table 4.

F.7 Contrastive pre-training on unlabeled data

Here, we experiment with contrastive pre-training to pre-train the backbone networks used for feature
extraction. In particular, we initialize the backbone architectures with SimCLR pre-trained weights.
We experiment with CIFAR100 and Entity30 datasets. Instead of pre-training on mixture of source
and target unlabeled data, we leverage the publicly available pre-trained Weigiie 2 summarizes

our results. We observe that pre-training improves over random initialization for all the methods with
PULSE continuing to outperform other approaches.

Table 2: Comparison with different OSLS approaches with pre-trained feature extractor. We use
SIimCLR pre-training to initialize the feature extractor for all the methods. All methods improve over
random initialization (in Table 1). Note that PULSE continues to outperform other approaches.

CIFAR100 Entity30

Acc MPE Acc MPE
(All)  (Novel) (All) (Novel)

Method

BODA [58] 371 0:34 521 0:376
Domain Disc. 494  0:.041 574  0.024
kPU 375  0:297 701 0:32
PULSE (Ours) 67:3  0:052 724  0.002

F.8 Ablation with different PU learning methods

In this section, we experiment with alternative PU learning approaches for PULSE and kPU. In
particular, we experiment with the next best alternatives, i.e., nnPU instead of CVIR for classi cation
and DEDPUL instead of BBE for target marginal estimation. We refer to these as kPU (alternative)
and PULSE (alternative) in Table 3. We present results on three datasets: CIFAR10, CIFAR100
and Newsgroups20 in the same setting as described in Sec. F.2. We make two key observations:
(i) PULSE continues to dominate kPU with alternative choices; (ii) CVIR and BBE signi cantly
outperform alternative choices.

F.9 Age Prediction Task

We consider an experiment on UTK Face dathséfe create an 8-way class classi cation problem
where we split the age in the following 8 grous:10, 11-20, ,60-70and;j 70. We consider
the rst 7 age groups in source and introduce age grouf0 into the target data. OSLS continues to

"For CIFAR100: https://drive.google.com/file/d/1huW-ChBVvKcx7t8HyDaWTQBS5Li1Fht9x/
view and for Entity30, we use Imagenet pre-trained weights from hehgtps://github.com/
AndrewAtanov/simclr-pytorch

8https://susanqq.github.io/lUTKFace/
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Table 3: Comparison with different PU learning approaches. “Alternative' denotes results with
employing nnPU for classi cation and DEDPUL for target marginal estimation instead of “default’
which uses CVIR and BBE.

CIFAR10 CIFAR100 Newsgroups20

Acc MPE Acc MPE Acc MPE

Method (Al)  (Novel) (Al) (Novel) (Al) (Novel)

k-PU (alternative) 53:4  0:215 121 0:298 141 0:373
k-PU (default) 836 0:036 363 0:298 521  0:307
PULSE (alternative) 80:5 0:05 301 0231 398 0:223
PULSE (default) 86:1  0:008 634 0.078 622 0:.061

Table 4: Comparison with different OSLS approaches for different novel class prevalence. We observe
that for on CIFAR100 and Newsgroups20, PULSE maintains superior performance as compared to
other approaches. On CIFAR10, as the proportion of novel class increases, the performance of of
kPU improves slightly over PULSE for target accuracy.

CIFAR10 CIFAR10 CIFAR10
mpipk 1g 0:215 ik 1g 0:406q ik 1g 0:583
Method Acc (All) MPE (Novel) Acc (All) MPE (Novel) Acc (All) MPE (Novel)

BODA [58] 63.1 0:162 655 0:166 486 0:265

Domain Disc. 47:4 0:331 575 0:.232 687 0:144

kPU 836 0:036 878 0:010 899 0:036

PULSE (Ours) 86:1 0:008 874 0:009 837 0:006
CIFAR100 CIFAR100 CIFAR100

poepk 1g 0:29760 peek 19 0:4477 pepk 1g  0:56769
Method Acc (All) MPE (Novel) Acc (All) MPE (Novel) Acc (All) MPE (Novel)

BODA [58] 361 0:41 416 0:075 502 0:03
Domain Disc. 458 0:046 523 0:092 587 0:187
kPU 36:3 0:298 522 0:448 639 0:568
PULSE (Ours) 634 0:078 666 0:052 682 0:088
Newsgroups20 Newsgroups20 Newsgroups20

ik 1g 03733 prpk 1g 0:64527 pxpk 1g  0:7688y
Method Acc (All) MPE (Novel) Acc (All) MPE (Novel) Acc (All) MPE (Novel)

BODA [58] 434 0:16 255 0:645 177 0:769
Domain Disc.  50:9 0:176 448 0:.085 478 0.064
kPU 521 0:373 502 0:645 355 0:769
PULSE (Ours) 62:2 0:061 717 0:044 7573 0179

outperform thekPU baseline for novel prevalence estimation. Additionally, for target classi cation
performance of OSLS is similar tdPHJ baseline (ref. Table 6).
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Table 5: Comparison of PULSE with other method&cross all datasets, PULSE outperforms
alternatives for both target classi cation and novel class prevalence estimation. Acc (All) is target
accuracy, Acc (Seen) is target accuracy on examples from previously seen classes, and Acc (Novel) is
recall for novel examples. MPE (Seen) is sum of absolute error for estimating target marginal among
previously seen classes and MPE (Novel) is absolute error for novel prevalence estimation. Results
reported by averaging across 3 seeds.

CIFAR-10 CIFAR-100
Acc Acc Acc MPE MPE Acc Acc Acc MPE MPE
(All)  (Seen) (Novel) (Seen) (Novel) (All) (Seen) (Novel) (Seen) (Novel)

Source-Only 67:1 87.0 - - - 46:6 664 - - -

UAN [73] 154 197 252 144 (0214 181 40:6 148 1:48 (133
BODA [58] 63:1 66:2 420 0541 0162 361 177 816 0564 (041
DANCE [59] 704 855 145 0784 (@174 473 664 12 0702 (@28
STA [46] 579 696 149 0409 (@124 426 485 348 0798 (014
CMU [25] 62:1 779 412 0443 0183 354 460 155 0695 (l61

Domain Disc. 47:4 870 306 - 0:331 458 665 391 - 0:046
k-PU 836 794 989 0:062 0:.036 363 226 9911 631 (298
PULSE (Ours) 86:1 91:8 884 0091 0:008 63:4 67:2 635 0:365 0:078

Method

Entity30 Newsgroup20
Acc Acc Acc MPE MPE Acc Acc Acc MPE MPE

Method (All)  (Seen) (Novel) (Seen) (Novel) (All) (Seen) (Novel) (Seen) (Novel)
Source-Only 320 535 - - - 39:3 644 - - -
BODA[58] 4222 259 672 0367 0189 434 380 341 0550 0167
Domain Disc. 43:2 535 680 - 0:135 509 644 93:2 - 0:176

k-PU 507 223 9414 099 0394 521 578 427 0776 0373

PULSE (Ours) 58:0 54:3 722 0:215 0:054 62:2 65:0 836 0:232 0:061

Tabula Muris BreakHis
Acc Acc Acc MPE MPE Acc Acc Acc MPE MPE

Method (All)  (Seen) (Novel) (Seen) (Novel) (All) (Seen) (Novel) (Seen) (Novel)
Source-Only  33:8 933 - - - 70:0 958 - - -
BODA([58] 765 598 870 0200 0079 715 818 440 (163 0077
Domain Disc. 730 933 94:7 - 0:071 565 958 90:4 - 0:09

k-PU 859 916 833 0:279 0307 756 717 861 0094 0058

PULSE (Ours) 87:8 94:6 888 0388 0:058 79:1 96:1 76:3 0:090 0:054

Dermnet
Acc Acc Acc MPE MPE
(All)  (Seen) (Novel) (Seen) (Novel)

Source-Only 414 536 - - -
BODA[58] 438 31:4 584 0:401 0:207

Domain Disc. 40.6 536 827 - 0:083
k-PU 46:0 26.0 89:9 1:44 0313
PULSE (Ours) 48:9 53:7 577 0:41 0:043

Method
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