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ABSTRACT: A model for tropical cyclone (TC) potential size (PS), which is capable of predicting the equilibrium outer
radius of a TC solely from environmental parameters, is proposed. The model combines an updated Carnot cycle model
with a physical model for the wind profile, which serve as energetic and dynamic constraints, respectively, on the minimum
pressure. Physically, the Carnot cycle model defines how much the surface pressure can be dropped energetically, and the
wind profile model defines how large the steady-state storm needs to be to yield that pressure drop for a given maximum
wind speed. The model yields an intrinsic length scale Vamod/f; With f the Coriolis parameter, Vamor similar to the poten-
tial intensity V,,, but without a dependence on the surface exchange coefficients of enthalpy C; and momentum C,;. Ana-
lytic tests with the theory varying outflow temperature, sea surface temperature (SST), and f demonstrate that the model
predictions are qualitatively consistent with the V,/f scaling for outer size found in past work. The model also predicts a
weak dependence of outer size on C,, Cy, and horizontal mixing length /,, of turbulence, consistent with numerical simula-
tion results. Idealized numerical simulation experiments with varied tropopause temperature, SST, f, C,, Cy, and [, show
that the model performs well in predicting the simulated outer radius. The Vamod/f scaling also better captures the depen-
dence of simulated TC size on SST than V)/f. Overall, the model appears to capture the essential physics that determine
equilibrium TC size on the fplane.

KEYWORDS: Hurricanes/typhoons; Thermodynamics; Energy budget/balance

1. Introduction However, there lack explicit mechanistic explanations for why
equilibrium TC size should scale with V,/f. Khairoutdinov
and Emanuel (2013) and Emanuel (2022) derived another
scaling /L q,/f for equilibrium TC size with g, the boundary
layer specific humidity, based on energy and entropy budgets.
In nature, though, median TC size appears to scale with the
Rhines scale (Chavas et al. 2016; Chavas and Reed 2019; Lu
and Chavas 2022), which depends on B2, as this scale is
much smaller than the ! scale in Earth’s tropics where f is

Theoretical models have produced analytical solutions for the
upper bound of tropical cyclone (TC) intensity, known as poten-
tial intensity (PL; V), solely from environmental parameters
(Emanuel 1986, 1988; Emanuel and Rotunno 2011, hereafter
ER11; Rousseau-Rizzi and Emanuel 2019). PI theory, derived
from several assumptions, such as the assumption of slantwise
neutrality of the eyewall structure, generally states that the PI of

a TCd.lis:flnﬂuencid br}f, alr—se; enthalpy dlst?quﬂl(lj)num, t::fmpera- relatively small and B is relatively large. However, there is ob-
ture difference of surface and tropopause air, and sea surface ex- o1y, ional evidence that the upper bound of TC size does in-

change coefficients of enthalpy C; and momentum Cy. However, - yo04 scale with V, /f (Fig. 5c of Chavas et al. 2016), even if
there does not currently exist a theory to predict the overall size r

of a TC, defined as the outer radius where near-surface winds
vanish (r,), solely from environmental parameters. In fact, r, is
an input parameter in several physical models of TC wind struc-
ture (ER11; Chavas et al. 2015, hereafter C15).

Idealized numerical simulations in previous studies indicate
that the quasi-equilibrium state of a TC on the f plane can be
maintained for tens of days or longer (Khairoutdinov and

most storms are substantially smaller than this length scale
likely owing to the effects of B.

In this study, we propose a model for the maximum poten-
tial TC size on an f plane defined solely from environmental
parameters. The model yields an intrinsic scaling for equilib-
rium TC size and explains why equilibrium TC size appears to
follow a V,/f length scale on an f plane when C;/Cy, is held
fixed as found in past work. The scaling is similar to V,/f but
Emanuel 2013; Zhou et al. 2014; Chavas and Emanuel 2014, without the C,/C, factor; hence, it is closely related to /x/f
hereafter CE14; Cronin and Chavas 2019; Rousseau-Rizzi .4 \/Z?I;/ﬁ Since the C,/C, factor is nondimensional, di-
ctal. 2021). CE14 showed that V,/f, with f the Coriolis param-  mensional analysis alone cannot determine whether this fac-
eter, is a natural length scale for the equilibrium value of 7,  {or should or should not exist in V,/f length scale, so the
for mature TCs on an f plane. A similar radial length scale  jstinction between V,/f and /x/f is ambiguous. As Cx/C, is
VXIf, where +/ is similar to V), but without the C;/Cy factor  often taken as approximately 1, their magnitudes will also be
(or simply taken to be 1), has also been proposed as the in- very similar. We test this theory, including the dependence on
trinsic TC length scale in the theory of Emanuel (1989, 1995). Cy and C,, against idealized numerical simulations.

The basic idea of our model is as follows. It is known that
steady-state TC size is constrained by the energetic cycle (i.e.,
Corresponding author: Yanluan Lin, yanluan@tsinghua.edu.cn Carnot cycle) of its air parcels, as is explicitly pointed out in
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FIG. 1. Schematic path of a parcel in a updated Carnot cycle in a fully developed TC. Point a
marks the radius of vanishing near surface wind and contains environmental relative humidity.
Point m marks the radius of maximum wind. Point o marks the radially farthest point the parcel
could reach in the outflow. Point o’ has the same radius as o, but with a lower altitude. Point &’ is
spatially close to a where the parcel has near-zero relative humidity. The arrows mark the direc-
tion of the path and the path is a closed cycle. See text for different processes in the path. Inside

the cycle is a schematic 7—s diagram of the cycle.

Emanuel (1991): a larger size decreases the inner-core surface
pressure deficit by requiring a larger work in the outflow to
restore angular momentum lost to surface friction (though we
will discuss in the end that this outflow work is not required to
constrain TC size). On the other hand, through the TC wind
profile (e.g., C15 model), TC size is constrained dynamically
by the relationship between storm size and the surface pres-
sure deficit via gradient wind balance (Chavas et al. 2017):
given the same intensity, a larger size increases the inner-core
surface pressure deficit. As the Carnot cycle model and C15
model are effectively independent of each other, a TC satisfy-
ing the two models may have a deterministic size. Thus, our
hypothesis is that TC size (outer radius) can be determined
by satisfying both energetic (Carnot cycle) and dynamical
(C15 model) constraints simultaneously. Physically, the pres-
sure drop experienced by inflowing parcels is limited by its
energetic cycle, whereas the inner-core pressure deficit must
increase as r, increases via gradient wind balance; hence,
there is a maximum potential size that satisfies both energetic
and dynamical constraints.

The paper is organized as follows. In section 2, we introduce
an updated Carnot cycle model and briefly review the C15 wind
profile model. We then show how combining the updated Car-
not cycle and C15 model predicts a unique equilibrium TC size.
We show that this model can qualitatively reproduce the V,/f
scaling found in past work except for the dependence on Cj
and C, and we propose a new length scale intrinsic to our
model that can also capture this dependence on exchange coef-
ficients. We refer to our approach as a model for TC potential
size (PS) since it predicts a theoretical upper limit of TC outer
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radius and provides a new intrinsic length scale for this size.
The TC outer size in this study is specifically the TC size at
equilibrium state, and the word “equilibrium” will be omitted
for brevity hereafter. In section 3, we test our TC PS model
against idealized numerical simulations on an f plane by varying
different environmental parameters. In section 4, we test
whether our modifications to the Emanuel’s Carnot cycle model
are essential to the TC PS model predictions. In section 5, we
summarize and discuss our findings.

2. Description of the model
a. An updated Carnot cycle model

As reviewed by Rousseau-Rizzi et al. (2021), the concep-
tual model of a closed thermodynamic cycle to describe a
steady state TC was presented by Eliassen and Kleinschmidt
(1957). The same concept was developed further by Emanuel
(1986, 1988, 1991). Figure 1 shows a hypothetical path of an
air parcel in an updated Carnot cycle in a fully developed TC.
The updated Carnot cycle is qualitatively similar to the Ema-
nuel’s Carnot cycle (Emanuel 1986, 1988, 1991), but with three
main modifications: 1) the parcel loses nearly all the water dur-
ing the eyewall ascent and experiences a complete resaturation
during the inflow leg rather than simply starting from a rather
high relative humidity in the inflow without an explicit remois-
tening process; 2) radiative cooling is acting throughout both the
outflow and descent legs rather than only acting in the upper tro-
posphere at the outflow temperature; and 3) exchanges of Gibbs
free energy of water species in the hydrological cycle are consid-
ered rather than neglected. The modifications are believed to
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more realistically describe a hypothetical thermodynamic cycle
of a TC, as it now includes an explicit treatment of the water
budget and its energetics as part of the closed cycle, though the
modifications are not critical to our final conclusions as shown in
section 4. The complete resaturation tends to increase the net
heat in the cycle but this effect is compensated by a longer path
of radiative cooling and the inclusion of the exchanges of Gibbs
free energies of water species.

We assume the parcel is able to complete a closed cycle, as
it could in an idealized simulation (Hakim 2011; Rousseau-
Rizzi et al. 2021), which does not have mass exchanges of dry
air with the environment. Starting from the outer radius r,
near the surface (point a in Fig. 1), the parcel flows cycloni-
cally inwards with constant temperature 7§, until reaching the
radius of maximum wind r,,, (point m in Fig. 1) where it begins
to ascend. From point a to m, the parcel experiences bound-
ary layer turbulent friction and loses most of its absolute an-
gular momentum M. At the same time, via surface enthalpy
fluxes, the parcel increases its entropy s from its environmen-
tal value at point a (s,) to the highest value at point m (s,,).
At point a, the relative humidity H of the parcel is equal to
the environmental value H,; at point m, H is 1. From point m
to o, the parcel experiences eyewall ascent to the tropopause
and flows outwards to the farthest point o, where the parcel
may achieve maximum anticyclonic velocity. The parcel loses
nearly all of its water by precipitation in the eyewall. Note
that M is conserved during this process and s is also nearly
conserved during the eyewall ascent. From point o to o’, the
parcel descends below the upper-tropospheric anticyclone by
restoring M to its original value at point a through turbulent
mixing with the environment. From point o’ to a, the parcel
experiences inviscid descent conserving M. From o to a’, the
parcel subsides with no remoistening. From a’ to a, the parcel
is remoistened to ambient relative humidity. Hence, a’
marks the top of boundary layer. For simplicity we do not
distinguish the differences of temperature and dry air partial
pressure between a’ and a, as will be assumed below. During
the outflow leg from m to o and the subsidence leg from o to
a’, radiative cooling plays the dominant role in gradually re-
ducing the parcel entropy from s, to its lowest value s,.
This results in a triangular shape instead of a rectangle in
the temperature-entropy (7-s) phase space of a thermody-
namic cycle in a TC and, hence, an efficiency that is less
than Carnot efficiency (Hakim 2011; Pauluis and Zhang
2017). The hydrological cycle is also associated with ex-
changes of Gibbs free energy (aka Gibbs potential), which
is a Legendre transformed function of internal energy
(Callen 1985), of water species. During the inflow, the par-
cel increases its water mass and imports low Gibbs free en-
ergy of water vapor; during the eyewall ascent, the parcel
loses its water mass and exports relatively high Gibbs free
energy of liquid water (Pauluis and Zhang 2017). Both pro-
cesses decrease the available mechanical work done by the
parcel in the cycle (Pauluis 2011; Pauluis and Zhang 2017).

We next formulate the updated Carnot cycle. The proce-
dure is very similar to the original one in Emanuel (1991).
Following an air parcel in a TC, the Bernoulli equation may
be written as (see appendix A, following Romps 2008)
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d[(l + qf)%wf] = —a,dp +F - dl + $dg, — d[(1 + q,)d],
1

where V is three-dimensional velocity vector, g, the total
water mixing ratio, a, the specific volume of dry air, p the pres-
sure, F the frictional force per unit mass of dry air, dl a finite dis-
placement of the parcel, and ¢ = I'z the geopotential, with I
the gravitational acceleration, and z the altitude. In Eq. (1) the
diffusive fluxes of kinetic energy have been neglected.

The Gibbs relation may be written as

dhfaddp:Tds+ZgwdqW, 2)

where £ is the enthalpy of moist air per unit mass of dry air,
T the temperature, s the moist entropy per unit mass of dry
air, g,, the specific Gibbs free energy of water species, g,, the
mixing ratio of water species, and subscript w = v, /, s repre-
sents water vapor, liquid water, and solid water, respectively.
Here entropy s is defined as

L
~RinPd 4 g S qR,IH ()

s=c  In
pd Tyip Py
where ¢, is the specific heat of dry air at constant pressure, R
the gas constant of dry air, R, the gas constant of water vapor,
L, the latent heat of vaporization, H the relative humidity, p,
the partial pressure of dry air, Ty, and pg the triple-point
temperature and a reference pressure, respectively. Ice phase
has been neglected in this expression. The heat capacity of lig-
uid water ¢; and that of water vapor at constant pressure c,,
have also been neglected to be consistent with our treatment
of Gibbs free energy below. This assumption also leads to a
temperature independent L,, taken as its value at the refer-
ence temperature.

Substituting Eq. (2) into Eq. (1) and integrating along a
closed cycle gives

EﬁTds+§Zgwdqw=—f{;F-dl+f£de, )

which states that heat added to the system is used to do me-
chanical work. Equation (4) is an updated version of the Ema-
nuel Carnot cycle that now includes the exchanges of Gibbs
free energy of water species gﬁZgW dq,, and the work to lift
water Wp = gﬁde = gﬁl“q[ dz (Pauluis et al. 2000; Pauluis and
Zhang 2017), which is transformed from the third term on the
rhs of Eq. (1) (see also appendix A). Note that gﬁZgW dq,, is
typically negative (with properly chosen reference states of
enthalpy and entropy) so that it reduces the mechanical work
performed by the air parcel in a cycle (Pauluis and Zhang
2017). We may for simplicity symbolically define O, = gﬁTds
and Qgipne = gﬁz g,, dq,,. Following the Emanuel Carnot cycle
model, frictional dissipation only occurs in the inflow and at
large radii in the outflow. Thus, —99F cdl =Wy + W, may
be defined, with Wpp; and W, denoting work against fric-
tion in the inflow and outflow, respectively. With the symbols
defined above, Eq. (4) may be rewritten as
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Qs + QGibbs = WPBL + Wout + Wp' (5)
We provide expressions for each term in Eq. (5) as follows.
O, may be expanded:
1
0 = §Tds = necj Tds = ne T(s,, —s,)
@

~ pda
~ neC(RTS lnp

+L%4, ©6)
dm

where e. = (T, — T,)/T, is the Carnot efficiency, and 7 is a
coefficient representing the efficiency relative to Carnot effi-
ciency. For example, n = 1/2 for a triangle parcel trajectory in
T-s phase space as noted above (e.g., Fig. 6a of Pauluis and
Zhang 2017). Zero relative humidity has been assumed at
point @’. The dry air partial pressure and temperature at a’
have also been approximated as environmental values p,, and
Ty, respectively; these errors are small as the second term in
the bracket on the rhs of Eq. (6) is dominant.

As shown by Figs. 6d—f of Pauluis and Zhang (2017),
432 g, dq,, (with the reference states chosen therein) is domi-
nated by the import of negative Gibbs free energy of water
vapor (g,) in the near-surface inflow branch of the cycle,
which may be written as

g,~R,TInH
=RTIhs
e

(7
~ R, T

R,
In R Paaty| ~ Ine
=R T(Ing, + c,),

where the first line is defined on p. 94 of Pauluis (2011), e is
the partial pressure of water vapor, ¢ the saturation vapor
pressure, and ¢, = —Ine" + In[(R /R)p,,,] = —Ing,,. The dry
air partial pressure is set to p,,, and all remoistening is as-
sumed to occur at this pressure to make the integration below
tractable. We have used the relation that g, = (R/R )(e/p,,).
Thus, with Eq. (7), Ogivps = 432 g, dq,, may be expanded:

Qaibbs ~ I )

a —m
Tom
=| &4daq,
va

dym
= I R, T (Ing,+c,)dq,
q

va’

g,4q,

Do 8)
= RUTSL Ing, dq,+R T, (q,, —

va’

)

~ Rst(_ qvm + qum lnqvm) + RvTxclqvm
qvm

*
va

— Paa
- _Rstqvm + Rstqvm lnp_’

dm

=-RTg4,,+RTq,,In

where e] is the near surface saturation vapor pressure and we
have taken the limit of ¢, ~ 0 (i.e., air reentering the boundary
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layer has been almost fully dehydrated). This assumption fol-
lows that fact that tropical tropopause saturation water vapor
mixing ratio should be on the order of 10> kg kg~'. For the
m—o leg, the exchange of Gibbs free energy is zero under as-
sumption of ¢; & 0. For the a’—a leg, from Eq. (8) we have
fa_agu dq,~—R,/1Tq,, + R,Tq,,InH, which constitutes the
Inaj Ol'ity of QGibbs-

Following the Emanuel Carnot cycle model (e.g., Emanuel
1991), work against friction —gﬁF - dl is done principally at the
surface during the inflow, where absolute angular momentum
M is lost, and in the free atmosphere in the outflow where M
is restored from the environment. M is defined by

M:rv+%frz, )

where r is radius from the TC center, v the tangential velocity,
and f the Coriolis parameter. By assuming hydrostatic balance
in Eq. (1), assuming vanishing ¢g,, and using Eq. (9), the work
done against friction in the outflow may be written:

o
Wou[—J ~F - dl

o

302 =)

1[m2 - m2 1
= —|=2L e — (M, — M) + (%, — i

2’ "(27 f( or 0) 4f(0r 0)]

10)

_1 M2, — M2 (
_E[f(Mo, M) e

1 MZ_MZ
= 3| M) = m}
Lo, 1 1 M2 - M2
74fra szm 2 r% B

As there is no explicit theory for the size of the outflow r,, we
may for simplicity assume r, to be infinitely large, which
means M is restored in the environment at some large radius
well beyond the storm, so that the last term in the last line of
Eq. (10) can be ignored. Thus, we may have an approximation
Wutz% 2’% 7%me’

o (11)
The approximation of Eq. (11) overestimates W, Making
use of Eq. (1), the work done against friction in the inflow
branch may be written:

WPBL:I ~F-dl

[ capar [ mdavangme] a2

a

N Py 1.,
=~ RTS lnlj - z Vmax,

where the ideal gas law has been used assuming isothermal in-
flow at Ty and Vi, is the maximum tangential wind of a TC
near the top of boundary layer. The effect of water content on
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WppL has been neglected. Note that a complete expression
for Wppy can be obtained by substitution of Eq. (2) again to
eliminate —oaydp. This will yield two additional terms
R,T.q,,InH, + [" g dq,, on the order of —10° T kg™ '. As the
moistening process is weak from a to m compared to that
from a’ to a, these terms are neglected for simplicity here.
Additionally, V.« is typically located at the top of the
boundary layer instead of near surface; the work against
friction from surface to the location of V.4 at r,,, would
also be on the order of 10%> J kg~ ! assuming tangential fric-
tional acceleration ~1072 m s™2. The contribution of this
as well as of the vertical change of total velocity, which
both depend on detailed inner-core turbulence, is not con-
sidered here.
Finally, we parameterize W), by taking

W, = (B = 1)(Wpgy + W,

out)> (13)
where B is a coefficient which may be taken as 5/4 by referring
to Fig. 7a of Pauluis and Zhang (2017). This value means that
the mechanical work to lift water is approximately 25% of the
work against friction (or frictional dissipation) in the eyewall
cycle. Note that this ratio would be much larger (~250%) for
irrotational convection in tropics (e.g., Pauluis et al. 2000;
Pauluis and Held 2002). A physical prediction for W, in a cy-
cle requires further study.
Substituting Egs. (6), (8), (10), (12), and (13) into Eq. (5)
gives
nECLuqvm - Ruquum + Rstqum ln%
Pam

Pia 1 1

=B - nec)RTs lnpdim + B(— 2 Vrznax + Zfzri

1 1 M2 - M2,

m 5 ‘*L;i“*)- (14)
o

By making use of g, = (R/R )(elp,) to relate g, to p, and
defining

Y = PadPam> (15)
which is the ratio of the surface ambient dry air pressure to its
value at the radius of maximum wind, we may write a succinct
relation for y given by

y = exp(Ay + By Iny + C), (16)
where

e, mecL /R — T, (17)

Paa B - TIEC}TS ’

e*
B=——-"* 18
pda(B - ﬂﬁc) (18)
1 5 1 2,2 1 1 M2 - M2,
Biivmax+1f aiimeii 2

cC= — 2 . (19)

(B - TIEC)RTX
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Once pg, is obtained from Eq. (16), p,, is obtained by
P,, =Pan + €. Taking the natural logarithm of Eq. (16)
shows that the lhs is directly associated with Wpg; [via the
RT In(p,/p,,) term in Eq. (12)], and thus, the rhs corre-
sponds to the available work for frictional dissipation (net
heating minus W,) in the cycle minus frictional work in the
outflow. V. is taken to be either environmentally or exter-
nally defined. Equation (16) is directly analogous to Eq. (22)
of Emanuel (1988). The roots of Eq. (16) are the intersections
of the two curves represented by the lhs and rhs of Eq. (16),
respectively. It can be shown that the second derivative of the
rhs of Eq. (16) is always positive where y > 0. Thus, there
may be one, two, or no roots for Eq. (16), similar to Emanuel
(1988). In Eq. (16), A is completely determined by the
thermodynamic environment corresponding to the net heat-
ing of the updated Carnot cycle. Increasing 7 or decreasing
T, individually or simultaneously would increase A (not
shown). B arises from an approximation of taking p,, as the
mean dry air partial pressure in the inflow leg for integration
when calculating QOg;pes [Eqs- (7) and (8)]. Since B would be
of the same order as A and Iny would be one order less than y
if y=<1.1, then the Bylny term in Eq. (16) can be neglected.
The primary effect from Qgipps is the — T term in A. Finally,
C is primarily associated with work against friction in the out-
flow. C becomes negative for a sufficiently large TC.

We test whether Eq. (16) is able to produce reasonable
pressure drops given some environmental parameters and
mature TC parameters taken from our numerical simulations
below (section 3) in tropical conditions. We take ambient
surface pressure p, = 1015 hPa, sea surface temperature
SST = 300 K, air-sea temperature difference AT = 1 K (thus
T, = SST — AT = 299 K), environmental near-surface rela-
tive humidity H, = 0.9 (thus p,, = 985 hPa), the outflow tem-
perature T, = 200 K, Coriolis parameter f = 5 X 107>s™ !, the
maximum wind of the TC Viyax = 83 m s~ !, radius of maxi-
mum wind r,, = 64 km, and TC outer radius r, = 2193 km.
Note that the specific value taken for r, is simply to be consis-
tent with idealized simulations of a TC and it is the same as
the value obtained in section 2c. We take two tunable param-
eters ; = 1/2 and B = 5/4 as discussed above. We also
take the limit of r, = +o. With these parameters, we have
A =0.062, B = 0.031, and C = 0.008. The two curves repre-
sented by the lhs and rhs of Eq. (16) are shown in Fig. 2. We
note that there are two roots for Eq. (16) with the given val-
ues of parameters. One is 1.081, and the other is ~18. The red
line [lhs of Eq. (16)] in Fig. 2 can be interpreted as the actual
work performed in the boundary layer, and the blue curve
[rhs of Eq. (16)] is interpreted as the available work to be per-
formed in the boundary layer. Thus, we observe that the
smaller root corresponds to a physically stable state of a TC
while the larger root corresponds to an unstable state (see
also Emanuel 1988). Thus, here and hereafter, we take the
smaller root of Eq. (16) for the dry air partial pressure drop
determined by the updated Carnot cycle. The smaller root
y = 1.081, which corresponds to an 8.1% surface dry air pres-
sure drop, gives p,, = p,, + e, = 944 hPa, which is a reason-
able value as will be seen in simulations later.



3006

24 TR IR NN NS SR S ENSRI N [

20 -

1y i
LI I— exp(Ay+ByIny+C) B

12 -

0 T | 1 T
0 3 6 9 12 15 18 21
y

FIG. 2. A representative example of how the roots of Eq. (16)
are obtained. Here A = 0.062, B = 0.031, and C = 0.008. See text
for more details.

One notable property of the solution for p,,,, which will be
necessary to understand the TC PS predictions below, is that
increasing A (e.g., via increasing 7y) will decrease the Carnot
prediction of p,,,,, while decreasing C (e.g., via increasing r,)
will increase the Carnot prediction of p,,.

We note that the Carnot model assumes the loss of M in
the inflow is restored solely in the upper troposphere by some
turbulent mixing. The maximum anticyclonic wind speed will
be ~ (1/2)fr,, giving tens of meters per second. Previous stud-
ies show that though the near-surface flow beyond r, can ex-
hibit anticyclonic flow, the wind speeds are quite small (CE14;
Cronin and Chavas 2019), indicating that much of the M is re-
stored in the free troposphere. Thus, the outflow work term in
the Carnot cycle model is a reasonable though highly ideal-
ized representation of this process.

b. A brief review of C15 model

The C15 complete wind profile model numerically merges
the inner-core structure model of ER11 and the outer-region
structure model of Emanuel (2004, hereafter E04). The input
parameters of the C15 model are outer radius r,, maximum
gradient wind V,,, lower-tropospheric subsidence velocity in
the subsidence region we,. (positive downward), the surface
exchange coefficients of enthalpy C, and momentum C,; and
Coriolis parameter f. The C15 model yields the tangential
(gradient) wind profile V as a function of radius r, including
radius of maximum wind r,,. Following Wang and Lin (2021),
it is convenient to use a nondimensionalized C15 model,
where V is nondimensionalized by V,,, and r is nondimension-
alized by r,. Thus, we have nondimensional wind V = V/ng
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and nondimensional radius 7 =r/r,. The nondimensional
ER11 and E04 model may be written, respectively:

s 2-C,IC,
gy 4 2
e VT _ 2717,
2;’% — 2= (CJC,) + (CIC)FIF, )
| ra m m
(20)
Yy CV., 2R
3(’}’) _ —d gm 2F V~2 _ fi 7. (21)
aF Weo (1 —72) ng

Equation (20) indicates that the ER11 model is determined by
three nondimensional parameters: ng/(fra), 7., and C/Cy.
Equation (21) indicates that the E04 model is determined by
two nondimensional parameters: ng/(fra) and C,V, W
Matching Egs. (20) and (21) requires three of the four parame-
ters to be externally defined leaving one parameter, 7, in our
case, to be internally determined. The nondimensional wind
profile V() can be reduced to V(r) given Vem and r,.. By gradi-
ent wind balance, one can obtain p,, and the whole surface
pressure profile given environmental near-surface pressure p,
(Chavas et al. 2017). Following ER11, Bister and Emanuel
(1998), and Rousseau-Rizzi and Emanuel (2019), V,,, may be
predicted solely from environmental parameters by

c, T.-T
2 2 ~ "k s o
Ve =Vo2g, =7

o

(kg — k,), (22)

where V), is the potential intensity, k, the ambient saturation en-
thalpy at SST, and k, the ambient near-surface enthalpy at 7.

c¢. A TC PS model combining C15 and updated Carnot
cycle model

The updated Carnot cycle model predicts p,, given environ-
mental parameters Ty, T,, p,, H, (for calculation of py,), f,
and TC intensity/structure parameters Viax, 7, and r,. The
C15 model predicts p,, given environmental parameters SST,
Ty, Ty, Pa> Weools - Ca> Ci, H,, (for the calculation of V), and
TC structure parameter r,. For the updated Carnot cycle
model, V,.x may be related to environmental parameters by
introducing a coefficient vy, for supergradient wind so that
Vmax = yxgvgm’ (23)
where ,, may be taken as 1.2 to match simulated TCs [also
within the range of 1.1-1.25 found by Kepert and Wang
(2001)]. Note that Vi, (or V) need not be tied to V,, but
can be defined as any value, as done in the analytic tests and
axisymmetric simulations below to allow for the role of radial
turbulence in modifying simulated Vy,x.

Hence, with the environment specified, the C15 model pre-
diction for p,, requires only the overall storm size r,. Simi-
larly, the updated Carnot cycle predicts p,,, given 7, Vay, and
T'my Where Vi, is provided by Eq. (23) and r,, is provided by
C15 model. Hence, to predict p,, from the C15 and updated
Carnot cycle models, the only external parameter not defined
environmentally is outer storm size r,. Moreover, p,,
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Iteration by tuning
Ta

Same p,,

FIG. 3. A schematic summary of the basic idea of TC PS model. Blue boxes and arrows show
logic and submodels and green boxes show necessary steps in the iterative solution.

predicted by the updated Carnot cycle is larger with larger r,
(Emanuel 1991), while p,, predicted by the C15 model is
smaller with larger r, (Chavas et al. 2017). Thus, there will be
a specific r, that allows p,, predicted by both models to be
equal—this specific r, is the TC PS in a given environment.

Physically, the characteristic wind structure of the TC
(C15 model) would predict a lower inner-core pressure as r, in-
creases by gradient wind balance, but the pressure drop experi-
enced by inflow parcels is limited by its energetic cycle (updated
Carnot cycle model). The potential pressure drop is reduced as
r, increases, which prevents infinite expansion of the TC (also
discussed in CE14). The above logic is the basic hypothesis of the
TC PS model that we present here. A schematic summary of the
TC PS model is shown in Fig. 3. The model itself is applied by
numerically converging iteratively to the solution for , that satis-
fies both constraints in a given environment.

Taking the parameter settings in section 2a with w.oo =
0.02ms ', H, =09, y = 1.2, and r, = + o, Fig. 4a illus-
trates how the method would yield a unique solution for 7, in
a given environment. We test r, over a range of values from
200 to 5000 km and find the solution for both models that
yields the same p,, for each case. With all other parameters
held fixed, increasing r, causes the C15 model to predict a
monotonically decreasing p,, through gradient wind balance.
Meanwhile, increasing r, causes the updated Carnot cycle
model to predict a monotonically increasing p,,, through increas-
ing the work done in the outflow. Thus, there is a single unique
solution that satisfies both models, given by r, = 2193 km,
with p,,, = 944 hPa (Fig. 4a). As noted earlier, the TC PS repre-
sents the equilibrium upper bound on TC size and hence is ex-
pected to be larger than typical TC sizes on Earth. Indeed, the
observed median TC outer size is ~900 km and the vast majority
of TCs are substantially smaller than the traditional upper-bound
scaling V,/f (Chavas et al. 2016). Observations further suggest
that the largest TCs do scale with V /f over a reasonable range
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of values of this length scale from 800 to 1600 km (their Fig. Sc).
As a specific example, Super Typhoon Tip (1979) was observed
to produce a radius of 15 m s~ ! surface winds over 1100 km dur-
ing its mature stage (Dunnavan and Diercks 1980); thus, it is
plausible that Tip could have an outer radius ~2000 km.

The behavior of the updated Carnot cycle model is under-
stood through Fig. 4b. Increasing r, only affects parameter
C in Eq. (16). As r, increases, 272 significantly increases and
C significantly decreases. By Eq. (16), p,, increases. Physically,
increasing r, causes W, to increase, leaving less energy avail-
able for Wpgp (Fig. 4b), which directly links p,, through
Eq. (12). When r, is over ~3000 km, Wppy. becomes negative.
This outcome indicates that there is zero work available to
power the near-surface circulation, and hence, an equilibrium
TC cannot exist (i.e., zero surface pressure drop) at such sizes
under the given environment. Q; gradually decreases as r, in-
creases (Fig. 4b), caused by an increasing p,, through Eq. (6).
QOgibbs Is approximately constant as r, increases (Fig. 4b).

Back to Fig. 4a, a further physical interpretation of how TC
size is determined may be provided. The interpretation is
based on results from idealized simulations (section 3; also
Martinez et al. 2020) and in nature (Maclay et al. 2008) that
TCs typically continue to expand slowly (r, increases) after its
intensification. We assume the C15 wind structure model is
valid at all stages (C15). Thus, we may define the value of p,,
predicted by the C15 model as the present p,,. On the other
hand, the value of p,, predicted by the Carnot cycle model is
interpreted as the potential p,, if the TC were to maintain its
present r,. When the potential p,, is smaller than the present
D (small but intense TC), there is more energy available for
WppL (gray line in Fig. 4b above zero) and thus the TC may
deepen and expand, because for most circumstances the only
way a TC decreases its present p,, is by expansion (note that
the model assumes intensity is determined solely from the en-
vironment). As the TC expands, the present p,, decreases and
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FIG. 4. An example of how TS PS model predicts a specific 7, in
a given environment. (a) p,, (hPa) predicted by updated Carnot cy-
cle (blue) and by C15 model (red) with different r, (km). The inter-
section point marks the specific r, and p,, predicted by TC PS
model. (b) Different terms (J kg™!) in the updated Carnot cycle
model with different r,. The gray line shows the difference of Wpp.
(J kg™ 1) between Carnot model and C15 model.

the potential p,, increases as more work has to be done in the
outflow, until a specific size is reached when the present p,,
and the potential p,, are equal. Further expansion ceases
above this equilibrium size, as the available energy for Wppgy,
would be less than the present value (gray line in Fig. 4b be-
low zero) and as a result the TC would shrink back down—
hence, it is a stable equilibrium. Note that this “surplus available
work” argument is the energetic explanation for intensification
theory (Vinax) in Tang and Emanuel (2010, 2012); in our case
the argument is that if V., cannot change, then the extra
work can be used for expansion rather than intensification.
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d. An intrinsic length scale

We next demonstrate that an intrinsic TC PS length scale,
Veamod/f, emerges from a simplified version of the updated
Carnot and C15 model equations. The surface pressure deficit
corresponding to C15 model may be approximated by (Chavas
et al. 2017)

Paa ~ Pam (24)

=p,1 -1y = Dng + Efr, + F,
where D, E, and F are regression constants. The updated Carnot
cycle model [Eq. (16)] may be linearized (neglecting the B term)
by

y=(1+CO/1 - A), (25)
noting that Iny ~ y — 1 [similar to Eq. (24) of Emanuel
1986]. Equation (25) also gives an approximate relation
8pdm,Camot/ara ~ ra/yz’ with Pam carnot = pm,Carnot & (Sub-
script “Carnot” denoting Carnot model predictions).

Eliminating y by combining Egs. (24) and (25), assuming in-
tensity alone does not have a strong effect on potential size,
and making further simplifications (see appendix B) gives a
length scale:

Te ™~ VCamol/f’ (26)
where Vamor 1s defined as
Véarnot = (nECLu - Rst)an’ (27)

with ¢,, = R/R (e,/p, ) the near-surface saturation water vapor
mixing ratio of the environment. Here Vo 18 @ velocity scale
from the updated Carnot cycle. The rhs of Eq. (27) corresponds
to the available work of a mixed steam—Carnot cycle (Pauluis
2011) with input latent heat L g,, and input sensible heat —
Rvqu; to a dehydrated parcel.1 Hence, Viamo differs from V),
in that V), reflects air-sea thermodynamic disequilibrium
whereas Vamor Teflects the net heat that is obtained in a ther-
modynamic cycle. Viamey also lacks a dependence on Ci/C,.
Vcamot May be interpreted physically as the largest possible anti-
cyclonic velocity that can be reached in the outflow at radius r,
of the TC [Eq. (B5)], which is also a physical outcome if all the
available mechanical work in the mixed steam—Carnot cycle is
used against friction in the outflow [Eq. (BS)].

e. PS model and V,/f scaling

It is important that the TC PS model should be able to qual-
itatively reproduce the V,/f scaling for r, as found in idealized
numerical simulations (CE14). We vary individually f, T,, and
SST (thus 7y) as base cases of varying V,/f. Varying T, is by
far the cleanest means of varying V), as it does not alter the
thermodynamic structure of the lower troposphere (CE14).
Furthermore, we vary C, and Cj respectively to see if the V,,/f
scaling still holds; in this case the thermodynamic properties

' A corresponding heating process (with moistening and cool-
ing) will be at constant temperature 7 and constant dry-air partial
pressure p,, (so that also at constant volume).
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(T, and Ty) in the updated Carnot cycle do not change. Last,
we fix all environmental parameters but only vary V,,, to see
how the TC PS model would predict a size change. This test
corresponds to varying the horizonal mixing length in a nu-
merical simulation: past works (Bryan and Rotunno 2009;
Rotunno and Bryan 2012; CE14) have shown how increasing
the radial mixing length acts to smooth the inner core M field
radially outwards, which results in a larger r,, and smaller
Vmax as M(r,,) stays relatively constant. In the following anal-
ysis, other environmental parameters are fixed as in section 2a
and 2c. As 7 is somewhat tunable, we also test the sensitivity
of the TC PS model to m for values of 0.4, 0.5, and 0.6. Finally,
we test the assumption of r, = +o by taking r, = 1.2r, for
comparison. We then compare results for V,/f against the
length scale Vamodf defined above to examine which length
scale best represents equilibrium size.

First, fis varied from 1.25 X 107> to 2 X 10™*s™! and thus
1/f is varied from 5 X 10° to 8 X 10* s (Figs. 5a,b). The pre-
dicted r, increases linearly with increasing 1/f, indicating that
the TC PS model correctly yields an f ! scaling. For i = 0.5
and r, = +o, predicted r, increases from slightly over 500 to
~8700 km. Notably, when 1/f is varied, the predicted p,,, re-
mains nearly constant, indicating that equilibrium pressure in-
tensity (inner-core surface pressure) does not depend on f.
Larger m consistently increases the predicted r, and decreases
the predicted p,,, indicating that a more efficient system yields
a larger and deeper storm (with constant maximum wind
speed); this behavior will also be seen in later tests. Taking r,
finite (dashed lines) does not change the qualitative behavior
but does yield a larger predicted r, and lower p,,. Physically
this response occurs because when r, is finite, the storm has to
do less work in the outflow [Eq. (10)]. This behavior will be
seen in later tests as well. Physical explanation of the 1/f scal-
ing seen in Fig. 5a is provided in the next subsection.

Second, T, is varied from 170 to 230 K (Figs. 5c,d). The cor-
responding V/, varies from ~86 to ~54 m s~1. Overall, the pre-
dicted r, increases with increasing V). This is qualitatively
consistent with the V,/f scaling but with a slightly larger mag-
nitude dependence. For = 0.5 and r, = +, predicted r, in-
creases from ~1400 to ~2800 km while V,/f increases from
~1100 to ~1800 km. Vamod/f scales closely with V,/f and
hence is also captured by the TC PS model. p,, decreases rap-
idly with increasing V,, which is associated with both the in-
creased V), (thus V,,,,) and the increased predicted 7,.

Third, SST is varied from 280 to 310 K (Figs. Se,f). The cor-
responding V, varies from ~37 to 96 m s~ ', with a propor-
tional increase of 159% for V,/f. We see a slightly stronger
increase of predicted r,. For n = 0.5 and r, = +o, predicted
r, increases from ~900 to ~3300 km, with a proportional in-
crease of ~267%. Vcamodf behaves similarly to V,/f but with a
steeper slope (a proportional increase of ~197%), closer to
TC PS predictions. Specifically, Vcamor increases from 76.2 to
106.7 m s~! as SST increases from 300 to 310 K, indicating
~4% K~ !increase of size or ~60 km K ' at f=5Xx 1075571,
There is also a significant increase of predicted r, as 7 in-
creases at constant V), as the system is more efficient and the
additional power is used to expand the storm. Note the effect
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is stronger with larger V,,. Similar to varying T,, we also see a
significant decrease of p,, as V), increases.

The different dependence of r, on 7T, versus SST may be un-
derstood considering their quantitatively different roles in the up-
dated Carnot cycle [see Eq. (16)]. While T, only enters Eq. (16)
through e, 7, enters Eq. (16) additionally as its own term, and e.

For our base-case tests, the TC PS model is able to qualita-
tively reproduce the V,/f scaling. This indicates that the TC
PS model likely captures several important physical processes
determining TC size. Next we distinguish V,/f and TC PS
model (Vamor/f) With two further tests.

Next, we test how TC PS would predict a response of r, to
C, and Cy, which changes V), but not Vcymer. Unlike T, or T,
C, and Ci do not influence the thermodynamic property of
the system, i.e., through parameter A in Eq. (16), but only in-
fluences the parameter C in Eq. (16) by modifying V,, (thus
Vimax)- We see from Figs. 6a-d that V), is varied from ~50 to
~90 m s~ !, but the predicted r, remains approximately cons-
tant, even though there is a significant decrease of predicted
Pm- We will see that these predictions are also qualitatively
consistent with idealized simulations in section 3, indicating
that the standard V,/f scaling is not applicable in this case. In-
stead, Vcamot/f follows the TC PS predictions.

All together, then, analytical tests suggest that qualitative
difference between the TC PS model and V,/f scaling is
mainly the dependence on C,/C,. The intrinsic scaling Vcamor/f,
independent of C,/C,, compares well with TC PS predictions.
Vcamodf also resembles +/x/f, where 4/x is similar to V), but
without the C,/C, factor, of previous TC theory (Emanuel
1995) that employs specifically /x/f as the relevant nondimen-
sional length scale; note though that dimensional arguments
alone cannot determine whether the nondimensional factor
C/C, should or should not be included.

Finally, we further test how TC PS predicts a response of r,
to horizontal mixing length /, in a numerical model. It is
known that increasing [, acts to decrease V,,, (Bryan and
Rotunno 2009; CE14). Thus, to mimic the effect of /,, which is
not a parameter in either updated Carnot cycle or C15 mod-
els, we vary V,,, instead. We see from Figs. 6e and 6f that the
predicted r, only slightly decreases as V,,, increases, while p,,
decreases significantly, which is to be expected from gradient
wind balance as the maximum wind speed increases. This is
consistent with the observed behavior of TCs in which intensity
can vary substantially while the size of the outer circulation re-
mains fixed (Frank 1977; Merrill 1984; Chavas and Lin 2016)
and reproduced by the C15 model. Here the TC PS model also
predicts that inner-core radial mixing will not change outer
storm size, and hence, this behavior is both dynamically and
energetically consistent. We will also see that these predictions
are qualitatively correct in idealized simulations in section 3.

We have also tested the sensitivity of TC PS model to vy,
and B. Predicted r, increases with a higher v,, and decreases
with a higher 8. The former relation is because higher v;, gives
a larger V.« and hence a larger parameter C in Eq. (16),
which will shift the blue curves down in Fig. 6 to yield a larger
predicted r,. The latter relation is physically intuitive as a
higher water loading is expected to reduce the work available
against frictional dissipation, which is related to TC size.
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FIG. 5. TC PS model prediction of (left) r, (km) and (right) p,, (hPa) as (a),(b) f varied from 1.25 X 107> to
2 X 107*s71, (¢),(d) T, varied from 170 to 230 K, and (e),(f) SST varied from 280 to 310 K. The x axis is the correspond-
ing 1/f (10*s) in (a) and (b) and the corresponding V,, (m s~ ") in (c)—(f). Predictions with different values of n are in dif-
ferent colors noted by the legend in (a). Thick solid lines are with r, = +o and thin dashed lines are with r, = 1.2r,. The
light gray lines in the left column show V,/f (km) and the dark gray lines show Vicamodf (km) with i = 0.5.
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f- Further understanding of TC PS model results

Details of how the predictions for p,, from both the Carnot cy-
cle and C15 models as r, is varied yield a single unique solution
for the six tests above is shown in Fig. 7. For simplicity, only cases
with n = 0.5 and r, = + are shown. In each test, the basic re-
sponses of p,, predicted by the updated Carnot cycle (9, carnot)
and C15 model (p,,,c15) with increasing r, are qualitatively the
same as Fig. 4a: larger r, (a larger low-level storm) yields a higher
Pm (lower pressure intensity) for Carnot cycle and a lower p,,
(higher pressure intensity) for C15 model. However, the final TC
PS prediction for the response of r, in each test is determined in
a complicated way: the solution depends on the sensitivity of
Dm.Carnot t0 some parameter (X), 6pm’camo[/ 9X, which corresponds
to how quickly the blue curve shifts downward as a function of 7,
relative to the p,, cis sensitivity, dp,, -5/0X, which corresponds to
how quickly the red curve shifts downward as a function of 7,.
When 9p,,, camot/9X > 9P, c15/9X, the PS will typically decrease
(Figs. 7ab). When dp,, 1 /0X < 0p,, ¢5/0X, the PS will typi-
cally increase (Fig. 7c). When P, Camot/9X = 9P, ¢15/9X, then
the PS will not change (Figs. 7d-f).

When fis varied (Fig. 7a), we observe that p,, c15 decreases
faster with r, as fincreases. This directly corresponds to gradi-
ent wind balance. Correspondingly, p,, camot InCreases faster
with r, as fincreases. This is solely a reflection of the increase
of parameter C in Eq. (16). Note that parameter A and B are
constant when fis varied. The r, ~ 1/f scaling is produced by
the fact that f'and r, only appear as their product fr, in the TC
PS model if M,, is neglected and assuming r, approaches in-
finity (appendix B). Thus, the TC PS model is invariant when
r. ~ 1/f. The final outcome is the prediction that p,, will re-
main constant as fis varied [Egs. (24) and (25)].

Comparing Figs. 7b and 7c, varying T has a larger impact on
Pm.camot than varying 7,,. Increasing 7 directly increases the
potential of heat received in the inflow [Eq. (6)] by increasing
e, and the net heat in the cycle by increasing ec, whereas de-
creasing 7T, only increases ec. The same is also seen in Vgmor.

The budget terms from Eq. (5) in the updated Carnot cycle
for each of the six TC PS model tests are shown in Fig. 8.
When varying f (Fig. 8a), Qs, Ogivbs, and Wpg are approxi-
mately constant because p,,, is approximately constant and V,
(thus V,,,,) is constant. Thus, from Eq. (5), W, (and fr,) must
remain approximately constant too. For tests varying 7, and
T,, WpgL and W, both increase with V), (Figs. 8b,c), which is
associated with a decrease of p,, and increase of r,. Compar-
ing Figs. 8b and 8c, T has a larger impact on Q; than 7. For
tests varying Cy, Cy, and V, (Figs. 8d-f), WppL increases
with V,, and V,,,, respectively, because of the decrease of p,,;
Wou is found to have similar variation as 7,. Qgipbs 1S approxi-
mately constant except for variations in 7§ that induce sub-
stantial increases in water mass loading with warming.

3. Evaluation of the TC PS model against idealized
numerical simulations

a. Model configuration and experimental design

The numerical model used is Cloud Model 1 (CM1; Bryan
and Fritsch 2002) release 19.2, which has three-dimensional
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(3D) and axisymmetric configurations for idealized simula-
tions. We use a 3D configuration in a small domain without
background rotation to obtain a radiative-convective equilib-
rium (RCE) state, which is then taken as the base state for
TC simulations using axisymmetric configuration with back-
ground rotation, similar to the approach of CE14. The follow-
ing model settings are the same for 3D and axisymmetric
simulations, except otherwise noted. The horizontal resolu-
tion is 4 km and the vertical resolution is 100 m below 3 km of
altitude and stretches gradually to 500 m at 12 km of altitude
and remains constant above this altitude. The domain height
is 25 km. The microphysics scheme is the Morrison double-
moment scheme (Morrison et al. 2005). Turbulence is param-
eterized for mesoscale modeling with horizontal mixing length
I, set to 1500 m and asymptotic vertical mixing length set to
100 m. A Rayleigh damping zone is applied in the upper 3 km
of altitude for both 3D and axisymmetric simulations and the
outer 100 km of radius for axisymmetric simulations. To effec-
tively control the tropopause temperature Typp, Which approx-
imates 7,, radiation is represented using a simple constant
cooling scheme following Chen and Chavas (2020). Ty, is
given as an external parameter. When temperature 7 is higher
than Tipp, then a constant cooling rate Qoo (defined positive
here) is applied to the potential temperature 6; otherwise, 0 is
relaxed to the corresponding value to Ty, with a relaxation
time 7, i.e.,

T>T,.

B Qcool ’

0(p, Ty,,) = 0(p, T)
T ’ tpp”

a0

a 28)

Here Qoo is set to 1 K day ! and 7set to 12 h.

The surface fluxes are calculated using the classic aerodynamic
formulas with constant surface exchange coefficient for momen-
tum C, and enthalpy C,. Following CE14, a “background” wind
speed u is added as a modification to the surface-flux calcula-
tions to represent the enhancement of surface fluxes from unre-
solved gustiness. The surface enthalpy flux F; and surface stress
7 are thus formulated as

Fy = Cypy(ul + usfc)(ké - k), (29)

7, = Cyp,(lu + ug )u, (30)
where p, is the near-surface dry-air density, u the near-surface
horizontal wind vector, and |u| the near-surface horizontal
wind speed. Equations (29) and (30) are applied to all 3D and
axisymmetric simulations, with ug. set to 5 m s

We define our Control experiment (CTL) with the follow-
ing parameters: Tpp = 200K, SST = 300K, f=5X 1077 s,
C,; = Cy = 0.0015, and [;, = 1500 m. The initial vortex in CTL
is defined following Eq. (37) of Rotunno and Emanuel (1987).

We conduct six sets of axisymmetric TC experiments
(Table 1) corresponding to section 2d, with each set varying
f (Ex_F), Typp (Ex_TTPP), SST (Ex_SST), C, (Ex_CD),
Ci (Ex_CK), and /;, (Ex_LH), respectively. The initial vortices
are the same as in CTL. For Ex_TTPP and Ex_SST, the base
state is defined from their corresponding 3D RCE states. For
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FIG. 7. p,, predicted by the updated Carnot cycle model (blue) and the C15 model (red) over a range of values of
r, induced by variations in (a) f, (b) T,, (c) T, (SST), (d) Cq, (€) Cy, and (f) V,,,. We set 7 = 0.5. More opaque line
means higher values of the variable varied. The TC PS-model-predicted p,, and r, are intersections of blue and red
curves, marked by black dots.

Brought to you by Purdue University Libraries | Unauthenticated | Downloaded 07/10/23 09:01 PM UTC



3014 JOURNAL OF THE ATMOSPHERIC SCIENCES VOLUME 79
(a)f eta=0.5 (b) To eta=0.5
— 1 1 | - — 15000 M S | M
10000 -
1] — w_PBL 12000 -
{1 — W_out F
80004 __ g - 0000 ] i
2 | — -Q_Gibbs 2
S 0 S
6000 -
= ] =< 6000 - -
4000 _ _ 3000 - / ]
2000 +————F————F 7 0 +- T — — :
0.0 2.0 4.0 6.0 8.0 50 60 70 80 90
1/£ (10* s) Vp_To (m/s)
(c) Ts eta=0.5 (d) Cd eta=0.5
24000 PENENEE BT | M 1 | PR 12000 e b
20000 ] B 10000 ] /_
16000 - L ] [
S ] [ & 8000 A -
< 1 P 1 i
S 12000 e~ 1
= ] [ = 6000 A B
8000 - - ] [
4000 L 4000 - -
0|||||| 2000 T T L L T
30 40 50 60 70 80 90 100 40 50 60 70 80 90
Vp_Ts (m/s) Vp_cd (m/s)
(e) Ck eta=0.5 (f) Vvgm eta=0.5
12000 b b b b b 12000 b b bt
] I 8000 - L
S 8000 - ) 1 I
< | < ] -
2 3 6000 - N
=< 6000 - - = ]
I I 4000 =
4000 T 2000 1 -
2000 L L R L O ' L L L
40 50 60 70 80 90 100 40 50 60 70 80 90
Vp_ck (m/s) Vgm (m/s)
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TABLE 1. Experiment sets for the axisymmetric CM1 TC simulations.
CTL parameters are shown in boldface.

WANG ET AL.

Ex F  Ex_TTPP Ex SST Ex CD Ex CK ExLH

FA07 5™ Tpp (K) SST(K) Cy (107°) G (107) 1y (m)
163 0.9 0.7

1.25 174 280 L0 L0 375

2.5 187 290 12 1.2 750

5 200 300 15 15 1500

10 214 305 1.9 1.8 3000

20 227 23 22 6000
241 3.1 2.5

other experiments, the base state is the same as the CTL sim-
ulation. The 3D simulations are run for 100 days and the aver-
age sounding calculated from the last 15 days are used as the
base state for axisymmetric TC simulations. The horizontal
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FIG. 9. Time series of (a) Vimax (m s 1), (b) 7, (km), (c)

3015

domain size for 3D simulations is 240 X 240 km?. The domain
height is 25 km for all experiments except 28 km when
SST = 305 K and Tip,p, = 163 K. The axisymmetric TC simula-
tions are run for 100 days in all experiments except 150 days
for £ = 0.0000125 s™! to achieve a sufficiently long quasi-
steady state. The domain for TC simulations is 6000 km for all
experiments except for cases where TC size is especially large:
8000 km for Ty,, = 163 K, 10000 km for SST = 305 K, and
15000 km for f = 0.0000125 and 0.000025 s .

Time series of TC intensity and sizes in CTL are shown in
Fig. 9. After day 30, intensity remains quasi steady within the
100-day period, similar to CE14. Outer size increases rapidly
to a peak at approximately 40 days and then fluctuates about
a quasi-steady long-term value through 100 days. Thus, a
quasi-equilibrium/steady state for tens of days can be reached
in our experimental setup. We note that the environment is

(b) rmax
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radius of 4 m s~ ! tangential wind at 1 km height r4 (km),

and (d) r, by fitting E04 model to r, (see text). In (c) and (d), a 24 h running average has been applied. The horizontal
lines in (c) and (d) mark the 40-100 day average values. Solid and dashed gray lines show Large and Small experi-

ments (see text), respectively.
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also quasi steady during most of the simulation period after
the first few days (not shown) with no additional nudging ap-
plied to the environment. Note that the use of constant cool-
ing for representing radiation [Eq. (28)] ensures that deep
convection is persistent in the environment to balance this ra-
diative cooling, which resupplies moisture to the free tropo-
sphere lost to precipitation. This approach avoids the long-
term storm decay that occurs when using Newtonian cooling
toward an initial state in the absence of an artificial moisture
relaxation (Rousseau-Rizzi et al. 2021).

As the true r, can be noisy in simulations owing to noise at
the very outer edge of the storm, we estimate r, from r,, the
radius of 4 m s™! tangential wind at 1 km, using the E04
model, which is the outer circulation component of the C15
model. At each output time step (every 4 h), the E04 model is
fit to ry (see also Fig. 9d), with diagnosed wc,, following
CE14 from the equation for radiative—subsidence balance:

a0

Weool = Qcool/a_z’ (31)
where the overbar denotes time- and area-weighted horizontal
radial average and pressure-weighted vertical space average
over the steady state (defined below, 40-100 days for CTL)
and the outer 900 km (outside the Rayleigh damping zone) of
the domain and 1.5-4 km of altitude.

Simulated size is generally larger than those in CE14. This
difference may be due to differences in model setup: the dif-
ferent microphysics schemes, difference values of ug (3 ms ™'
in CE14), a coarser vertical resolution in CE14. Additionally,
CE14 chose to analyze the wind profile at z = 1.56 km, which
is likely well above the boundary layer height especially at
large radii. As a result, this choice will likely yield a wind pro-
file that decays more quickly with radius in the outer circula-
tion. Our simulations have much higher vertical resolution at
low levels and hence we can select a more appropriate height
(1 km) for our analysis.

The TC PS model predicts equilibrium outer size from envi-
ronmental parameters alone, and hence, it should be insensi-
tive to initial vortex size as was found in CE14. We perform
two sensitivity experiments (Fig. 9) varying initial r,,, (~100 km
in CTL) while holding initial intensity unchanged: ~60 km
(“Small”) and ~140 km (“Large”). Indeed, varying the initial
1., does not induce systematic variations in equilibrium storm
properties relative to CTL, particularly when compared to the
effects of varied environment (see Fig. 10). Thus, we confirm
that equilibrium outer size is largely environmentally defined.
Note that initial vortex size can modify storm size within the
first few days of the simulation as shown in Martinez et al.
(2020) and Tao et al. (2020).

b. Comparison of TC PS predictions with numerical
simulation results

Based on Fig. 9, steady state is taken as the average of days
40-100 for simulated TCs in all experiments except for two ex-
periments with very small f (days 100-150 for f = 0.0000125s™!
and days 60-100 for f = 0.000025 s~ '). In axisymmetric simula-
tions, V,, is not well constrained by V,, because of a dependence
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of Vg, on [, (Rotunno and Bryan 2012; CE14). Thus, we use the
steady-state average of simulated V.. and Vi, (by pressure field
at the lowest model level) for the TC PS model, which together
define v, (1.27 for CTL). The value of r,, for M,, is predicted in-
ternally by the C15 model.

We define r,m1 as the steady-state average of the esti-
mated outer radius from the E04 model, which we then com-
pare with the TC PS prediction of r,. Similarly, we calculate
steady-state averages of simulated surface pressure at r,,
Pm.cmi1, to compare with the TC PS model prediction.

The simulated TCs have a fully developed upper-
tropospheric anticyclone core, and thus, we may retain the
term —(1/2)(M2 — M2))/r? in the calculation of Wo,, [Eq. (19)].
r, is estimated from simulated values 7, in TC PS—-model
predictions. r,m1 is assumed to be steady-state average of the
radius of the maximum anticyclonic wind in the simulations,
same as the definition in section 2a. Because the upper-level
anticyclone typically extends beyond the surface cyclone, we
assume 7, is some factor larger than 7,, i.e., r, = (rwml/ram DXr,
(this factor is ~1.27 for CTL).

We also provide a comparison with the V,/f scaling. V,
[Eq. (22)] is calculated from the simulations as the steady-
state mean of the value calculated from radial mean k; — k,
and radial mean tropopause temperature over the outermost
900 km (excluding the Rayleigh damping zone) of the do-
main. The corresponding values of V), in each experiment is
shown in Table 2. As in CE14, this is not calculated within the
storm inner core (and without any iteration to account for the
effect of reduced pressure on enthalpy variables) but instead
is calculated from the far-field environment so that it may be
considered a purely environmental parameter.

For direct comparison, we define the environmental param-
eter values in the TC PS model directly from the simulations.
Specifically, SST and f are taken as their values in each CM1
experiment and T}, is taken as Ty, in each CM1 experiment.
As Ty (near-surface air temperature) is not rigorously defined
in the TC PS model, for simplicity we take Ty to be the
steady-state mean of radial mean temperature of lowest
model level over the outer 900 km (excluding the Rayleigh
damping zone) of the domain; p, and H, are obtained in the
same manner. Note that p, ~ 1013 hPa in CTL, smaller
(larger) when the atmosphere is cold (warm), e.g., ~1004 hPa
at SST = 280 K and 1024 hPa at T, = 241 K. H, ~0.88 in
CTL, smaller (larger) when SST (or Cy) is low, e.g., 0.81 at
SST = 280 K and 0.91 when SST = 305 K. The temperature
difference between SST and T decreases from ~1.7 K at SST
of 280 to ~0.4 K at SST of 305 K.

For a better fit to simulation results, n = 0.4 is chosen,
which is a slightly lower efficiency than a pure triangle. This
likely compensates for the assumption of complete resatura-
tion, which may be too strong of an assumption and thus
yields a larger energy input for thermodynamic cycle than
that in a simulated TC; such detailed analysis is left for future
work. We set B = 5/4 as was done in section 2. Across all sim-
ulations, ro,ml/ra,cm1 is found to be approximately 1.25 and vy,
is found to be approximately 1.27. Note that they are all al-
lowed to vary as given in Tables 3 and 4. The variations of
each are necessary for the quantitative match of the TC PS
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show the corresponding Veamer/f (km). “Hi” and “Lo” mark high and low values of the parameter varied,
respectively.

Brought to you by Purdue University Libraries | Unauthenticated | Downloaded 07/10/23 09:01 PM UTC

3017



3018

TABLE 2. The corresponding V,, (m s') in each experiment
in Table 1. CTL simulation is shown in boldface. Order of
experiments within each set matches that shown in Table 1.
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TABLE 3. The corresponding r, ../, .,y In each experiment
in Table 1. CTL simulation is shown in boldface. Order of

experiments within each set matches that shown in Table 1.

Ex F Ex_TTPP Ex SST Ex CD Ex CK ExLH ExF ExTTPP ExSST ExCD Ex CK ExLH
82.8 81.5 62.6 1.3 1.3 12

64.4 75.0 48.9 76.8 63.5 62.7 13 12 1.5 12 13 1.4

64.1 69.8 57.0 71.5 63.8 64.3 13 1.2 1.5 1.4 13 1.3

62.8 62.8 62.8 62.8 62.8 62.8 13 13 1.3 1.3 1.3 1.3

61.1 56.6 64.7 572 64.3 63.0 13 13 14 1.2 14 12

61.6 49.6 52.0 65.0 61.1 0.9 1.1 13 1.1 12
42.3 45.0 65.2 1.5 1.3 1.3

model predictions to simulations. The value of wc is ap-
proximately 0.0014 m s~! when SST = 300 K; it increases to
0.003ms™' when SST = 280 K.

Figure 10 compares TC PS-model predictions of r, and p,,
with corresponding steady-state values of CM1 simulations
for the sets of experiments varying f, Tipp, and SST. The TC
PS model does well in reproducing the simulated values of
both r, and p,,. The lone quantitative exception is a slightly
stronger dependence of TC PS r, on T\, than is simulated in
Ex_TTPP. V,/f and Vcamod/f are almost identical for varied f
and Ty, and also scale reasonably well with the full TC PS
model prediction. For varying SST, Vcamod/f better captures
the strong dependence of simulated size on SST than V,/f.
This is because Vcamo/f does not depend on air-sea thermo-
dynamic disequilibrium as V,/f, so that the increase of environ-
mental relative humidity and decrease of air—sea temperature
difference at larger SST, which reduces the air-sea enthalpy
disequilibrium, will not influence Vcamot/f-

Figure 11 compares TC PS-model predictions of r, and p,,
with corresponding steady-state values of CM1 simulations
for the sets of experiments varying C,, Cy, and /;,. Equilibrium
size does not vary strongly with varying C,, which is also cap-
tured by TC PS model (Figs. 11a,b). For Ex_CK, the air-sea
enthalpy disequilibrium decreases as Cj is increased, such
that intensity (not shown) and V, (Table 2) varies only
weakly across the experiments in Ex_CK (Fig. 11c). This be-
havior is consistent with the fact that in RCE surface heat
fluxes must balance column radiative cooling (CE14). Since
the radiative cooling rate per unit mass is fixed in our setup,
if tropospheric mass remains relatively constant then sur-
face heat fluxes must also remain constant; hence, V,, will
also remain constant. Importantly, we hold C, fixed at its
CTL value for the ER11 inner-core structure in the TC PS
model, which is required to match the simulation results in
Ex_CK in Fig. 11. Including variations in Cj in the ER11
model yields an unrealistically small r,, when C, is small
compared to CM1 results, which yields a value of p,, cis
that is too small and hence too small of a potential size. This
outcome suggests a possible shortcoming of the Cj depen-
dence in the ER11 model. Results of Ex_LH also confirms
that equilibrium size has a very weak dependence on inten-
sity in a fixed environment, which is also captured by the
TC PS model.

Overall, when given simulated V. and Vg, the TC PS
model does a good job in reproducing the simulated r, and p,,
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across all experiments. The Vcamor/f scaling also captures the
qualitative variation of simulated r, across all experiments.
Considering the idealization and simplicity of TC PS model,
these results demonstrate that the TC PS model captures the
essential physical processes that determine equilibrium TC
size. The Vamol/f scaling is similar to V,/f in reproducing var-
iations in TC PS variation and simulation but better captures
variations due to SST and C,. Finally, we note that Vcamotf
still underestimates the strong dependence of PS on SST, this
should result from neglecting the role of r, in p,,cis, which
should be relatively larger when PS is small (appendix B).

4. TC PS model with a simpler Carnot cycle model

In this section, we repeat the same analysis as in section 2e

with a simpler Carnot cycle essentially the same as that in
Emanuel (1991), and test whether the modifications (half Car-
not efficiency, complete resaturation, Gibbs free energy, and
work to lift water) to the Emanuel’s Carnot cycle are essential
to the qualitative TC PS predictions in section 2e.
By neglecting Qgipus, W), and the energetic effects of re-
moistening back to environmental relative humidity #,, and
applying a Carnot efficiency ec to the cycle, we may repeat
the same procedure as in section 2a to obtain an expression
for y, similar to Eq. (16):

y=exp(Ad’y + C'), (32)

with

«
A = ¢c Lu €

1 7€CRst pd(/z7

(33)

TABLE 4. The corresponding v, in each experiment in Table 1.
CTL simulation is shown in boldface. Order of experiments
within each set matches that shown in Table 1.

Ex F Ex TTPP Ex SST Ex CD Ex CK Ex LH
1.28 1.21 1.25
1.11 1.29 1.19 1.22 1.27 1.26
1.27 1.28 1.22 1.24 1.27 1.26
1.27 1.27 1.27 1.27 1.27 1.27
1.19 1.25 1.28 1.29 1.27 1.24
1.10 1.23 1.32 1.25 1.19
1.22 1.34 1.26
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Note that in A’, there is no —7, term associated with
Ogibbs and in C’ there is an additional —H, A" + C'(e/1 — €,)
(e:/pda)’He InH, term associated with resaturation of the
parcel.

Following a similar procedure in the appendix B, we may
obtain a length scale corresponding to the simpler Carnot
cycle:

ra ~ V(,jamot/f’ (35)

where

V,CZarnot = ECLv(l - He)qt'a’ (36)
with g,, = (R/R,)(€;/D,)- Vamo: Das both features of Veamor
and V), as it combines the net heat in a cycle and environmen-
tal relative humidity (contributing to air-sea thermodynamic
disequilibrium), though V..., is more similar to V,,. Further-
more, as V¢, . does not include Cy/C,, it has an even closer
relation with +/x.

Next, we apply the same analysis in section 2e with the
same environmental parameters. As we do not have 7 in
the simple Carnot cycle model, we vary v, instead, though the
physical effects of y,, and m are not equivalent. Results are
qualitatively similar (Figs. 12 and 13) for the six tests as those
found in section 2e. A higher vy, yields a larger predicted 7,
and a lower predicted p,, as also discussed in section 2d. The re-
sults indicate that none of the modifications to the Emanuel’s
Carnot cycle as introduced in section 2a is essential to the TC
PS model predictions.

However, these modifications do affect the hypercane con-
dition, which refers to the condition where only one or no sol-
utions exist for the Carnot cycle and implies very low inner-
core surface pressure. If B term in the updated Carnot cycle is
neglected, then the hypercane conditionis 1 + InA + C =0
for the updated Carnot cycle, where asitis1 + InA” + C' =0
for the simple Carnot cycle. Emanuel (1988) suggested a hy-
percane is possible with SST of 311-313 K. We get a range of
310-313 K for r, less than ~3400 km if none of the noted mod-
ifications are included in the Carnot cycle (Fig. 14), agreeing
with Emanuel (1988). This temperature increases to ~327 K
for the updated Carnot cycle (Fig. 14), suggesting that the cur-
rent climate is farther from supporting a hypercane. The re-
sult comes from a much lower A than A’ (related to half of
Carnot efficiency and Gibbs free energy) and a much higher
C than C’ (related to complete resaturation) in the updated
Carnot cycle.

5. Summary and discussion

This study proposed a model to predict tropical cyclone
(TC) potential size (PS), i.e., the equilibrium upper-bound
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outer radius r, on an f plane, solely from environmental pa-
rameters. The TC PS model combines an updated Carnot
cycle model, which includes an explicit treatment of the wa-
ter budget and its energetics as part of the closed cycle,
with a physics-based model for the complete radial struc-
ture of the wind field. The model yields a deterministic
value of the TC outer radius for which both model compo-
nents yield the same predicted value of the surface pressure
under the eyewall (p,,). This model is first tested analytically
against V,/f scaling by varying different environmental param-
eters and then tested against numerical simulations. A new
Carnot cycle-based length scaling is proposed for equilibrium
upper-bound TC size. The key findings of our work are as
follows:

e Physically, the TC PS is determined as follows: the Carnot

model defines how much the pressure can be dropped ener-

getically, and then the C15 model defines, for a given inten-
sity, how large a steady-state storm needs to be to yield
that pressure drop.

Overall, the TC PS model predictions closely match most

CM1 simulation results with f, Ty, SST, C4, Cy, and [, var-

ied. This demonstrates that the TC PS model captures the

essential physical processes that determine equilibrium TC
size on an f plane. Additionally, the TC PS model is able to
capture the strong dependence of TC size with increasing

SST, and the insensitivity to C; and Cg, that V,/f fails to

quantitatively capture.

e The 1/f scaling of TC PS is produced by the fact that f and
r, (PS) only appear as their product fr, in the TC PS model;
thus, with all other environmental parameters unchanged,
TC PS model will be unchanged when 7, ~ 1/f.

e The TC PS model suggests a novel Carnot cycle-based scal-
ing Vcamod/f for equilibrium TC size [Eq. (26)]. A funda-
mental difference between Viarnor and V), is that Viegamor
is based on the net heat in a thermodynamic cycle
whereas V), is based on air-sea thermodynamic disequi-
librium. This may explain why Vcamod/f better captures
the variation of TC size with SST in CM1 simulations.
Vcamot/f suggests a 4% K~ ! increase of size from SST of
300 to 310 K.
None of the modifications (half Carnot efficiency, complete
resaturation, Gibbs free energy, and work to lift water) to
the Emanuel’s Carnot cycle is essential to the qualitative
behavior of the TC PS model. However, these modifica-
tions do yield a much higher critical SST (~327 K) for the
hypercane condition than that of the Emanuel’s Carnot cy-
cle (~310 K), suggesting that the current tropics is far from
supporting a hypercane.

e A simpler Carnot cycle (corresponding to Emanuel’s)
yields a scaling of V¢,..../f, where V(... more closely re-
sembles V),. This may explain why V,,/f can perform well as
a scaling for TC size for certain parameters.

One potential significant limitation of the present TC PS
model is the assumption of a closed cycle of a parcel in a TC
in which the storm restores its own angular momentum. This
would inhibit application of TC PS model to real TCs, where
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FI1G. 12. Asin Fig. 5, but for the TC PS model with a simple Carnot cycle. Predictions with different values of v,, are
in different colors noted by legend (“sgw”). The dark gray lines show 2V, ../f (km).
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FIG. 14. Critical SST for the hypercane condition as a function of
r, for the updated Carnot cycle (blue) and the simple Carnot cycle
(red). In the calculation r, is taken as infinity and —(1/2)fM,, is ne-
glected in C and C'.

outflow parcels often follow outflow jets that travel far from
the storm rather than directly recirculating into the storm in
the subsidence region near the outer edge of the storm. How-
ever, the fact that the dynamical condition of C15 model also
imposes the r, ~ 1/f scaling, as noted in section 2d, would ex-
plain why this scaling does not depend on the outflow work
term and hence the outflow work term (i.e., the assumption
that the storm must restore its own angular momentum) is
not essential. Note also that axisymmetry is not strictly re-
quired for a Carnot cycle (see section 4 of Emanuel 1988).
Examination of how the TC PS model might need to be mod-
ified to be applicable to real TCs is an important subject of
future work.

A key constraint for equilibrium upper-bound TC size in
this study is the outflow work needed to dissipate the kinetic
energy of the anticyclone in the upper troposphere. This pro-
cess introduces f, the inclusion of which has lacked a clear
physical basis in previous studies (Khairoutdinov and Emanuel
2013; Emanuel 2022). This outcome emphasizes the need for a
better understanding of the descent leg of the cycle, including
the processes by which absolute angular momentum is restored
in addition to entropy.

Finally, Lu and Chavas (2022) demonstrated using a non-
divergent barotropic model that a vortex on a 8 plane tends
to shrink to its vortex Rhines scale as a result of radiation
of planetary Rossby waves. The vortex Rhines scale is typi-
cally ~200-400 km in their experiments, much smaller
than the observed TC outer radius ~ 900 km (Chavas et al.
2016) and the PS ~ 2000 km in the present study. Hence,
on the real Earth, the Rhines effect acts as an additional
time-dependent sink of kinetic energy that opposes expan-
sion toward the PS. A time-dependent model for TC size
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that incorporates this effect is a worthy avenue of future
work.
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APPENDIX A

Derivation of Eq. (1)
Following Romps (2008), we also define

a, (u"X) = % + V- (uX), (A1)
where X is any variable and u the three-dimensional velocity
equivalent to V in Eq. (1). Note with continuity equation
d.(u"pa) = 0, a property of Eq. (Al) is 9, (p,u*X) = p,(dX/dt).
The kinetic energy equation is given by Eq. (17) of Romps
(2008) and may be equivalently written as

2 2
u u
ﬁa[(l + q,)p U %] = —V[% , + dc)] +(1+q)p,T - u

—u-Vp+u-(pF). (A2)
Note Romps (2008) worked with specific humidity rather
than mixing ratio here. Also note that although Romps
(2008) did not include background rotation (f = 0), it does
not influence the energy equations as Coriolis force is per-
pendicular to velocity vector and does no work. The poten-
tial energy equation may be written:

0L+ q)pudl = 63, [(A + q)p,u] = (1 + q,)p,I - u,
(A3)

where 9 [p,(1 + q)u*] =p,(dg/dt)= -V -(d, +d.) using
continuity equations [see Egs. (6)-(9) of Romps 2008] with
d, and d. the diffusion (rainfall) fluxes of water vapor and
condensates per unit area, respectively. Equation (1) is then
obtained by summing Egs. (A2) and (A3), neglecting the
first term on the rhs of Eq. (A2), assuming steady state and
using the relation 9, (p,u“X) = p,(dX/dt).

W, is obtained by integrating the third term on the rhs of
Eq. (1) but with a negative sign:

W, = *qu‘)dqt:f[;qrdqb:ﬂgl"q[dz. (A4)


https://www2.mmm.ucar.edu/people/bryan/cm1/
https://doi.org/10.6084/m9.figshare.17134400
https://doi.org/10.6084/m9.figshare.17134400
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APPENDIX B

Derivation of Intrinsic Length Scale

Rearranging Eq. (25) gives

1 _ A+C
——= ~A+ C.
1 yoi+cC A+C (B1)
Substituting Eq. (B1) into Eq. (24) gives
(A+Opy, =DV, + Efr, +F. (B2)

As we see in sections 2e and 3b, V,, alone only has a small
effect on PS; it is reasonable to assume that all terms asso-
ciated with Vg, in Eq. (B2), i.e., DV, + F, cancel. Thus,
we have

Apy — {%Q‘rﬂ)z/[(l - nec)RTs]}Pd,, = Efr,. (B3)

Note M,, has been neglected and r, taking as infinity in pa-
rameter C as well as B = 1 being used in A and C, meaning
M is restored well beyond the storm and the work to lift
water is neglected.

Rearranging Eq. (B3) gives

RT
L+ B

T E— Efr — RT A =0.
41 - Tl5c) Paa fa s

(B4)

To obtain an approximate solution, the second term of Eq.
(B4) may be neglected when fr, is large. This gives a
solution:

fr, =2V, (BS)

arnot”’
with Veamor given by Eq. (27). In Eq. (B5) we are neglect-
ing the size effect in C15 model while retaining the Vg, ef-
fect, merely in order to give a simple solution as it is sug-
gested (Fig. 7) that the quadratic effect of the Wy, term
puts a stronger constraint on TC PS. This approximation
will give an overestimation of the PS. Equation (B5) indi-
cates that Vcamoe is the anticyclonic velocity that can be
reached in the outflow at radius r, of the TC given M,, neg-
ligible compared to (1/2)f2.

A similar procedure to the above but for the simple
Carnot cycle in section 4 will give a similar solution:

fra = 2V/Carnot’ (B6)

with Vi, - given by Eq. (36).
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(Manuscript received 19 March 2023, accepted 24 April 2023)

This corrigendum is to report a known error in Wang et al. (2022) entitled “Tropical Cyclone Poten-
tial Size” (TC PS). The error is that the reported w,oo diagnosed from CM1 simulations (section 3) is
about half of the true value, as a result of a mistake in the code of its calculation. Thus, the first
sentence on p. 3018 should be corrected as “The value of we; is approximately 0.0027 m s~! when
SST = 300 K; it increases to ~0.006 m s~ ' when SST = 280 K.”

The incorrect value of w¢o Was put into the TC PS model to compare with CM1 results (Figs. 10
and 11 of Wang et al. 2022). Thus, we need to evaluate the error induced in Figs. 10 and 11. The over-
all nice match of both r, (outer radius of vanishing winds) and p,, (near surface pressure at radius of
maximum wind r,,,) in Figs. 10 and 11 suggests that the TC PS model is not strongly sensitive to Weool;
thus, the error is estimated to be small and does not affect the conclusion(s) drawn from Figs. 10 and
11. Because the first author is not able to access the original model output, we do not provide direct
updates of Figs. 10 and 11 here. Instead, we demonstrate below the general weak sensitivity of the
TC PS model to woo by a sensitivity test in which the range of wy tested is wider than the error
itself.

In the TC PS model, woo is put into Chavas et al. (2015, hereafter C15) wind model for the p,, and
I, (for calculation of M,,, the absolute angular momentum at r,,) predicted by C15 model. First, we
show C15 model predicted p,, is not very sensitive to weoo (Fig. 1). The p,,, only changes by ~5 hPa
with a 6-times difference of weoo (0.00135 to 0.0081 m s_l). Indeed, TC PS predictions are weakly
sensitive to Wcoop, as shown by Figs. 2 and 3. The effect of w, in affecting TC PS prediction by mod-
ulating M,,, is small as M,, is by itself only a small portion (~10%) of M, (absolute angular mo-
mentum at r,), which is responsible for the “outflow work” in TC PS model.

Given that the TC PS model is only weakly sensitive to w0, the nice match of the TC PS predic-
tion and CM1 results in Figs. 10 and 11 of Wang et al. (2022) should still hold with correct woo;-

Another relevant calculation is the corresponding r, (section 3) estimated from Emanuel (2004,
hereafter E04) model by fitting to simulated r4. The incorrect (too small) w.. would increase r, by dou-
bling the C,;V,,, /W, factor in E04 model [Eq. (21) of Wang et al. 2022]. Coincidentally, though, dou-
bling this factor appears reasonable in the tail of the wind profile because we included a surface
gustiness of 5 m s™! in CM1 [Eq. (30) of Wang et al. 2022], which would effectively increase surface
drag. Thus, the original estimate of r, in Wang et al. (2022) is still considered reasonable.
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FIG. 1. This figure helps explain why quantitatively small changes
of Figs. 10 and 11 in Wang et al. (2022) are expected if correct weoo
were used. (a) C15 model predicted wind profile (m s~ ') with differ-
ent weoo (m s~ 1 see legends); (b) the corresponding surface pres-
sure profile following gradient wind balance. The dots mark r,,
and the corresponding tangential velocity in (a) and p,, in (b).
Environment settings other than w., are the same as Fig. 4 of
Wang et al. (2022). In the calculation of surface pressure by gra-
dient wind balance, air density is simply approximated by ideal
gas law ignoring water vapor.
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FIG. 2. This figure demonstrates why quantitatively small changes of Fig. 10 in Wang et al. (2022) are expected if
correct weoo Were used. TC PS model prediction of (a),(c),(e) r, (km) and (b),(d),() p,, (hPa) for a range of values
of Weoor (M s~ 1; see legends) and with variable (top) Coriolis parameter f, (middle) tropopause (outflow) tempera-
ture, and (bottom) sea surface temperature. Environment settings other than wc.o are the same as Fig. 5 of Wang
et al. (2022), with the exception that n = 0.4, r, = 1.25r, is used following section 3 of Wang et al. (2022), and out-
flow temperature spans from 160 to 240 K in (c) and (d). This figure follows Fig. 5 of Wang et al. (2022).
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FIG. 3. This figure demonstrates why quantitatively small changes of Fig. 11 in Wang et al. (2022) are expected if cor-
rect weoo Were used. As in Fig. 2, but with variable (top) surface exchange coefficient for momentum C, and (bottom)
maximum gradient wind V. Environment settings other than w., are the same as Fig. 6 of Wang et al. (2022), with
the exception of 7 = 04, r, = 1.25r,. This figure follows Fig. 6 of Wang et al. (2022). The test with a varied exchange
coefficient for enthalpy Cy is not included because it does not modulate V), in our simulation setup and it is not varied
in Figs. 11c and 11d of Wang et al. (2022).
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