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Far-field coupling between moiré  
photonic lattices

Jun Guan    1  , Jingtian Hu1, Yi Wang2, Max J. H. Tan1, George C. Schatz    1,2  
& Teri W. Odom    1,2,3 

Superposing two or more periodic structures to form moiré patterns is 
emerging as a promising platform to con!ne and manipulate light. However, 
moiré-facilitated interactions and phenomena have been constrained 
to the vicinity of moiré lattices. Here we report on the observation of 
ultralong-range coupling between photonic lattices in bilayer and multilayer 
moiré architectures mediated by dark surface lattice resonances in the 
vertical direction. We show that two-dimensional plasmonic nanoparticle 
lattices enable twist-angle-controlled directional lasing emission, even 
when the lattices are spatially separated by distances exceeding three orders 
of magnitude of lattice periodicity. Our discovery of far-!eld interlattice 
coupling opens the possibility of using the out-of-plane dimension for 
optical manipulation on the nanoscale and microscale.

Moiré lattices—two or more periodic structures stacked with relative 
twist angles—have enabled unusual phenomena in two-dimensional 
(2D) materials and structures1–3. For example, magic-angle bilayer gra-
phene can facilitate unconventional superconductivity4–6, anomalous 
quantum Hall effects7 and ferromagnetism8. Twisted α-MoO3 bilay-
ers show tunable topological phonon transitions from hyperbolic 
to elliptical dispersions9–11. In contrast to 2D electronic materials, 2D 
photonic lattices have increased design flexibility for moiré-related 
phenomena because they can be readily fabricated with arbitrary 
symmetries and twist angles. Photonic moiré lattices exhibit broad-
band light trapping12, enhanced optical chirality13 and lasing from 
photonic flatbands14, and they have been theoretically predicted to 
support magic-angle-induced light localization15–17 and hyperbolic  
plasmons18.

Because the amplitude of optical modes rapidly decays with 
distance19–21, moiré patterns within a single plane result in strong 
interlattice interactions14. Stacking two lattices with subwavelength 
separations (typically <300 nm) enables interlayer near-field coupling 
and chiral responses via evanescent fields in the visible regime17,22. 
Therefore, most light-trapping and steering properties have been 
constrained near the vicinity of the 2D lattice. Interlayer far-field inter-
actions may open more degrees of freedom for manipulating light 
and benefit multilayer photonic device design23, remote biological 

sensing24 and enhancement of moiré excitons25. Although light scat-
tering from gratings along the out-of-plane direction has been associ-
ated with the Talbot effect26, long-range interlayer coupling in moiré 
structures remains a challenge.

Here we show ultralong-range coupling in 2D photonic moiré 
architectures. We demonstrate that bilayer plasmonic nanoparticle 
(NP) square lattices spatially separated by hundreds of microme-
tres exhibit twist-angle-dependent optical responses. This inter-
layer coupling over distances exceeding three orders of magnitude 
of lattice periodicity is mediated by dark surface lattice resonances 
(SLRs)—hybrid modes whose standing waves are preserved out of 
plane. To maintain the phase coherence between stacked lattices, 
we determined that the refractive index along the light path needs 
to be equal to or greater than that associated with the dark SLR. By 
combining bilayer NP lattices at different twist angles with liquid 
gain media, we found that the moiré lattice structures can expand 
approaches to engineer lasing characteristics since the direction of 
lasing emission can be tuned in real time by varying the twist angle. 
Also, we constructed a trilayer moiré NP lattice laser that showed 
simultaneous coupling between the first and second lattice, first 
and third lattice, and second and third lattice, which highlights 
the uniqueness of plasmonic NP lattices for multilayer, far-field  
interactions.
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wavelength versus angle optical maps without any dye (Fig. 2b). 
Because of the slightly different refractive indices of DMSO (n ≈ 1.47) 
and glass (n ≈ 1.52), two sets of diffraction orders from the two index 
environments were present. The coupling between the (1, 0) and (–1, 0) 
propagating SLRs at the Γ point (angle, 0°) produces a bright mode 
via constructive interference at the lower-energy side of the crossing 
of the optical bands and a dark mode via destructive interference at 
the higher-energy side27–29. These band-edge SLR wavelengths can be 
approximated by a0 × n, where n is the refractive index of the solution at 
z2. Under plane-wave excitation, dark SLRs can appear at small non-zero 
angles near the Γ point28. Simulated wavelength versus angle maps 
calculated by the finite-difference time-domain (FDTD) method were 
in agreement with the measured band structure (Fig. 2c).

To show how the dark SLR modes can preserve phase coher-
ence in the far field from the lattice, we plotted the electric field 
distributions at the dark SLR wavelength (simulated λ, ~590 nm) at 
a slight off-normal excitation (incident angle, ~0.5°) (Fig. 2d). We 
approximated an infinitely thick glass substrate by first calculating 
the transmitted electromagnetic fields from a periodic Al NP lat-
tice (a0 = 400 nm) and then importing those fields as the incident 
light source for the second simulation (Fig. 2d, right) that contains 
only glass and DMSO. In the NP lattice plane, the electric fields are 
suppressed at the sites of the NPs from destructive interference 
and enhanced in areas between the NPs (|E/E0|2 ≈ 4) (Supplementary  
Fig. 1). Importantly, the periodic intensity distributions are preserved 
throughout the glass spacer and DMSO, and the electric fields form 
standing waves that repeat with lattice periodicity in the out-of-plane 
direction. The real part of the electric field Ey and phase map confirmed 

Long-range coherence from plasmonic NP lattices
Figure 1 depicts the length scales for ultralong-range coupling in  
moiré photonic lattices. Two identical plasmonic NP lattices (perio-
dicity a0) can couple to each other even when the lattices are spatially 
separated by large distances (~1,000a0). Varying the twist angle α12 
between the first and second lattice can result in tunable interlayer 
moiré interactions.

Figure 2a depicts the experimental measurement setup and gen-
eral construction design to test long-range coherence from a single 
plasmonic NP lattice. An Al NP lattice (a0 = 400 nm) fabricated on 
glass was located at the z position of z1, and dimethyl sulfoxide (DMSO) 
was placed above and below the lattice substrate to create similar 
refractive-index environments. When organic dye molecules were 
dissolved in DMSO (Fig. 2a, light orange) at z = z2, they functioned as 
long-range probes to reveal phase coherence far from the lattice at z1.  
To identify the photonic modes of the lattice, we first measured the 
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α12

Lattice 1 Lattice 2

Fig. 1 | Ultralong-range coupling of plasmonic NP lattices in moiré 
architectures. Here a0 is the lattice periodicity, 1,000a0 is the interlayer distance 
and α12 is the twist angle between the first and second lattice.

DMSO DMSO

0

4

–2

2

–π

π

d NPs

|E| 2
E
y,Re

E
y,Φ

1 µm

z
x

...

...

...

Glass

520 560

In
te

ns
ity

 (a
.u

.)

206

196

186
176
155

µJ cm–2

Wavelength (nm)
600

×5

640

216

e

–2.5 0 5.0–5.0 2.5

Angle (°)

625

525

575

 675

W
av

el
en

gt
h 

(n
m

)

0.9

0.6

b

Dark SLR

–2.5 0 5.0–5.0 2.5

Angle (°)

W
av

el
en

gt
h 

(n
m

)

Transm
ission e"iciency

Transm
ission e"iciency

1.0

0.7

c

Dark SLR

625

525

575

 675

Dye in DMSODMSOa

Glass    L ≈ 170 µm

Glass

z
x

z1 z2

Fig. 2 | Probing ultralong-range phase coherence of dark SLR modes.  
a, Schematic of plasmonic NP lattices (a0 = 400 nm) where dye molecules are 
used as local optical probes. The NP diameter d is 90 nm, and NP height h is 
50 nm. The lattice is located at z1 with DMSO as the index-matching solvent; 
20 mM C540a–DMSO solution is at z2. b,c, Measured (b) and simulated (c) band 
structures under transverse-electric polarization show dark SLR modes near the 
Γ point. The colour bars indicate the value of transmission efficiency.  
d, Simulated electric field distributions indicate ultralong-range phase 

coherence of the dark SLR mode along the out-of-plane direction. The incident 
light is transverse-electric polarized along the y direction. The colour bars 
indicate the electric field |E|2, the real part of Ey (Ey,Re) and phase of Ey (Ey,Φ) (from 
top to bottom). Electric field responses in glass are stronger than those in  
DMSO because light is more concentrated in higher-refractive-index media.  
e, Measured power-dependent emission spectra of dye molecules at z2 show 
lasing above a critical threshold (180 µJ cm–2). The wavelength of the pump laser 
is 400 nm; the measured dark SLR wavelength is ~580 nm.
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phase coherence at any x–y plane outside the lattice. Without the Al NP 
lattice, only a propagating-wave pattern was observed (Supplementary 
Fig. 2). Compared with Al NP lattices, TiO2 NP lattices with the same NP 
size showed substantially weaker modulation of the electromagnetic 
fields and could not support ultralong-range phase coherence (Sup-
plementary Fig. 3).

We used organic dye molecules to probe the dark SLR modes of 
a single plasmonic NP lattice (Fig. 2a). C540a was chosen because its 
photoluminescence (PL) spectrally overlaps with the dark SLR near 
the Γ point of the Al NP lattice (λ ≈ 580 nm). A droplet of C540a–DMSO 
solution (20 mM) was placed at z2 with a thickness of ~10 µm and pho-
toexcited by a 400 nm femtosecond pulsed laser (100 Hz) from the z1 
side; the emitted light from the dyes was then transferred to the opti-
cal modes in the lattice. The spatially separated dye molecules (at z2)  
and the Al NP lattice (at z1) were only weakly coupled based on the 
transmission spectrum (Supplementary Fig. 4). Above a critical pump 
intensity (180 µJ cm–2), a narrow, intense peak above the background 
emerged (λ ≈ 580 nm; full-width at half-maximum, <0.5 nm) at the dark 
SLR wavelength (Fig. 2e), which indicates that standing waves in DMSO 
at z2 provide optical feedback for lasing. Since lasing was facilitated 
by the dark SLR mode close to the Γ point, the beam emission was 
perpendicular to the lattice plane (Supplementary Fig. 5). As a control, 
we tested the same architecture with TiO2 NP lattices; however, these 
dielectric lattices only exhibited PL (Supplementary Figs. 6 and 7). We 
further confirmed that the lasing emission is not from a Fabry–Pérot 
(FP) cavity by using a different dye (C500) that spectrally overlaps with 
the X point of the Al NP lattice (Supplementary Fig. 8), and the lasing 

wavelength (λ ≈ 520 nm) and emission angle (θ ≈ 40°) matched that 
of the X-point mode.

Waveguide-mediated FP modes could potentially contribute to 
long-range coupling from either the (1) DMSO/glass spacer/DMSO 
structure (Supplementary Fig. 9) or (2) air/multilayer/air structure 
(Supplementary Fig. 10). Simulation results indicate that the hybridiza-
tion of SLR modes with waveguide-mediated FP modes would introduce 
numerous FP–SLR modes over a wide range of wavelengths (>20 nm) 
at the Γ point (Supplementary Figs. 9 and 10). However, these hybrid 
modes were not observed in the measured band structure, and the 
lasing signals did not span the full FP–SLR wavelength range; lasing 
emission only appeared at the dark SLR wavelength and with a narrow 
linewidth (<0.5 nm). Any internal reflection from the multilayered 
architecture might enhance coupling from the dark-SLR-mode mecha-
nism and contribute to longer coherence distances and lower lasing 
thresholds.

Phase coherence sensitive to refractive-index 
environment
We examined how the refractive-index environment affected the 
out-of-plane phase coherence using solutions of DMSO and ethanol 
and quartz substrates (n ≈ 1.45) for the Al NP lattice (Fig. 3a). Unex-
pectedly, with DMSO (n ≈ 1.47) as the solvent for the dye, only PL was 
observed (Fig. 3b). When ethanol (n ≈ 1.34) was added to DMSO to 
lower the solution index at positions z1 and z2, lasing was observed 
when the index of the solution was lower than that of the quartz spacer. 
As the ethanol:DMSO volume ratio increased, the estimated index of 
the solution decreased, which shifted the dark SLR modes to shorter 
wavelengths (Supplementary Fig. 11) as well as the associated lasing 
wavelengths.

We simulated the electric field distributions in pure solvents, 
namely, DMSO and ethanol, to understand why the solvent index 
affected the lasing action. With only DMSO as the solvent around the 
Al NP lattice on quartz, the simulated dark-SLR-mode wavelength is 
~590 nm (Supplementary Fig. 12). Since standing waves from the first 
simulation are preserved in the second simulation (Fig. 2d), we only 
considered the electric fields in DMSO–NP–quartz near z1 to visualize 
the coherence (Fig. 3c). The periodic features of |E|2 and Ey in the x–y 
planes along z were preserved in DMSO but gradually disappeared in 
quartz. In contrast, with ethanol as the solvent, the periodic |E|2 and Ey 
patterns were maintained in both ethanol and quartz at the dark SLR 
wavelength (~536 nm) (Fig. 3d). These simulations reveal that phase 
coherence degrades when light encounters a medium with a lower 
refractive index than that associated with dark SLR.

The simulated dark SLR wavelength in DMSO spectrally overlaps 
the range for constructive interference in quartz (>580 nm). Hence, 
the standing-wave pattern from destructive interference is not pre-
served and gradually disappears in quartz. In a lower-index solution 
(nsolution < nquartz), destructive interference can be maintained (Sup-
plementary Fig. 13), which allows the standing waves to reach the dye 
region at z2. Using thicker quartz slides as spacer layers, we determined 
that the longest phase-coherence distance associated with dark SLR 
of a 400-nm-square Al NP lattice was 0.5 mm (Supplementary Fig. 14). 
Moreover, the lasing wavelength does not depend on the index of the 
spacer (Supplementary Fig. 15), which is different from lasing signals 
mediated by hybrid waveguide–SLR modes30–37. We also tested the 
robustness of long-range coupling by modulating the refractive index 
of the spacer layer (Supplementary Fig. 16), and the coherence appears 
to be tolerant to perturbations.

Tunable moiré lasing from macroscale-separated 
lattices
Figure 4a depicts a bilayer moiré architecture with large spatial separa-
tion (L ≈ 170 µm) that can support ultralong-range coupling between 
two lattices. The first lattice was fixed on the edge of a sample holder, 
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Fig. 3 | Ultralong-range phase coherence of dark SLRs is sensitive to 
index environment. a, Schematic of lattice design to examine the extent of 
refractive index on the out-of-plane phase coherence. b, Emission spectra of dye 
molecules in different solvents in a indicate that lasing was supported only when 
nsolution < nquartz. The lasing spectra were normalized. c, With DMSO as the solvent 
(nDMSO > nquartz), the phase coherence gradually disappeared in the quartz spacer. 
The thickness of quartz was treated as infinite based on the boundary conditions. 
d, With ethanol as the solvent (nethanol < nquartz), phase coherence was preserved in 
the quartz spacer. The colour bars indicate the electric field |E|2 and the real part 
of Ey, respectively.

http://www.nature.com/naturenanotechnology


Nature Nanotechnology | Volume 18 | May 2023 | 514–520 517

Article https://doi.org/10.1038/s41565-023-01320-7

whereas the second lattice was mounted on the inner part of a holder 
that can be manually rotated over 360°. To determine the twist angle 
between the first and second lattice (α12), we evaluated the moiré struc-
ture captured in an optical image to identify the relative angle between 
the patterned areas. Because the NP lattices and their substrates were 
separated by a DMSO liquid layer, the twist angle could be tuned in real 
time via rotation of the first lattice.

Because of the ultralong phase coherence of dark SLRs, the peri-
odic electric field distributions from the first lattice can extend to the 
plane of the second lattice, where the two dark SLR modes can effec-
tively couple in the same plane. To understand the far-field interlayer 
interactions, we plotted the real space and reciprocal space of the 
overlapped lattices (Fig. 4b). The empty-lattice dispersion relation of 
a moiré lattice can be described as |k∥ + G1 + G2| = ç "

៺»

, where k∥ is the 
wavevector component parallel to the lattice plane; G1 and G2 are  
the reciprocal lattice vectors of the first and second lattice, respec-
tively; n is the refractive index; E is the photon energy; ħ is the Planck 
constant; c is the speed of light in vacuum; and the moiré reciprocal 
vectors are defined as Gm = G1 + G2. From the conservation of crystal 
momentum38, the band-edge states at k∥ = 0 will also appear at k∥ = Gm 
(Supplementary Fig. 17); therefore, Gm can be used to evaluate the 
off-normal band-edge states. A smaller twist angle (α12) results in 
smaller |Gm| in reciprocal space, which corresponds to moiré modes at 
smaller emission angles normal to the NP lattice (θlasing). Based on the 
geometry of the triangle formed by G1, G2 and Gm, the relation between 
α12 and θlasing can be expressed as ûÕçĺ

â°ûÕçÎ

Ҳ çٹŢ ҭ Ţ »ìûİ

šŢ

.
To investigate moiré phenomena in ultralong-range coupled lat-

tices, we optically pumped the bilayer device using 400 nm, 100 fs 
pulses (spot size, ~1 mm) from the z1 side (Fig. 4a). Above a critical 
threshold, we observed multiple lasing beams in the far field, which 
indicates that the projected moiré modes provide optical feedback  
(Fig. 4c). We demonstrated real-time tunable lasing emission over 
a wide angular range (θlasing = 0–45°) by rotating the first lattice 

(α12 = 0–30°); increasing the twist angle α12 resulted in lasing beams 
emitted at higher angles (Supplementary Video 1). The lasing beams 
were observed only along a single lattice direction because only dye 
molecules with transition dipole moments along the pump polarization 
(x direction) are excited39,40 and coupled to the moiré modes along x.

By plotting the emission angle versus twist angle, we showed that 
the measured angles quantitatively agree with the calculated values 
(Fig. 4d and Supplementary Fig. 18). Emission angles were collected 
only up to θlasing ≈ 45° because the edge of the sample holder blocks 
lasing beams emitted at larger angles (>45°). Since an incommensurate 
lattice can be approximated as a commensurate lattice of a finite area41, 
the ultralong-range coupled moiré laser device is tolerant to small vari-
ations in twist angle. The moiré lattice laser is also robust against trans-
lational mismatch because the off-normal band edges are determined 
by moiré periodicity, which is not affected by translational variation. 
We note that the off-normal moiré band edges could not be resolved in 
the measured optical dispersion diagram (Supplementary Fig. 19) and 
only indirectly identified by the lasing signals; lasing has been shown 
to be a sensitive probe of optical modes30,31,42–52. If the symmetry of 
the symmetric square lattice is reduced in either of the NP lattices, we 
expect that additional lasing wavelengths and emission angles will be 
determined by the projected moiré superlattice when additional dark 
SLRs spectrally overlap with the PL of the gain.

Trilayer moiré effects from macroscale-separated 
lattices
We constructed a three-layer moiré structure to demonstrate that 
ultralong-range coupling is supported among multilayer lattices  
(Fig. 5a). Since coupling among three lattices can introduce a large 
number of moiré photonic modes at various emission angles (θlasing), 
for simplicity, we fixed the relative twist angles of the three lattices 
with high mirror symmetry (Fig. 5b). The twist angles were optimized 
at α13 = α23 = α12/2 = 12°, which guaranteed that the multiple off-normal 
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Fig. 4 | Tunable moiré lasers from macroscale-separated NP lattices.  
a, Schematic of a bilayer moiré lattice and optical micrographs of the fabricated 
bilayer structures. Two Al NP lattices with the same periodicity (a0 = 400 nm) 
and particle dimensions (d = 90 nm, h = 50 nm) were prepared on two different 
glass substrates. The first lattice at z1 was combined with DMSO. The second 
lattice at z2 was surrounded with 20 mM C540a–DMSO solution. Here α12 is the 
twist angle between the first and second lattice. b, Real space (left) and reciprocal 

space (right) of the overlayed lattices. Each colour (red or blue) represents one 
lattice. Here G1 and G2 are the reciprocal lattice vectors of the two lattices and Gm 
is the moiré reciprocal vector, defined as Gm = G1 + G2. c, Real-time tunable lasing 
emission angles by varying the lattice twist angle. The blue beams are the pump 
beams. The yellow spots are the lasing beams captured on a white piece of paper. 
θ is the moiré lasing angle. d, Measured emission angle (θlasing) versus twist angle 
(α12) relation agrees with the calculated empty moiré lattice dispersion.
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emission beams were separated for far-field measurements. The 
transmission spectrum of the three-layer structure showed a dark 
SLR mode at ~580 nm, which is close to the dark SLR wavelength in 
DMSO (Supplementary Fig. 20). The empty-lattice dispersion relation 
of a three-layer moiré lattice is described as |k∥ + G1 + G2 + G3| = ç "

៺»

, 
where G1, G2 and G3 are the reciprocal lattice vectors of the first, sec-
ond and third lattice, respectively. Since the moiré reciprocal vectors 
Gm = G1 + G2 + G3 can represent the in-plane wavevectors of off-normal 
moiré modes, we plotted the smallest non-zero Gm as orange points 
in k space to represent the moiré modes (Fig. 5c). The Gm vectors can 
be converted to moiré lasing emission angles using the relation 
ûÕçĺ

ÕÞ

Ҳ ç

ٺ

Ţ ҭ Ţ »ìûİ

ÕÞ

, where i, j = 1, 2, 3 and i ≠ j. The predicted 
off-normal emission angles are at (θlasing, φlasing) = (18°, ±6°/±84°/ 
±96°/±174°) and (37°, 0°/90°/180°/270°).

To experimentally verify the ultralong-range coupling among 
three NP lattices, we photoexcited dye molecules in DMSO at z3 from 
the z1 side and captured the lasing signals on the z3 side (Fig. 5d). We 
observed one lasing spot at θlasing ≈ 0° that can be associated with dark 
SLRs near the Γ point from any of the three individual square lattices. 
Six moiré lasing spots appeared on the sides, where the m13 beam arises 
from the coupling between the first and third lattice; the m23 beam, 
coupling between the second and third lattice; and the m12 beam, 
coupling between the first and second lattice. We identified the moiré 
lasing angles by rotating the fibre detector and the three-layer device 

(Fig. 5e and Supplementary Fig. 21). Because of the mirror symmetry of 
the stacked lattices, m13 and m23 were at the same emission angle (θlasing) 
but at different azimuthal angles (φlasing). The measured lasing emission 
angles agree with the locations of the calculated moiré modes, which 
demonstrates simultaneous coupling among the three lattices. Our 
observation also confirmed that the spatially separated multilayer NP 
lattices can be evaluated based on their 2D projection and that moiré 
lasing properties match well with that predicted using the empty-lattice 
approximation, indicating that the waveguide effects are not needed 
to interpret the mechanism.

Conclusion
In summary, we have demonstrated far-field coupling between pho-
tonic lattices in bilayer and trilayer moiré architectures. This work 
provides a critical insight into how plasmonic NP lattices can maintain 
phase coherence far from the lattice plane, which enables the vertical 
dimension of a 2D lattice to function as an additional degree of freedom 
for controlling light–matter interactions. For example, dark modes 
in 2D NP lattices offer design prospects for organic and quantum dot 
light-emitting diodes, where NP lattices can be added to any layer far 
from the emissive materials to enhance the output efficiencies. Also, 
a strong coupling between the molecules and NP lattices may result 
in long-range exciton polaritons. Tuning coupled optical modes in 
bilayer lattices may enable devices that exhibit non-Hermitian physics, 
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where a balance between gain and loss could lead to unidirectional light 
transport. We anticipate that these extended interactions across lattices 
will open diverse applications in reconfigurable photonic systems, 
biosensors and nano-optics.

Online content
Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author contri-
butions and competing interests; and statements of data and code avail-
ability are available at https://doi.org/10.1038/s41565-023-01320-7.
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Methods
Fabrication of Al NP lattices
Al NP lattices were fabricated using a soft nanofabrication process53,54. 
First, periodic photoresist posts were generated on Si wafers by 
solvent-assisted nanoscale embossing (SANE) (ref. 55). Next, 8 nm Cr 
was deposited on the Si substrate by thermal evaporation followed by 
the removal of photoresist posts. After deep reactive ion etching to 
create cylindrical Si pits beneath the circular holes in the Cr film (depth, 
~200 nm), the deposition of 100 nm Au produced a Au hole film. Wet 
etching of the Cr sacrificial layer released the Au hole film from the Si, 
and then the Au hole film could be used as a deposition mask to create 
plasmonic NP lattices (area, ~0.5 cm2) on transparent substrates. Al 
deposition via electron-beam evaporation through the Au hole mask 
and then removal of the Au mask with an adhesive tape resulted in Al 
NP lattices on glass or quartz substrates.

FDTD simulations
The linear optical properties of Al NP lattices were simulated by FDTD 
calculations using commercial software (FDTD Solutions, Lumerical). 
In the x and y directions, Bloch boundary conditions were applied to 
simulate infinite lattices. In the z direction, boundary conditions with 
perfectly matched layers were used to absorb the light waves. The 
optical constants of Al were taken from Palik measurements56. The 
glass, quartz and dye solvents (DMSO and ethanol) were simulated 
by a dielectric model where the material has a specified index at all 
the frequencies. A uniform mesh size of 4 nm (x, y and z directions) 
surrounding the Al NPs ensures the accurate calculations of electro-
magnetic fields.

Lasing measurements
Samples were mounted on a rotational holder so that the angle of 
the lattice relative to the detector could be controlled. Dyes were 
optically pumped using 100 fs, 400 nm laser pulses with a repetition 
rate of 100 Hz; the circular pump spot size was ~1 mm in diameter. 
The 400 nm laser pulses were generated by directing the 800 nm 
output from a Ti:sapphire laser into a beta-barium borate crystal to 
produce the doubled frequency of 400 nm. The pump energy was 
controlled using a variable neutral density filter. Far-field emission 
spectra were captured using a charge-coupled device spectrometer 
(LN2-cooled charge-coupled device/Triax 552, Horiba Jobin Yvon; 
resolution, ~0.2 nm) or a compact spectrometer (USB 2000, Ocean 
Optics; resolution, ~1 nm). The details of the optical setup are described 
in previously published work40,42,46.

Data availability
Source data are provided with this paper. All other data that support 
the plots within this paper and other findings of this study are available 
from the corresponding authors upon reasonable request.
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