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Two decades after its invention, the classic self-referenced frequency comblaseris an
unrivalled ruler for frequency, time and distance metrology owing to the rigid spacing of
its optical output™. As a consequence, itis now used in numerous sensing applications
that require acombination of high bandwidth and high precision®>. Many of these
applications, however, are limited by the trade-offs inherent in the rigidity of the comb
output and operate far from quantum-limited sensitivity. Here we demonstrate an agile
programmable frequency comb where the pulse time and phase are digitally controlled
with +2-attosecond accuracy. This agility enables quantum-limited sensitivity in sensing

applications as the programmable comb can be configured to coherently track weak
returning pulse trains at the shot-noise limit. To highlight its capabilities, we use this
programmable combin aranging system, reducing the required power toreachagiven
precision by about 5,000-fold compared with a conventional dual-comb system. This
enables ranging at amean photon per pulse number of 1/77 while retaining the full
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accuracy and precision of arigid frequency comb. Beyond ranging and imaging® ™,

applicationsin time and frequency metrology
pump-probe experiments®and compressive sensing

12,513-23 24-32
’

,comb-based spectroscopy
3435 should benefit from coherent

control of the comb-pulse time and phase.

As applications of frequency combs have expanded, their uses have
extended beyond functioning simply as a reference ruler®>. For exam-
ple, many experiments combine two or more frequency combs for
active sensing, including precision ranging and imaging® ™, linear
and nonlinear spectroscopy?* ™, and time transfer®2°%, In these
applications, the multiple fixed combs serve as differential rulers by
phase-locking them to have a vernier-like offset between their fre-
quency comb lines, or their pulses in time. Although these applica-
tions exploit the accuracy and precision of frequency combs, they
operate nowhere near the quantum (or shot noise) limit, despite the
use of heterodyne detection, because of effective dead time owing to
sensing the incoming signal-comb light viaacomb with a deliberately
mismatched repetition frequency. Consequently, there are strong
trade-offs in measurement speed, sensitivity and resolution?3¢%,
Insome dual-comb ranging and spectroscopy demonstrations, these
penalties have been partially addressed by incoherent modulation of
the comb*** but not eliminated.

Here we overlay a self-referenced optical frequency comb with
synchronous digital electronics for real-time coherent control of the
comb’s pulse train output. We manipulate the frequency comb’s two
phase locks to dynamically control and track the time and phase of
the frequency comb’s output pulses at will. The temporal placement
ofthecomb pulses is set with +2-attosecond (as) accuracy with arange
limited only by slew-rate considerations. This time-programmable
frequency comb (TPFC) goes beyond the ‘mechanical gear box’ analogy
often applied to optically self-referenced combs®, replacing it with a
digitally controllable, agile, coherent optical pulse source. The agility

of the TPFC enables many more measurement modalities than a rigid
frequency comb. Insensing applications, the TPFC can enable quantum-
limited detection with the fullaccuracy and precision of the frequency
comb, avoiding the penalties discussed previously. To achieve these
combined advantages, the TPFC is configured as a tracking optical
oscillatorintime and phase so that it effectively locks onto anincoming
weak signal pulse train for coherent signal integration.
Asanimmediate example, weincorporate the TPFCinto a dual-comb
ranging system. The result is quantum-limited sensing that sacrifices
none of the exquisite accuracy and precision of frequency-comb meas-
urements. Here we show a precision floor of 0.7 nm (4.8 as in time of
flight) inranging, which exceeds previous conventional dual-combrang-
ing demonstrations®®*>** Inaddition, the tracking dual-comb ranging
detects aweak reflected signal-comb pulse train with a mean photon
number per pulse of only 1/77 at a sensitivity within a factor of two of
the quantum limit. Detection of signals at even lower mean photon per
pulse numbers is possible by reducing the measurement bandwidth.
Incontrast, conventional dual-comb ranging would require areturnsig-
nal37 dBor 5,000-times stronger to reach the same level of performance.
The uses of the TPFC go well beyond acting as a tracking optical oscil-
lator. It should enable many more time-based measurement schemes
thanthe conventional vernier approaches using fixed frequency combs.
For example, in multi-comb sensing, the relative time offset between
the frequency combs can be adjusted to mimic a higher-repetition-rate
system while retaining the benefits of alower-repetition-rate system,
for example, higher pulse energy and tight stabilization. Arbitrary
patterns can enable future compressive sampling®. In time and
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Fig.1|Atime-programmable frequency comb.a, The TPFC outputis
measured withrespect toasecond fixed frequency comb through linear
optical sampling (LOS) against a third frequency comb with an offset repetition
frequency. The frequency combs operate atf,.,~ 200 MHzwitha 5-ns pulse
spacing. All pulses are spectrally filtered to a Gaussian 10.1-nm-wide shape,
corresponding to 355-fs pulse duration (Methods). b, Schematic of the TPFC.
Aself-referenced erbium:fibre frequency comb is controlled with digital
electronics clocked off the detected comb repetition rate signal (V,,).
Thedigital sectionreceives the carrier-envelope offset signal (V,) and the
optical beatsignal (V,), along with the comb-pulse timing and phase commands,
X©and 6%, which are combined to give the control phases 98 and 02 through the
(trivial) matrix M. These are passed to their respective digital control loop
(Methods). The control efforts for Bg and B,CV adjustthe PLLs controlling the

frequency metrology, the comb can provide accurately adjustable
timing signals, modulation capabilities for noise suppression and opti-
cally based time-interval standards*. Multiple TPFCs could be used
for pump-probe experiments with digital control of pulse spacing
replacing delay lines or chirp-induced delays™®.

Inthis paper, wefirst describe the TPFC and its capabilities generally.
We then explore a specific application by integrating the TPFC into a
dual-comb ranging system. Finally, we discuss the potential benefits
of a TPFC in comb-based sensing more generally, including in LIDAR,
spectroscopy and time transfer.

The time-programmable frequency comb

The TPFCrequires two parts: an optically self-referenced frequency comb
andtheelectronics totrack and control the time and phase of the comb
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Time offset from fixed comb (ps)

comb’stwo degrees of freedom. The system tracks the actual phases, 8,and 6,
as fixed-point numbers, which are combined to give the actual pulse timing
and phase, X(k) and 8(k), for every comb-pulse number k. ADC, analogue-to-
digital converter; cmd, command; DAC, digital-to-analogue converter; Diff,
difference operator;1Q, in-phase/quadrature demodulator; NCO, numerically
controlled oscillator; PIl, proportional-integral-integral controller; PZT,
piezo-electrictransducer; Ref. osc., reference oscillator; r,and ry, offset
frequencies of the phase locksin units off,., (Methods). ¢, LOS (blue trace)
andtheir envelopes (red trace) for the fixed comb (at X= 0) and the TPFC at the
given (X, ) values with sequential measurements offset vertically for clarity.
The LOS magnification of the time axisis 10°. Grey dashed vertical lines are
provided asaguide to the eye to show alignment of pulse envelope
centresacross vertically stacked measurements.

pulses. (See equation (3) for adefinition of the time and phase of the comb
pulses.) Although the electronic system need not be exclusively digital, it
doesneedtotrack the programmed comb time and phase at the attosec-
ondlevel over long (hours to weeks) durations. Here we use a fixed-point
number whose least-significant bit correspondstoaless thanl-asshiftin
time. When combined with aninteger pulse number in an 80-bit number,
the pulse timing can be specified with zero loss of accuracy for over 1
week at 1-as precision, thereby providing well beyond 10**-level control
of the comb timing, commensurate with next-generation optical clocks.
As for the comb, any self-referenced comb could be converted into a
TPFC; here, we generate a TPFC using a fibre-based comb.

Figures 1and 2 describe the TPFC and its output characterization.
In a self-referenced comb, phase-locked loops (PLLs) stabilize the fre-
quency of the Nth comb tooth, f, with respect to a continuous-wave
(CW) reference laser, and the frequency of the Oth comb tooth, f,
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Fig.2|Illustration and characterization of the time programmability of the
TPFCthroughLOS. a, The TPFC pulsetrain, presented as asurface plot, where
eachsliceinlabtimerepresentsacomplete LOS measurementasinFig.1c.
Dataacquired using the setup in Fig.1a. The TPFC pulseislocated at the LOS
signal peak and follows the commanded arbitrary step pattern (red line).
Multiplereflections within the set-up appear as small satellite pulses.

b, Repeated stepping of the TPFC timing to verify accuracy. Steps are
performed at1Hz, measured by LOS at 6 kHz (blueline) and the commanded
stepsize (redline) ischanged every 3 min. The 1-Hzmodulation allows accurate

(thecarrier-envelope offset frequency). The PLL locks both frequencies
to a known fraction of f,.,, which is self-referentially defined as
Jrep = Uy ~R)IN (refs.***). These PLLs also set the phases of the Nth
and Othcomb-tooth frequencies, 8,and 6, toarbitrary but fixed values.
Here we manipulate these phases to control both the comb-pulse phase,
0, and the comb-pulse-time offset whichis given by X = (6, - 6,)/(2niNf,,)
in direct analogy to the definition of f,., above. The digital control
exploits the optical frequency division of N inherent to optically
self-referenced combs so asingle 2mtshiftin the phase of either PLL leads
to a time shift of about 5 fs. The TPFC outputs both a train of optical
pulses and the corresponding synchronous digital values of pulse time,
X, and pulse phase, 0 (Fig. 1b).

The TPFCis both agile and accurate (Figs. 1c and 2); the output time
of acomb pulse can be adjusted arbitrarily. Yet at any instant, we know
exactly, tofractions of anoptical cycle, by how much the output time (and
phase) has been shifted. For rapid changes in the TPFC output, the set-
tlingtime of the PLLs can be takeninto account either through modelling
orbyincluding the digital phase error signal from the two PLLs. Itis the
exactness of the performed step relative tothe commanded step (Fig. 2b)
and the ability to control the steps in real time that stand in contrast to
earlier work. As shown in Fig. 2¢, the accuracy of the timing control, X,
with respect to the underlying CW reference laser is 0.66 +1.73 as.

Here the maximum slew rate between time steps was conservatively
setto40 ns s to eliminate the possibility of cycle slipsin the PLLduring
motion. Theuse of aninput tracking filter for the PLL signals should ena-
bleslew ratesashighas1 ps s, limited only by the actuators (Methods).

Application to dual-comb ranging

To demonstrate the advantages of the TPFCin dual-comb sensing, we
consider ranging® . In dual-comb ranging, pulses with bandwidth r[',l

Commanded value (ns)

measurement of the step size by removing fibre-optic path-length drifts.

c, Theerrorbetweenthe actualand commanded pulse times for the datainb
(redcircles). Each pointis a3-min average over about 1 millionindividual LOS
measurements. This measurement was repeated for multiple different
commanded time steps (black circles). The uncertainty bars are based on the
LOS measurement noise and residual comb timingjitter. The average
differenceis 0.66 as +1.73 as (standard error). Thereisno observed reduction
inaccuracy or precision despite moving the TPFC over the full 5 ns
non-ambiguity range.

from a comb are reflected off an object, and their time of flight is
detected by heterodyning them against asecond comb. This measure-
ment has a resolution of AR = ct,/2, which characterizes the ability to
distinguish two adjacent reflections, where cis the speed of light.
Ithasanon-ambiguity range Ry, = ¢/(2f,.,), associated with ‘which pulse’
isdetected. (Thisambiguity canberemoved by changingf,.,and repeat-
ing the measurement”.) The accuracy is set by the comb’s reference
oscillator or knowledge of the index of refraction. In certain applica-
tions, absolute calibration and instability of the reference plane will
also factor into the accuracy. The precision is the uncertainty in the
peak location of the reflection. At best, the precision is equal to the
resolution divided by the signal-to-noise ratio (SNR):

oo C 4R
R™ 21In(2) SNRg

()

where the (2In(2))™ factor arises from assuming Gaussian pulses
(Methods). The shot-noise limited SNRSNRg = /[nn; where r7is the
detector quantum efficiency and n, = P,..T/(hv) is the number of signal
photons for areceived power P,.., integration time, T, and a photon
energy given by the optical frequency, v, and Planck’s constant, A.
The constant C quantifies how far the precision is from the quantum
limit. It can be related to the power penalty as P, = C*. An optimal
quantum-limited ranging system operatesat C=P,=1.

Conventional dual-comb ranging operates at a high power penalty
and with significant trade-offs. In these systems, the second comb’s
repetition rate is offset by Af, to serve as a linear sampling comb.
Itrepeatedly scans the entire non-ambiguity range, Ry,, at a measure-
mentrate T'1=Aj§ sjjep AR/(4Ry,).Theinherenttrade-offsin T, Ry, and
AR have led to dual-comb ranging implementations using very differ-
ent frequency combs and covering three orders of magnitudein Tand
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Fig.3|Dual-combranging with atime-programmable frequency comb.

a, Systemdiagram. The TPFC canbe runin two modes, acquisition or tracking,
asdescribedinthemaintext.b, The timing discriminatorisadual Mach-
Zehnderinterferometer constructed with polarization-maintaining fibre
opticsinwhich (1) bothcomb pulses enter with the same polarizationand (2)
the TPFC pulseisrotated to the fastaxis. Then (3) the pulses are mixed, adelay
between pulsesisadded toonearmand (4) the pulses are projected back into
the same polarization for balanced heterodyne detection to yield the two
outputsignals V,,; and V,,,. These signals are demodulated and their
magnitudes combined to generate a power-insensitive error signal of the
differential comb-pulse-time offset, while their phase yields the differential
comb-pulse phase. ¢, Range precision (deviation) o (left axis) and

ARbutall facing these strong constraints® %*>**, Moreover, inall cases,
the power penalty F,~ AR/Ry, =f, T, is severe, ranging from 14 dB to
38 dB (refs. ”*?), because of the repeated scanning of the entire
non-ambiguity range.

Here, as shown in Fig. 3, we replace the sampling frequency comb
by the TPFC to overcome these trade-offs and stiff power penalty.
Acoherenttiming discriminator, shownin Fig.3b, measures therelative
time and phase between the TPFC and signal-comb pulses. Creating two
time-shifted copies effectively shapes the TPFC pulse to optimize detec-
tion of the time of the incoming signal-comb pulses*®*’. The two hetero-
dyne signals output by the timing discriminator have a nominal carrier
frequency of 10 MHz, set by the relative phase locks of the two combs.
The signals are then bandpass filtered and demodulated. The choice of
bandwidth is a trade-off between update rate and sensitivity. Here, we
use 26 kHz to be well above typical roughly kilohertz mechanical vibra-
tions while allowing for afairlylong 38 s coherentintegrationtime. The
amplitudes of the two demodulated signals are combined to compute
thetime offset between the TPFC and signal comb (Fig.3b) whereas their
phase yields the differential carrier phase of the TPFC and signal-comb
pulses whose derivative is the Doppler shift. Critically, the combination
of the two channels from the timing discriminator gives a time offset
measurement thatis independent of the incoming signal power.

This system runs in two modes: acquisition mode and tracking
mode, both of which differ from conventional dual-comb ranging.
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corresponding time deviation TDEV (right axis) at 200-ms averaging time
versus the signal-comb power at the balanced photodetectors. The measured
precision follows the quantum limit (equation (1)) from 0.33 + 0.03 pW to

10 £1.0 nW witha penalty of C=2.16, reaching a systematic noise floor below
1nm (7 as), whichis 2-10 times below previous dual-comb ranging
experiments®®***and attributed to residual fibre path-length fluctuations.
Atthe three high power points, the deviationis given both for the full data trace
and forasubset of the data without approximately 6 sudden ranging/timing
jumps of <50-nm amplitude which are attributed to nonlinear optical feedback
(and only appear at these higher powers). d, Example handover between
acquisition and tracking modes. Here the TPFC was commanded to move from
X(¢) =-5pstoX(t) = 0 pswhereitacquires the signal pulse.

In acquisition mode, X(t) is scanned until the tracking comb’s timing
matches the incoming signal pulse train. Althoughitis possible to scan
the entire non-ambiguity range, we can also make use of a priori infor-
mationtoscanthe TPFC over much less than the non-ambiguity range.
The information could be provided from external sources or from a
Kalman filter if previous range and Doppler measurements are avail-
able. Once the system acquires the appropriate reflection, it switches
totracking mode (Fig. 3d). Tracking mode implements a pulse-timing
lock and a carrier-frequency lock based on the timing discriminator
outputs (Methods). The combination of the control and error signals
fromthe time and frequency locksinturnyield the range and Doppler
velocity of the target object.

Intracking mode, the ranging precision nearly reaches the quantum
limit of equation (1) (Fig. 3c). This nearly quantum-limited precision
ranging is demonstrated at arapid 26-kHz measurement rate with as
littleas 0.33 £ 0.03 pW of return power (SNRs = 9.5), which corresponds
toonly1/77 mean photons per pulse. Thereis a slight penalty of C=2.16
owing primarily to differential dispersion between the comb pulses
(Methods). With additional optimization, C could bereducedto1,and
withsqueezing, toless than1(ref. *¢). With these same 200-MHz combs,
conventional dual-comb ranging would suffer from a power penalty
P,=37 dB (C=71).Finally, momentary loss of signal is not an issue.
Ifbrief enough that the object position does not differ from prediction,
forexample, from aKalman filter, by more than about +2AR = +100 pm,
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Fig.4|Rangingand velocity datatoamovingretroreflector.a, Therange
(top left axis, dark blue trace) is measured from the summed control and error
signals for X(¢) in tracking mode ata 26-kHzrate. The velocity (right middle
axis, red trace) is calculated from summed control and error signals for d(¢)/d¢.
At150 s, the beamwasblocked and the target moved, triggering are-acquisition.
Before and after re-acquisition, the measured range agrees with acommercial
FMCW ranging system (black circles), to within the FMCW uncertainty driven
by target vibrations (Methods). Therelative range also agrees well with the
interferometric range from the unwrapped carrier phase (yellow traceinthe
twoinsets), after applying an overall offset. b, Difference between the dual-
combrangeand FMCW range (black circles) and between the dual-comb

range and interferometric range from the unwrapped carrier phase for the
initial section with continuous signal (grey trace). The range deviation of
thislatter difference reaches 10 nmand 5 nm at 10-s averaging for the time
periods withreceived powers of 3.2 + 0.3 pW and 32 + 3.0 pW, respectively
(Extended DataFig.1).

tracking simply resumes. For even alOgacceleration, anapproximately
1.5-ms-duration loss of signal is tolerable. Sometimes the signal loss
may be too long, for example, in strong air turbulence*®, inwhich case
the system can transition to acquisition mode using previous data to
limit the scan, as discussed above.

Figure 4 shows range data taken while moving the rail-mounted
retroreflector. The dual-comb system tracks the retroreflector as it
reverses direction at velocities up to 20 cm s™. The signal is blocked
at 150 s and the retroreflector moved, after which the absolute range
wasreacquired by scanning over a +37.5-cmwindow. For validation, we
compare with acommercial frequency-modulated continuous-wave
(FMCW) system at a few static rail positions after calibrating out dif-
ferential range offsets. The two agree to within the FMCW measure-
ment uncertainty of +40 pm owing to target vibrations amplified by
the FMCW’sintrinsic range-Doppler coupling (Extended Data Fig. 2).
Finally, the coherent timing discriminator also outputs the relative
carrier phase between the signal comb and TPFC, whose derivative
yielded the velocity above. This phase can also be unwrapped to pro-
vide relative range during periods of continuous signal (Fig. 4a, yellow
trace) as in ref.” and similar to CW interferometry (except avoiding
systematic errors from spurious reflections). This unwrapped car-
rier phase agrees with the tracking range to a precision limited by the
tracking range noise which follows equation (1), after accounting for an
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Fig.5| Comparison of conventional and tracking dual-comb ranging.
Precision versusreceived signal photons, ng= SNRé/rl, for conventional dual-
combrangingatf,., =200 MHz (blueline) andf.,=10 GHz (greenline),
compared with tracking dual-comb ranging (red line) and the standard
quantum limit for heterodyne detection (black line).The leftand bottom axes
areinnormalized units whereas theright and top axes are scaled to values
similar to those used in this work. For conventional dual-comb ranging, the
scaling depends strongly onf,., and the precisionis always much worse than
the standard quantum limit. The tracking dual-comb ranging (red line) is
independent off,.,and canreach the standard quantum limit, although here
shownwithal0% penalty. We assume asystem noise floor of 0.7 nm, taken from
thiswork, for the tracking comb, and about 10 nm for the conventional dual-
comb systems”?, For all three ranging configurations, we require aminimum
detection SNR of about 10 for reasonable detection statistics, as indicated by
the SNRIlimit. The 37-dBimprovement, however, isindependent of this
chosenlimit.

approximately 1.5-times chirp-induced penalty in Cfrom the fibre-optic
path to reach the rail system.

Broader benefits to comb-based sensing

A number of existing or potential applications should benefit from
the abilities illustrated in Figs. 1-3, specifically to (1) set the time and
phase of the comb’s output pulses, (2) coherently scan the relative tem-
poral spacing between two frequency combs over a specified limited
range rather than the fullinverse repetition rate, thereby mimickinga
higher-repetition-rate comb while avoiding limitations of lower pulse
energy, and (3) operate as a precision optical tracking oscillator in
time and frequency for shot-noise limited sensing. Below we discuss
three different general application areas: LIDAR, time metrology and
spectroscopic sensing.

Asalready discussed, frequency combs have a natural connection
to precision LIDAR. Figure 5 and Extended Data Table 1 together
compare conventional dual-comb ranging”****, tracking dual-comb
ranging and FMCW ranging*®, which is the standard approach to
high-resolution optical ranging. For all three, the resolution is set
by the optical bandwidth and the accuracy by the comb referencing
orknowledge of the index of refraction of air. (Comb-assisted FMCW
ranging can transfer frequency-comb accuracy to FMCW LIDAR®.)
Both tracking dual-comb ranging and FMCW ranging can reach
the shot-noise limit and exploit the optical carrier phase. However,
the update rate of FMCW ranging is limited by the laser sweep time
and its uncertainty can be degraded by target vibrations. Tracking
dual-comb ranging avoids vibration-related systematics. It could
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provide range-resolved vibrometry in a cluttered environment or
surfaceimaging through turbulent media even with speckle-induced
dropouts and high loss. (A 10-mW launch power will still provide
sufficient 1-pW return power to enable a 26-kHz measurement rate
given a -100-dB reflection.) More generally, there are strong over-
laps with conventional radiofrequency pulse-Doppler radar and
the tracking comb could therefore have interesting applications to
high-bandwidth synthetic aperture LIDAR®.,

In time-frequency metrology, a TPFC phase-locked to an optical
atomic clock provides an optical timescale with the ability to ‘adjust’
its output time to synchronize with other signals. A TPFC could also
enable calibration of time-interval counters*. The time-interval stand-
ard would follow Fig. 1c, where the TPFC allows precisely defined
variable pulse spacing from nanoseconds to femtoseconds. This offers
the prospect of a time-interval standard that spans six orders of mag-
nitude with attosecond precision and an accuracy directly tied to a
secondary representation of the second. For absolute optical frequency
measurements, the TPFC also enables determination of the mode
number N by applying a shift 40, = 2ntN, which will lead to a time shift
of exactly AX =f;e1 for the correct N. Any integer error in Nappears as
amultiple of 5-fs offset in time, which can be resolved with a second
comb and a timing discriminator. In secure optical communications,
the programmable comb might enable quadrature pulse phase-position
modulation if implemented with high-speed actuators. Finally, the
TPFC has interesting applications to comb-based long-distance
free-space time transfer®> 712202348 a5 it provides similar advantages as
in dual-comb ranging®.

The TPFC can also break trade-offs that limit comb-based linear
and nonlinear spectroscopy. Relatively low-repetition-rate frequency
combs (100 MHz to1 GHz) provide the high pulse energies needed for
nonlinear spectroscopy or for spectrally broadening over the desired
spectral band***°. However, the spectral resolution set by these low
repetition rates is often poorly matched to the application leading
to significant ‘dead time’ or SNR reduction in multi-comb-based
spectroscopy?*?°35*55 The TPFC can circumvent this problem by
coherently scanning over a limited time offset between two or more
frequency combs, as demonstrated incoherently inthe early dual-comb
spectroscopic work of ref. *, In this way, a low-repetition-frequency
TPFC can act as a frequency comb with an effectively much higher
repetition rate, set by the inverse of the temporal scan window, at
shot-noise-limited sensitivity. Going further, the ability to jump the
frequency comb-pulse phase and timing could enable compressive
sampling in dual-comb or multi-comb sensing applications with a
concomitant increase in measurement rate. Recent modelling® and
preliminary experiments®* have highlighted the advantages of this
dynamic control for dual-comb spectroscopy. Finally, in nonlinear spec-
troscopy, temporal control could enable time-ordered multi-photon
excitation, following the comb-based spectroscopy of rubidium® but
with programmable control.

Conclusion

The TPFC combines the precisionand accuracy of aself-referenced fre-
quency comb with flexibility in time and phase and 2-as accuracy. Here
the TPFCis based on afibre frequency comb, but any self-referenced
comb (or comb locked to widely separated optical oscillators) with
control electronics capable of tracking and manipulating phase
could actas a TPFC. Through a dual-comb ranging demonstration,
we show the TPFC can operate as an optical tracking oscillator in time
and frequency, yielding nearly quantum-noise-limited ranging with
0.7-nm precision. Finally, dual-comb ranging is just one application
and the TPFC has equal promise in relaxing trade-offs with repetition
frequency and improving SNR in other multi-comb sensing and metrol-
ogy applications while retaining the hallmark accuracy of comb-based
metrology.
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Methods

TPFC control
Theoutput ofthe frequency comb canbe writtenas afunction of time,
t,in terms of a sum of pulses, labelled by integer k, with repetition
frequencyf,e,

E()=eT® Zk E(t-X)
where E,(t) = e *ecop(t -k £ )

rep

(2)

where 6 and X are the comb-pulse phase and time offset (to be
controlled later), A is the pulse amplitude, and 6., is the carrier-
to-envelope phase advance per pulse (and hence appears as k6,.,) and
is not to be confused with 6. Alternatively, through the Poisson sum
formula, the comb can be written as

E®=f e if zn Z/n e 12y (t—X)’ A3)

rep
where nis the index of the comb tooth with complex amplitude /T,, at
frequency f = nﬁep +f, and the carrier-envelope offset frequency
£, = Q) Oreo £

Foracomb sel?—referenced to areference CW laser, we stabilize the
comb-tooth frequencies, f, and f,, where N is the tooth nearest the
reference CW laser at f,,. Each of these frequencies is stabilized
with respect to the repetition frequency, that is, f :rofrep and
N=lew r,\,jjep, wherebothr,andryare user-chosen rational fractions.
It is noted that the repetition rate itself is determined by the two
frequencies as frep =(fy —fo)/N. Equivalently, Jrep =Sew/(N+ro+1y).
This stabilization is done through two PLLs that combined also set the
overall phase, 6, and time offset, X, to arbitrary but fixed values. If the
phase and time offset were not fixed, variation in Xwould lead to an
effective variation in the repetition frequency f,.,, and variation in 6
would similarly lead to a variationin 6.

Here we alter the lock points of the two PLLs to coherently change
the overall phase, 6, and time offset, X. Consider the phase lock of
the tooth at n =0 (that is, the carrier-envelope offset stabilization).
The phases satisfy the equation

[0+ 2mfy £ - 2mf, X] - rol2if, €= 21f X1 =6 ca1= 0 (4)

where the first termin brackets is the phase of the n = 0 termin equa-
tion (3) assuming an unchirped A(¢). The second termin bracketsis the
phase of the repetition signal, that is the digital clock signal for the
digital PLLthat directly follows the detected comb-pulse arrival times.
Thefinal termisacalibration offset related to the difference in the total
phase delays of the two signals up to the in-phase/quadrature (IQ)
demodulation (phase comparison). Inthe standard fixed comb control,
feedbackis applied to drive this phase difference to zero, as indicated
by theright-hand side of the equation. With synchronous digital elec-
tronics, we can replace the right-hand side with a time-dependent
control phase, Hg(t). Asjg = roj:ep, equation (4) reduces to

6(t) = 65(t) (5)

after dropping the calibration constant for simplicity. We apply the
same arguments to the phase of the n = N tooth, working from the
stabilizationof £ =f, - ry f tofind

0(6) = 2N + 1o + ), X (0) = O3(0). (6)

Alinear combination of equations (4) and (5) (represented by the
matrix M 'in Fig. 1) gives us the simple relationships

6(t) = 65(t)
05(0) - 65(0) %)

O

These equations relate changes in the time-varying control phases to
the comb-pulse phase and timing. They hold within the feedback
bandwidth of the PLL. (In practice, we can change the signal more
rapidly provided we separately record the error signal quantifying the
difference between the set pointand actual values). For the particular
locking conditions chosen here of ry=-r,, these equations reduce to
the ones given in the main text. To set the TPFC output, the inverse of
equation (6) generates the desired values ofeg(t) and O,S(t), whichare
thentranslated to theactuator controls. (See Fig.1and below for details
on processing).

With appropriate choice of the control phases, we can control the
comb’stime offset and phase, or the phase of a particular tooth through
equation (7). The phase change of the nth toothis

0,(¢) =6(¢) - 21/, X
(8)

n+r,

:@_44447 n+ry
N+ry+ry

ntry ¢
N+r0+rN9N(t)

]ega) +

For the tracking comb operation, we adjust 98 and leave 0,?, =0.This
leads to a time shift of AX= ABS /(21'[ijep )when keeping the phase of
the Nth comb tooth to zero as the timing of the TPFC comb pulses is
shifting. As a result, the relative phase shift of the Nth comb tooth
between the TPFC and signal comb reflects the overall additional phase
shift on the signal comb alone. Therefore, in ‘unwrapping’ the phase
of the carrier signal measured during the retroreflector motion,
we must use an effective carrier frequency of Nf,,.

Hardware and digital electronic system

Frequency combs. The fibre-based frequency combs used in this work
operateatarepetitionfrequency of about 200 MHzand arebased onthe
designin ref. ¢, The actuator for the carrier-envelope-offset phase lock
is the oscillator pump power and the actuators for the lock of the Nth
combtooth to the optical reference are two piezo-electric fibre stretch-
ers, which together adjust the oscillator cavity length. All combs are
housed within temperature-controlled enclosures. The output of
all combs are filtered with a10.1-nm-wide Gaussian filter centred at
1,560 nm, resultingin 5 mW of in-band power, which was often strongly
attenuated for these experiments. The optical reference for all combs
is a cavity-stabilized laser at 1,535.04 nm. To minimize excess residual
noise between the frequency combs, all non-common fibre lengths
between the cavity-stabilized laser and the three combs are as short
as possible and contained within the temperature-controlled housing
asmuchas possible.

To produce the required heterodyne signals between the TPFC,
fixed comb and linear optical sampling (LOS) comb pulses, fibre-
optic-based optical transceivers were constructed with polarization-
maintaining fibre optics (PM-1550) and fibre-optic components. The
fibre-optic-based timing discriminator described in Fig. 1 was con-
structed with a differential path length of 50.5 cm of fibre, which cor-
responds to a 980-fs delay between the lead and lag arms to match
the full-width at half-maximum (FWHM) of the partially chirped
cross-correlation (or interferogram) signal between the tracking and
signal frequency combs. Commercial 100-MHz balanced detectors are
used throughout, including at the output of the timing discriminator,
to allow for shot-noise-limited heterodyne detection with about 1.1-dB
power penalty.

For the data in Figs. 1c and 2, we combine a fixed comb and a TPFC,
both phase-locked with the same values of N, r,and r,. We then adjust
the TPFC pulse time or phase, and subsequently probe the relative



phase and time between the TPFC and the fixed comb through a third
LOS frequency comb. For the data in Figs. 3 and 4, we do not use the
third frequency comb. In all cases, the LOS comb is phase-locked to
the same CW reference laser but with its carrier frequency offset by
10 MHz. The heterodyne signal between the LOS and the other two
combs is digitized at f,., s yielding an interferogram with f.,, 1 os/Af ep
points. For the datainFigs.1cand 2a, the LOS comb was offsetin repeti-
tion frequency by about 200 Hz whereas for the data in Fig. 2b (which
required faster averaging), the LOS comb was offset in frequency by
about 6 kHz, very near the Nyquist limit for LOS given the pulse width.
For Fig. 2b, we additionally apply a matched filter before peak fitting.
In these LOS sampled measurements, the overlap between the LOS
combs and the TPFC is sufficiently short that the full timing jitter of
the relative comb pulses is measured. For these combs, this timing
jitter was about 3 fs. For the data in Fig. 2b, multiple measurements
allow us to average down this jitter. At these longer averaging times,
differential out-of-loop fibre pathsinthe TPFC and LOS combs will lead
to slow femtosecond-level time wander. We cancel some of this wander
by applying the square-wave 1-Hz modulation to the TPFC time offset.

Timing discriminator. In contrast to the LOS sampling method, the
combination of the TPFC and timing discriminator provides continu-
ous measurements at each comb pulse. Low-pass filtering rejects most
of the technical timingjitter on the comb pulses that occurs at about
50 kHz (the PLL locking bandwidth). The data for Fig. 3c and Extended
Data Fig. 1were acquired using this continuous timing comparison
betweenthereflectedsignalfrequencycomband TPFC.Forthesedata,the
signal-comb pulses were reflected offa fibre FC/PC (ferrule connector/
physical contact) connector end located just outside the aluminium
box that housed the two combs to minimize temperature-induced
path-length changes or the even larger atmospheric fluctuations that
occur over the air path to theretroreflector.

Ranging set-up. For the ranging data in Fig. 4, the retroreflector on
therail was aligned with three passes so that the effective path-length
change and Doppler shift of the comb pulses were afactor of three higher
than that of the reflector itself. The signal-comb light was attenuated
significantly before launch to reach the low-picowatt-power levels.
The position of the retroreflector on the rail was simply adjusted
by hand in an arbitrary pattern. The alignment of the output signal-
comb light to the retroreflector was not perfect, leading to the power
variations inthe return signal observed in Fig. 4.

Ateachstaticlocation, acommercial FMCW ranging system took 25
range profiles over al0-s acquisition period. The reported FMCW range
in Fig. 4 is the average of the peak values extracted by a three-point
cubic spline fit of the peak. The uncertainty was generated by per-
forming the same fitting routine over 10 min of static range data and
taking the standard deviation of the resultant ranges. For both the
dual-comb system and FMCW system, the range was calculated using
the group velocity calculated at the centre frequency. The large uncer-
tainty on the FMCW range values is owing to the systematic coupling
betweenrange and velocity in this frequency-domain ranging system.
Forthe FMCW ranging system used here witha12.5 THz s sweep rate,
the systematic ranging error is 12 pum x 8 fyo,pier, Where 8 fro e is the
vibration-induced Doppler shift. Although Doppler shifts slower than
the sweep rate can be compensated through the use of up and down
sweeps, vibration-induced Doppler shifts on timescales comparable
to the sweep time cannot be similarly cancelled, leading to the uncer-
tainty bars onthe FMCW ranging datain Fig. 4. The tracking dual-comb
ranging does not suffer from this strong Doppler-induced systematic
error as the ambiguity function for a pulse does not have the large
delay-Doppler coupling of aslow FMCW sweep.

Digital platform. The implementation of the digital control of the
TPFC was accomplished using available hardware and consists of two

field-programmable gate arrays (FPGAs) and one digital signal proces-
sor (DSP), although these FPGAs and DSP could be combined into a
single platform as the processing load is not significantly larger than
fixed comb control. The FPGAs are both clocked synchronously at the
comb repetitionrate and the DSP processes samples synchronously at
exactly 5,000 times slower (about 40 kHz). As the DSPis programmed
in C++, it provides amore flexible development environment than the
FPGAs. The fixed and LOS frequency combs also each had adedicated
FPGA®¢ for their phase-locking to the CW reference laser.

Timing and phase commands. To control the TPFC output, equation
(6) generatesthe desired values ofeg(t)and Gﬁ(t). (Itisnoted that these
are ‘unwrapped’ quantities and are not restricted to a O to 21 range).
In the implementation, all phase and frequencies are defined with
respecttothe clock cycles of the analogue-to-digital converters, FPGAs
and DSP that are synchronous with the instantaneous comb repetition
frequency. Within the FPGA, the values ofeg(t) and O,f,(t) canberepre-
sented as large fixed-point values such that there is no quantization
noise variation across the full range (such as would be inevitable with
floating points). Here we use a least-significant bit that corresponds
toacombtiming step of below1 as. All values are then otherwise exact
and set with subcycle accuracy, assuming no cycle slips in any clock
signal, whichis assured by the high-SNR signal from the photo-detected
frequency-comb-pulse train.

Figure 1b shows the effective implementation for the phase tra-
jectories for 6,(¢t) and 6,(t). The implementation is done through the
numerical integration of a limited difference between desired and
actual trajectories. This allows enforcing rate limiting to respect the
limits of the physical system, for example, the maximum rate that
the system can change pulse timing via pump power or cavity length.
The phase change is done by changing the effective values of r,and
ryfor a precisely known time period inside the FPGA. The commands
forsetting the trajectories canbe sent viaeither agraphical userinter-
face from a PC, via a serial port input from another real-time digital
system for tighter control (for example, the DSP). It could also be done
via a sequencer running directly on the control FPGA, although that
approachwas not used for this study. The rest of the control algorithm
for the phase locks is a proportional-integral-integral controller (PII)
with a phase extraction front-end, as in ref. *.

Slew rate. For large time steps, the TPFC response will be limited by
the maximum slew rate. A linear slew of the comb-pulse time cor-
responds to a frequency shift of the phase-locked f; or f frequencies
(where the latter is measured by its heterodyne beat signal against
the CW reference laser). For a frequency shift of Afin either of these
frequencies, the slew rate is dX/dt = Af/f,. Typically, comb actuators
can move either of these frequencies by a few modes (for example,
through the pump current modulation or cavity fibre stretcher).
In that case, Af = #f,,,, giving a slew rate of dX/dt =f,/fy. For the
frequency combs used here, this yields amaximum potential slew rate
of dX/dt =200 MHz/200 THz=1pss™.

Tomaintain the full accuracy of the comb, there is asecond potential
constraint to the maximum slew rate. Namely, despite ashiftin either of
the beat frequencies, f, or (fy — fcw), the system must reliably track the
phase of bothbeat signals; any cycle slip would resultinaloss of accu-
racy for both the comb-pulse time and phase. The resulting limitation
on the slew rate depends on a combination of the SNR of the relevant
beat signal and sophistication of the demodulation scheme. Indeed,
with very high SNR, the beats can be tracked over the full Nyquist win-
dow of 0 to +f,.,/2 and there is no additional limitation. For a typical
SNR, one could implement a tracking filter with feedforward to track
dynamic frequency changes and avoid cycle slips even with large
deviationsin the beat frequency. This approach should minimize any
slew-rate limitations. However, we did not implement such afilter here.
Asaresult,inthe current system, we limited the maximum slew rate to



Article

40 ns s This rate was not optimized but was chosen conservatively to
avoid cyclesslips, which was verified experimentally. The 40 ns s ' slew
ratewas used forthe datain Figs.1and 2. For the ranging datain Figs.3
and 4, a slower slew rate of 4 ns s was chosen to match the temporal
duration of the overlap between the TPFC and signal comb with the
inverse of the 26-kHz measurement bandwidth.

Control loops in ranging system. For the dual-comb ranging demon-
stration of Figs. 3 and 4, the system operates as nested PLLs. The timing
discriminator demodulationisimplementedinan FPGA + DSP system
with+13 kHz of bandwidth centred around ademodulation frequency.
The26-kHzbandwidth inthe demodulation limits the overall tracking
bandwidth, but was chosento demonstrate the high sensitivity by allow-
ing for coherentintegration over about (26 kHz)™ = 38 ps to detect weak
return signals. A broader bandwidth would sacrifice some sensitivity
but allow for even faster tracking bandwidths. The output of the timing
discriminator provides both a time and phase error signal. The time
error signal is sent to a Pllimplemented on the DSP. This Pll generates
control trajectories for the tracking comb, which are sent viaserial port
tothat comb’s controller FPGA that runs the two PLLs for 6,(t) and ,(t)
at50-kHz closed-loop bandwidth. The phase error could be similarly fed
back directly tothese PLLs controlling the TPFC. However, itis simpler,
and equivalent, toinstead direct the phase error to a Pllimplemented
on the DSP, whose output is fed back to the direct digital synthesizer
used to demodulate the approximately 10-MHz timing discriminator
signals. The resulting frequency adjustment is time-stamped against
the FPGA clock, which allows the accurate unwrapping of the carrier
phase to determine the relative range change, as show in Fig. 4. With
this choice of phase control, the tracking of the timing isimplemented
by changing only 6,(¢) and leaving 6,(¢) fixed, which avoids cross talk
between the two loops.

Shot-noise limit for ranging

In Fig. 3¢, we show our ranging measurements are shot-noise limited
for received powers <10 nW by comparing measured range deviation
tothe expected shot-noise limited range deviation. Here we derive that
theoretical shot-noise-limited range deviation.

We first assume the comb pulses have zero differential chirp and are
Gaussian with an FWHM of 7, in intensity. (The comb pulses pass
through a Gaussian spectral filter before ranging). Their cross-
correlation then generates a Gaussian envelope, V, withaFWHM of 27,
(because there is a factor of +/2 from the cross-correlation and the
E-fields are also +/2 broader than the intensity of the comb pulses®).
The detected heterodyne voltage signal has a carrier frequency set by
the offset between the comb frequencies, but this carrier is removed
inthe demodulation to generate just the envelope signal. We assume
the lock point is chosen at approximately the half-width at
half-maximum point on this envelope. (The actual maximum slope is
1o from the peak, but this is a minor 6% correction at the cost of a
reduced capture range). In that case, the change in voltage for small
changesinthearrival time of the signal pulse with respect to the track-
ing (local oscillator) comb, § X, will be determined by the slope at the
half-width at half-maximum point, or

8V _ |y Voeak 1
S In(2) 7 [Vs™] (C)]

where V.., is the maximum voltage measured when the signal and
tracking comb pulses perfectly overlap. The inverse of this slope maps
changesin Vto changesin X. Voltage fluctuations from shot noise with
aroot-mean squared (r.m.s.) value of V;oise Will Show up as white
timing jitter with anr.m.s. value of

6X

0= W l/shotnoise' (10)

Inthe stronglocal oscillator case (strong tracking comb pulses), the
shot noise for the demodulated output is

2R 1B
Vshotnoise = eG‘ I’_,liv

where eis the elementary charge constant, G is the transimpedance
gain, P, is the local oscillator power, h is Planck’s constant, vis the
carrier frequency, nis the quantumefficiency and Bis the single-sided
bandwidth with a corresponding averaging time 7= (2B) (ref. ¥).
The peak signal, V,ey, is

(BoP.
Voeak = 260G, (;::})25

where P, is the total received signal-comb power on the detector™.
Substitution of equations (10) and (11) into equation (9) using = (2B)™
and defining the total number of integrated signal photons in each
measurement as n, = P,T/hv gives

1)

12)

1 o

%= 2In@) Jan,”

(13)

Then, converting to range, the shot-noise contribution to the range
deviationis

o= (S) "
R=(2)In(Q2) 2./an "

Inthe actualimplementation, a single heterodyne signalis insufficient
aswe need two measurements to normalize out the fluctuationsin the
received signal power (and therefore in V). Therefore, the timing
discriminator generates two time-displaced copies of the tracking
comb pulses to generate the two displaced discriminator signals V;
and V,, each of which has the same Gaussian shape and noise jitter as
given above although with half the total power. The timing discrimina-
tor signal is given by the linear combination, S= (V- V,)/(V;+ V,).
Anidentical analysis for the shot-noise limited timingjitter and rang-
ingjitteryields exactly the same equations (12) and (13), where n,is the
total number of signal photons.

The quantity inequation (13) is plotted in Fig. 3c as afunction of P, at
asetaveraging time of 7=200 ms for the quantum efficiency n = 0.79
andt, =355 fs, whichis the time-bandwidth-limited pulse duration for
the measured comb-pulse spectral FWHM of10.1 nm.

The above derivation assumed the optimal situation that the two
comb pulses have no differential chirp, are Gaussian, have unity mixing
efficiency and the additive detector noise is zero. In equation (1), we
include the numerical factor Ctoaccount for these and any other effects
thatincrease the noise above this quantum-limited floor. In our case, the
FWHM of the timing discriminator signals for pulses with zero differen-
tial chirp shouldbe 27, =709 fs, based on the measured spectral widths
of the comb pulses, but we measure 824 fs for the data in Fig. 3¢, indi-
cating adifferential dispersion between the pulses and corresponding
timingjitter penalty of (824/709)* = 1.35 (assuming the broadening both
reduces the slope and the peak height, preserving the area). Inaddition,
thereis an SNR degradation of afactor of 1.39 owing to detector noise,
measured non-idealities ininterferogram slopes and spectral overlap.
Finally, we measure an additional additive noise penalty of 1.065in the
radiofrequency chain. Combined, these imperfections give an expected
value of C=(1.35) x (1.39) x (1.065) = 2.0, to be compared with the value
of C=2.16 measured from the upward displacement of the data points
compared with the theoretical curvein Fig. 3c. These two values agree
to within 8%. For the data in Fig. 4, the additional round-trip length of
fibre optics in the path to the rail-mounted retroreflector added chirp
to the signal comb that led to an additional 1.49-times penalty.



For the conventional dual-comb ranging using linear optical
sampling, a similar analysis has been provided in Appendix B of ref. .
The performance curves in Fig. 5 are based on these equations and
assume no additional penalties.

Reporting summary
Further information on research design is available in the Nature
Research Reporting Summary linked to this article.

Data availability

The data for the figures in this paper are available for download at
https://data.nist.gov/od/id/mds2-2703.

Code availability

The mathematics and algorithms necessary to create a time-
programmable frequency comb are described between the main text
and Methods.
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Extended DataFig.1|Range deviation power comparison. Range deviation deviations for the difference between the absolute range from the tracking

(leftaxis) and time deviation (right axis) of dual-comb range measurements comb timing and the relative range from the unwrapped carrier phase shift,
fromafixedreflection forsignal-comb powers from 980 nW (bottom curve) fromFig. 4, are shown for the time periods of 60 to100 seconds at 3.2 pW
downto 0.33 pW (top curve) with the following power levels £10%: 980 nW, (greensquares) and 110 seconds to150 seconds at 32 pW (green triangles).
190 nW, 86 nW, 38 nW, 21nW, 9.6 nW, 1.8 nW,1.2nW, 390 pW, 200 pW, 89 pW, Forthese data, the differential chirp between the signal and TPFC pulses was
33pW,23pW, 8.5pW, 4.1pW, 1.9 pW, 990 fW, 550 fW and 330 fW. The vertical larger, leading to an additional 1.5x penalty in Cand thuslie slightly above the
dashed cyanlineindicates the200-ms averaging time for the datain Fig.3c. curves at the same power for ranging off the fixed reflection (solid circles).
Beyond 200-ms, the range deviationincreases due to temperature-induced However, because the path-length variationiscommon mode, the difference

fluctuationsinthe fibre path up to the fixed reflection. In addition, the continues toaverage downbeyond 200 ms.
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Extended DataFig.2|Range power spectral density. Range power spectral average power of 3.2 pW, the tracking dual-comb range shot-noise limited noise
density (PSD) for the data from Fig. 4 over the period of 60 sto100sat 3.2 pW floor liesjust above the minimal vibrations seen here. The vertical magentaline
return power for X(t) from the tracking comb (blue trace) and the unwrapped indicates the maximum10 Hz update rate of FMCW while the vertical dark
carrier phase 8(¢t) (purpletrace). Also shownis the noise floor for the greenlineindicatesthe13 kHz cut-offimposed by the 26 kHz measurement
unwrapped carrier phase (dark blue trace). The vibrations of the nominally rate for the range data.

immobileretroreflector canbeclearly seeninthe carrier-phase data. At the low
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Extended Data Table 1| Ranging modality comparison

) Resolution, Non-Ambiguity .
Technique AR Range, RNA Power penalty, PP Max. Update Rate, T
FMCW Ranging?
System 1°°
B=5THz 30 um 1 Hz
(40 nm at 1550 nm) c cC C
C=5THz/s (40nm/s) | — ~— | >, ~1 0dB —
System 2b.d 2B 4B B
B=1.3THz
(10 nm 1535 nm) 115 pm 9.6 Hz
C=12.5THz/s (100 nm/s)
Conventional Dual-
Comb Ranging
Microcomb*:
B=~2.5THz 0.15 em
Jfrep =100 GHz 60 um 14 dB ~1 GHz
Aﬁ‘ep =100 MHz
Er:fiber comb': frfp
B=12THz c ¢ Jrep —
(10 nm at 1560 nm) 2B 125 pm 2f 75 cm ~ B 38 dB 4B 8.3 kHz
frep =200 MHz rep
A},e[) =2 kHz For margin,
: in practice
Ti:Sapph combé: this is often®
B=0.3THz 2
(0.6 nm at 785 nm) 510 pm 29 cm 27 dB / 220 kHz
frep =513 MHz 16B
Aﬁep =130 kHz
Dual-Comb Ranging
with the TPFC
B=12THz Acquisition: | (to30 | Acquisition: 40 Hz
(10 nm at 1560 nm) AXB dB SAX
Acquisition scans over c c
-1 25um | — 75 cm
0<AX < f) — " 2r
2B “r Tracking:
Update rate assumes f
AX = 1ns (15 cm) and Tracking: 1 0 dB rep 50 MHz
AX =400/ 4

Comparison of parameters for FCMW ranging, conventional dual-comb ranging and the current TPFC-based dual-comb ranging. Scaling relationships and values from the literature are used to
illustrate the trade-offs. All systems have a maximum range set by the laser coherence length. These values related to range, power penalty and maximum update rate were used to construct
Fig. 5 of the main text. B: 3-dB bandwidth, C: chirp rate, c: speed of light (for simplicity ignoring the group index of air), l.,;: laser coherence length, f,.: repetition frequency of comb, Af,.,: offset
in comb repetition frequencies, S: pulse scan rate.

2 Scaling for FMCW based on Barber, Z. W., Babbitt, Wm. R., Kaylor, B., Reibel, R. R. & Roos,. Appl Opt 49, 213-219 (2010).

® The use of trade names in this manuscript is necessary to specify experimental results and does not imply endorsement by the National Institute of Standards and Technology.

¢ System 1 specifications from Bridger Photonics datasheets (https://www.bridgerphotonics.com/).

9 System 2 specifications from Luna Optical Backscatter Reflectometer (OBR) 4600 datasheet (https://lunainc.com).

¢ Values taken from Trocha, P. et al. Science 359, 887-891(2018). FWHM bandwidth estimated to be at 2.5 THz from the manuscript figures.

fValues taken from Er:fibre comb system used also for the dual-comb system presented here.

9 Values taken from Mitchell, T., Sun, J., Sun, J. &Reid, D. T. Opt. Express 29, 42119-42126 (2021).

" This expression often appears with only a factor of two in the denominator. However, if the widths are all FWHM and assuming a filter that is not infinitely sharp, there would be significant
aliasing in the signal if operated under these conditions leading to systematic range errors. We have used a factor of “4”, which is still overly optimistic and the factor of “16” in the denominator
is a more practical choice.
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