
PHYSICAL REVIEW RESEARCH 5, L022034 (2023)
Letter

Photon-mediated correlated hopping in a synthetic ladder
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We propose a different direction in quantum simulation that uses multilevel atoms in an optical cavity as
a toolbox to engineer different types of bosonic models featuring correlated hopping processes in a synthetic
ladder spanned by atomic ground states. The underlying mechanisms responsible for correlated hopping are
collective cavity-mediated interactions that dress a manifold of excited levels in the far-detuned limit. By weakly
coupling the ground-state levels to these dressed states using two laser drives with appropriate detunings, one
can engineer correlated hopping processes while suppressing undesired single-particle and collective shifts of
the ground-state levels. We discuss the rich many-body dynamics that can be realized in the synthetic ladder
including pair production processes, chiral transport, and light-cone correlation spreading. The latter illustrates
that an effective notion of locality can be engineered in a system with fully collective interactions.
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I. INTRODUCTION

Correlated hopping, a process whereby the hopping rate
of a particle depends on the presence of other particles in an
array, is believed to contribute to the complex behaviors seen
in strongly correlated materials [1–3], and also to be a key
requisite for the generation of dynamical gauge fields [4,5]
and topological behaviors [6,7]. Regardless of its importance,
correlated hopping is typically small and hard to manipulate
in real materials, and ultracold atoms have been identified as
a unique playground to study these processes under control-
lable conditions. However, the implementation so far has been
mainly limited to isolated double-well arrays [4,5], indirect
detection via spectroscopic measurements [8–11], or weak
corrections due to dipolar interaction of magnetic atoms [12].
Experimentally accessible protocols to engineer correlated
hopping processes in strongly interacting many-body systems
are still lacking.

In this work, we propose the use of multilevel atoms in
an optical cavity as a toolbox to engineer different types
of bosonic models featuring correlated hopping processes in
a genuine unitary many-body system. Cavity QED systems
have started to demonstrate their great potential as quan-
tum simulators [13–26]. Important initial steps for correlated
hopping have been achieved such as the engineering of pair
production processes [17,22] and dissipative dynamical tun-
neling [24]. Therefore, the time is ripe to explore the full
power of cavity systems under accessible conditions.
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A key idea behind our protocol is to treat the internal levels
of the atoms as a synthetic dimension [27], where a notion
of spatial locality can naturally emerge, even in the presence
of infinite-range photon-mediated interactions. The use of
internal levels as a synthetic spatial dimension has already
led to beautiful demonstrations of topological lattice models
and chiral transport in noninteracting systems [28–32], and
very recently in interacting many-body systems [33]. Here,
we propose a way to go beyond the single-particle paradigm
by engineering interaction-induced hopping processes in the
synthetic dimension spanned by the atomic ground-state man-
ifold. This is accomplished by weakly coupling it to a set of
many-body excited states dressed by photon-mediated inter-
actions.

The implementation uses two laser drives with appropriate
detunings to suppress undesirable single-particle and collec-
tive shifts of the internal levels. In this way, we energetically
favor only the desired hopping process where in a correlated
manner one atom moves two internal levels up while another
atom in the array moves two levels down. The correlated hop-
ping processes we introduce split the ground-state manifold
into two sets of levels, which we visualize as a synthetic two-
leg ladder. By doing that, we open up a variety of many-body
phenomena that can be realized in this system, including dy-
namical phase transitions in pair production processes, chiral
transport tunable via laser detunings and initial state prepara-
tion, and correlation spreading and emergent light-cone trans-
port in the synthetic ladder. We also discuss a feasible experi-
mental implementation using long-lived alkaline-earth atoms.

II. SYSTEM

A. Effective Hamiltonian

We consider an ensemble of N multilevel atoms confined
in an optical cavity with quantization axis (ẑ) along the cavity
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FIG. 1. Effective ground-state dynamics in a multilevel cavity
QED system. (a) An ensemble of multilevel atoms (blue pancakes)
with ground (|gm〉) and excited (|em〉) manifold are trapped in an
optical cavity with quantization axis (ẑ) along the cavity axis. The
cavity photons (red curve) with left-handed (σ−) and right-handed
(σ+) circular polarizations mediate collective interactions (χ ) among
the atoms. Two external drives are applied to the σ− polarized
mode with atomic Rabi frequency �A,B. (b) Frequencies of cavity
resonance, two external drives, and atomic transition dressed by
photon-mediated interactions. (c) Sketch of the correlated hopping
(T̂ +T̂ −) and single-particle ac Stark shifts (D̂L) in the synthetic
two-leg ladder spanned by the ground manifold (|gm〉), using F = 9

2
case as an example.

axis, as depicted in Figs. 1(a) and 1(b). The internal level
structure of each atom consists of a ground and an excited
manifold with hyperfine spin Fg and Fe, respectively. The
excited-state manifold decays with spontaneous emission rate
γ . We consider a weak magnetic field limit such that all
atomic transition frequencies can be approximated as a single
ωa [34]. Specifically, we label the ground states as |gm〉i, and
the excited states as |em〉i, where m is the magnetic quan-
tum number, and i labels the atoms. Two degenerate cavity
modes with left-handed (σ−) and right-handed (σ+) circular
polarization at frequency ωc ≡ ωL,R

c couple to the transition
between ground and excited manifolds with coupling strength
gc and detuning �c = ωc − ωa. Two external σ− polarized
lasers with frequencies ωA,B

d , detuned from the atomic transi-
tion by �A,B = ωA,B

d − ωa, are used to drive the cavity with
intracavity Rabi frequency �A,B, respectively.

We focus on the far-detuned regime of the cavity (|�c| �
|�A,B|), where the frequencies of laser drives are closer to
the atomic transition rather than the cavity resonance. In
this regime, one can first adiabatically eliminate the injected
light fields and intracavity fluctuations assuming |�c| �
gc

√
N, κ , with κ the cavity intensity decay rate. The system

is thus well described by an atom-only Hamiltonian with
photon-mediated elastic interactions [34,35]

Ĥ/h̄ = ωaN̂e + χ (L̂+L̂− + R̂+R̂−)

+ [(
�Ae

−iωA
d t + �Be

−iωB
d t

)
L̂+ + H.c.

]
, (1)

where χ = −g2
c/�c is the photon-mediated interaction

strength. Here, N̂e = ∑
im |em〉〈em|i is the atom number op-

erator for the excited manifold, L̂+ = ∑
im C

−1
m |em−1〉〈gm|i,

L̂− = (L̂+)† are multilevel dipole operators with σ− po-
larization, and R̂+ = ∑

im C
+1
m |em+1〉〈gm|i, R̂− = (R̂+)† are

multilevel dipole operators with σ+ polarization, whereCp
m ≡

〈Fg,m; 1, p|Fe,m + p〉 are the Clebsch-Gordan coefficients.
The photon-mediated interactions in Ĥ [Eq. (1)] exchange

excitations among atoms and generate a rich many-body spec-
trum of collective states [see Fig. 1(b)], if |χN | � γ . In this
regime and assuming weak driving fields (|�A,B|, |χN | �
|�A,B|), as shown in [34], the many-body excited states are
only virtually populated and can be adiabatically eliminated,
giving rise to net interactions in the atomic ground manifold
described by the following effective ground-state Hamilto-
nian:

Ĥeff/h̄ =
∑

ν=A,B

|�ν |2�ν

χ

[
�ν − χD̂L − χ2T̂+Ĝν

RT̂
−]−1

, (2)

where Ĝν
R = (�ν − χD̂R)−1. Here, D̂L = P̂gL̂−L̂+P̂g, D̂R =

P̂gR̂−R̂+P̂g, T̂+ = P̂gL̂−R̂+P̂g, and T̂− = (T̂+)† are operators
acting only on the ground manifold as ensured by P̂g, which
is defined as the projection operator of the atomic ground
states. In the case of Fg = Fe = F as we explore in this paper,
these operators can be expressed as D̂L,R = ∑

i D̂
L,R
i /NF and

T̂+ = ∑
i T̂

+
i /NF , where

D̂L
i = Ŝ+

i Ŝ
−
i , D̂R

i = Ŝ−
i Ŝ

+
i , T̂+

i = −Ŝ+
i Ŝ

+
i , (3)

NF = 2F (F + 1) is the normalization factor, and Ŝ±
i are rais-

ing and lowering spin-F operators acting on atom i. Note
that Ĥeff is fully collective and thus couples an atom i with
any other atom j in the ensemble. If the atoms start in the
permutationally symmetric manifold, or on a direct product
state of permutationally symmetric subsystems, they will re-
main there, and the scaling of Hilbert space dimension with
atom number N is reduced from exponential to polynomial.
Thanks to this simplification, we perform all the numerical
calculations using Eq. (2). However, the underlying physics
in Ĥeff , which includes a sum over multibody interactions, is
still extremely complex even in this restricted Hilbert space.

B. Discussions

To gain physical intuition of the physical processes en-
capsulated in Eq. (2), first we discuss the simplest case with
F = 1

2 , which gives T̂± = 0, and D̂L = 2(N/2 + Ŝz )/3. So the
effective ground-state Hamiltonian takes the form

Heff/h̄ =
∑

ν=A,B

|�ν |2�ν/χ

�ν − 2χ (N/2 + Ŝz )/3
. (4)

In the off-resonant regime (|�A,B| � |χN |), one can expand
Ĥeff in a power series of the Ŝz operator. At the lead-
ing nontrivial order, this expansion recovers the well-known
one-axis twisting interaction ŜzŜz, a powerful resource for
spin-squeezing generation [36]. At higher orders it also gen-
erates non-negligible n-body interaction terms such as (Ŝz )n

when �A,B is comparable with χN . Such multibody operators,
which emerge naturally in our system, can speed up the entan-
glement generation dynamics as recently suggested in trapped
ion arrays [37].

In the presence of more levels (F > 1
2 ), the operators T̂±

cannot be ignored and they start to play a nontrivial role,
leading to tunable multibody interactions. Regardless of their
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complexity, one can gain physical insight by focusing on the
leading-order terms obtained in a power series in χN/�A,B.
To leading order the effective Hamiltonian simplifies to

Ĥeff/h̄ ≈
∑

ν=A,B

|�ν |2
�ν

D̂L + |�ν |2χ
�2

ν

(D̂LD̂L + T̂+T̂−). (5)

The first term in Eq. (5) describes single-particle ac Stark
shifts generated by each light field injected into the cavity,
and the second term describes the leading-order interactions in
the ground manifold generated by exchanging cavity photons.
The exchange of σ− polarized cavity photon leads to the
diagonal D̂LD̂L term, a multilevel generalization of one-axis
twisting interaction, generating population-dependent collec-
tive shifts on the ground-state levels. In contrast, the exchange
of σ+ polarized cavity photon leads to the T̂+T̂− term, a
new term emerged in multilevel ground states, generating the
processes where one atom moves two internal levels down
(T̂−) while another atom moves two levels up (T̂+).

Assuming the hyperfine spin F is a half-integer, it is con-
venient to visualize the atomic ground manifold as a synthetic
two-leg ladder, where the upper and lower legs are sets of
internal states directly connected by the T̂± operators [see
Fig. 1(c)]. Under this concept, the T̂+T̂− term is equivalent
to correlated hopping in the synthetic ladder which can occur
between atoms in the same leg or in different legs. These
processes can generate strong correlations between the legs
despite having no direct hopping processes.

In order to better understand the Hamiltonian dynamics,
it is useful to write the operators acting only on the ground
manifold in terms of Schwinger bosons,

D̂L =
∑

m

(
C−1
m

)2
â†
mâm, D̂R =

∑

m

(
C+1
m

)2
â†
mâm,

T̂+ =
∑

m

C+1
m C−1

m+2â
†
m+2âm, (6)

where âm is the bosonic annihilation operator for state |gm〉.
For simplicity, we also set the strength of the external drives
to � ≡ �A,B = 0.05χN , and analyze the unitary dynamics by
varying the detunings �A,B of the laser drives. By appropriate
choices of �A,B, we can suppress the single-particle and col-
lective shifts at t = 0, and make the correlated hopping terms
as the dominant process in the synthetic ladder [34].

III. EXAMPLES OF CORRELATED HOPPING

A. Pair production

One of the simplest cases to understand the correlated
hopping process (T̂+T̂−) is a system with a four-level F = 3

2
ground-state manifold [see Fig. 2(a)]. Considering the initial
state |g−3/2〉⊗(N/2)|g3/2〉⊗(N/2), the role of the T̂+T̂− term is
to generate correlated atom pairs in the initially unoccupied
states |g−1/2〉 and |g1/2〉. We show that Ĥeff [Eq. (2)] in this
system features an abrupt change of dynamical behavior as we
tune the system parameters, i.e., dynamical phase transition
(DPT). This type of DPT generated by pair production pro-
cesses can be analyzed at both short times and long times [38].

The short-time dynamics can be understood via undepleted
pump approximation (UPA), where to the leading order one

FIG. 2. Pair production dynamics in a synthetic four-level ladder.
(a) The black dots show the initial state of the atoms and the orange
arrows show the correlated hopping process. (b) Dynamical phase
diagram of pair production process. The black lines are the phase
boundary separating phase I (with pair production) and phase II
(without pair production). (c) Short-time dynamics in phase I (red
curves) and phase II (blue curves). The choices of detunings �A,B

are indicated by cross marks in (b) with corresponding color. The
solid lines are calculated by exact diagonalization (ED), while the
dashed lines are based on undepleted pump approximation (UPA).

can replace the bosonic operators for macroscopically occu-
pied states as c numbers, â±3/2, â

†
±3/2 ∼ √

N/2. Under UPA,

Ĥeff [Eq. (2)] becomes quadratic and therefore can be diago-
nalized analytically:

Ĥeff/h̄ ≈ K1â
†
−1/2â−1/2 + K2â

†
1/2â1/2

+ K3(â−1/2â1/2 + H.c.). (7)

Here, K1, K2, and K3 can be expressed as functions of
�A,B/χN [34]. The term proportional to K3 is responsible for
generating correlated atom pairs, while the terms proportional
to K1,2 impose an energy penalty for the pair production.
Note that Eq. (7) is equivalent to the two-mode squeezing
Hamiltonian well known in quantum optics [39] and spinor
BEC systems [36,40], and very recently achieved in cavity
QED systems [17,22]. At short times when UPA is valid [see
Fig. 2(c)], one observes exponential growth of atom popu-
lation N±1/2 in the initially unoccupied states |g±1/2〉 (red
curves) in phase I (with pair production), which is described
by (K1 + K2)2 < 4K2

3 . Instead in phase II (without pair pro-
duction), described by (K1 + K2)2 > 4K2

3 , one observes small
oscillations of atom population (blue curves). The dynamical
critical points are located at (K1 + K2)2 = 4K2

3 [see black
lines in Fig. 2(b)].

To analyze the dynamics generated by Ĥeff [Eq. (2)] at
longer times, we use exact diagonalization (ED) with 100
atoms. At long times the DPT is signaled by a sharp change
in behavior of the long-time average fractional population
N±1/2/N = limT→∞

∫ T
0 dt N±1/2(t )/(NT ), which serves as

an order parameter and distinguishes the two dynamical
phases [see Fig. 2(b)]. Phase I is characterized by nonzero
N±1/2/N , while phase II is characterized by N±1/2/N ≈ 0.
We analyze the critical exponents of this DPT in [34]. Our
discussions of the four-level system can be generalized to
larger synthetic ladders directly, and the detunings �A,B serve
as control knobs of the correlated hopping process.
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FIG. 3. Chiral transport in a synthetic six-level ladder. (a) The
strength of the relevant correlated hopping processes (orange arrows)
is indicated by the opacity of the arrows, which depends on the atom
distribution in the upper leg (black dots). (b) Chiral transport behav-
ior in the lower leg depends on the initial probability of occupying
the state |g−3/2〉 (y axis) and the detuning of the external drive B (x
axis) for fixed drive A detuning which is set to �A = −3χN . The
dashed line indicates balanced transport. (c) Short-time dynamics of
population imbalance with parameters indicated by cross marks in
(b) using the same color. The solid lines are calculated by ED, while
the dashed lines are based on UPA.

B. Chiral transport

Including more levels in the dynamics opens up the pos-
sibility to engineer interaction-induced chiral transport. As
shown in Fig. 3(a), this can be achieved in a six-level model
(F = 5

2 ) by preparing atoms in the |g−1/2〉 state, which is the
center of the lower leg. The chiral transport in the lower leg
can be characterized by the population difference between
atoms hopping to the right side (|g3/2〉) and the left side
(|g−5/2〉), Ndiff = N3/2 − N−5/2. The chiral transport is not a
consequence of the external drive polarization. Suppose there
are no atoms in the upper leg: the only relevant correlated
hopping process will generate atom pairs in the state |g−5/2〉
and |g3/2〉, which leads to Ndiff = 0. Nevertheless, adding
atoms in the upper chain gives rise to extra correlated hopping
processes, in which the processes I and II shown in Fig. 3(a)
become the dominant processes and break left-right symmetry
at short time [34]. If process I is stronger than process II,
we have chiral transport to the left side of the lower chain
(Ndiff < 0), and vice versa.

We analyze the chiral transport behavior via ED of Ĥeff

[Eq. (2)] with 20 atoms. The initial state of this calculation
is [

√
p−3/2|g−3/2〉 + √

1 − p−3/2|g5/2〉]⊗(N/2)|g−1/2〉⊗(N/2),
where p−3/2 is the initial probability of occupying the state
|g−3/2〉 for the atoms in the upper leg. The normalized
long-time average Ndiff/N sum as a function of p−3/2 and �B,
where Nsum = N3/2 + N−5/2, is shown in Fig. 3(b) for fixed
�A. It can be seen that for different choices of �B it is possible
to turn on both processes (I and II) if �B/χN ∈ (3, 4), or
mainly turn on process II if �B/χN ∈ (5, 6). Enforcing
balanced transport [see the dashed line in Fig. 3(b)] requires
equal weight of processes I and II in the former case, or
suppression of both processes in the latter case. In Fig. 3(c),
we compare the short-time dynamics of chiral transport at
�B = 4χN with different choices of p−3/2, indicating that
the transport direction is fully tunable via initial state in this

FIG. 4. Correlation spreading in a synthetic 10-level ladder.
(a) The correlated hopping processes (orange arrows) for the ini-
tial state (black dots) allow us to assign position indices based
on the direction of hopping. The orange dashed line indicates the
spread of correlations between legs without direct hopping processes.
(b) The atom number two-point correlations (see text) are restricted
to nearest-neighbor sites for �A = −3χN , �B = 3.7χN , (c) but can
undergo light-cone spreading for �A = −3χN , �B = 4.1χN .

case. Unlike the four-level system discussed above, UPA is
not able to provide a qualitative description of chiral transport
behavior at long times.

C. Correlation spreading

Regardless of the all-to-all nature of the cavity-mediated
interactions, in our synthetic ladder we can engineer light-
cone spreading of quantum correlations analogous to the one
observed in real lattices with short-range or power-law in-
teractions [41–43]. In Fig. 4(a), we show a 10-level F = 9

2
ground-state manifold visualized as a synthetic ladder. For
an initial product state |g−9/2〉⊗(N/2)|g9/2〉⊗(N/2), it is possible
to visualize the correlation spreading from a concatenated
set of hopping processes [see orange arrows in Fig. 4(a)] by
assigning position indices for the synthetic lattice sites: 0 and
0∗ for the initial sites, and site labels increasing to the right and
decreasing to the left. Using this convention, we can analyze
the correlation spreading in our synthetic ladder, in terms of
the two-point correlators C(i, j) = 〈N̂iN̂ j〉 − 〈N̂i〉〈N̂ j〉.

For the case of a system of 10 atoms, ED of Ĥeff [Eq. (2)]
shows two distinct behaviors of C(0, r) depending on the
choice of �B for fixed �A. In one parameter regime, dif-
ferential energy shifts imposed by �B favor localization and
the correlation is restricted to nearest-neighbor sites [see
Fig. 4(b)]; for another configuration, linear correlation spread-
ing (t ∝ r) to the whole system is energetically allowed [see
Fig. 4(c)]. The spreading is signaled by the appearance of
a symmetric light cone [orange points in Fig. 4(c)] in the
two-point correlators, which is set at the time when C(0, r)
reaches −0.15 (∼10% of the maximum value).

IV. EXPERIMENTAL IMPLEMENTATION

Our protocol can be directly implemented using fermionic
alkaline-earth atoms featuring Fg > 0 in a cavity. The main
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advantage of these atoms is their unique atomic structure
which offers simple ground- (1S0) and long-lived excited-
state manifolds (e.g., 3P1) where we can explicitly isolate
a single Fg → Fe transition, such as 5

2 → 5
2 for 173Yb and

9
2 → 9

2 for 87Sr. Although it might be possible to engineer
similar correlated hopping processes in the ground hyperfine
levels of alkali atoms, the proposed implementation is less
direct since in this system the condition |χN | � γ requires
to make χN comparable to the excited hyperfine splitting and
as a consequence it is necessary to sum over the set of all
excited hyperfine levels. For the particular case of 87Sr as
discussed in [34], under current experimental conditions it is
possible to operate in a regime where |χN |/γ > 102 using
2×105 atoms, so the dissipation during the timescale of inter-
ests can be ignored. Moreover, our protocol can be directly
generalized to the case with inhomogeneous atom-cavity
couplings gi = gcηi. The effective ground-state Hamiltonian
[Eq. (2)] still takes the same form if we redefine the operators
in Eq. (3) as D̂L

i = η2
i Ŝ

+
i Ŝ

−
i , D̂R

i = η2
i Ŝ

−
i Ŝ

+
i , T̂+

i = −η2
i Ŝ

+
i

Ŝ+
i [34].

The most common type of initial state required in our pro-
tocol, |g−F 〉⊗(N/2)|gF 〉⊗(N/2), has already been demonstrated in
previous experiments using 87Sr atoms [16,44]. It is achieved
by targeting the |g±F 〉 states to be dark states of a laser-cooling
process. The generated state has roughly equal number of
atoms in these two levels with no initial coherence, up to a
statistical atom number imbalance in the order of

√
N . The

small imbalance in the prepared state has negligible effects
on the physical phenomena we are investigating, for the large
ensemble situations relevant for current cavity QED experi-
ments.

V. CONCLUSION AND OUTLOOK

We have presented a protocol to explore correlated hopping
processes using cavity-mediated interactions and discussed
a few examples in regimes tractable by current theoretical
methods. However, even in the permutationally symmetric
subspace, more generic initial conditions can lead to situa-
tions only explorable directly in experiments. Moreover, with
additional tuning knobs currently accessible in experiments
we open further opportunities for quantum simulation. For
example, using an additional transverse magnetic field, our
protocol opens a path to engineer dynamical gauge fields
since the hopping phase in correlated hopping processes can
be dynamically adjusted by the presence of other particles.
Furthermore, even though here we assume a dilute gas and
ignore contact interactions between atoms, by trapping atoms
in 3D optical lattices, it is possible to make superexchange
interactions comparable to the correlated hopping strength,
opening a path for designing complex many-body Hamilto-
nians that are likely to display fast scrambling of quantum
information and chaotic quantum behaviors [45].
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