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1. Introduction

In a probabilistic chip-collecting game introduced by Wong and Xu [4], Alice and Bob take turns to toss a coin with Alice
tossing first, which determines independently whether the player collects a chips or b chips. The winner of the game is the
first player to accumulate n chips. Some variations of this game have been considered by Leung and Thanatipanonda [2,3]
and Harrington et al. [1]. The versions of the game that were considered by Harrington et al. removed the independence
of the chip collecting process, so that if Alice collects a chips, then Bob collects b chips, and vice versa. In one of these
versions, called the modulo dependent game, a player is announced the winner when they have accumulated a number of
chips that is a multiple of n.

For a < b < n, the modulo dependent game can be treated as a random walk on Z, x Z,, where the number of chips
accumulated by each player is recorded as an ordered pair (x,y) and each move is represented by either (+a, +b) or
(+b, +a). Since Alice always collects chips first, for any y € Z, and x € Z, \ {0}, positions (0, y) and (x, 0) are called the
winning positions of Alice and Bob, respectively, and a random walk on Z, x Z, that starts from (0, 0) terminates upon
landing on any winning position. A position (x,y) € Z, X Z, is said to be reachable if there exists a random walk that
lands on (x, y) after leaving the starting position (0, 0). As established by Harrington et al. [1], (a, a) and (b, b) are never
reachable in Z, x Z,. They further conjectured the following statement, for which we provide a proof in Section 2.

Theorem 1.1. Every position in Z, x Z, \ {(a, a), (b, b)} is reachable if and only if a #% 2b (mod n), 2a # b (mod n), and
b* — a? is relatively prime to n.
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The modulo dependent game can naturally be extended to a variation that allows Alice and Bob to having different
winning conditions. In particular, Harrington et al. considered a variation of the game where Alice wins by collecting a
multiple of m chips and Bob wins by collecting a multiple of n chips. This game can be recognized as a random walk on
Zm X Zn, where a < b < min{m, n}. Although this variation was not studied by Harrington et al. they did present the
following conjecture.

Conjecture 1.2. Let m | n. If all winning positions are of the form (0, y), then m | (b*> — a?).

In Section 3, we will prove the following theorem, which establishes Conjecture 1.2.

Theorem 1.3. In the modulo dependent game with parameters a, b, m, and n such that gcd(a, b, m, n) = 1, all reachable
winning positions are of the form (0, y) if and only if m | (b*> — a®) and m | gcd(a, b) ged(m, n).

As a corollary to Theorem 1.3, in the modulo dependent with parameters a, b, m, and n, notice that Bob’s winning
probability is 0 if and only if m | (b*> — a*) and m | gcd(a, b) gcd(m, n).

2. Proof of Theorem 1.1

Proof. If every position in Z, x Z, \ {(a, a), (b, b)} is reachable, then (1, 0) is reachable. In other words, (ai + bj, aj + bi) =
(1, 0) for some integers i and j. By adding or subtracting the two coordinates, we have (a + b)(i +j) = (b —a)j — i) =
1 (mod n), thus gcd(a + b, n) = gcd(b — a, n) = 1. Hence, b?> — a? is relatively prime to n. To establish the remaining
necessary conditions, we proceed with a proof by contrapositive. If a = 2b (mod n), then the position (2b, 3b) can only
be reached from (0, 2b) or (b, b), so (2b, 3b) is not reachable. Similarly, if b = 2a (mod n), then the position (2a, 3a) is not
reachable.

To prove the sufficient condition, let q;; = (ia + j(a + b), ib 4 j(a + b)), where i,j € Z. Since gcd(b — a,n) =
gcd(a + b, n) = 1, every position in Z, x Z, can be expressed in the form of q;; for some 0 <i,j < n — 1. Furthermore,
gcd(k(a + b),n) <k < n and ged(k(b —a),n) <k <nforall 1 <k < n, thus

k(a + b) # 0 (mod n) and k(b — a) # 0 (mod n). (1)

As a result, 2a # 2b (mod n), which implies that every position (x,x) € Z, x Z, \ {(a, a), (b, b)} is reachable by
Harrington et al. [1, Theorem 3.6]. Hence, it remains to show that q;; is reachable forall 1 <i<n—1and0 <j<n-1

We will prove by induction on j that q;  is reachable for all 0 < j < n — 1. First, the position q; o = (a, b) is reachable,
and the position qq i is reachable by the sequence of moves

(+b,+a) (+a,+b)
B

q1,0 =(a, b) (a+b,a+b) —— qq,1.

Now, assume that for some 1 < j < n — 2, qq is reachable for all 0 < j’ < j. We proceed by considering the following
cases.

Case 1: qq is not a winning position.
Case 1(a): q; is not a winning position.
The position qy ;41 is reachable by the sequence of moves

(+a,+b) (+b.+a)
qi1 Q2 j qQ1j+1.

Case 1(b): q; is a winning position.
Since q, j; = (2a+j(a+b), 2b+j(a+ b)), with a simple calculation, we have q,; € {(0, 2b—2a), (2a —
2b, 0)}. Hence, qgj+1 € {(b —a,b — a),(a — b, a — b)}, which does not intersect with {(a, a), (b, b)}
since a # 2b (mod n) and b # 2a (mod n). Therefore, q; j; is reachable by the sequence of moves

(+b,+a) (+a,+b)
qi,j Qo.j+1 q1,j+1-

Case 2: qq is a winning position.
Since q;j = (a+j(a + b), b + j(a + b)), with a simple calculation, we have q,; € {(0, b — a), (a — b, 0)}. Hence,
411 € {(—a—b, —2a),(-2b, —a — b)}.

Case 2(a): q;j—1 is not a winning position.
Note that b — 2a # 0 (mod n) and a — 2b # 0 (mod n) by the given conditions, and 2b — 2a #
0 (mod n) by (1). Hence, q, j—1 € {(—b, b—2a), (a—2b, —a)}, qsj—1 € {(a—b, 2b—2a), (2a—2b, b—a)},
and qy; € {(a, 2b — a), (2a — b, b)} are not winning positions. Therefore, q; j;1 is reachable by the
sequence of moves

(+a,+b) (+a,+b) (+b,+a) (4b,+a)
qQij-1 — q2,j—1 q3,j-1 q2.j qi1,j+1-
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Case 2(b): 2a =0 (mod n) and q; j_1 = (—a — b, 0).
Note that j > 1 since qq.1_1 = (a,b) # (—a — b, 0). Also note that —2a — 2b = —2b # —2a =
0 (mod n) and —a — 2b = a — 2b # 0 (mod n). Therefore, q; j;+1 is reachable by the sequence of
moves

(+a,+b) (+a,+b)
—_— —_

qij—2 =(—2a—2b, —a—D) (—a—2b, —a) (—=2b,b —q)

,+b b, b, b,
G4t (a—2b,2b —a) L2FY (@ — b, 2b) L2 (q,0 4 20) LFD gy

Case 2(c): 2b =0 (mod n) and q;j_; = (0, —a — b).
Note that j > 1 since q;1-1 = (a,b) # (0, —a — b). Also note that —2a — 2b = —2a # —-2b =
0 (mod n) and —2a — b = —2a + b # 0 (mod n). Therefore, q; j1 is reachable by the sequence of
moves

(+a,+b) (+a,+b)
—_ —_

qij—2 =(—a—b,—2a —2b) (=b, —2a —b) (a—b, —2a)
(+a,+b) (2a — b, b — 2a) (+b,+a) (2a, b — a) (+b,+a) (2a + b, b) (+b,+a) Qujii.

Having shown that q ; is reachable for all 0 < j < n — 1, we will now prove by induction on i that q;; is reachable for
all2 <i<n-1and 0 <j <n— 1 Assume that for some 1 <i <n—2, q;; is reachable forall 0 <j <n—1.1If q;; is
not a winning position, then q;; ; is reachable by the move

(+a,+b)
Qij — Gdi+1,-
Otherwise, if q;; is a winning position, i.e., q;; = (ia +j(a+b), ib+j(a+b)) € {(0, i(b — a)), (i(a — b), 0)}, then we proceed
by considering the following cases.

Case 1: q;j_ is not a winning position.

Case 1(a): qi+1,j—1 is not a winning position.
By (1), (i4+ 1)(b — a) # 0 (mod n). Hence, qi;2j—1 € {(a — b, (i+ 1)(b —a)), ((i+ 1)(a — b), b — a)} is not a
winning position. Therefore, q; j; is reachable by the sequence of moves
(+a,+b) (+a,+b) (+b,+a)
Qij-1 — Qi+1,j-1 — > Qi+2,j—1 — > Qit+1,j-
Case 1(b): qi41,j—1 is a winning position.
Since qiy1j-1 € {(—=b, —a +i(b — a)),(—=b + i(a — b), —a)}, we have qi;1j-1 € {(—b,0),(0, —a)}. Then
qij—2 € {(—2a — 2b, —a — 2b), (—2a — b, —2a — 2b)} and q; 1> j_» € {(—2b, —a), (—b, —2a)}.

Case 1(b)(i): q;j— and ;4 j—» are not winning positions.
Note that qit1 -2 € {(—a—2b, —a—Db),(—a—b, —2a—Db)}, qiy3j—> € {(a—2b,b—a), (a—b, b—2a)},
and qi;2j—1 € {(a — b, b), (a, b — a)} are not winning positions. Therefore, q; j;1 is reachable by the
sequence of moves

(+a,+b) (+a,+b)
Qij—2 — Qi+1j-2 — Qi+2,j-2

(+a,4b) (+b,+a) (+b,+a)
— Qi3j—2 — Qi+2,j-1 — > Qit1,;-

Case 1(b)(ii): Qi2j—2» = (—2b, —a) is a winning position, i.e.,, 2b = 0 (mod n) and q;;, j— = (0, —a).
Since b < n and n divides 2b, we have n = 2b, which is an even number. This implies that n > 3,
thus —3a — b = —3(a + b) # 0 (mod n) by (1). Moreover, —2a — b = —2a + b # 0 (mod n) by
the given conditions, and —2a # 0 (mod n) since a < b = g Therefore, q;;1; is reachable by the
sequence of moves

Qijs = (=3a— b, —2a — b) = (—2a — b, —2a) L (—q — b, b — 20)
(+a,+b) (—b, —2(1) (+a,+b) (a _ b, h— 2(1) (+b,+a) (a’ bh— a)

b, b,
—(Lﬂ (a + b, b) (+_‘*;ﬂ_)) Qit1,-

Case 1(b)(iii): Qi42,j—2 = (—b, —2a) is a winning position, i.e., 2a = 0 (mod n) and q;1» ;> = (b, 0).
Since a < n and n divides 2a, we have n = 2a, which is an even number. This implies that n > 3,
thus —a — 3b = —3(a + b) # 0 (mod n) by (1). Moreover, —a — 2b = a — 2b # 0 (mod n) by the
given conditions, and —2b # 0 (mod n) since % = a < b < n. Therefore, q;;; is reachable by the
sequence of moves

(+a,+b) (+a,+b)
e

qij—3 =(—a—2b, —a — 3b) (=2b, —a — 2b) —— (a — 2b, —a — b)
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(+a,+b) (—2b, _a) (+a,+b) ( —2b h— ) (+b,+a) ( —b, b)
b, b,
b (a,a+Db) g qit1,-

Case 1(b)(iv): q;j—» = (—2a — 2b, —a — 2b) is a winning position, i.e., a4+ 2b = 0 (mod n) and q;j—, = (—a, 0).
Note that n > 3; otherwise,a = 1and b = 2 by a < b < n, which contradicts that a+2b = 0 (mod n).

By (1), —2a — b = —3(a + b) # 0 (mod n). Therefore, q;;; is reachable by the sequence of moves
Qijs = (—2a— b, —a — b) T2 (—qa— b, —a) T (p b — )
et q—b,2b —a) E 20 — b, 3b — a) = (a — 3b, b — 20)
B2 (@ —2b,b—a) % (a— b, b) T g

Case 1(b)(v): q;j—» = (—2a — b, —2a — 2b) is a winning position, i.e.,, 2a + b = 0 (mod n) and q; j—, = (0, —b).
Note that n > 3; otherwise,a = 1and b = 2 by a < b < n, which contradicts that 2a+b = 0 (mod n).
By (1), —a — 2b = —3(a + b) # 0 (mod n). Therefore, q;1; is reachable by the sequence of moves

Qijs = (—a—b, —a—2b) T (—p —q—b) L (g — b, —q)
et 2a—b,b—a) E (3¢ — b, 2b — a) = (a — 2b, b — 3a)
(+b.+a)( _b, b—Z) +b+a ( h— )(+b.+a) Qi

Case 2: q;j—1 = (—a—b, (i—1)b—(i+1)a) is a winning position, i.e., (i—1)b—(i+1)a = 0 (mod n) and q; j_; = (—a—b, 0).
If 2b = 0 (mod n), then q;41j—1 = (—b, b) = (b, b) € {qoy : 0 <j’ < n—1}. This implies that i = n—1, violating
the bound given in the induction assumption. Hence, 2b # 0 (mod n).

Case 2(a): a+ 2b # 0 (mod n).
The position g1 is reachable by the sequence of moves

(+a,+b) (+a,+b)
_— >

qij—2 =(—2a—2b,—a—b)

(4+a,+b) (a —2b.2b— a) (+b,+a)

(—a—2b, —a) =4

(4b,+a)
(a— b, 2b) 75 iy .

(=2b,b —a)

Case 2(b): a+ 2b = 0 (mod n).
Note that n > 3; otherwise,a = 1and b = 2 by a < b < n, which contradicts that a+2b = 0 (mod n). By
(1), =2a — b = —3(a + b) # 0 (mod n). Moreover, —2a = —a + 2b # 0 (mod n) by the given conditions.
Therefore, q;11; is reachable by the sequence of moves

(4+a,+b) (4+a,+b)
—_— —_—

qij—3 = (—2a — b, —2a — 2b) (—a—b, —2a — b) (—=b, —2a)
(+a,+b) (a—b, b—2a) (+a,+b) (2a — b, 2b — 2a) M (2a,2b —a)
%9 20+ b, 2b) 2L gy

Case 3: q;j—1 = ((i—1)a—(i+1)b, —a—b) is a winning position, i.e., (i—1)a—(i+1)b = 0 (mod n) and q; j_1 = (0, —a—b).
If 2a = 0 (mod n), then q;41j—1 = (a, —a) = (a, a) € {qo : 0 <j < n—1}. This implies that i = n— 1, violating
the bound given in the induction assumption. Hence, 2a # 0 (mod n).

Case 3(a): 2a+ b # 0 (mod n).
The position q;41 is reachable by the sequence of moves

Qijz = (—a—b, —2a — 2b) L (—p, —2a — b) L2 (g — b, —20)
&2 (2a—b,b—20) 28 (20,6 — ) 28 gy,

Case 3(b): 2a+ b = 0 (mod n).
Note that n > 3; otherwise,a = 1and b = 2 by a < b < n, which contradicts that 2a + b = 0 (mod n).
By (1), —a — 2b = —3(a+ b) # 0 (mod n). Moreover, —2b = 2a — b # 0 (mod n) by the given conditions.
Therefore, q;11; is reachable by the sequence of moves

Qijos = (—2a — 2b, —a — 2b) 2L (—q —2b, —a — b) L2 (—2p, —a)
Gt q—2b, b —a) E (2a — 2b, 2b — a) B2 (20 — b, 2b)
@4 2a,a+2b) 2 gy O
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3. Proof of Theorem 1.3

Proof. Let d = gcd(a, b) and § = gcd(m, n), and further let a = dag, b = dby, and n = §ng for some integers ag, bg, and
ng. Note that gcd(d, §) = 1 since gcd(m, n, a, b) = 1.

Suppose that m | (b* — a®) and m | ged(a, b) ged(m, n). Then m = d§/c for some ¢ | d, and (d§/c) | d*(b3 — a3) implies
that § | cd(b} — a2). Since ged(c, §) = ged(d, §) = 1, we have § | (b3 — a2). Let § = §78~, where 8% | (by + ao) and
87 | (bo — ap). Then bg = s§~ + ag for some integer s. Moreover, gcd(ap, §~) = 1 since gcd(ag, by) = 1.

We will now show that if (xq, 0) is a reachable winning position, then xo = 0 (mod m). For any reachable position
(ai + bj, aj + bi) with aj 4+ bi = 0 (mod n), we have dagj + d(s8~ + ag)i = téng for some integer t. Rearranging the terms,
we have dag(j + i) = 8 (—dsi + t6Tng), so 8~ | (j + i) since gcd(dag, §) = 1.

As a result, 78~ | (bg + ag)(j + i), so & | (agi + baj + agj + boi). Recalling that n | (aj + bi), we have § | (agj + boi).
Consequently, § | (agi + bgj), which implies that d§ | (ai + bj). Therefore, x, = ai + bj = 0 (mod m), thus proving the
sufficient condition for all reachable winning positions being of the form (0, y).

To prove the necessary condition, we assume that all reachable winning positions are of the form (0, y). First, consider
the case when m = a + b. Then m | (b*> — a?) trivially. Moreover, d | m and § | m, which implies that d§ | m since
gcd(d, 8) = 1. Hence, m = £dé for some positive integer ¢, or equivalently, § = (ap+bg)/£. Assume by way of contradiction
that £ > 1.

Let k be the smallest positive integer such that (ka, kb) is a reachable winning position. Then ka = lcm(a, m) =
lcm(a, a + b) = a(ag + bg), implying that k = ag + bg. Thus 6§ < k, so the positions (da, b + um) are reachable for
all u > 0 by the following sequence of moves:

(07 0) (+a,+b) (a, b) (+a,+b) (2(1, Zb) (+a,+b) (+a,+b) (sa, 5b)
§ times of (+a,+b)
W2HD (5 = Da, (6 — Db + m) Z2 (5a, 8b + m)
. u times of (+b, +a)
(+b,+a) . (+a,+b) and (+a, +b)
2 (8 — 1)a, (8 — 1)b + um) 22 (8a, 5b + um).
Since § = gcd(m, n), there exist positive integers u and v such that b = wvn — um. Hence, (§a, b + um) is a

reachable winning position of the form (x, 0) where x # 0 (mod m), which is a contradiction. Therefore, £ = 1 and
m = gcd(a, b) gcd(m, n).

It remains to consider the case when m # a+b. For each positive integer r, let D, = {p,; = (a(r —i)+bi, ai+b(r —1i)) :
0 <1i <r}. Note that b—a # 0 (mod m), so for any positive integer r and 0 <i <r, a(r —i)+biand a(r —i—1)+b(i+ 1)
are not both congruent to 0 modulo m. In other words, p;; and p; i+ are not both winning positions. As a result, if both
pr.i and p; ;41 are reachable positions, then at least one of the moves

(+b,+a) (+a,+b)
Pri — Pr+tit1 and Priy1 ——> Protit1

is valid, implying that p,;1,i+1 is reachable.

Note that p1,0, P1,1, P2,0, P2.1, and p,» are all reachable. Let r > 2 such that all positions in {p,; : ¢ < i < 1} are
reachable for some 0 < o < o + 2 < t < r. Repeatedly applying the previous argument, we see that all positions in

Priico+1<i<tiU{prpi:o+2=<i<t}U{p3i:0+3<i=<rt} (2)

are reachable. Furthermore, we claim that pr12 o+1, Pr+2.7+1, Pr+3.0+1 Pr+3,04+2, Pr+3.7+1, and P43 -4+ are also reachable,
and we provide the proof below.

If pr , is a winning position, then p; , = (0, yo) for some integer yo. Hence, p; o+1 = (b —a,y0 + a — b), Pry1.041 =
(b,yo + a), and py42.0+1 = (a+ b,yo + a + b) are all reachable non-winning positions, which further implies that both
Pr43,5+1 and pr43 ,42 are reachable.

On the other hand, if p, , is not a winning position, then p;;1, is reachable. Now, if p;11 , is @ winning position, then
Pr+1.0 = (0,y;) for some integer y;. Hence, both p;41,,4+1 = (b —a,y; +a—b) and py42.+1 = (b, y1 + a) are reachable
non-winning positions, thus both p;;3 ,4+1 and p,43 42 are also reachable. Otherwise, if p; 11, is not a winning position,
then pri2, and pr42.,+1 are reachable. Recalling from (2) that pr42.,+42 is also reachable, it follows that both p, 3 441
and p;43,,42 are also reachable. Similar arguments will show that p;y2.:+1, Pr+3,z+1, and py43.:42 are all reachable, thus
concluding our proof for the claim.

Since p;; = p;y if i’ = i+ lem(m, n), the positions in D, are periodic, meaning that as long as t — o > lcm(m, n), we
have {p;;: 0 <i <t} = D,. From the claim above, we observe that if all positions in {p,; : ¢ <i < t} are reachable for
some 0 <o <o + 2 <1 <r, then all positions in

Prrito+1<i<tjU{piio+1<i<t+1U{p3i:o+1<i<t+2}
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are also reachable. Applying the claim repeatedly, we know that all positions in

Priswrtiio+w+1<i <t +2wpU{prysp2i:o+w+1=<i<7+2w+1}
UPrswsiio+w+1<i<71+2w+2}

are reachable for all positive integers w. Hence, for all w > Icm(m, n), all positions in D; 3,41 U Dri3wi2 U Dry3ye3 are
reachable. Moreover, since D, = D, if r’ = r + lcm(m, n), we conclude that every position (ai + bj, aj + bi) is reachable.

From this, we see that if i = lem(m, n) — a and j = b, then (ai + bj, aj + bi) = (b*> — a?, 0) is reachable. Based on the
assumption that all winning positions are of the form (0, y), we have m | (b®>—a?). Similarly, letting i = n and j = lcm(m, n),
we know that both (ai+ bj, aj+ bi) = (an, 0) and (aj+ bi, ai+ bj) = (bn, 0) are reachable. Again, since all winning positions
are of the form (0, y), we have m | an and m | bn. This implies that m | gcd(a, b)n, thus m | gcd(a, b) gcd(m, n). O
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