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A B S T R A C T 

Tidal interactions in coalescing binary neutron stars modify the dynamics of the inspiral and hence imprint a signature on their 
gra vitational wa v e (GW) signals in the form of an e xtra phase shift. We need accurate models for the tidal phase shift in order 
to constrain the supranuclear equation of state from observations. In previous studies, GW waveform models were typically 

constructed by treating the tide as a linear response to a perturbing tidal field. In this work, we incorporate non-linear corrections 
due to hydrodynamic three- and four-mode interactions and show how they can improve the accuracy and explanatory power of 
waveform models. We set up and numerically solve the coupled differential equations for the orbit and the modes and analytically 

derive solutions of the system’s equilibrium configuration. Our analytical solutions agree well with the numerical ones up to the 
merger and involve only algebraic relations, allowing for fast phase shift and waveform e v aluations for dif ferent equations of 
state o v er a large parameter space. We find that, at Newtonian order, non-linear fluid effects can enhance the tidal phase shift 
by � 1 radian at a GW frequency of 1000 Hz, corresponding to a 10% − 20% correction to the linear theory. The scale of the 
additional phase shift near the merger is consistent with the difference between numerical relativity and theoretical predictions 
that account only for the linear tide. Non-linear fluid effects are thus important when interpreting the results of numerical 
relativity and in the construction of waveform models for current and future GW detectors. 

Key w ords: gravitational w aves – methods: analytical – (stars:) binaries (including multiple): close – stars: neutron. 
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 INTRODUCTION  

eutron stars (NSs) are astrophysical laboratories for physics at 
xtreme conditions. An NS in a coalescing binary driven by grav- 
tational wave (GW) radiation can be tidally deformed, and the 
eformation and the associated change in the binary dynamics leave 
mprints in the associated GW waveform. These effects have been in-
orporated into the analysis of GW170817, the first binary NS (BNS)
vent detected by GW observation (LIGO Scientific Collaboration, 
irgo Collaboration & et al. 2017 , 2019a ), and enabled valuable con-

traints on the supranuclear equation of state (EoS) (LIGO Scientific 
ollaboration, Virgo Collaboration & et al. 2018 ). With more BNSs
etected (LIGO Scientific Collaboration, Virgo Collaboration & et al. 
020 ) and even more to be expected, especially when future GW
etectors like the Einstein Telescope (Hild et al. 2010 ; Sathyaprakash 
t al. 2012 ) and the Cosmic Explorer (Abbott et al. 2017 ; Evans et al.
021 ) become operational, it is imperative to develop more sophisti-
ated theoretical waveform models to maximize the information we 
an extract. 

Tidal effects within BNS systems can, in principle, lead to rich 
henomenology. The dominant effect is the interaction between the 
 E-mail: hang.yu2@montana.edu 
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idal field and the fundamental mode (f-mode) of the NS, which
haracterizes the star’s large-scale deformation of the NS. This 
as first studied in the adiabatic limit, i.e. assuming that the tidal
riving frequency is much smaller than the eigenfrequency of the 
-mode (Lai, Rasio & Shapiro 1993 , 1994a , b ; Flanagan & Hinderer
008 ; Bini & Damour 2014 ; Bernuzzi et al. 2015 ). In this limit,
he tidal response can be well characterized by a single coefficient
nown as the Lo v e number k 2 (or equi v alently, the NS deformability
 = 2 k 2 R 

5 /3 with R the radius of the NS; Binnington & Poisson
009 ; Damour & Nagar 2009 ; Hinderer et al. 2010 ). Ho we ver, the
riving frequency can become comparable to the eigenfrequency of 
he f-mode near the merger, leading to important corrections to the
idal response due to finite-frequency effects (Hinderer et al. 2016 ;
teinhoff et al. 2016 ; Andersson & Pnigouras 2021 ). If the NS spins
ignificantly in a retrograde manner with respect to the orbit, the
-mode can even be resonantly excited (Ho & Lai 1999 ; Ma, Yu &
hen 2020 ; Steinhoff et al. 2021 ). 
At a more detailed level, as the orbit decays due to GW radiation,

he tide can resonantly excite gravity modes (g-modes; Lai 1994 ;
eisenegger & Goldreich 1994 ; Yu & Weinberg 2017a , b ; Kuan,
uvorov & Kokkotas 2021a , b ) and interface modes (Tsang et al.
012 ; Pan et al. 2020 ; Passamonti, Andersson & Pnigouras 2021 )
ithin the NSs; if the stars are spinning about their individual axes,

nertial modes can also be resonantly excited (Ho & Lai 1999 ;
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M

Figure 1. Tidal phase shift due to an NS with M = 1 . 3 M �, R = 12 km , 
and k 2 = 0.26. The companion is assumed to be a point particle with M 

′ = 

M . We show the result including just the linear tide (olive curve) and when 
including non-linear fluid effects (gre y curv e). As a reference, the phase shift 
in the adiabatic limit is shown in the black-dashed line using expressions in 
Hinderer et al. ( 2010 ). The non-linear tide corrects the phase by � 1 rad at 
f gw > 1000 Hz (at Newtonian order). This is consistent with the discrepancy 
between analytical results with linear tides and numerical relativity (Hinderer 
et al. 2016 ). 
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Table 1. Coupling coefficients of the � = 2 polytrope model assumed in our 
study. The l = 2 f-modes in our model have ω a = 1 . 2 ω 0 � 1 . 95 × 10 3 Hz . 

Quantity ( l a , m a ) n a Value 

I a (2, ±2 or 0) 0 0.32 
(2, ±2 or 0) 1 −5.5 × 10 −3 

J ablm (2, + 2), (2,–2), (2,0) 0, 0, tide –0.21( = J 2 ) 
(2,0), (2,0), (2,0) 0, 0, tide 0.21( = J 0 ) 

(2, + 2), (2,–2), (2,0) 0, 1, tide 1.2 × 10 −3 

κabc (2, + 2), (2,–2), (2, 0) 0, 0, 0 –0.45( = κ2 ) 
(2, 0), (2, 0), (2, 0) 0, 0, 0 0.45( = κ0 ) 

(2, + 2), (2,–2), (2, 0) 0, 0, 1 −0.04 
(2, + 2), (2, + 2), (4,-4) 0, 0, 0 0.19 
(2, + 2), (2,–2), (4, 0) 0, 0, 0 0.02 
(2, + 2), (2,–2), (0, 0) 0, 0, 1 0.88 
(2, 0), (2, 0), (4, 0) 0, 0, 0 0.13 
(2, 0), (2, 0), (0, 0) 0, 0, 1 0.88 

ηabcd (2, + 2), (2, + 2), (2,–2), (2,–2) 0,0,0,0 −1.75( = η22 ) 
(2, + 2), (2,–2), (2, 0), (2, 0) 0,0,0,0 −0.89( = η20 ) 
(2, 0), (2, 0), (2, 0), (2, 0) 0,0,0,0 −0.89 
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lanagan & Racine 2007 ; Xu & Lai 2017 ; Poisson 2020 ; Gupta,
teinhoff & Hinderer 2021 ; Ma, Yu & Chen 2021 ). 
An accurate waveform model incorporating these dynamics is

ssential to properly use the tidal signature in the data to constrain
he EoS (Read et al. 2009 ; Damour, Nagar & Villain 2012 ; Del Pozzo
t al. 2013 ; Lackey & Wade 2015 ; Andersson & Ho 2018 ; Landry &
ssick 2019 ; Matas et al. 2020 ; Pratten, Schmidt & Williams 2022 ).

f the NS EoS is kno wn, BNS e vents can be further used to test the
heory of general relativity (GR; Saffer & Yagi 2021 ) and probe the
osmological expansion history (Messenger & Read 2012 ). 

Previous theoretical tidal models show good agreement with
umerical relativity (Hotokezaka et al. 2015 ; Foucart et al. 2019 ) for
ost of the binary’s inspiral; ho we ver, there is a discrepancy of about
 radian between the phases of analytical and numerical waveforms
ear the final merger (Hinderer et al. 2016 ; Nagar et al. 2018 ;
teinhoff et al. 2021 ) whose origin is yet unclear. Understanding

he discrepancy would be of great theoretical interest for correctly
nterpreting the results of numerical relativity and constraining the
inary dynamics in the highly relativistic re gime. Moreo v er, it would
nable us to construct accurate waveform templates for efficient
arameter space exploration and data analysis. 
In this work, we investigate the effects of the non-linear tide

ncluding interactions among NS modes as well as between modes
nd the non-linear tidal driving. Our main result is illustrated in
ig. 1 . Here, we present the tidal phase shift of the GW waveform.
he oliv e curv e shows the result obtained using the linear dynamical

ide theory and the grey curve includes the effects of the non-linear
ide, which we will examine in detail in this work. In particular, the
on-linear tide creates an additional phase shift of O(1) rad near the
erger compared to the linear result, which is consistent with the

iscrepancy between previous theoretical and numerical works. This
uggests that non-linear effects could be (at least in part) the cause of
he discrepancy, and that they should be a key component of future
aveform modelling. 
NRAS 519, 4325–4343 (2023) 
We note that our result is greater than the prior estimate of non-
inear hydrodynamic corrections in Hinderer et al. ( 2010 ) for a few
easons. First, we perform a first-principle calculation of the non-
inear coupling following Weinberg et al. ( 2012 ) and find that the
oupling strength is greater than the estimation of Hinderer et al.
 2010 ) (see later in Table 1 ). Also, Hinderer et al. ( 2010 ) ignored
he non-linear part of the tidally induced NS mass quadrupole Q 

ij 
ns 

see equation ( C1 )] and therefore did not account for the non-linear
idal driving [i.e. the term ∝ U ablm in equation ( 2 )]. Lastly, the finite-
requency correction to the f-mode was underestimated in Hinderer
t al. ( 2010 ) (though its significance was later realized in Hinderer
t al. 2016 ; Steinhoff et al. 2016 ). Our study finds that the major
on-linear hydrodynamic correction is in fact a shift to the f-mode’s
requency, which strengthens the mode’s finite-frequency response
see equation ( 20 ) and Fig. 3 ]. These reasons explain the difference
etween our result and the estimate of Hinderer et al. ( 2010 ). 

Before we proceed, we also note that the non-linear tide we inves-
igate here is different from the non-linear pg-instability (Weinberg,
rras & Burkart 2013 ; Venumadhav, Zimmerman & Hirata 2014 ;
ssick, Vitale & Weinberg 2016 ; Weinberg 2016 ; LIGO Scientific
ollaboration et al. 2019b ). The pg-instability describes the coupling
etween the tide and high-order pressure and gravity modes and it
odifies the orbital evolution by fluid dissipation. In contrast, our

ocus in this work will be on the interactions among low-order modes
s well as their non-linear couplings with the tidal potential. The
nteraction is conserv ati ve when the GW radiation is ignored. 

In the rest of the paper, we will explain the details leading to
ig. 1 . In particular, we will first introduce the equations go v erning

he evolution of NS modes in Section 2 . Approximate solutions of
he modes will be presented in Sections 2.1 and 2.2 at the linear and
on-linear orders, respectively. We will then describe the evolution of
he orbit in Section 3 including both tidal back reaction and radiation
eaction. This is followed by analytical solutions to the system’s
quilibrium configuration in Section 4 . Lastly, we conclude and
iscuss our results in Section 5 . The appendices contain a section with
 simple intuitive explanation of non-linear corrections to the tide
Appendix A ), as well as important technical details rele v ant to the
alculations (Appendices B –D ). Throughout the paper, we will use
eometrical units with G = c = 1. 

 DYNAMICS  OF  THE  MODES  

n this section, we study the motion of perturbed fluid in an NS
n terms of the NS’s eigenmodes. We derive a set of differential

art/stac3614_f1.eps
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1 Note that when normalizing the eigenfunction of each mode by a constant, 
we have a freedom in choosing the sign. Changing the sign convention will 
change the signs of I a and κabc , yet the physical results (see, e.g. Section 2.2 
below) will not be affected because they depend on the product κabc I a . When 
J ablm appears alone, it will be due to a mode coupling with its complex 
conjugate, so it is not affected by the choice of the normalization sign, either. 
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quations go v erning the amplitude of each mode that include leading-
rder non-linear interactions corresponding to three-mode and four- 
ode couplings. This set of equations can be integrated numerically 

r solved analytically with approximations (Sections 2.1 and 2.2 ). 
hen combined with the equations go v erning the orbit (Section 3 ),
e can obtain a complete description of the system. 
Suppose ξ is the Lagrangian displacement of a tidally perturbed 

S. We perform a phase space decomposition following Schenk et al. 
 2002 ) as 

ξ ( x , t) 
ξ̇ ( x , t) 

]
= 

∑ 

a 

c a ( t) 

[
ξ a ( x ) 

−iω a ξ a ( x ) 

]
, (1) 

here a mode a is labelled by two angular quantum numbers ( l a ,
 a ) (for its angular pattern go v erned by the spherical harmonic
 l a m a 

), one radial order n a (with n a = 0 for the f-mode and n a >
 for p-modes), and a sign of its eigenfrequencies (either positive or
e gativ e). F ollowing Schenk et al. ( 2002 ), one can show that a mode
ith ( − ω a , −m a ) is the complex conjugate of the mode with ( ω a ,
 a ). When we discuss a mode in the subsequent text, we will restrict

o the positive frequency one if we do not explicitly mention its sign.
n our equations, on the other hand, the summations run o v er all the
odes including both signs of eigenfrequencies. We will add ω a > 

 abo v e the summation symbol if we explicitly pair a mode and its
omplex conjugate first and then restrict the summation o v er only
alf of the modes. 
Consider the leading-order non-linear effect, the conservative part 

f the amplitude equation of a mode a is (Weinberg et al. 2012 ;
enumadhav et al. 2014 ; Weinberg 2016 ) 

ċ a + i ω a c a = i ω a [ U a 

+ 

∑ 

b, lm 

U 
∗
ablm 

c ∗b + 

∑ 

bc 

κabc c 
∗
b c 

∗
c + 

∑ 

b c d 

ηab c d c 
∗
b c 

∗
c c 

∗
d 

] 
, (2) 

here the left-hand side describes a harmonic oscillator and the right-
and side describes v arious dri ving terms, which will be described in
etail shortly. In principle, there will also be a four-mode counterpart 
o U ablm , yet we argue in Appendix B that it should be subdominant
nd would not significantly modify the results obtained in this study. 
o obtain the abo v e equation, we normalize each mode so that 

 ω 
2 
a 

∫ 
d 3 x ρξ ∗

a · ξ b = δab E 0 , (3) 

here E 0 = M 
2 / R . Dissipation due to, e.g. Urca reactions is estimated

o be small (Arras & Weinberg 2019 ; Alford et al. 2021 ) and hence
gnored in our analysis (but see Section 3 and Appendix C for the
amping due to GW radiation). In particular, the term U a describes 
he linear tidal driving and is given by 

 a = 

M 
′ 

M 

W l a m a 
I alm 

(
R 

r 

)l a + 1 

e −im a φ = V a e 
−im a φ, (4) 

here r and φ are, respectively, the orbital separation and phase, and 
 lm = 4 π (2 l + 1) −1 Y lm ( π /2, 0). For the l = 2 tide, the non-zero

alues of W lm are W 22 = W 2 −2 = 

√ 

3 π/ 10 and W 20 = −√ 

π/ 5 . We
sed for the spatial coupling I alm = I a δll a δmm a 

, where I a is the linear
idal coupling coefficient (also known as the tidal o v erlap), 

 a = 

1 

MR 
l a 

∫ 
d 3 x ρξ ∗

a · ∇( r l a Y l a m a 
) . (5) 

t is e v aluated using equation (A15) in Weinberg et al. ( 2012 ). Under
he adiabatic limit � ≡ φ̇ 
 ω a , I a of the l a = 2 f-mode is related
o the Lo v e number k 2 by (Appendix C ; see also, e.g. Andersson &
nigouras 2020 ; Passamonti, Andersson & Pnigouras 2022 ) 

 2 � 

4 π

5 
I 2 a . (6) 

here we ignore other modes’ contributions to the Lo v e number since
he y are ne gligible for an NS. The U ablm term is due to non-linear
idal driving. We write 

 ablm = 

M 
′ 

M 

W lm J ablm 

(
R 

r 

)l+ 1 

e −im φ = V ablm e 
−im φ (7) 

here the coefficient J ablm is defined as 

 ablm = 

1 

MR 
l 

∫ 
d 3 x ρξ a ·

(
ξ b · ∇ 

)∇( r l Y lm ) , (8) 

nd we compute it numerically according to equation (A23) of 
einberg et al. ( 2012 ). The κabc term describes the coupling between

hree eigenmodes of the star and it is computed according to equations 
A55)-(A62) of Weinberg et al. ( 2012 ). Lastly, the ηabcd term
escribes the four-mode coupling and its computation is described by 
ppendix C in Weinberg ( 2016 ). For f-modes, the perturbed gravity
s significant and the Cowling approximation (Cowling 1941 ) should 
ot be adopted. We derive in Appendix D the additional contributions
o ηabcd due to terms involving perturbed gravity. We find that they
an modify the results of Weinberg ( 2016 ) made under the Cowling
pproximation by 70 per cent for f-modes. 

We present numerical values for key coupling coefficients in 
able 1 . 1 In our study, we assume that the background NS is described
y a P ∝ ρ� polytrope with � = 2. We set its mass to M = 1 . 3 M �
nd radius to R = 12 km , corresponding to a compactness M / R
 0.16. Other natural units of this model are E 0 = 3 . 7 × 10 53 erg

nd ω 0 / 2 π = 1 . 6 × 10 3 Hz where ω 
2 
0 ≡ M/R 

3 . The modes are
omputed using stellar oscillation code GYRE (Townsend & Teitler 
013 ; Townsend, Goldstein & Zweibel 2018 ). We further assume
hat the background NS is non-spinning, neutrally stratified (with 
he Brunt-V ̈ais ̈al ̈a frequency N = 0, i.e. no g-modes in our model),
nd under Newtonian hydrostatic equilibrium. While we include the 
uadrupole GW radiation, other GR effects will be ignored in the
urrent study for simplicity. 

F or future conv enience, we introduce C a = c a e xp [ im a φ]. Prior to
esonance, c a oscillates at the same rate as the driving potential at
 a �, where � = π f gw with f gw the GW frequency. Thus, by using
 a , we factor out the fast-oscillating part of c a and the remaining

emporal changes are due to the GW-driven orbital decay only. 
In our numerical calculations, we include the l = 2, m = 0, ±2

-modes, which dominate the linear tidal responses. The p-modes 
ave little contribution to the result because of their small o v erlap
ith the tidal potential (Table 1 compares the f-mode and the n a =
 p-mode). When computing the non-linear tidal driving U ablm , we
ocus on the contributions from l = 2. We further include the first
 = 0 (radial) mode and the l = 4, m = 0, ±2, ±4 f-modes, which
an couple with a pair of l = 2 f-modes via the three-mode coupling
hannel. They are critical in determining the anharmonic frequency 
hift of an ( l , m ) = (2, 2) free oscillator (Yu, Weinberg & Arras
021 , 2022 ) together with the four-mode couplings among the l =
 modes. Yet, as we will see in the later discussions, because the l
MNRAS 519, 4325–4343 (2023) 



4328 H. Yu et al. 

M

=  

f  

c  

f
�=  

a  

c  

l  

h

2

L  

b

B

S  

ω  

w

B

T  

o  

w

B

T

2

W  

c  

h  

o  

s  

w
t  

t  

p

C

C

C

F  

r  

m  

t  

d  

N

J

T  

i  

−
 

h  

s  

d  

o  

s

w  

o  

m  

t




2 Note that the partial cancellation between J ablm and 2 κabc I c described in 
section 5.2 of Weinberg et al. ( 2012 ) is not significant in our case. The partial 
cancellation arises when using method 2 in section 2.1.2 of Weinberg et al. 
( 2012 ) or considering the linear tide coupling with two eigenmodes. In this 
description, the inhomogeneous piece of the linear tide will lead to an extra 
piece in the three-mode coupling that cancels the contribution to J ablm from the 
horizontal mode displacements [the term containing a h b h in equation (A23) of 
Weinberg et al. ( 2012 )]. This cancellation is significant when considering the 
coupling with high-order g-modes whose displacements are predominantly 
horizontal but less significant for the coupling with f-modes whose motions 
are mainly radial. Moreo v er, we adopt method 1 in section 2.1.1 of Weinberg 
et al. ( 2012 ) and describe the tide in terms of eigenmodes. This a v oids the 
inhomogeneous piece in the coupling coefficient; yet, we will be subject to 
truncation errors due to ignoring high-order ( | n a | ≥ 1) modes. Nevertheless, 
from Table 1 we see that I a , J ablm , and κabc are all strongly dominated by 
the f-modes (one or two orders of magnitudes abo v e the values involving 
p-modes). The g-modes, when present, also have small contributions to the 
tidal response (see, e.g. Lai 1994 ). Consequently, the truncation error due to 
ignoring high-order modes is expected to be small. 
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 2 modes are continuously forced by the tidal potential (thus not
reely oscillating) in our case, the leading-order non-linear correction
omes from their mutual couplings and the anharmonic effect of a
ree oscillator is small. An l = 3, | m | = 1 or 3 mode with W 3 m 

 0 cannot couple with a pair of l = 2 modes as it violates the
ngular selection rule (Weinberg et al. 2012 ) and therefore does not
ontribute to the non-linear tide at the leading order. Since the linear
 = 3 tide has been well studied (Hinderer et al. 2016 ), we ignore it
ere for simplicity. 

.1 Linear solution 

et b a be the solution of the linear problem and define B a =
 a exp [ im a φ]. By equation ( 2 ), the equation for B a is given by 

˙
 a + i( ω a − m a �) B a = iω a V a . (9) 

ince B a v aries slo wly in time prior to resonance (i.e. when m a � <

 a ), we can obtain a zeroth-order solution by ignoring the Ḃ a term,
hich leads to 

 
(0) 
a = 

ω a 

ω a − m a �
V a . (10) 

he zeroth-order solution is then plugged back into equation ( 9 ) to
btain the first-order correction B 

(1) 
a . Again dropping the Ḃ 

(1) 
a term,

e have 

 
(1) 
a = 

i 

( ω a − m a �) 
Ḃ 

(0) 
a 

= 

iω a 

( ω a − m a �) 2 

[
2 

3 
( l + 1) + 

m a �

ω a − m a �

]
�̇

�
V a . (11) 

he solution of B a is thus obtained as B a = B 
(0) 
a + B 

(1) 
a + ... . 

.2 Including non-linear effects 

e now consider a system including the leading-order non-linear
orrections. In this subsection, we will let mode ( a , b , c ), respectively,
ave ( l a , m a ) = (2, 2), ( l b , m b ) = (2, −2), and ( l c , m c ) = (2, 0). In
ther words, we let mode a ( b ) be the prograde (retrograde) mode
pecifically in this section. We consider their mutual couplings as
ell as the coupling with the l = 2 tidal potential (via the U ablm 

erm). This set of interactions co v ers all the non-linear corrections to
he linear mode amplitude formally at the ( R / r ) 3 order. To make the
roblem explicit, we write out all the allowed couplings 

˙
 a + i( ω a − m a �) C a = iω a [ V a + V a a ∗20 C a 

+ V ab20 C 
∗
b + V ac2 −2 C 

∗
c + V ac ∗2 −2 C c 

+ 2 κa a ∗c C a C 
∗
c + 2 κa a ∗c ∗C a C c 

+ 2 κabc C 
∗
b C 

∗
c + 2 κab c ∗C 

∗
b C c ] , (12) 

˙
 b + i( ω b − m b �) C b = i ω b [ V b + V ab20 C 

∗
a 

+ V b b ∗20 C b + V b c 22 C 
∗
c + V b c ∗22 C c 

+ 2 κabc C 
∗
a C 

∗
c + 2 κab c ∗C 

∗
a C c 

+ 2 κb b ∗c C b C 
∗
c + 2 κb b ∗c ∗C b C c ] , (13) 

˙
 c + iω c C c = i ω c [ V c + V ac2 −2 C 

∗
a + V a ∗c22 C a 

+ V b c 22 C 
∗
b + V b ∗c2 −2 C b + V c c ∗20 C c + V c c 20 C 

∗
c 

+ 2 κa a ∗c C a C 
∗
a + 2 κb b ∗c C b C 

∗
b 

+ 2 κabc C 
∗
a C 

∗
b + 2 κa ∗b ∗c C a C b 

+ κc c c C 
∗
c C 

∗
c + κc c ∗c ∗C c C c + 2 κc c c ∗C c C 

∗
c ] . (14) 
NRAS 519, 4325–4343 (2023) 
urthermore, we note that both κabc and J ablm are symmetric with
espect to permutations of the mode indices. Moreo v er, the l = 2
odes have the same eigenfrequency ( ω a = ω b = ω c > 0) and

he same reduced eigenfunction (after separating out the angular part
escribed by each mode’s specific spherical harmonic). We thus have

V a = V b = V 2 , V c = V 0 ; 

V aa ∗20 = similar terms = V 20 ; 

V ac 2 −2 = similar terms = V 22 ; 

V cc 20 = similar terms = V 00 ; 

J ab 20 = J ac2 −2 = similar terms = J 2 ; 

J cc 20 = similar terms = J 0 ; 

κabc = similar terms = κ2 ; 

κc c c = similar terms = κ0 . 

umerically, we see from Table 1 that 

 2 = −J 0 = −0 . 21 and κ2 = −κ0 = −0 . 45 . (15) 

he difference between J 2 and J 0 (and similarly between κ2 and κ0 )
s purely due to the angular o v erlap. Therefore, J 2 = −J 0 and κ2 =
κ0 hold independent of the choice of EoS. 
The non-linear terms in, e.g. the right-hand side of equation ( 12 )

ave two effects. The terms containing C a correspond to an ef fecti ve
hift of the mode’s eigenfrequency ω a while terms that are indepen-
ent of C a modify the driving potential. Using the linear solutions
btained in Section 2.1 , we can define the leading-order frequency
hift 2 


ω a 

ω a 

= −V 20 − 4 κ2 Re [ B c ] , 

= 

√ 

π

5 
( J 2 + 4 κ2 I a ) R 

3 M 
′ 

M 

�2 

M t 
, (16) 

here M t = M 

′ + M . Note 
ω a / ω a < 0 (Table 1 ). The origin
f this frequency shift and its sign can be understood with a toy
odel described in Appendix A . Meanwhile, the modifications of

he driving forces are 

V a = V 20 B 
∗
b + 2 V 22 Re [ B c ] + 4 κ2 Re [ B c ] B 

∗
b , 

� −π

5 

√ 

3 

2 

[
2 J 2 I a + 

ω a 

ω a + 2 �
( J 2 + 4 κ2 I a ) I a 

]

×R 
6 M 

′ 2 

M 
2 

�4 

M 
2 
t 
, (17) 
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V b = V 20 B 
∗
a + 2 V 22 Re [ B c ] + 4 κ2 Re [ B c ] B 

∗
a , 

� −π

5 

√ 

3 

2 

[
2 J 2 I a + 

ω a 

ω a − 2 �
( J 2 + 4 κ2 I a ) I a 

]

×R 
6 M 

′ 2 

M 
2 

�4 

M 
2 
t 
, (18) 

V c = 2 Re [ V 22 B a + V 22 B b + V 00 B c + 

+ κ2 | B a | 2 + κ2 | B b | 2 + 2 κ2 B a B b + 2 κ0 | B c | 2 
]

� 2 

[
3 π

10 

2 ω 
2 
a 

ω 
2 
a − 4 �2 

I a 

(
J 2 + 

2 ω 
2 
a 

ω 
2 
a − 4 �2 

κ2 I a 

)

+ 

π

5 
I a ( J 0 + 2 κ0 I a ) 

] 
R 

6 M 
′ 2 

M 
2 

�4 

M 
2 
t 
. (19) 

e can thus obtain the amplitude of each mode as 

 a,b = 

ω a 

ω a + 
ω a − m a,b �

(
V 2 + 
V a,b 

)
, (20) 

 c = V 0 + 
V c , (21) 

ith the linear potentials given by 

 2( or 0) = W 22( or 20) 
M 

′ 

M 

I a R 
3 �

2 

M t 

. (22) 

n the equations abo v e, we hav e used the point-particle (PP) Keple-
ian orbit to replace r 3 by M t / �2 . As we will see in Section 4 , the
rrors introduced by using the Keplerian orbit are of higher order 
han the leading-order non-linear tide we consider here and can thus
e dropped. 
The abo v e equations show that to get the leading-order non-linear

orrections due to hydrodynamics, we only need to compute two 
dditional EoS-dependent coupling coefficients, κ2 and J 2 [see the 
iscussion below equation ( 15 )], which describe, respectively, the 
oupling between three f-modes and the coupling between two f- 
odes and the tidal driving potential. They can be determined from

n isolated NS, similar to the determination of I a (or ef fecti vely, the
o v e number k 2 ). Once the coupling coefficients are known, we can

hen express the mode amplitude in terms of the orbital frequency �,
llowing them to be easily evaluated with algebraic relations only. 

Fig. 2 shows that the analytical approximation computed using 
quations ( 16 )–( 21 ) is in good agreement with the full numerical
olution to the differential equations [equation ( 2 ) coupled to equa-
ions ( 25 )–( 26 )] up to the merger defined as where the NS’s perturbed
urf ace w ould contact the companion ( r � 2.3 R or f gw � 1250 Hz ).
he simple expressions we obtained under only one iteration of 
erturbation holding well is a consequence of the fact that the 
ext-order perturbation from the three-mode terms cancels partially 
ith the four-mode couplings included in equation ( 2 ). Without this

ancellation, the system would evolve into an unphysical amplitude 
nstability as described in appendix D of Wu ( 1998 ). We will illustrate
his point further in Appendix B . 

It is interesting to note that the fractional correction to the mode
mplitude, 

C a 

B a 

− 1 � − 
ω a 

ω a − m a �
+ 


V a 

V a 

, (23) 

s greater than ( R/r) 3 ∝ f 2 gw because of the finite frequency response
f the modes. This is illustrated in Fig. 3 . For the | m | = 2 modes
i.e. a and b ), the main non-linear correction is the shift of the
ode frequency towards lower values [gre y curv e in Fig. 3 ; see also

quation ( 16 ) and Table ( 1 ), as well as the toy model in Appendix A ].
he finite-frequency effect makes it greater than the correction to the 
riving potential ∝ 
 V a / V a (olive curve) near the merger. Since we
ill need to sum o v er modes to get the physical tidal correction [see,

.g. equation ( 39 )], it is also convenient to write the correction to the
um of the | m | = 2 modes as (focusing on the 
ω a term) 

C a + C b 

B a + B b 

− 1 � 

−2 ω 
2 
a 

ω 
2 
a − 4 �2 


ω a 

ω a 

. (24) 
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or mode c , the correction is also amplified by the finite frequency
esponse as 
 V c contains terms like B a + B b and | B a | 2 + | B b | 2 . See
quation ( 19 ). 

We note that the frequency shift, equation ( 16 ), is different from
he standard anharmonic behaviour of a free oscillator where the
requency shift is proportional to the energy of the mode (or ∝ f 4 gw 
n the adiabatic limit; Landau & Lifshitz 1982 ; Kumar, Goldreich
 Kerswell 1994 ; Yu et al. 2021 ). The anharmonicity originates

rom the oscillating mode deforming the background star (Lai 1996 ),
hich then creates a frequency shift of the mode. In contrast, in

quation ( 16 ), the frequency shift goes as the amplitude (of a different
ode) instead of the energy because of the continuous tidal forcing,

nd its origin can be understood from an intuitive toy model we
resent in Appendix A . While in our case we find the anharmonic
ffect to be subdominant, it could nonetheless be significant if the l
 m = 2 f-mode has a significantly greater amplitude than the other

 = 2 f-modes due to, e.g. a strong resonance with the orbit. The
esonant excitation of the m = 2 mode could be possible if the NS
s rapidly spinning (Ma et al. 2020 ; Steinhoff et al. 2021 ) or if the
rbit is eccentric (Chirenti, Gold & Miller 2017 ; Parisi & Sturani
018 ; Yang et al. 2018 ; Vick & Lai 2019 ; Yang 2019 ; Wang & Lai
020 ). Thus, we also demonstrate the appearance of the standard
nharmonic frequency shift in the modal picture we adopt in this
tudy in Appendix B . 

 DYNAMICS  OF  THE  ORBIT  

aving described the evolution of the eigenmodes in the previous
ection, we now turn to the dynamics of the orbit including the effects
ue to tidal back-reactions and GW radiation. 
The orbital evolution can be computed by (see, e.g. Flanagan &

acine 2007 ) 

r̈ − r ̇φ2 + 
( M + M 

′ ) 
r 2 

= g r , (25) 

r ̈φ + 2 ̇r ̇φ = g φ, (26) 

here g r = g (tide) 
r + g (gw) 

r describes the radial acceleration acting on
he orbit. It contains a conserv ati ve part due to the tidal back-reaction,
 
(tide) 
r and a dissipative part due to GW radiation, g (gw) 

r . The tangential
art, g φ , can be decomposed in a similar way. 
To derive the tidal back-reactions, we start from the interaction

amiltonian given by (Weinberg et al. 2012 ; Yu, Weinberg & Fuller
020 ) 

 int = −E 0 

∑ 

lm 

[ 
ω a > 0 ∑ 

a 

( U a c 
∗
a + U 

∗
a c a ) 

+ 

1 

2 

ω a > 0 ∑ 

ab 

( U ab c a c b + U 
∗
ab c 

∗
a c 

∗
b ) 

] 
. (27) 

ote that we explicitly write out mode a and its complex conjugate
 
∗, so the summation runs o v er only modes with positive frequencies.
n the non-linear tide term, the summation of mode b still runs o v er
oth signs of frequency. 
From the Hamiltonian, we can derive the radial and tangential

cceleration e x erted by the mode on the orbit, 

g (tide) 
r = − 1 

μ

∂H int 

∂r 
= − E 0 

μr 

×
∑ 

lm 

( l + 1) 

⎡ 

⎣ 2 
m a = m ∑ 

a,ω a > 0 

Re 
(
U a c 

∗
a 

) + 

m a + m b =−m ∑ 

ab,ω a > 0 

Re ( U ab c a c b ) 

⎤ 

⎦ , (28) 
NRAS 519, 4325–4343 (2023) 
g 
(tide) 
φ = − 1 

μr 

∂H int 

∂φ
= 

E 0 

μr 

×
∑ 

lm 

m 

⎡ 

⎣ 2 
m a = m ∑ 

a,ω a > 0 

Im 

(
U a c 

∗
a 

) + 

m a + m b =−m ∑ 

ab,ω a> 0 

Im ( U ab c a c b ) 

⎤ 

⎦ . (29) 

The g (gw) 
r( ,φ) terms describe the Burke–Throne dissipation and they

an be computed by (using tensor notations in a Cartesian coordinate
ith Einstein summation; Poisson & Will 2014 ) 

 
i 
(gw) = −2 

5 
r j 

d 5 

d t 5 
Q 

〈 ij 〉 
tot , (30) 

here r j is the displacement vector of the orbit and Q 

〈 ij 〉 
tot is the total

ass quadrupole of the system, Q 

〈 ij 〉 
tot = Q 

〈 ij 〉 
orb + Q 

〈 ij 〉 
ns . The angular

racket denotes a symmetric, trace-free (STF) tensor. In other words,
 

〈 ij 〉 
tot is the linear sum of the orbital quadrupole, Q 

〈 ij 〉 
orb = μr i r j −

r 2 δij / 3, and the NS quadrupole Q 
〈 ij 〉 
ns (see Appendix C ). In the

P limit, the Burke–Throne terms are given by (Flanagan & Racine
007 ) 

g (gw , pp) 
r = 

16 M M 
′ 

5 r 3 
ṙ 
[
ṙ 2 + 6 r 2 ̇φ2 + 

4 M t 
3 r 

]
, (31) 

g 
(gw , pp) 
φ = 

8 M M 
′ 

5 r 2 
φ̇
[
9 ̇r 2 − 6 r 2 ̇φ2 + 

2 M t 
r 

]
. (32) 

ote that ṙ 
 r ̇φ, and consequently, g (gw , pp) 
r 
 g 

(gw , pp) 
φ . 

Prior to resonance, the tidally induced quadrupole Q 
ij 
ns oscillates

n phase with the orbit and accelerates the GW radiation (Lai et al.
994a ; Flanagan & Hinderer 2008 ; see also Appendix C for detailed
eri v ations). In particular, two additional terms need to be included
n g (gw) 

φ . The first is due to Q 
〈 ij 〉 
ns , leading to 

g 
(gw , ns) 
φ � −128 

5 

√ 

2 π

15 
M R 

2 r �5 

×
∑ 

m =±2 

( 
m a = m ∑ 

a,ω a > 0 

I a Re [ C a ] + 

1 

2 

m a + m b =−m ∑ 

ab,ω a > 0 

J ab2 m Re [ C a C b ] 

) 

. (33) 

eanwhile, the tidal back-reaction modifies the relation between r
nd φ̇ ≡ � [see later in equation ( 39 )], causing a correction 

g 
(gw , br) 
φ � −96 

5 
M M 

′ 
(

R 

r 

)2 

�3 

×
ω a > 0 ∑ 

a 

[ 
W l a m a 

I a Re [ C a ] + 

( 

1 

2 

m a + m b =−m ∑ 

b,lm 

W lm J ablm Re [ C a C b ] 

) ] 
. 

(34) 

ote that its sum with the PP part leads to the intuitive result 

 

(gw , pp) 
φ + g 

(gw , br) 
φ = −32 

5 
μr 3 �5 . (35) 

Similarly, the Burke–Throne dissipation would also act on the
ode. This modifies the dynamics of the mode as [cf. equation ( 2 )] 

˙ a + i ω a c a = i ω a [ Z a + ( conserv ati ve terms ) ] , (36) 

here 

 a � i 
2 

15 
W 22 

M 
′ 

M t 

(
R 

r 

)3 

( m a r�) 5 
( 

I a + 

m b = 0 ∑ 

b 

J ab2 −m a 
c ∗b 

) 

e −im a φ, 

(37

or the l a = | m a | = 2 modes. The effect of Z a can be ignored for
ther modes at the order we are interested in. Note that Z a leads to
n imaginary part to C a , which then becomes a torque on the orbit
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equation ( 29 )] and contributes to the orbital decay. See Appendix C
or more discussions. 

We have now outlined all the components in the differential 
quations we solve numerically. As a brief summary, the quantities 
e integrate are ( r, ̇r , φ, φ̇= �, C a ) and they are go v erned by

quations ( 25 ) and ( 26 ) for the orbital part and equations ( 2 ) and
 37 ) for the eigenmodes. We start the numerical integration at
 gw = �/π = 50 Hz with φ = 0. We set the initial values of r using

he PP Keplerian orbit and ṙ by the PP GW decay. The modes are
nitialized with their linear solution B 

(0) 
a (Section 2.1 ). Note that this

hoice of initial condition does not affect the results at f gw � 500 Hz
here the tidal effects are significant. This is because all the tidal

ffects have a sharp power-law dependence on f gw , which we will
ee explicitly in Section 4 . We terminate our integration at r / R � 2.3,
orresponding to r /2 � R + ξ r ( R ) with ξ r ( R ) the radial component
f the perturbed fluid e v aluated at the surface of the NS and on the
quator. In other words, our integration terminates approximately 
hen the two NSs come into contact. In comparison, the innermost 

table circular orbit is located at a smaller separation of r = 6( M +
 

′ 
) � 1.9 R . 
Our main numerical result is shown in Fig. 1 where we compare

he tidal phase shift of the time-domain GW waveform with (grey 
urve) and without (olive curve) the non-linear tide. We derive in the
ext section the equilibrium configuration of the system, which will 
llow us analytically understand Fig. 1 . 

 EQUILIBRIUM  CONFIGURATION  

he equilibrium configuration of the system can be obtained by 
ssuming that the GW decay is a slow process. Consequently, terms
aused by the GW decay can be dropped from the equation of motion.
ur goal is to derive r , E , and Ė in terms of mode amplitude C a and
W frequency (or equi v alently, �). Since we derived the analytical

olutions to the mode amplitudes in Section 2.2 , we have a complete
escription of the orbit with algebraic expressions only. 
First, the tidal interaction modifies the Keplerian orbit. We can 

erive the relation between r and � from equation ( 25 ). Ignoring the
W decay and thus the r̈ term, we arrive at 

 
3 = 

M t 

�2 
− r 2 g (tide) 

r 

�2 
, (38) 

s the modified Kepler’s law. We can write r = r 0 + 
 r with r 3 0 =
 t / �

2 , leading to 


r 

r 
� −1 

3 

r 2 g (tide) 
r 

M t 
= 

2 

3 

∑ 

lm 

( l + 1) W lm 

(
R 

r 

)l 

×
( 

m a = m ∑ 

a,ω a > 0 

I a Re [ C a ] + 

1 

2 

m a + m b =−m ∑ 

ab,ω a > 0 

J ablm Re [ C a C b ] 

) 

. (39) 

he linear correction is obtained by e v aluating the right-hand side of
quation ( 39 ) in terms of r 0 and including the linear tide only in C a . 


r (lin) 

r 
= 

2 

3 

M 
′ 

M 

ω a > 0 ∑ 

a 

( l + 1) W 
2 
lm 

I 2 a R 
2 l+ 1 M 

−(2 l+ 1) / 3 
t 

× ω a �
(4 l+ 2) / 3 

ω a − m a �
. (40) 

or l = l a = 2 and in the adiabatic limit ( � 
 ω a ), this further
implifies to (Lai et al. 1993 , 1994a , b ; Flanagan & Hinderer 2008 ;
inderer et al. 2010 ) 


r (lin) 

r 
� 2 k 2 

M 
′ 

M 

M 

−5 / 3 
t R 

5 �10 / 3 , (41) 
here we have used equation ( 6 ) for Love number k 2 . 
We can also compute the epicyclic frequency K of the sys-

em (Choudhuri 2010 ) under the linear, adiabatic limit, which reads, 

 
2 = 4 �2 + r d�2 

dr 
= �2 

[ 
1 − 54 k 2 M 

′ 
M 

(
R 
r 

)6 
] 
. (42) 

or M 

′ � M and r � 2 R , we have K 
2 � 0.8 �2 > 0. Including the

ynamical response and the non-linear tide will modify K 
2 by order

nity and we still have K 
2 > 0. In other words, we do not expect to

ee a tidally induced plunge throughout the inspiral and the quasi-
ircular approximation holds. 

To compute the next-order corrections, we note that the first 
on-linear correction to C a and the non-linear tide piece in g (tide) 

r 

 ∝ Re[ V ab V a V b ]) will both give corrections to 
 r / r at the order
 R / r ) 3 [ 
 r (lin) / r ] ∝ ( R / r ) 8 . In comparison, errors due to linearization
f equation ( 39 ) and e v aluating its right-hand side at r 0 instead
f r 0 + 
r (lin) are both on the order O 

[

r (lin) /r 

]2 ∝ ( R/r) 10 .
herefore, we can obtain the leading-order non-linear correction 
y including the non-linear tide pieces in C a and g (tide) 

r while
ropping terms ∝ [ 
 r (lin) / r ] 2 . This provides us with an analytical
pproximation accurate to ( R / r ) 8 . 

The result of the modification to the Keplerian r − � relation is
hown in Fig. 4 . In the top panel, we show the total correction to 
 r / r
ncluding both linear and non-linear tides. The fractional correction 
o the linear theory’s prediction due to the non-linear tide is presented
n the bottom panel. The grey curve is extracted from the numerical
olution to the differential equations described in Sections 2 and 3 .
he analytical approximation (the red–dashed curve), obtained by 
ubstituting the non-linear solution of C a given by equations ( 16 )–
 21 ) to equation ( 39 ) and keeping the V ab terms, agrees well with the
umerical result. At f gw � 1000 Hz or ( r / R ) � 2.5, the non-linear
ide modifies the linear result by more than 10%. The main effect is
MNRAS 519, 4325–4343 (2023) 
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ue to the non-linear corrections to the mode amplitudes C a , 3 which
s greater than the contribution from the V ab term by about a factor
f 5. 
To compute the total energy of the system 
 E eq = 
 E orb + E int 

 E mode , we also need to include the energy due to mode–orbit
nteraction [ E int = H int ; see equation ( 27 )] and the energy of modes 

E mode 

E 0 
= 

ω a > 0 ∑ 

a 

| c a | 2 − 1 

3 

ω a > 0 ∑ 

abc 

κabc 

(
c a c b c c + c ∗a c 

∗
b c 

∗
c 

)
. (43) 

The modified r − � relation [equation ( 39 )] modifies the energy
f the orbit. The kinetic energy of a quasi-circular orbit is given by 

 orb , k = 

1 

2 
μr 2 φ̇2 , (44) 

nd the potential energy 

 orb , p = −M M 
′ 

r 
. (45) 

t is a well-known result that E orb, k = −E orb, p /2 = −E orb . When tide
s present, ho we ver, we have 


E orb , k 

E orb , k 
= −
E orb , k 

E orb 
= 2 


r 

r 
, (46) 


E orb , p 

E orb , p 
= 2 


E orb , p 

E orb 
= −
r 

r 
. (47) 

onsequently, 


E orb 

E orb 
= 


E orb , k + 
E orb , p 

E orb 
= −4 


r 

r 
. (48) 

For l = 2, we also have 

E int 

E orb 
= 2 


r 

r 
= −1 

2 


E orb 

E orb 
, (49) 

llowing us to easily obtain the interaction energy. 
At the linear order, we get 


E eq 

E orb 
= −2 

r 

R 

M 

M 
′ 

ω a > 0 ∑ 

a 

[
2 Re 

(
V a C 

∗
a 

)+ | C a | 2 
]
, 

= −2 
M 

′ 

M 

M 

−5 / 3 
t R 

5 �10 / 3 

×
ω a > 0 ∑ 

a 

W 
2 
lm 

I 2 a 

[ 
2 

(
ω a 

ω a − m a �

)
+ 

(
ω a 

ω a − m a �

)2 
] 

. (50) 

n the adiabatic limit, this further reduces to 


E eq 

E orb 
= −6 k 2 

M 
′ 

M 

M 

−5 / 3 
t R 

5 �10 / 3 . (51) 

As explained before, to obtain the next order corrections, we
nclude the non-linear tide but drop ( 
 E eq / E orb ) 2 ∼ ( 
 r / r ) 2 terms.
ince we have shown the accuracy of our analytical results in Figs 2
nd 4 , we show in Fig. 5 the change of the equilibrium energy using
he analytical results only. Similar to Fig. 4 , we show in the top panel
f Fig. 5 the total correction to the equilibrium energy of the system
ncluding both linear and non-linear tides, and in the bottom panel
he fractional correction to the linear theory’s prediction. We again
ote a > 10% modification to the linear tide at f gw � 1000 Hz and
t is mostly due to the non-linear correction to mode amplitudes. 
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 Please note that in this section, the subscript a stands for a mode in general 
nd does not correspond to the specific l = m = 2 mode we discussed in 
ection 2.2 . 

N  

i  

t

The last piece we need is the energy flux Ė = −〈 ... Q 

〈 ij 〉 
tot 

... 
Q 

〈 ij 〉 
tot 〉 / 5

see, e.g. Poisson & Will 2014 ). It is enhanced by the tidal interaction
ue to two main effects. The first one comes from the coupling
etween the tidal and orbital quadrupoles, which can be written as 

 ̇E ns −orb = −2 

5 

〈 ... 
Q 

〈 ij 〉 
ns 

... 
Q 

〈 ij 〉 
orb 

〉 
. (52) 

his piece has the same origin as the dissipative accelerations due
o g (gw , ns) 

φ and Z a in the differential equations (Section 3 ). Using
echniques described in Appendix C , we find 

 ̇E ns −orb = − 4 

15 

∑ 

m 

W 2 m 

〈 ... 
Q 

ns 

2 m 

... 
Q 

orb 
2 m 

∗〉 
, (53) 

here Q 
ns 
2 m 

and Q 
orb 
2 m 

are, respectively, the mass quadrupole of the
S and the orbit with spherical degree (2, m ) (see Appendix C ). 
When the GW decay is slow, we have 

... 
Q 

ns 

2 m � ( −im�) 3 Q 
ns 
2 m 

= ( −i m�) 3 MR 
2 

[ 
m a = m ∑ 

a 

I a C a + 

1 

2 

m a + m b =−m ∑ 

ab 

J ab2 m C 
∗
a C 

∗
b 

] 
e −imφ, (54) 

nd 
... 

 
orb 
2 m 

∗ � ( im�) 3 Q 
orb 
2 m 

∗ = ( im�) 3 μr 2 e imφ. (55) 

hus , 


 ̇E ns −orb = − 8 

15 
μM R 

2 M 

2 / 3 
t �14 / 3 

∑ 

m =±2 

m 
6 W 2 m 

×
( 

m a = m ∑ 

a,ω a > 0 

I a Re [ C a ] + 

1 

2 

m a + m b =−m ∑ 

ab,ω a > 0 

J ab2 m Re [ C a C b ] 

) 

. (56) 

ote the summation runs o v er positiv e-frequenc y modes for a while
t runs o v er both signs of frequenc y for mode b in the non-linear
erm. 
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Figure 6. Similar to Fig. 4 but for the energy flux Ė . In the bottom panel, we 
show non-linear corrections to the energy flux from both the modifications of 
the NS quadrupole (cyan and purple curves) and the non-linear r − � relation 
(Fig. 4 ). 
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Figure 7. GW phase shift as a function of GW frequency (bottom axis) and 
orbital separation (top axis). The top panel is similar to Fig. ( 1 ). We further 
include the analytical approximation from equation ( 61 ) in the red–dashed 
curve and it agrees well with the numerical result in the grey curve. The 
contribution to the phase shift from the modified equilibrium energy and 
the enhanced GW radiation are shown in the cyan–dotted and brown–dotted 
lines. In the bottom panel, we show the fraction correction to the phase shift 
predicted by linear tide. The correction is greater than 10% at f gw � 1000 Hz . 
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In the linear, adiabatic limit, the result reduces to (Lai et al. 1994a ) 


 ̇E ns −orb 

Ė pp 
= 4 k 2 

M t 

M 

R 
5 M 

−5 / 3 
t �10 / 3 , (57) 

here we have used 

˙
 pp = −32 

5 
M 

10 / 3 
c �10 / 3 , (58) 

or the PP GW radiation with M c = μ3 / 5 M 

2 / 5 
t the chirp mass. 

The second effect that enhances Ė is the tide-modified r − �

elation, which enhances the 
〈 ... 
Q 

〈 ij 〉 
orb 

... 
Q 

〈 ij 〉 
orb 

〉 
term compared to the PP 

ase [corresponding to the g (gw , br) 
φ term; equation ( 34 )]. Since Q orb ∼

 
2 , the correction to the energy flux is due to modified r − � relation
iven by 


 ̇E r−�

Ė pp 
= 4 


r 

r 
. (59) 

The total enhancement of the energy loss is thus given by 
 ̇E =
 ̇E ns −orb + 
 ̇E r −�. This ignores the contribution from 〈 ... Q 

〈 ij 〉 
ns 

... 
Q 

〈 ij 〉 
ns 〉 ,

hich is a higher-order correction than the non-linear tide we 
onsider in this study [see the discussion around equation ( C33 )]. 

We present in Fig. 6 the results of 
 ̇E . We note similar non-linear
orrections to 
 ̇E (lower panel) from the interaction between NS 

nd orbital quadrupoles [equation ( 56 )] and from the modification 
o the r − � relation [equation ( 59 )]. In both effects, the non-linear
orrection comes mainly from its correction to the mode amplitudes 
 C a − B a ) whereas the ∝ J ablm term is subdominant. 

From E eq and Ė , we can get the phase of the GW signal as (Lai
t al. 1994b ; Hinderer et al. 2010 ) 

d φgw 

d f gw 
= 2 πf gw 

d E/ d f gw 

Ė 

. (60) 

ote that φgw = 2 φ is the phase of the time-domain waveform 

xpressed as a function of f gw . The phase shift due to the tidal effect
s 

d 
φgw 

d f gw 
= 

2 πf gw 

Ė 

(
d 
E eq 

d f gw 
− d E eq 

d f gw 


 ̇E 

Ė 

)
. (61) 

s noted in the discussion below equation ( 41 ), the corrections due to
he second-order expansion [i.e. terms like ( 
 E eq / E eq ) 2 ] are smaller
han the non-linear tide we consider by a factor of ( R / r ) 2 and are thus
gnored in the expression. 

Our final result is presented in Fig. 7 (also in Fig. 1 ). In the top
anel, we show the total phase shift due to tidal effects in the NS M
while treating M 

′ 
as a PP). The olive curve is the prediction assuming

ust the linear tide while the gre y curv e also includes the non-linear
ide. Both curves are obtained by numerically solving the differential 
quations described in Sections 2 and 3 . For comparison, the red–
ashed curve shows the analytical phase shift [equation ( 61 )]. We
ote a good agreement between the analytical and numerical results. 
he effects due to the modified equilibrium energy and the modified
W radiation are, respecti vely, sho wn in the cyan–dotted and bro wn–
otted curves. The fractional correction to the linear tidal phase shift
s shown in the bottom panel. 

For a Newtonian NS, non-linear tide could introduce an additional 
 rad of phase shift, corresponding to about 20 per cent enhancement 
f the tidal effect near the final merger. GR is likely to reduce the
esult because the NS will be ‘softer’ (harder to perturb). As we argue
n Section 5 , after the GR correction, the excess phase shift due to
on-linear tide should be around 1 rad. This is consistent with the
iscrepancy between the state-of-art theoretical models assuming 
inear tides in GR and numerical relativity (Hinderer et al. 2016 ;
teinhoff et al. 2021 ). Therefore, our result suggests that including
on-linear tidal interactions could explain the discrepancy and allow 

he theoretical models to be accurate all the way to the final merger. 
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 CONCLUSION  AND  DISCUSSIONS  

n this work, we investigated tidal interactions in coalescing BNS
ncluding leading-order non-linear corrections. We discussed the
ynamics of the NS eigenmodes and the orbit in Sections 2 and
 , respectively. Utilizing analytical approximations to the mode
mplitudes in Section 2.2 , we derived algebraic solutions governing
he binary’s evolution track and the corresponding GW phase in
ection 4 . For a Newtonian NS approximated by a � = 2 polytrope,
e found that the non-linear tide could lead to an additional ∼ 2 rad
hase shift in the GW waveform near the binary’s final merger. While
his is likely an o v erestimation of the non-linear effect because a
ewtonian NS is stiffer than its GR counterpart, our result suggests

hat the non-linear tide is a critical component to be included in the
aveform modelling and it could impro v e the agreement between

heoretical models and numerical relativity, especially near the final
erger. 
Incorporating GR corrections is thus one of the major future steps

o obtain a robust theoretical estimate of the non-linear tide. In
articular, there are two major GR effects to be considered and
hey act in opposite directions. First, we note that the relativistic
alue of the Lo v e number, k 2 ∝ I 2 a , is smaller than its Newtonian
ounterpart by a factor of 2–3 (Binnington & Poisson 2009 ; Damour
 Nagar 2009 ; Hinderer et al. 2010 ), reducing the linear tidal

hase shift accordingly. The phase shift induced by non-linear tidal
orrections may scale as k 2 2 because the non-linear correction to the
ode amplitude is sourced by the square of the linear amplitude

assuming that GR has similar effects on the linear tidal o v erlaps
nd the non-linear coupling coefficients). This could reduce the non-
inear correction to the phase by a factor of ∼5 −10. 

While GR reduces the spatial coupling, it nonetheless enhances
he finite-frequency effect by lowering the mode frequency ω a . When
erturbing the same background model, the GR oscillation equa-
ions typically result in smaller eigenfrequencies than the Newtonian
esult (Yu & Weinberg 2017b ) due to the redshift of the NS itself
 M / R . Moreo v er, the orbit will further redshift ω a to a lo wer v alue

y a factor ∝ M t / r ( ∼ 20% near the merger; see, e.g. Steinhoff et al.
016 , 2021 ). For | m | = 2 modes, lowering ω a enhances the finite-
requency response via of ω a /( ω a + 
ω a − m a �) [equation ( 20 )],
hile for m = 0, 
 V c will be greater [equation ( 19 )]. The non-

inear corrections to 
 r / r (and similarly to 
 E eq / E eq and 
 ̇E / ̇E ) go
pproximately as ω 

2 
a / ( ω 

2 
a − 4 �2 ). Reducing ω a by 35% will amplify

 
2 
a / ( ω 

2 
a − 4 �2 ) by about a factor of 2 when f gw = �/π = 1000 Hz .

his partially compensates for the reduction of the phase shift due
o the reduced coupling strength. After considering both GR effects,
ur estimation of the non-linear tide’s contribution to the phase shift
ecomes | 
φgw | � 1 rad (including contributions from both NSs)
ear the merger. 

Exploring the non-linear contribution to a wide range of EoSs
ill be another important extension. The non-linear tide is likely

o exhibit a stronger dependence on the EoS than the linear tide
ecause it is sourced by the square of the linear tidal amplitude. It
ould therefore strengthen the constraints on the NS EoS potentially,
hough this remains to be shown by future studies. Along the same
ine, it would be interesting to examine if a universal relation exists
etween the non-linear coupling strength and other properties of the
S (in analogy to the universal relation between the Lo v e number

nd NS mass quadrupole; Yagi & Yunes 2013 ). 
We assumed a non-spinning NS in our analysis. If the NS has a

etrograde spin relative to the orbit, the f-mode could be shifted to
 lower frequency due to both the Doppler effect and modifications
o the NS structure. If the spin rate is sufficiently high, the l a =
NRAS 519, 4325–4343 (2023) 
 a = 2 f-mode could even be resonantly excited (Ho & Lai 1999 ;
a et al. 2020 ; Steinhoff et al. 2021 ). Alternatively, the f-mode

ould be resonantly excited if the orbit has some residual eccentricity
hen the binary enters the sensitivity band of a ground-based GW
etector (Chirenti et al. 2017 ; Parisi & Sturani 2018 ; Yang et al.
018 ; Vick & Lai 2019 ; Yang 2019 ; Wang & Lai 2020 ). Since the
on-linear correction is amplified by the finite-frequency response of
he NS, we may thus expect the non-linear tide to play an even more
ignificant role in those systems. The standard anharmonic frequency
hift could also be significant since m = 2 f-mode can have much
reater amplitude than other l = 2 modes (see Appendix B ). In
urn, as the non-linear frequency shift lowers the mode frequency, it
akes the resonance more likely, which enhances the o v erall tidal

ignatures. Thus incorporating NS spin and orbital eccentricities are
lso potentially interesting extensions to the current study. 

Another simplification assumed in this work is that we modelled
he fluid inside the NS as a normal fluid. In reality, we would
xpect the NS to be cold and its core is likely in the superfluid
tate (Yakovle v, Le venfish & Shibanov 1999 ). Passamonti et al.
 2022 ) showed that the correction due to superfluidity is small for
-modes, and we thus expect our main results to hold in realistic NSs.
onetheless, a careful calculation incorporating superfluidity would
e worthwhile. 
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therefore ω = 

√ 

4 πρ/ 3 , the same as the f-mode frequency up to an order unity constant. Indeed, both oscillations are similar in nature as they 
are both characterized by the dynamical frequency of the star. 

If now a companion of mass M 

′ 
is present in the equatorial plane and the separation vector is along the direction of the hole (in the x 

direction), then M 

′ 
will produce a tidal acceleration 
g ′ x = 2 

(
M 

′ /r 2 
)

( x/r) in the opposite direction of g . In this case, the test particle still 
behaves as a harmonic oscillator, though its equation of motion is now modified by 
g ′ x as 

ẍ = −( g − 
g ′ x ) = −4 π

3 
ρ

[ 
1 − 2 

(
M 

′ 

M 

)(
R 

r 

)3 
] 

x = −ω 
2 

(
1 + 2 


ω x 

ω 

)
x. (A1) 

If instead, the hole is perpendicular to the orbital vector but still in the equatorial plane (i.e. along the y direction), then a test particle oscillating 
in it experiences a tidal acceleration | 
g ′ y | = 

(
M 

′ /r 2 
)

( y/r) pointing towards the centre of the star. In this case, the oscillation is increased by 

ω y / ω y = ( M 

′ 
/ M )( R / r ) 3 /2 = −
ω x / ω/2 due to M 

′ 
. Since the l = 2, | m | = 2 f-modes mainly oscillate in the equatorial plane, it experiences a 

frequency shift that is approximately the mean of these two results, 


ω 

ω 

∼ 1 

2 


ω x + 
ω y 

ω 

= −1 

4 

M 
′ 

M 

(
R 

r 

)3 

= −1 

4 

M 
′ 

M 

�2 

M t 
R 

3 < 0 . (A2) 

Up to a constant of order unity, this agrees with the leading-order frequency shift of the f-mode found in Section 2.2 and given by equation ( 16 ). 
In other words, the presence of the companion’s tidal field reduces the eigenfrequency of the f-mode, thereby enhancing the finite frequency 
response to the tidal drive. 

If we further let the star to be deformed by the tide into an ellipsoid (with a x > R and a y = a z < R ; see the right part of Fig. A1 ), then 
the gravitational acceleration g should be replaced by g ′′ x = (1 − 2 e 2 / 5) g along the x direction, where e = 

√ 

a 2 x /a 
2 
z − 1 ∝ ξ r ( R) /R ∝ | C a | is 

the eccentricity of the ellipsoid. The reduction of the inward gravitational acceleration will also cause a frequency shift of the test particle’s 
oscillation (see, e.g. Poisson & Will 2014 ), 


ω x 

ω 

= 

1 

2 

g ′′ x − g 

g 
= −1 

5 
e 2 ∝ | C a | 2 ∝ 

(
R 

r 

)6 

. (A3) 

The oscillation frequency along the y direction will increase since the gravitational acceleration along the y direction is g ′′ y = (1 + e 2 / 5) g. 
None the less, 
ω y = −
ω x /2, and therefore, on average the l = | m | = 2 f-modes will experience a negative frequency shift 
ω/ ω ∼ −1/ e 2 < 

0. Such a frequency shift can also be understood from the fact that the tidal deformation tends to reduce the density of the star Lai ( 1996 ), hence 
reducing the f-mode frequency ∝ 

√ 

ρ. We note that the frequency shift due to this effect is formally a higher-order correction than the shift 
induced directly by the companion’s tidal acceleration in equation ( A2 ). In fact, equation ( A3 ) describes the anharmonicity of an oscillator. A 

detailed deri v ation of the anharmonicity from the modal expansion analysis is presented in Appendix B belo w. 

APPENDIX  B:  ANHARMONIC  FREQUENCY  SHIFT  

We extend the analysis in Section 2.2 to demonstrate the appearance of the anharmonicity in the modal picture. We will also demonstrate the 
significance of including four-mode coupling terms [terms ∝ ηabcd in equation ( 2 )] in solving the numerical equations. 

We use the same convention adopted in Section 2.2 and use ( a , b , c ) to specifically denote l = 2 modes with ( m a , m b , m c ) = (2, −2, 0). Since 
only the a mode will experience the most significant dynamical tide effect near the merger when 2 � � ω a , we thus solve C b and C c in terms 
of C a as well as their linear solutions B b and B c . We have 

C b � B b + 

ω 

ω + 2 �
( V 20 + 4 κ2 Re [ B c ] ) C 

∗
a + 
C b , (B1) 

C c � B c + 2 κ2 | C a | 2 + 2 V 22 Re [ C a ] + 4 κ2 Re [ C a B b ] + 
C c , (B2) 

where 


C b � 

ω 

ω + 2 �
( V 20 B b + 4 κ2 Re [ B c ] B b + 2 V 22 Re [ B c ] ) , (B3) 


C c � 2 
(
V 22 Re [ B b ] + V 00 Re [ B c ] + κ2 | B b | 2 + κ0 Re [ B c B c ] + κ0 | B c | 2 

)
. (B4) 

Plugging C b and C c back to the equation of C a , we have 

Ċ a + i( ω a + 
ω 
(3m) 
a − m a ̇φ) C a = iω a [ V a + 
V 

(3m) 
a ] , (B5) 

where 


V 
(3m) 
a = V 20 B 

∗
b + 2 V 22 Re [ B c ] + 4 κ2 B 

∗
b Re [ B c ] + 4 κ2 ( V 22 + 2 κ2 B 

∗
b ) | C a | 2 

+ 4 | V 22 + 2 κ22 B b | 2 Re [ C a ] + V 20 
C 
∗
b + 2 V 22 Re [ 
C c ] + 4 κ2 B 

∗
b Re [ 
C c ] + 4 κ2 Re [ B c ] 
B 

∗
b , (B6) 

and (

ω a 

ω a 

)(3m) 

= − ( V 20 + 4 κ2 Re [ B c ] ) − 8 κ2 
2 | C a | 2 

− 8 κ2 V 22 Re [ C a ] − 16 κ2 
2 [ B b C a ] − ω a 

ω a + 2 ̇φ
( V 20 + 4 κ2 Re [ B c ]) 

2 − 4 κ2 Re [ 
C c ] . (B7) 
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As shown in Fig. 3 , our focus will be on the frequency shift. In equation ( B7 ), the first term is the result we quote in equation ( 16 ) as it formally 
scales as ( R / r ) 3 while the rest of the terms ∝ ( R / r ) 6 . Note that this term exists because the system is continuously forced by the tide and | V 20 | 
∼ | C c | ∼ | C a | . 

On the other hand, we may have | C a | � | V 20 | ∼ | C c | if mode a is resonantly excited due to, e.g. a rotating NS (Ma et al. 2020 ; Steinhoff et al. 
2021 ) and/or orbital eccentricity (Yang 2019 ). In this limit, the −8 κ2 

2 | C a | 2 term may dominant the frequency shift. Since | C a | 2 corresponds 
to the energy of mode a , we notice that it corresponds to the anharmonicity of a free oscillator (Landau & Lifshitz 1982 ). As discussed in Yu 
et al. ( 2021 ), mode a can couple to not only l = 2 modes but also l = 0 and l = 4 ones. The total anharmonic frequency shift of mode a due to 
three-mode interaction can be written as (


ω a 

ω a 

)(3m) 

� −
⎛ 

⎝ 

l d = 4 ∑ 

d,m d =−4 

2 ω d 

4 � + ω d 

κ2 
a a d + 

l e = 0 , 2 , 4 ∑ 

e,m e = 0 

4 κ2 
a a ∗e 

⎞ 

⎠ 

∣∣C a 

∣∣2 . (B8) 

We have dropped terms that do not scale as | C a | 2 since we have assumed that mode a is approximated by a free oscillator with its amplitude 
much greater than other modes and the equilibrium tide. 

Formally at the same order, four-mode coupling could also contribute to the anharmonic frequency shift. 4 We only explicitly write out the 
equation for C a . 

Ċ a + i( ω a − m a ̇φ) C a = (linear and three-mode terms) + iω a (3 ηa a a ∗a ∗ | C a | 2 C a 

+ 6 ηa a a ∗b | C a | 2 C 
∗
b + 3 ηa a ∗a ∗b ∗C 

2 
a C b + 6 ηa a ∗b b ∗C a | C b | 2 + 3 ηa a bb C 

∗
a ( C 

∗
b ) 

2 

+ 6 ηa a ∗c c ∗C a | C c | 2 + 3 ηa a ∗cc C a ( C 
∗
c ) 

2 + 3 ηa a ∗c ∗c ∗C a C 
2 
c 

+ 3 ηab b b ∗ | C b | 2 C b + 6 ηab c c ∗C b | C c | 2 + 3 ηab c c C b ( C 
∗
c ) 

2 + 3 ηab c ∗c ∗C b C 
2 
c ) . (B9) 

By collecting terms ∝ C a on the right-hand side, we can read out directly the four-mode contributions to the anharmonic frequency shift. (

ω a 

ω a 

)(4m) 

� −3 η22 | C a | 2 − 3 η22 C a C b − 6 η22 | C b | 2 − 12 η20 | C c | 2 � −3 η22 | C a | 2 , (B10) 

where we have made the approximation that C c � C 
∗
c and defined 

η22 = ηa a a ∗a ∗ and similar terms , 

η20 = ηa a ∗c c ∗ and similar terms . 

4 In the original analysis of Yu et al. ( 2021 ) (and in Kumar et al. 1994 ), the four-mode contribution was ignored. Additionally, there was a numerical error that 
o v erestimates the contribution of p-modes to the frequency shift. An erratum to Yu et al. ( 2021 ) is under preparation at the moment of preparing this work. 

Figure B1. Left: comparison of the non-linear frequency shift. The grey trace is the result from equation ( 16 ), which we use in the main text, while the olive 
curve is due to the anharmonicity [the sum of terms ∝| C a | 2 in equations ( B8 ) and ( B10 )]. Because the finite-frequency effect is moderate in non-rotating, 
Newtonian NSs, the anharmonicity is small and can be ignored. Right: comparison of mode energy (of the l a = m a = 2 mode) and GW phase shift with (grey) 
and without (purple) four-mode coupling terms. Near the final merger, the three-mode-only result in fact experiences an artificial run away. It thus indicates the 
significance of incorporating four-mode couplings in the numerical integration. 
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Their values are in Table 1 . In the second equality in equation ( B10 ), we dropped terms that do not scale as | C a | 2 since the anharmonic effect 
could be significant only if | C a | � | C b , c | . This is also why we ignore the four-mode counterpart of the U ablm term as it does not contribute to 
( 
ω a / ω a ) with terms ∝| C a | 2 . 

Note that when � 
 | ω d | , the three-mode interaction al w ays lowers the frequency ω a [equation ( B8 )]. On the other hand, the four-mode 
interaction increases ω a (as η22 < 0), making 
ω a 70 per cent smaller than the value predicted using three-mode coupling only . Numerically , 
we find 
ω a / ω a � −2.7 | C a | 2 using the coupling coefficients presented in Table 1 . To arrive at these numbers, we note that the Cowling 
approximation should not be assumed for f-modes as terms due to perturbed gravity could significantly modify the coupling coefficients. We 
thus extend Weinberg ( 2016 ) and show explicitly in Appendix D the expressions for the perturbed gravity terms in ηabcd . 

In the left panel of Fig. B1 , we compare the anharmonic frequency shift (i.e. frequency shift proportional to the energy of the mode) 
with equation ( 16 ). Because ω a /( ω a − 2 �) � 2 when f gw = 1000 Hz , we have | C a | ∼ | C c | and thus equation ( 16 ) dominates throughout the 
evolution. On the other hand, it is possible for us to enter the regime where the anharmonicity becomes more significant if | C a | is enhanced 
relative to other modes due to NS rotation and/or orbital eccentricity (together with relativistic redshifts; see the discussion in Section 5 ). We 
defer to future studies to explore this possibility. 

Meanwhile, we also emphasize that the partial cancellation between the three-mode and four-mode coupling terms as illustrated in our 
discussion on 
ω a / ω a [equations ( B8 ) and ( B10 )] is in fact a key reason why our analytical result could be accurate with just one iteration of 
perturbative calculation (Section 2.2 ). In the right panel of Fig. B1 , we compare the evolution of mode energy (top panel) and GW phase shift 
(bottom panel) with and without four-mode coupling terms. In particular, we obtain the purple curve by setting ηabcd to 0 when numerically 
integrating the differential equations. Note that near the merger, the mode energy runs away unphysically. The reason is illustrated in appendix D 

of Wu ( 1998 ), which we briefly recap below. Consider a toy model where the dynamics of a three-mode system could be describe by a potential 
� with 

� = E( A 
2 − A 

3 ) , (B11) 

where A corresponds to mode amplitude and E > 0 is a constant [cf. equation ( 43 )]. For small oscillations with | A | 
 1, the motion is bound 
with small corrections from the three-mode interaction. Ho we ver, if A � 2/3, the system could climb o v er the potential well and escape to A 

→ ∞ , as seen in the purple curves in Fig. B1 . The four-mode interaction stabilizes the system by adding an A 
4 piece in the potential. 

APPENDIX  C:  MASS  QUADRUPOLE  AND  LOVE  NUMBER  

In this appendix, we present the relation between the mass quadrupole tensor and the quadrupole of a mode with angular quantum number ( l a , 
m a ). This will make the connection between the tidal o v erlap I a and the Lo v e number k 2 more transparent. It is also useful for deriving the 
Burke–Thorne dissipation terms in the differential equations. 

We first consider the mass quadrupole of the NS induced by the tide. Focusing on the quadrupole with spherical harmonic degree ( l , m ) and 
using a Lagrangian picture with perturbed quantities denoted by the prime symbol, x ′ = x + ξ , we have 

Q 
ns 
lm 

= 

∫ 
d 3 x ′ ρ( x ′ ) x ′ l Y 

∗
lm 

( θ ′ , φ′ ) −
∫ 

d 3 x ρ( x ) x l Y 
∗
lm 

( θ, φ) , 

= 

∫ 
d 3 x ρ( x ) 

{
ξ · ∇ 

[
x l Y 

∗
lm 

( θ, φ) 
]+ 

1 

2 
ξ · ( ξ · ∇ ) ∇ 

[
x l Y 

∗
lm 

( θ, φ) 
]}

, 

= 

( 
m a = m ∑ 

a 

I a c a + 

1 

2 

m a + m b + m = 0 ∑ 

ab 

J ablm c 
∗
a c 

∗
b 

) 

MR 
l , (C1) 

where in the second line we have used ρ( x 
′ 
)d 3 x 

′ = ρ( x )d 3 x for mass conservation and then expanded x l Y 
∗
lm 

around x to second order in ξ . Then 
in the third line, we have first expanded ξ into eigenmodes and then used directly the definition of I a and J ablm . Note that the first, linear term 

selects out modes with ( l a , m a ) = ( l , m ) and the second, non-linear term has contributions from modes with m a + m b + m = 0, l a + l b + l = 

even, and | l a − l b | ≤ l ≤ l a + l b . 
To get the quadrupole in the Cartesian coordinate, we follow Poisson & Will ( 2014 ) and use the tensor spherical harmonic Y defined through 

Y lm ( θ, φ) = Y 

〈 i 1 ...i l 〉 
lm 

∗
n 〈 i 1 ...i l 〉 ( θ, φ), where n 〈 i 1 ...i l 〉 is a tensor formed by unit vectors n i , with n = [ sin θ cos φ, sin θ sin φ, cos θ ] T . The angular 

bracket denotes taking the STF part. Since the background geometry is Euclidean, we have n i = n i . This allows us to relate the quadrupole 
e v aluated for a particular spherical harmonic (which is directly obtained from our modal decomposition) to that in the Cartesian coordinate 
(which is convenient for computing, e.g. the Burke–Thorne terms) as 

Q 
〈 i 1 ...i l 〉 
ns = N l 

∑ 

m 

Y 

〈 i 1 ...i l 〉 
lm 

∗
Q 

ns 
lm 

, (C2) 

where N l = 4 π l !/(2 l + 1)!!. Note further Y 

〈 i i ...i l 〉 
l, −m 

= ( −1) m Y 

〈 i 1 ...i l 〉 
lm 

∗
. Restricting to l = 2, we have 

Y 22 = 

√ 

15 

32 π

⎡ 

⎣ 

1 −i 0 
−i −1 0 
0 0 0 

⎤ 

⎦ and Y 20 = 

√ 

5 

16 π

⎡ 

⎣ 

−1 0 0 
0 −1 0 
0 0 2 

⎤ 

⎦ , (C3) 

together with N 2 = 8 π /15. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/519/3/4325/6889529 by U
niversity of Texas - Arlington user on 12 July 2023



Non-linear tides in BNS 4339 

MNRAS 519, 4325–4343 (2023) 

We are most interested in the l = 2 quadrupole, which can be written as 

Q 
〈 ij 〉 
ns 

MR 
2 

= N 2 

∑ 

m 

( 
m a = m ∑ 

a,ω a > 0 

2 Re 
[ 
Y 

〈 ij 〉 
2 m a 

∗
I a c a 

] 
+ 

m a + m b =−m ∑ 

ab,ω a > 0 

Re 
[ 
Y 

〈 ij 〉 
2 m 

∗
J ab2 m c 

∗
a c 

∗
b 

] ) 

. (C4) 

The first term describes the linear contribution from l a = 2 modes and the second piece corresponds to the non-linear correction (note that a 
runs o v er only positiv e-frequenc y modes while b runs o v er both signs of frequencies). 

Equation ( C4 ) can be especially helpful for us to see the connection between the modal expansion used in our analysis and the Lo v e number, 
k 2 , which is commonly used by the GW community. Formally, k 2 is defined by 

Q 
ns 
ij = −2 

3 
k 2 R 

5 E ij , (C5) 

where 

E ij = −M 
′ ∂ ij 

1 

r 
(C6) 

is the tidal potential. We note (Poisson & Will 2014 ) 

∂ i 1 ...i l 
1 

r 
= ∂ 〈 i 1 ...i l 〉 

1 

r 
= ( −1) l (2 l − 1)!! 

n orb 
〈 i 1 ...i l 〉 
r l+ 1 

, (C7) 

and 

n 
〈 i 1 ...i l 〉 
orb = N l 

∑ 

m 
Y 

∗
lm 

<i 1 ...i l > Y 
∗
lm 

( π/ 2 , φ) = 

∑ 

m 

l! 
(2 l−1)!! W lm e 

−imφY 
∗
lm 

, (C8) 

where we have used W lm ≡ 4 π (2 l + 1) −1 Y lm ( π /2, 0) and the fact that the binary motion is in the θ = π /2 plane. Using equation ( C4 ) and 
grouping terms with the same Y 

〈 ij 〉 
lm 

, we can find the Lo v e number for each m 

k 2 m = 

2 π

5 

M 
′ 

M 

( r 

R 

)3 1 

W lm 

( 
m a = m ∑ 

a 

I a C a + 

1 

2 

m a + m b =−m ∑ 

ab 

J ab2 m C 
∗
a C 

∗
b 

) 

. (C9) 

One can further plug in the leading-order solution of C a as described in Sections 2.1 and 2.2 to obtain an ef fecti v e Lo v e number (for each 
harmonic m , see also Andersson & Pnigouras 2020 ; Passamonti et al. 2022 ). Using the linear, adiabatic solution of C a , we have 

k 2 m = k 2 = 

4 π

5 

m a = m ∑ 

a,ω a > 0 

I 2 a . (C10) 

Note that in the linear, adiabatic limit, the values of k 2 m are the same for different m s and can be collectively denoted by a single number k 2 . 
Note further that the summation o v er modes is strongly dominated by the l a = 2 f-mode (Table 1 ). Using I a = 0.32, we find k 2 = 0.26 in the 
linear, adiabatic limit, which agrees well with the expected value (Poisson & Will 2014 ). 

The relations summarized in this Appendix will also be useful for computing the Burke–Throne dissipation terms following Flanagan & 

Hinderer ( 2008 ). In particular, the interaction between the orbital and tidal quadrupole modifies the PP Burke–Throne terms in three ways. 
First, in equation ( 6 a) of Flanagan & Hinderer ( 2008 ), there will be a term arising from the quadrupole of the NS, 

g i (gw , ns) = −2 

5 
r j 

d 5 

dt 5 
Q 

〈 ij 〉 
ns , (C11) 

where r = r n orb = r [ cos φ, sin φ, 0 ] . 
We compute the total quadrupole of the NS in the Cartesian coordinate in terms of each mode’s contribution using equation ( C4 ). To e v aluate 

the temporal deri v ati ves of Q 
〈 ij 〉 
ns , we note 

d 5 c a 
d t 5 

= 

d 5 

d t 5 
[ C a exp ( −imφ)] � −i( m�) 5 C a exp ( −imφ) , (C12) 

d 5 ( c ∗a c 
∗
b ) 

d t 5 
= 

d 5 

d t 5 
[ C 

∗
a C 

∗
b exp ( −imφ)] � −i( m�) 5 C 

∗
a C 

∗
b exp ( −imφ) , (C13) 

where in the second line we have used m a + m b + m = 0 as required by the angular selection rule. We have dropped terms that are smaller than 
the dominant one by O 

(
t gw ̇φ

)
. Here, t gw ≡ r/ ̇r is the characteristic time-scale for GW-induced orbital decay. We then convert the Cartesian 

f i gw , ns back to spherical coordinates, leading to 

g 
(gw , ns) 
φ � −128 

5 

√ 

2 π

15 
M R 

2 r �5 
∑ 

m =±2 

( 
m a = m ∑ 

a,ω a > 0 

I a Re [ C a ] + 

1 

2 

m a + m b =−m ∑ 

ab,ω a > 0 

J ab2 m Re [ C a C b ] 

) 

. (C14) 

If we use the convention of Section 2.2 and use ( a , b , c ) to specifically denote the positiv e-frequenc y modes with ( m a , m b , m c ) = (2, −2, 0) 
and l a = l b = l c = 2, we can further simplify the second term in the parentheses as 

1 

2 

∑ 

m =±2 

m a + m b =−m ∑ 

ab,ω a > 0 

J ab2 m Re [ C a C b ] = 2 J 2 Re [ C a C c + C b C c ] � 

4 ω 
2 
a 

ω 
2 
a − 4 �2 

J 2 W 22 W 20 

(
M 

′ 

M 

)2 

I 2 a R 
6 �

4 

M 
2 
t 
. (C15) 
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Secondly, the tidal back-reaction modifies the deri v ati ves of the orbital quadrupole, defined as 

Q 

〈 ij 〉 
orb = μr 2 n 

〈 ij 〉 
orb = 

2 

3 

∑ 

m 

W 2 m Q 2 m Y 

〈 ij 〉 
2 m 

∗
, (C16) 

where we have used equation ( C8 ) and defined Q 2 m = μr 2 exp [ − im φ]. To compute its deri v ati ves, we keep replacing the deri v ati ves of r , φ, 
and C a by the conserv ati ve parts of their equation of motion (Flanagan & Hinderer 2008 ), 

r̈ → r ̇φ2 − M + M 
′ 

r 2 
+ g (tide) 

r , (C17) 

r ̈φ → −2 ̇r ̇φ + g 
(tide) 
φ . (C18) 

Ċ a → −i( ω a − m a ̇φ) C a + iω a 

[ 
M 

′ 

M 

W lm 

(
R 

r 

)l+ 1 
( 

I a + 

∑ 

b, lm 

J ablm C 
∗
b 

) 

+ 

∑ 

bc 

κabc C 
∗
b C 

∗
c 

] 
(C19) 

Of particular interest is the appearance of the g (tide) 
r term [equation ( 28 )], which modifies the r − � relation of the orbit [see also Section 4 and 

equation ( 39 )]. As a result, in addition to the PP terms given by equations ( 31 ) and ( 32 ), we need to add additional corrections given by 

g 
(gw , br) 
φ � −96 

5 
M M 

′ 
(

R 

r 

)2 

�3 
ω a > 0 ∑ 

a 

[ 
W l a m a 

I a Re [ C a ] + 

( 

1 

2 

∑ 

b, lm 

W lm J ablm Re [ C a C b ] 

) ] 
. (C20) 

g (gw , br) 
r � 0 (C21) 

It is interesting to note that 

g 
(gw , pp) 
φ + g 

(gw , br) 
φ = −32 

5 
μr 3 �5 , (C22) 

a form one would intuitively expect. Note that here r = r ( �) is given by the modified r − � relation in equation ( 39 ). 
Lastly, the Burke–Thorne force also acts on the modes. To derive its expression, we can first consider the acceleration a (gw) it induces on a 

perturbed fluid element at x ′ = x + ξ . First we note that 

a gw ( x ′ ) = a gw ( x ) + ξ · ∇ a gw ( x ) . (C23) 

Furthermore, 

a i gw ( x ) = −2 

5 
x j 

d 5 

d t 5 
Q 

〈 ij 〉 
orb . (C24) 

To proceed, we first decompose the orbital quadrupole into tensor spherical harmonics using equation ( C16 ) and note 

x j Y 

〈 ij 〉 
2 m 

∗ = ( x i x j ) ; i Y 

〈 ij 〉 
2 m 

∗ = 

(
x 2 n 〈 ij 〉 Y 

〈 ij 〉 
2 m 

∗)
; i 

= ( x 2 Y 2 m ) ; i , (C25) 

where the semicolon symbol stands for covariant derivative and we have used the identities n ij Y 

〈 ij 〉 
2 m 

∗ = n 〈 ij 〉 Y 

〈 ij 〉 
2 m 

∗ = Y lm (Poisson & Will 
2014 ). We are now ready to write 

a gw ( x ′ ) = − 2 

15 

∑ 

m 

W 2 m 

[∇ 

(
x 2 Y 2 m 

)+ ( ξ · ∇ ) ∇ 

(
x 2 Y 2 m 

)] d 5 Q 2 m 

d t 5 
. (C26) 

Its effect on each mode can be obtained by first contracting a gw with ξ ∗ and then inte grating o v er ρd 3 x (Schenk et al. 2002 ). We thus have (for 
l a = 2) 

ċ a + i ω a c a = i ω a [ ( conserv ati ve terms ) + Z a ] , (C27) 

where 

Z a = − 2 

15 
W 2 m a 

R 
3 

M 

( 

I a 
d 5 Q 2 m a 

d t 5 
+ 

m a + m b + m = 0 ∑ 

b 

J ab2 m c 
∗
b 

d 5 Q 
∗
2 m 

d t 5 

) 

. (C28) 

One can verify that when the non-linear tide piece is ignored, our result reduces to equation ( 6 b) of Flanagan & Hinderer ( 2008 ). This can be seen 
by directly contracting both sides of equation ( 6 b) of Flanagan & Hinderer ( 2008 ) with Y lm and using the identity Y 

∗
lm 

′ Y lm = δmm 
′ /N l (Thorne 

1980 ). The result follows by further plugging the linear part of Q 
ns 
lm 

[equation ( C1 )] into the left-hand side of equation ( 6 b) of Flanagan & 

Hinderer ( 2008 ). 
Equation ( C22 ) suggests that we have 

d 5 Q 2 m 

d t 5 
� −i( m�) 5 μr 2 e −imφ. (C29) 

We thus have 

Z a = 

⎧ ⎨ 

⎩ 

i 2 
15 W 22 

M 
′ 

M t 

(
R 
r 

)3 
( m a r�) 5 

(
I a + 

∑ m b = 0 
b J ab2 −m a 

c ∗b 
)

e −imφ, for m a = ±2 , 

i 2 
15 W 20 

M 
′ 

M t 

(
R 
r 

)3 
( m b r�) 5 

(∑ m b =−m =±2 
b J ab2 −m b 

C 
∗
b 

)
, for m a = 0 . 

(C30) 
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The effect of Z a is to create an imaginary part in C a , 

Im [ C a ] � 

ω a 

ω a − m�
Im 

[
Z a e 

imφ
]
, (C31) 

which then leads to a tangential tidal acceleration due to mode a 

g 
( gw ,a) 
φ � − 4 

15 
m 

6 
a W 

2 
lm a 

I 2 a M 
′ R 

3 

(
R 

r 

)2 
ω a 

ω a − m a �
�5 + (nonlinear terms) . (C32) 

We thus see that while m a = 2 and m a = −2 modes have opposite signs for Z a , their contributions to the orbital decay add coherently. It is also 
easy to show that the m a = 0 mode does not contribute to the orbital decay via this channel even at the non-linear order we are considering. 

Besides terms due to the interaction between tidal and orbital quadrupoles, there is also damping on the f-mode due to its quadrupole beating 
with itself. This leads to an additional term in Z a given by 

Z 
(mode) 
a = −8 π

75 
I 2 a R 

5 d 
5 c a 

dt 5 
� i 

8 π

75 
W l a m a 

I 3 a 

M 
′ 

M 

(
R 

r 

)3 
ω a 

ω a − m a �
( m a R�) 5 . (C33) 

This term is smaller than equation ( 37 ) by a factor of O ( R/r ) 5 , which is smaller than the leading-order non-linear effects we consider that 
corrects the linear solution at the ( R / r ) 3 order. We thus ignore its effect in our discussions. None the less, this term can be amplified if the mode 
is close to resonance with the orbit due to NS rotation and/or orbital eccentricity. See the discussions in Section 5 . 

APPENDIX  D:  FOUR-MODE  COUPLING  WITHOUT  THE  COWLING  APPROXIMATION  

We can break the four-mode coupling into seven pieces (Van Hoolst 1994 ) 

ηab c d = − I + II + III + IV + V + VI + VII 

6 E 0 
, (D1) 

where terms I-V are provided in appendix C Weinberg ( 2016 ). Here, we compute terms VI and VII that are due to perturbed gravity. For the 
coupling among f-modes, we find that the perturbed gravity terms (VI and VII) are crucial as they can modify the results obtained under the 
Cowling approximation by ∼ 70%. In this appendix specifically, we will use r to denote the radial coordinate of a fluid element inside the NS. 
It should not be confused with the orbital separation as we will consider only an isolated NS here. 

The first perturbed gravity term we need to e v aluate is, 

VI = −
∫ 

d 3 x ρ

[ 
ξ i 
a ξ

j 

b 

(∫ 
d 3 x ′ ρ( x ′ ) ξk ′ 

c ξ
s ′ 
d | x − x ′ | −1 

; k ′ s ′ 

)
; ij 

+ 

+ ξ i 
a ξ

j 
c 

(∫ 
d 3 x ′ ρ( x ′ ) ξk ′ 

b ξ
s ′ 
d | x − x ′ | −1 

; k ′ s ′ 

)
; ij 

+ ξ i 
a ξ

j 

d 

(∫ 
d 3 x ′ ρ( x ′ ) ξk ′ 

b ξ
s ′ 
c | x − x ′ | −1 

; k ′ s ′ 

)
; ij 

] 
, (D2) 

where ‘;’ stands for covariant derivative and a quantity with a primed index means that it is e v aluated with respect to x ′ . We can expand 

1 

| x − x ′ | = 

∑ 

lm 

˜ r l ( x , x 
′ ) Y 

∗
lm 

( θ ′ , φ′ ) Y lm ( θ, φ) , (D3) 

where 

˜ r l ( r , r 
′ ) = 

4 π

2 l + 1 
×
{ 

r ′ l 
r l+ 1 if r ′ ≤ r , 
r l 

r ′ l+ 1 if r ′ > r . 
(D4) 

Following Weinberg et al. ( 2012 ), we use a covariant basis with vectors εi = h i e i , where h r = 1, h θ = r , h φ = r sin θ , and e r , θ , φ are unit 
vectors along the r , θ , φ directions. The non-zero components of the metric are ( g rr , g θθ , g φφ) = (1, r 2 , r 2 sin 2 θ ). The Lagrangian displacement 
vector for an eigenmode can be written as 5 

ξ a = 

[
ξ r 
a , ξ

θ
a , ξ

φ
a 

] = 

[
a r Y a , 

a h 

r 

∂Y a 

∂θ
, 

a h 

r sin 2 θ

∂Y a 

∂φ

]
, (D5) 

where Y a ≡ Y l a ,m a 
. 

Consider a specific harmonic and focus on the inner integral first (i.e. primed coordinate). We have terms like (in the right-hand side, all 
terms are e v aluated in the primed coordinate) 

ξ r ′ 
c ξ

r ′ 
d ( ̃  r l Y 

∗
lm 

) ; r ′ r ′ = c r d r 

(
∂ 2 

∂ r ′ 2 ˜ r l 
)

Y c Y d Y 
∗
lm 

, (D6) 

ξ r ′ 
c ξ

θ ′ 
d ( ̃  r l Y 

∗
lm 

) ; r ′ θ ′ = c r d h 

(
1 
r ′ 

∂ ̃ r l 
∂ r ′ − ˜ r l 

r ′ 2 

)
Y c 

∂Y d 
∂θ ′ 

Y ∗
lm 

∂θ ′ , (D7) 

5 Note that we use ξ i 
a to indicate the i component of ξa . In the coordinate we consider, the coordinate index corresponds to i = ( r , θ , φ). On the other hand, we 

use a r and a h to indicate the radial and tangential component of the Lagrangian displacement and the subscripts r and h do not corresponds to coordinate indices. 
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ξ r ′ 
c ξ

φ′ 
d ( ̃  r l Y 

∗
lm 

) ; r ′ φ′ = c r d h 

(
1 
r ′ 

∂ ̃ r l 
∂ r ′ − ˜ r l 

r ′ 2 

)
Y c 

sin 2 θ ′ 
∂Y d 
∂φ′ 

∂Y ∗
lm 

∂φ′ , (D8) 

ξ θ ′ 
c ξ

θ ′ 
d ( ̃  r l Y 

∗
lm 

) ; θ ′ θ ′ = c h d h 

(
˜ r l 

r ′ 2 
∂Y c 
∂θ ′ 

∂Y d 
∂θ ′ 

∂Y ∗
lm 

∂θ ′ 2 + 
1 
r ′ 

∂ ̃ r l 
∂ r ′ 

∂Y c 
∂θ ′ 

∂Y d 
∂θ ′ Y 

∗
lm 

)
, (D9) 

ξ θ ′ 
c ξ

φ′ 
d ( ̃  r l Y 

∗
lm 

) ; θ ′ φ′ = c h d h 
˜ r l 

r ′ 2 
1 

sin 2 θ ′ 
∂Y c 
∂θ ′ 

∂Y d 
∂φ′ 

(
∂ 2 Y ∗

lm 

∂ θ ′ ∂ φ′ − cos θ ′ 
sin θ ′ 

∂Y ∗
lm 

∂φ′ 

)
, (D10) 

ξφ′ 
c ξ

φ′ 
d ( ̃  r l Y 

∗
lm 

) ; φ′ φ′ = c h d h 
∂Y c 
∂φ′ 

∂Y d 
∂φ′ 

(
˜ r l 

r ′ 2 
1 

sin 4 θ ′ 

(
∂ 2 Y ∗

lm 

∂φ′ 2 + sin θ ′ cos θ ′ ∂Y ∗
lm 

∂θ

)
+ 

1 
r ′ 

∂ ̃ r l 
∂ r ′ 

1 
sin 2 θ ′ Y 

∗
lm 

)
. (D11) 

Thus ∫ 
d 3 x ′ ρ( x ′ ) c k 

′ 
d s 

′ | x − x ′ | −1 
; k ′ s ′ = 

m = m c + m d ∑ 

l 

( −1) m 
4 π

2 l + 1 
Y lm ( θ, φ) 

[
VI <r 

cd ( r) + VI >r 
cd ( r) 

]
, (D12) 

where we have used Y 
∗
lm 

= ( −1) m Y l−m , and the angular selection role requires m = m c + m d = −( m a + m b ). The radial part is defined as 

VI <r 
cd ( r) = r −( l+ 1) 

∫ r 

0 
d r ′ r ′ l ρ( r ′ ) 

[
l( l − 1) c r ′ d r ′ T cdl−m + ( l − 1) c r ′ d h ′ F c,dl−m + ( l − 1) c h ′ d r ′ F d,cl−m 

+ c h ′ d h ′ 
(
G l−m,cd + lF l−m,cd 

)]
, (D13) 

VI >r 
cd ( r) = r l 

∫ R 

r 

d r ′ r ′−( l+ 1) ρ( r ′ ) 
[
( l + 1)( l + 2) c r ′ d r ′ T cdl−m − ( l + 2) c r ′ d h ′ F c,dl−m − ( l + 2) c h ′ d r ′ F d,cl−m 

+ c h ′ d h ′ 
(
G l−m,cd − ( l + 1) F l−m,cd 

)]
. (D14) 

We further define VI cd ( r) = VI <r 
cd ( r) + VI >r 

cd ( r) . The angular parts have been integrated following Weinberg et al. ( 2012 ) 

T abc = 

∫ 
d �Y a Y b Y c , (D15) 

F a,bc = 

∫ 
d �Y a ∇ 

i Y b ∇ j Y c = 
T abc 

� 
2 
b 
+ � 

2 
c −� 

2 
a 
, (D16) 

G a,bc = 

∫ 
d �g ik g js ∇ i ∇ j Y a ∇ k Y b ∇ s Y c = 

T abc 

4 [ � 
4 
a − ( � 

2 
b − � 

2 
c ) 

2 ] , (D17) 

where � 
2 
a = l a ( l a + 1). Paired subscripts not separated by a comma are symmetric in those indices. 

The outer integral can be e v aluated similarly, ∫ 
d 3 x ρξ i 

a ξ
j 

b 

(∫ 
d 3 x ′ ρ( x ′ ) ξk ′ 

c ξ
s ′ 
d | x − x ′ | −1 

; k ′ s ′ 

)
; ij 

= 

m = m c + m d ∑ 

l 

( −1) m 
4 π

2 l + 1 

∫ 
d x 3 ρξ i 

a ξ
j 

b [ VI cd ( r) Y lm ] ; ij 

= 

m = m c + m d ∑ 

l 

( −1) m 
4 π

2 l + 1 

∫ 
d r r 2 ρ( r ) 

[
a r b r 

(
∂ 2 VI cd 

∂ r 2 

)
T ablm + a r b h 

(
1 

r 

∂ VI cd 
∂ r 

− VI cd 
r 2 

)
F a,blm + a h b r 

(
1 

r 

∂ VI cd 
∂ r 

− VI cd 
r 2 

)
F b,alm 

+ a h b h 

(
VI cd 
r 2 

G lm,ab + 

1 

r 

∂ VI cd 
∂r 

F lm,ab 

)]
. (D18) 

The other perturbed gravity term we need to e v aluate is 

VII = 

∫ 
d 3 xρ

[ 
ξ i 
a ξ

j 

b ξ
k 
c δ� d; ijk + ξ i 

a ξ
j 

b ξ
k 
d δ� c; ijk + ξ i 

a ξ
j 
c ξ

k 
d δ� b; ijk + ξ i 

b ξ
j 
c ξ

k 
d δ� a; ijk 

] 
, (D19) 

where δ� d is the Eulerian perturbation of the gravitational potential induced by mode d and it is given by δ� d ( r , θ , φ) = δφd ( r ) Y d ( θ , φ). 
We will have terms 

( δφd Y d ) ; r r r = 

∂ 3 δφd 

∂ r 3 
Y d , (D20) 

( δφd Y d ) ; r r θ = 

(
∂ 2 δφd 

∂ r 2 
− 2 

r 

∂δφd 

∂r 
+ 

2 
r 2 

δφd 

)
∂Y d 
∂θ

(D21) 

( δφd Y d ) ; r r φ = 

(
∂ 2 δφd 

∂ r 2 
− 2 

r 

∂δφd 

∂r 
+ 

2 
r 2 

δφd 

)
∂Y d 
∂φ

(D22) 

( δφd Y d ) ; rθθ = r ∂ 
2 δφd 

∂ r 2 
Y d + 

∂δφd 

∂r 

(
∂ 2 Y d 
∂θ2 − Y d 

)
− 2 

r 
δφd 

∂ 2 Y d 
∂θ2 (D23) 

( δφd Y d ) ; rθφ = 

∂δφd 

∂r 

(
∂ 2 Y d 
∂ θ∂ φ

− cos θ
sin θ

∂Y d 
∂φ

)
+ 

2 δφd 

r 

(
− ∂ 2 Y d 

∂ θ∂ φ
+ 

cos θ
sin θ

∂Y d 
∂φ

)
(D24) 

( δφd Y d ) ; rφφ = r ∂ 
2 δφd 

∂ r 2 
sin 2 θY d + 

∂δφd 

∂r 

(
∂ 2 Y d 
∂φ2 + sin θ cos θ ∂Y d 

∂θ
− sin 2 θY d 

)
− 2 δφd 

r 

(
∂ 2 Y d 
∂φ2 + sin θ cos θ ∂Y d 

∂θ

)
(D25) 

( δφd Y d ) ; θθθ = 3 r δφd 

∂r 

∂Y d 
∂θ

+ δφd 

(
∂ 3 Y d 
∂θ3 − 2 ∂Y d 

∂θ

)
(D26) 
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( δφd Y d ) ; θθφ = r ∂δφd 

∂r 

∂Y d 
∂φ

+ δφd 

(
∂ 3 Y 

∂ θ2 ∂ φ
− 2 cos θ

sin θ
∂ 2 Y 
∂ θ∂ φ

+ 2 cos 2 θ
sin 2 θ

∂Y 
∂φ

)
(D27) 

( δφd Y d ) ; θφφ = r ∂δφd 

∂r 
sin 2 θ ∂Y 

∂θ
+ δφd 

(
∂ 3 Y d 
∂ θ∂ 2 φ

+ sin θ cos θ ∂ 2 Y 

∂θ2 − 2 cos θ
sin θ

∂ 2 Y 

∂φ2 − ∂Y d 
∂θ

)
(D28) 

( δφd Y d ) ; φφφ = 3 r ∂δφd 

∂r 
sin 2 θ ∂Y 

∂φ
+ δφd 

(
∂ 3 Y d 
∂φ3 + 3 sin θ cos θ ∂ 2 Y d 

∂ θ∂ φ
− 2 ∂Y d 

∂φ

)
. (D29) 

Because the background is Euclidean, covariant derivatives commute and the results are symmetric with respect to permutations of indices. 
Thus, ∫ 

d�ξi 
a ξ

j 

b ξ
k 
c δ� d; ijk 

= a r b r c r 
∂ 3 δφd 

∂ r 3 
T abcd (D30) 

+ 

[ 
a r b r c h F 

(2) 
ab ,c d + a r b h c r F 

(2) 
ac ,b d + a h b r c r F 

(2) 
b c ,ad 

+ a r b h c h F 

(2) 
ad,bc + a h b r c h F 

(2) 
bd,ac + a h b h c r F 

(2) 
cd,ab 

] 1 
r 

∂ 2 δφd 

∂ r 2 
(D31) 

+ 

[ 
− 2 a r b r c h F 

(2) 
ab ,c d − 2 a r b h c r F 

(2) 
ac ,b d − 2 a h b r c r F 

(2) 
b c ,ad 

+ a r b h c h 

(
S a,b c ,d − ( � 

2 
d + 1) F 

(2) 
ad,bc 

)
+ a h b r c h 

(
S b ,ac ,d − ( � 

2 
d + 1) F 

(2) 
bd,ac 

)
+ a h b h c r 

(
S c ,ab ,d − ( � 

2 
d + 1) F 

(2) 
cd,ab 

)
+ a h b h c h 

(
G 

(22) 
ab ,c d + G 

(22) 
ac ,b d + G 

(22) 
ad,bc 

)] 1 
r 2 

∂δφd 

∂r 
(D32) 

+ 

[ 
2 a r b r c h F 

(2) 
ab ,c d + 2 a r b h c r F 

(2) 
ac ,b d + 2 a h b r c r F 

(2) 
b c ,ad 

−2 a r b h c h 
(
S a,b c ,d − � 

2 
d F 

(2) 
ad,bc 

)
− 2 a h b r c h 

(
S b ,ac ,d − � 

2 
d F 

(2) 
bd,ac 

)
− 2 a h b h c r 

(
S c ,ab ,d − � 

2 
d F 

(2) 
cd,ab 

)
+ a h b h c h R ab c ,d 

] δφd 

r 3 
, (D33) 

where we have defined the following angular integrals (Weinberg 2016 ), 

f 
(1) 
ab = Y a Y b , f 

(2) 
ab = ∇ Y a · ∇ Y b , f 

(3) 
ab = ∇ i ∇ 

j Y a ∇ j ∇ 
i Y b , (D34) 

F 

( i) 
ab ,c d = 

∫ 
d �Y a Y b f 

( i) 
cd , (D35) 

G 

( i) 
ab ,c d = 

∫ 
d �f 

( i) 
ab f 

( i) 
cd , (D36) 

S a,b c ,d = 

∫ 
d �Y a ∇ i Y b ∇ 

j Y c ∇ j ∇ 
i Y d + � 

2 
d F 

(2) 
ad,bc , (D37) 

together with a new integral we introduce in this work, 

R ab c ,d = 

∫ 
d �∇ 

i Y a ∇ 
j Y b ∇ 

k Y c ∇ i ∇ j ∇ k Y d . (D38) 
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