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Hydrodynamic effective field theories with discrete rotational symmetry
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We develop a hydrodynamic effective field theory on the Schwinger-Keldysh contour for fluids
with charge, energy, and momentum conservation, but only discrete rotational symmetry. The con-
sequences of anisotropy on thermodynamics and first-order dissipative hydrodynamics are detailed
in some simple examples in two spatial dimensions, but our construction extends to any spatial
dimension and any rotation group (discrete or continuous). We find many possible terms in the
equations of motion which are compatible with the existence of an entropy current, but not with
the ability to couple the fluid to background gauge fields and vielbein.
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1. INTRODUCTION

Recent years have seen a flurry of activity to develop a dissipative effective field theory for hydrodynamics [1-6].
While the actual field theory itself was well-known for a very long time (e.g. the stochastic Navier-Stokes equations),
what remained mysterious were the underlying symmetries that might lead to the explicit construction of a Lagrangian,
as one does in textbook quantum effective field theories (for non-dissipative dynamics).

Thus far, many of the papers written on this subject have sought to understand ezisting hydrodynamic universality
classes, including the Navier-Stokes equations, in a new field theoretic language. More recently, however, some authors
have begun to use this effective field theoretic approach to predict new universality classes of hydrodynamics, such as
“fracton fluids” [7-9] that arise in constrained quantum dynamics.

The purpose of this paper is to use effective field theory methods to learn about “regular” fluids (with charge,
energy and momentum conservation) with only discrete rotational symmetry groups. This is particularly relevant
for applications to electron liquids in high-purity materials [10-19], which have been realized experimentally in many
materials [20-32]; see [33] for a review. Since most metals are not even close to isotropic, it is important to understand
the consequences for discrete rotational symmetry on hydrodynamics. Some literature [34-38] has already attempted
to describe the hydrodynamics of such anisotropic fluids, albeit usually by simply positing the allowed tensor structures
that could arise in (e.g.) viscosity. When done, authors have used kinetic theory [34, 35] or AdS/CFT [39-41] to
derive the equations for an anisotropic fluid from a more microscopic perspective.

As we will see, there are a few peculiarities which are somewhat surprising from a microscopic perspective, and
which it is desirable to have a more universal understanding of. For example, we will see that in fluids with triangular
point group [42], there are certain terms which seem to be allowed in the conventional Landau paradigm (an entropy
current can be constructed): in particular within linear response, it seems possible to construct a spatial stress tensor
¢ - Aijrvr C T35, with vy fluid velocity and A an invariant tensor under the discrete point group. However, kinetic
theory calculations reveal that ¢ = 0 [42]. In this paper, we will explain why ¢ = 0 in this model based on very general
arguments which are most natural within the effective theory approach. In other point groups as well, we will show
that certain anisotropic corrections, naively allowed by symmetry or Landau phenomenology, can be forbidden.

We will follow rather closely the formalism introduced in [4, 5] as we develop our effective field theory of hydrody-
namics. The main difference between our work and earlier work on the subject is that for a discrete point group, there
are no continuous generators of rotational symmetry whatsoever. The key consequence of this is that, just as when one
studies a non-relativistic fluid it is more appropriate to couple the fluid to an Aristotelian background [43, 44] rather
than a conventional Lorentzian spacetime manifold, here we will find it desirable to “generalize” the Aristotelian
background to an even more generic family of geometries which does not demand any accidental symmetry. The
natural conclusion is that one should couple the fluid with only discrete rotational symmetry directly to the vielbein.
The vielbein indices will encode all information about the discrete (or continuous) rotational symmetries imposed on
the model. To understand this conclusion, notice that when coupling to a relativistic metric g,,, the stress tensor
TH ~ §5/6g,, must manifestly be symmetric. This means physically that energy current is the same as momentum
density (in proper units). The non-relativistic fluid can only avoid this Lorentz covariance by coupling not to g, but
to a “spatial metric” h,, and a timelike vector 7,, obeying suitable constraints, similar to Newton-Cartan geometry
[45-47]. In an anisotropic fluid, there are in general no symmetry requirements on the stress tensor. So the only
object we can couple to is a set of d 4+ 1 linearly independent spacetime vectors, i.e. the vielbein.

In Section 2, we review the geometry of the Aristotelian background, and then generalize the effective field theory
to the vielbeins, focusing on the classical limit of most relevance for hydrodynamics. In Section 3, we consider
thermodynamics and the “ideal fluid” limit, and explain why certain terms can be forbidden despite their naive
compatibility with Landau’s formulation of hydrodynamics based on entropy currents. In Section 4, we discuss first
order dissipative hydrodynamics and describe both fluids with discrete and continuous rotational symmetries based on
our formalism. We discuss further the parity-violating hydrodynamics with applications to the Hall effect in Section 5.
Finally, Section 6 contains concluding remarks.

2. OVERVIEW OF EFFECTIVE FIELD THEORY

In this section we will overview the effective field theory framework along with the symmetries we impose.



2.1. Fields in the effective action

Consider a generating function in the Schwinger-Keldysh (S-K) formalism [48, 49]! for correlators of a conserved
U(1) current J* and the energy and momentum currents 7. Here and below, Greek pv--- indices will represent
coordinate spacetime indices, while ij--- represent only spatial components. «, 3, ... represent spacetime vielbein
indices, while b, ¢, ... represent spatial vielbein indices only (we will reserve a for another purpose!). The summation
convention is used for all four types of indices. We emphasize that for us, the energy and momentum currents are
most naturally thought of as ordinary vectors, with an additional vielbein index associated to the actual quantity
being conserved. Our goal is to calculate the generating function of real-time correlation functions of J* and Tk.
This is done in the standard way by constructing the generating functional

&WiwAwl:trgmU*@%“/b#ﬂueﬁ,L#», (2.1)

where the unitary operators U are defined as
Ulep, Ay) = exp [i/dtdd:r (e (z)TH(x) + Ap(x)J" () | - (2.2)

Here the s index runs over indices 1 and 2, and denotes the half of the S-K contour on which the field is defined. The
global U(1) symmetry of the field theory implies that W must be gauge invariant (in the absence of anomalies) with
respect to the background gauge field A,,.

e, is the vielbein: it will play the role of the spacetime metric in our calculation. We must use vielbein rather
than a metric for two reasons. Firstly, the vielbeins can somewhat intuitively be regarded as “background gauge
fields”2, so, similar to the U(1) symmetry, the spacetime diffeomorphism is realized as a kind of “gauge invariance”
of the vielbeins. Second, as we will see frequently below, in the presence of a small symmetry group, the vielbeins are
more natural and fundamental ingredients to describe the spacetime. Indeed, as we explained in the introduction, a
conventional metric is too strongly constrained to capture the asymmetry of the stress tensor which is inevitable in
an anisotropic theory. The vielbein indices «v are in a representation of any discrete/continuous rotational symmetries
which remain in the problem.

The vielbein satisfy the orthogonality and completeness relations

ehel =50, elel =l (2.3)
We denote the determinant of the vielbeins as
e = det(eh). (2.4)

Moreover, as we do not assume the existence of an absolute time [50] and allow for spatial dislocations [51-53], we
introduce the torsion field

G, = 0uey — Opey + w®guel — wo‘gyeﬁ, (2.5)
where w®g,, is the spin connection which makes the derivatives covariant under discrete rotational symmetry. In the
present case, only the internal space-like components wbcu are nonzero.

2.2. Fluid symmetries

To proceed, we represent the generating function (2.1) in terms of a path integral. In principle this path integral
can be done over all microscopic fields, but we wish to integrate out all of the non-hydrodynamic modes. Following
[4], the modes which we will keep are the Stuckelberg fields X#, which we will relate to energy and momentum, and
¢, which we will relate to charge:

eW[e?vu’Al’“;egwﬂ’A%“] = /DXlDX2D¢1D¢2 eiIEFT[e(fL,AvBl,A%eg,Asz,A], (2'6)

I For our purpose, we only consider the closed time path [6].
2 The momentum mimics the time-reversal-odd “charges”. However, it does not diffuse but has linear dispersion relation due, in part, to
the non-linear diffeomorphism symmetry we will review below. In this sense, the “background gauge field” analogy is a bit imprecise.



To incorporate diffeomorphism invariance and to promote the coordinate fields X* to be dynamical, it is helpful to
introduce another fluid spacetime parametrized by o, as we will illustrate in the following. So, in the above equation,
the A, B indices denote space and time (A = t) in the fluid spacetime, while I, J, ... denote spatial indices alone. The
fields in Igpr are defined as (s = 1, 2)

o 0X{(0) o 0X{'(o) 9¢s(0)
et al0) = S5e2,(0), Boalo) = S5 A (o) + o2, (27)
and one can check that they are invariant under the spacetime diffeomorphism and U(1) gauge symmetries:
o oxy 190,44
XD = SRl (X, AL(X) = 5o Au(X), XU () = f(X.(0)) (238a)
AIS,H('XS) = A&M(XS) - au)‘S(XS)v ¢Is(0) = ¢s(0) + As(Xs(0)), (2.8b)

for arbitrary functions f# and A;. To describe the hydrodynamics of the charged fluids, additional symmetries need
to be imposed to distinguish from other phases of matter such as solids and superfluids®. First, there is a “diagonal
shift symmetry” for each fluid element:

br = &r +A(0!),  da = da. (2.9)

This is the freedom to make an independent phase change in a fluid. Similarly, the fluid spacetime has a reparametriza-
tion symmetry both in space and time:

ol = dl(c!), ot = o, (2.10a)

ol w ot =o'+ flo!), of =l (2.10b)

The freedom to relabel each fluid element and set their own clocks distinguishes a fluid phase from a solid phase. Note
that in (2.10b) we have fixed part of the gauge freedom relative to [4] by defining the local proper temperature to be

To

T =2—
(@) e(l),t + eg,t

(2.11)

This is the standard way of defining local proper temperature in a curved spacetime; the temperature is induced by
the temporal Killing vector 9X*/dat. For the purposes of this paper, this gauge fixing will be useful.
On each contour s, it is convenient to decompose the gauge invariant variables ef 4 as

oxr aXH
3ot =but, b= 5ot S (2.12a)
oxXH 10X* oxH oxH
80'1 = bu“v; + )\?, vy = Eﬁeg, )\l; = W — Ulﬁj (212b)
such that
ute) =1, enAf =0. (2.13)

u# plays the role of a fluid velocity vector, b will eventually relate to temperature, and vy and Ay denote the parts of
Or X* oriented along 62 or not. We then define (recall b, ¢ indices run only over spatial vielbein!)

ub =utel, ab = \eb, 2.14
Iz 1 I*p

and we define a} = )\Leg as the inverse matrix of a4, where /\fL is the inverse of A} satisfying
I I I 0
NG =07, N AT =0, —ege,. (2.15)

©w

3 However, these symmetries lack a solid derivation (see attempts based on holography in [54, 55]).



We can similarly define the fluid spatial metric
ary = al}al} =N XNhuw,  hu = eﬁei’, (2.16)

1J I

and its inverse a’*, such that we can raise or lower the indices to get A, = hWaI J 4. Here hy, is the spatial part
of the metric. In the remaining part of the paper, upper (lower) fluid spatial indices are understood as being raised
(lowered) by a!”’. Similarly, for Bs 4, we will decompose it as

p=u"A,+ Db, by =NA,+ Do, (2.17)

where D; = b~19, and D; = 0; — v;0,.
The degrees of freedom b, vy, u”, A are not all independent. In particular, from

oxX¥  0X"  0X¥ _ OXH

dol 7V 0ot dot " Qol’ (2.18)
we have
utd,vr = iAya,,b + lumyaoy, (2.19a)
b2 b K
W ONf = Njdut — uFul NG, (2.19b)
To summarize, the gauge invariant variables are
Gy ={bs, wver, ul, al; s, ber}. (2.20)

In order to make these variables covariant under the fluid shift symmetries (2.10a) and (2.10b), we first introduce
the r/a variables. In a nutshell the r-variables will correspond to hydrodynamic degrees of freedom while a-variables
correspond to fluctuations and noise. We will always write

b+
¢, = Lt % (2.21)
2
but it will be convenient to define the a-variables in a more complicated way:
bo =log(by 'b1), ey =vir—vas, ul=ul—ub, pa=p1—p2, bas=bi;—boy,
I b
— g 01, 5
Xa = logdet (aiw?ﬂ;) , :(;J = log (2.22)

det (aé bal{J)

Note that we have separated out ar;’s a-field into the traceful (x,) and traceless (= é ;) components. Now, we

introduce two covariant derivatives D; and Dy on the fluid spacetime. For a general covariant scalar ¢ they are *

1
Di§ = b—atf, D& = 01€ — v, 10:€. (2.23)
For the vector fields we have instead
1 1
Va,] = brva,la ‘/T,I = brvr,la ler = b_(albr - at‘/r,l)v Dtbr,l = b_atbr,l- (224)

From (2.1) and (2.6), unitarity and stability require

Igpr[Aa, A] = —Igpr[—Aa, Ar], (2.25a)

4 Note that b, V;. 1 and b, ; are not covariant objects, thus one should take (2.24) as a definition of their first derivatives.



Igrr[As = 0,4,] =0, (2.25¢)

where A, , denote collectively the r-a variables of both external and dynamical fields. The first equation tells that every
even power of a-fields should be purely imaginary, and the second one says their coefficients should be non-negative.
The last equation means every term should at least include one a-field.

Moreover, by taking the density matrix to be the thermal ensemble py = e #H the Kubo-Martin-Schwinger
(KMS) condition tells that Igpr is related to its time-reversal partner with every field getting an imaginary shift
along the temporal direction. By further applying an anti-unitary symmetry © that is preserved by the Hamiltonian
(time-reversal, possibly in combination with a spatial operation) we obtain the symmetry

Igpr[A1, As] = Igpr[Ar, As], (2.26)
where
A =OA(t—i6,x), Ay =0OAy(t+i(By —0),x). (2.27)

We will focus on the consequences of this symmetry in the limit where we can Taylor expand in Sy — 6, though defer
a detailed discussion of this classical limit to the end of this section.
Now the action in the fluid spacetime is ready to be written down. Its schematic structure is

Igrr = /ddHU ab L[D,, P, (2.28)

where we defined a = det abJ. Note the Jacobian

0X ab

The £ can be further expanded in the number of a-fields and (covariant) derivatives:
L=L00 404y £@0 g (2.30)

where £™™) contains m factors of a-fields and n derivatives. In this paper, we will restrict to the order m 4+n < 2.5
Then, the (off-shell) stress tensor and current can be derived through variation of the action with respect to the
vielbeins and the gauge field respectively,

T _ 1 dlgrr p_ 1 OleFT
“ ab ded ab 84,

(2.31)

Much of this paper will amount to an analysis of the types of terms we can write down in £ and the consequences on
TH and J*.

2.3. Rotational symmetry

Before we start to write down L, however, there are two more important things to discuss. We begin with a
discussion of the consequences of discrete rotational symmetry.

For a system to preserve the rotational symmetry group G, the action (a functional) must be invariant under
(unitary) transformations of the fields ;. In addition to the “hydrodynamic” symmetries listed above, we also wish
to impose some (generally discrete) rotational symmetry group G. In what follows, we will assume that there is
no boost-like symmetry mixing time and space; the only spacetime symmetries of interest will include time-reversal
(possibly only in tandem with inversion), and the rotational group G.

Let V denote the d-dimensional “vector” representation of the group G that position and momentum transform in.
We propose that the spatial vielbein indices be- - - are the indices which will lie precisely in V. Let V(g) denote the
unitary transformation corresponding to the group element g € G, in the representation V. Then the action must be
invariant under the transformation (e.g.)

el = Vig)es,. (2.32)

5 Writing down higher order terms is sophisticated and does not appear particularly illuminating to us, although there are some point
groups where more interesting structure will only arise at higher orders (such as Ds).



More generally, all vielbein indices transform similarly.

It is useful to build the action by classifying all possible group invariant tensors with indices bc---. We can then
build an action by simply making sure that all vielbein indices are contracted with one of our invariants. We will
often denote these invariant tensors with the letter f:

fbl»»»bn _ V(g)blcl .. V(g)bncn fcl”'cn' (2.33)

Such a tensor exists if and only if V®" contains the trivial representation. Each copy of the trivial representation
corresponds to a different invariant tensor.

Let us start by considering the example of the non-boost invariant system, but with otherwise the full rotational
symmetry group O(d). Here, the underlying geometry is the Aristotelian geometry [43, 44]. The temporal vielbein 62
is independent as there is no boost symmetry relating it to the spatial ones; while the spatial vielbeins are required to
form a “metric” hy,,, which is a rank-d (d + 1) x (d + 1) symmetric tensor. This metric is best understood by simply

writing it as
hyw = eZeiébc, (2.34)

with dp. the unique invariant tensor (up to taking tensor products with itself) for O(d). Because all higher rank
invariant tensor are simply products of Kronecker s, there is no reason to introduce ez in the Aristotelian geometry;
it suffices to simply couple systems to h,,, the unique invariant object. Of course, even this Aristotelian geometry
itself came from breaking the Lorentz group O(1,d) to O(d). Because the Lorentz group had unique invariant n®#,

one can only couple to the spacetime metric

G = eﬁefnag. (2.35)

But with the breaking of boost symmetry, g, is no longer the most general kind of background: instead we need to

keep track of the four objects h,, A", eg and ef, obeying the constraints

huvel =0, h‘“’eg =0, eyef=—1, hyh” = &y — 6265. (2.36)
But, this seemingly complicated construction is greatly simplified by noticing that all of these identities follow directly
from the vielbein identities in (2.3), together with (2.34).

It is now straightforward to deduce what happens when the rotational symmetry O(d) is broken further. As
explained above, there will generally be new invariant tensors to contract vielbein into. An instructive example is a
system with rectangular symmetry group Da, only invariant under x — £ and y — *y. In this theory, there is an
invariant tensor f corresponding to the Pauli z-matrix. All invariants can be built out of products of § and f, as can
be deduced by noting that ¢ £+ f correspond to projections onto even numbers of x/y indices. In this De-invariant
theory, we can include terms proportional to each of

huw = 8°€bes,  fu = fPehel (2.37)

in our effective action.

A particular focus of this paper will be on fluids in two spatial dimensions. All possible point groups are classified
by either Zy (a discrete rotational group without parity symmetry), a dihedral group Dx® which is a semidirect
product of Zx with parity, and of course the two continuous groups O(2) and SO(2). We will focus on the group Dy
in this paper, with a brief discussion of Zy in Section 5. This group consists of a rotation r around a fixed point by
the angle # = 2r/N and a reflection s around a fixed symmetry axis, i.e.

Dy = (s,r|s> =7V =1,srs =r71). (2.38)

The group is non-abelian when N > 3, while abelian when N < 2. The construction of invariant tensors based on
branching rules is well reviewed in [35, 36], and we summarize the results in Table 1.

6 Since there are totally 2N group elements, it is sometimes denoted as Doy in the math literature.



D, D3 Dy
z x
it dij, 07 dijy 0ia0jk — OiyOjk 0ij
pary y- 6 5 T T z _z 5 5 6 5
even ijOkl, €ij€kl, 00k, 0,50k ijOkl, €ij €kl ijOkl, €ij€kl
z z x x x x z z x x z z
070kt £ 0ij0y, Tijert & €505, | 03505 + 070k 959kt Tij ki
parity: €id» T €ig €ig
- x x
odd €ijOkt £ dijert, 0750k £ 0ijoy €ij0k1 £ Oij€n €0k £ Gij€n
z z T z z x T z z T T zZ z x
€ijOk £ 05j€kl, 030k £ 0505 Oij0k — 030k |04j0k £ 04500

TABLE 1. Lists of invariant n-tensors for various discrete rotational groups even or odd under parity symmetry. The 3-tensor
for D3 is chosen to respect Py; see the main text.

2.4. The classical limit and the physical spacetime

The other important issue to address is the classical limit of this quantum effective theory framework, corresponding
to the limit 4 — 0. This is a suppression of loop corrections to quantum field theory while maintaining the classical
statistical fluctuations required by the fluctuation-dissipation theorem. Schematically, we take this limit as follows [4]

A, — A, Ay — hA,, h—0. (2.39)

Hence, we can write various external and dynamical fields as

. W h h h h
61/27#:6#:&56(17#, X{‘/2:XN:|:§X(I:7 Al/QxH:A:“':l:iAan‘“ ¢1/2:¢i §¢a' (240)

We find the gauge invariant variables as

h h
eta=¢€a+ 563,,47 Bi,a=Ba+ iBa,Aa (2.41)
where
e} = 0aX"e}, eqa=0aX"Ey Eg, =eq,+Lx.ep,
Ba = 04X A, + 049, Baa = 0aX"Coy, Cop = Agpy + Optba + Lx, Ay, (2.42)

where L is the Lie derivative with respect to the vector &+.

The physical spacetime is defined by one copy of the vielbeins ej; and coordinates X*. It is often more useful to
then think of ¢ (z) as the dynamical field by inverting the function X* (o), and — to connect with more standard
notation — just writing lower case z# instead of X*. The a-fields describe noise and statistical fluctuations, and are
independent of r-fields. Since the invariant a-variables are organized into £y, and Cq ,,, we can write the Lagrangian
as, to the second order,

L=THES, + J"Cap + WL ES JES , + 28V ES Coy +12"7Co yCa + -+ - (2.43)

The first two terms precisely correspond to the stress tensor and current in (2.31). The equation of motion in the
absence of stochastic fluctuations is obtained by varying L. with respect to X# and ¢, and setting X* = ¢, = 0
afterwards, which means that only the leading order in a-fields is involved. This leads to
e 10, (eTh) es — Go, TH — FJ* =0, e 9, (eJ") =0. (2.44)

We see that besides the normal Lorentz force F,, J¥, there is another Lorentz-like force Gy, T, induced by the torsional
spacetime [50].

In the classical limit and physical spacetime, taking @ = Z7 7, the KMS symmetry transformation (2.27) becomes
[5] (note that B, = A, + J,¢; in general, we will use the same letter with multiple types of indices when the
transformation between frames is standard)

ES,(—x) = B ,(x) +iLpue(z), Capu(—x) = Cupul(x) +iLpw By(z), (2.45)

7 In d = 2, we employ a combination of inversion and time reversal symmetry. We discuss other symmetries below.



where
Bt (x) = B(x)ut(z), (2.46)
and the Lie derivatives read

Lonel = 0,(87¢2) + B'GL,,  LpuB, = 0,(Bu) + B Fyp. (2.47)

v

The dynamical KMS invariance (2.26) therefore requires

T{Ho}aﬁﬂuez + J?O}EB”BM = e_laﬂ(ev{%})7 (248&)
T{ o = —Wh Lguel — Y LguB,, (2.48Db)
Ity = =Y " Lauey — 2" LpuB,. (2.48¢)

where the subscript {n} denote the n-derivative order and V{Mo} is an arbitrary function with zero derivatives. The
relationship with the entropy current has been discussed in [56].

3. THERMODYNAMICS AND IDEAL HYDRODYNAMICS

In this section we use the effective action principle to describe the thermodynamics and ideal hydrodynamics of a
fluid with (discrete) rotational symmetry.

3.1. Factorizability

We begin by discussing an important constraint which appears to arise from locality, KMS invariance, and the
ability to couple to background gauge fields: the factorizability of the ideal fluid action [4].

In writing down the effective action by integrating out the UV degree of freedom as in (2.6), we have assumed that
in general it is not factorizable: namely that

Igpr[A] # I[A1] — I[A]. (3.1)

And indeed in order to describe dissipative hydrodynamics, this must be the case. However, we claim that the effective
field theory must be factorizable for ideal hydrodynamics in the models we will study in this paper:

Igpr = Ldeal[A1] — Tideal[A2] + higher derivative terms. (3.2)
KMS and locality do imply that, in (2.6),
Wideal = W[A1] — W[Ag]; (3.3)

we have not found an example where (3.3) holds while (3.2) does not.

A simple argument why factorizability is reasonable is as follows. The lowest order in derivative action we can write
down will generate thermodynamic correlators, e.g. (O1(0,0)02(0,0)---). Now, suppose that there were a term in
the ideal fluid action which could not be written in the form (3.2):

eIEFT,idcal — <e—if02'/126if01-/11> # <e—if02'/12+if01'/11> , (3.4)

where the time ordering is implicitly assumed. Moreover, this equality would not hold even at the ideal fluid level.
This would imply that there are certain correlation functions where the ordering of operators was crucial, or in other
words that there is a pair of (products of) thermodynamic operators, O and @', such that

((0,07) #0, (3.5)
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i.e., the order in which we arranged these two operators in a thermal expectation value is important. We expect that,
for a conventional fluid (but with discrete rotational symmetry), such commutators can be assumed to vanish at the
ideal fluid level. As one transparent example of this, note that

[ dta@. 00 = 1 @0)w) = o (3:6)

as long as the thermal state is on average homogeneous. Even more generally, it is typically the case that even if local
operators fail to commute, the operators will commute in the thermodynamic limit. A transparent example of this can
be found in the hydrodynamics of a system with a non-Abelian flavor symmetry [57]: even though the charge density
operators do not commute, in the thermodynamic limit this commutator becomes very small; as a consequence, there
are hydrodynamic modes for all flavor charges.

Henceforth, from here on out, we will assume (3.2) when building our ideal hydrodynamic action. As we will see,
this condition can impose non-trivial constraints on fluids with discrete rotational symmetry, which we will argue
are stronger than the constraints imposed within the conventional Landau paradigm for hydrodynamics. As a con-
sequence, the effective action approach provides further constraints on the construction of a noise-free hydrodynamic
theory than the conventional approach would alone.

3.2. Thermodynamics

We are now ready to build the ideal fluid Lagrangian. It will generically take the form
LM = —eqby + poxa + nova + mo ik, (3.7)
where
Vo = fta + bap, 12 =ub + baub, (3.8)

and €9, po, no and myp are functions of 7, 1 and u® which are not all independent (we will return to this point in
Section 3.3). It is useful to find explicit expressions for the a-fields in the physical spacetime, which will be of interest
as we eventually use (3.7) to deduce constitutive relations:

b, = utE° v, = uC

~b _ b _ b (b b -0
U, =utE Xa = €, (Ea# — Ea#),

a, au a
Vo =MED ., tar=XCay, E#cﬁﬁ“ﬂh—ﬁ@d—%hﬁ. 39

There are also “anisotropic” terms that are allowed by all the symmetries of Section 2:
L) =r7a, (3.10)

b

ou With the G-invariant

where 7 is some possibly new thermodynamic coefficient, and 7, is some contraction of e
tensors f which vanishes when eg# = 0. The main result of this section is that

r=0. (3.11)

As such, the only anisotropy which is possible within ideal hydrodynamics arises due to the anisotropic momentum
susceptibility in (3.7). We demonstrate this surprising fact, at least within linearized hydrodynamics, using kinetic
theory models of anisotropic (electron) fluids in Appendix A. Using (2.31), we conclude that the ideal hydrodynamic
constitutive relations are

T = —eou — po(u — efy), (3.12a)
T} = poe}, + moput, (3.12b)
JH = nout. (3.12¢)

One should distinguish the anisotropy induced by the discrete rotational symmetry here from the literature where an
external source has been manually added in one particular spatial direction [58-60] (see also [40]). In the latter case,
there is a spatial Killing vector orthogonal to the temporal one u*h, = 0, rendering the transverse and longitudinal
pressure to be different. Another example of hydrodynamics where more explicit anisotropy is possible is in the
presence of a 1-form symmetry, such as in magnetohydrodynamics [61].
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8.2.1. Absence of anisotropic pressure in a rectangular fluid

It is illustrative to focus on a concrete example to justify (3.11). Let us consider a fluid with rectangular (D3) point
group, which will correspond to invariance under x — +x and y — +y. The invariant tensors correspond to anything
with an even number of z and y indices, and can be built out of tensor products of dp. and fp. = (6%)pe. In this case
we will write more explicitly:

1,0) _ _ b _ be I J—
ﬁfmw) = DP0o,xTa = po,xfbca11a§1 “= ”po,xf cabac Za,lJ, (3-13)

where the quoted equation means that the stress tensors produced by the action are equal. Due to the tracelessness
of fpe, this term vanishes when a®; = 0. The ideal hydrodynamic constitutive relations is then modified to

T} = —eou* — po(ut —efy) —poyxfjeé‘ud, (3.14a)

T} = poe}) + po,x fret + moput. (3.14b)

In Landau’s hydrodynamic paradigm, pg, x # 0 would be possible if we could construct a conserved entropy current.
Equivalently, we can simply ask whether it is possible for (2.48a) to ever hold [56]. Explicitly, we have

Tl Laeh = —pox Jielu (9,(87€0) + B7GL,) + pox fiel (9,(8”€h) + B CL,) (3.15)

In the presence of an arbitrary background vielbein, this term cannot be arranged into a total derivative. In particular,
in the presence of non-zero Gy, there are clearly terms which are not total derivatives in the above equation. Since
this term would violate KMS invariance, we must have pg x = 0.

Interestingly, if we turn off the spin connection, G, = 0, and we work in the flat spacetime limit, the anisotropic

pressure will be KMS invariant and consistent with the entropy current by requiring

8pO,><
0B’

where we choose V{%} = Do, x ffeg e Y. Therefore, to forbid the anisotropic pressure, we must impose KMS invariance

pox =~ (3.16)

upon an arbitrary backgroud field. This is analogous to the case of chiral anomaly in 1 + 1d [62] where j ~ p at
leading order is fixed by KMS invariance only with generic background fields. Similar instances where introducing an
arbitrary background field is important to fix hydrodynamic coefficients are found in [63, 64]. Without appealing to
KMS invariance, we show in Appendix B that the anisotropic pressure in the action does not manifest factorizability.

3.2.2.  Absence of linear velocity in ideal stress tensor

Let us now give another example of a forbidden term in a fluid with D3 symmetry. This introduces a new invariant
tensor which is traceless and fully symmetric: f*“? (see Table 1). So it is tempting to try and write down

L0 = Kiah , foya5 jut + Ko flyajucutea r + KsflajuuVa, g, (3.17)
where
Ca, ] = ba,[ + ,UVa,I- (318)

By varying with respect to the background field, we find

Ty = (K3 — K1) foeac™ uu?, (3.19a)
T} = K1 freac™u, (3.19b)
JH* = Ko freae®™utul. (3.19¢)

Similar to the previous example, we want to find what the KMS invariance would put as constraints. Specifically,

TyaLsen + Jioy LoBu =(Kz — K1) focac™ uu® (9,(8"ey) + Y Gy,) + K focac™u (8,(87¢y) + 5YGY,,)
+ Ko foeae® uu® (8, (Bp) + B Fyp) - (3.20)
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Similar to above, we find that it is not possible to rewrite this term as a total derivative due to the presence of F
and G terms; thus we must have K1 = Ky = K3 = 0. However, when the system only couples to the flat spactime
without external field, the KMS invariance condition becomes

1
K3 fpeae™uud,, (B) + Ko focac® uu?d),(Bp) = Efbcdeb#ucudau(ﬂKl)v (3.21)
which leads to
1 3(5K1) 10K,
Ko+ puky = = 2021 g, = Z 901 22
3+u228ﬁ’ 226u (3.22)

Indeed, without background fields, it is possible to construct a conserved entropy current for ideal hydrodynamics so
long as this constraint on K o 3 is satisfied. It is only KMS invarince plus coupling to an arbitrary background field
which demands K 33 = 0.

Should one allow such terms, the K; term would qualitatively change the dispersion relations of an ideal fluid. In
linear response about a fluid at rest, K5 3 is a nonlinearity that will not affect quasinormal modes.

We could also try to write terms proportional to ngfa{)ucca)f + ngfa{)uc w1 (include fre = dpc) in the action.
However, these are also not allowed.

3.3. KMS invariance

Since very few anisotropic terms are allowed within hydrodynamics, the thermodynamic analysis will basically
mirror that of a conventional fluid. In the vielbein formalism, we must impose (2.48a) to (3.7). We find that, with
the choice V%} = poB¥,

{
— (g0 + p0)9B + T0,s0(Bu’) + nod(Bu) = Bdpo, (3.23)
which leads to
dpo Opo Opo
b _ _ _
€0 + Po — To,pU —lmo——ﬁa—ﬁ7 =g 00T Gy (3.24)

This is precisely the thermodynamic relation for a rotational invariant fluid without boost symmetry [43], but with
more general form of momentum susceptibilities [65]; e.g. in a Dg-invariant fluid:

0,6 = P00bcU’ + po,x foct + ..., (3.25)

The dots in the above equation include higher orders of velocity densities with invariant n > 2-tensors. Further, the
factorizability requires the invariant tensors to be symmetric, and the combination wo,bub must be positive to ensure
thermodynamic stability.

4. FIRST ORDER DISSIPATIVE HYDRODYNAMICS

We now turn to dissipative, first order hydrodynamics. Unlike before, without a factorizability requirement, here
we will find that nearly everything allowable by symmetry can exist.

4.1. The effective action and transport coefficients

The O(a) Lagrangian with first derivatives in the fluid spacetime can be written explicitly. We will focus on a
particular example of a fluid with a symmetric traceless invariant tensor f°“? and tensors f?¢d¢ = fdeb¢; however, the
construction is straightforward to extend. In particular, for most discrete groups there are multiple inequivalent such
tensors, but we will postpone the full enumeration of them and their effects to later subsections (in Section 4.2 and
Section 4.3) to avoid overly cluttering the notation here. We find that

L0 4 2O = — f1b, + foxa + fava + fapil —nfEEE, AR
- AlV({EI\/bT — X2l Dyl 1 + M2V Dybr g + Aoy Cém (4.1)

+ fIJK { ('713D1br + FYQBZA)thJ) Ea.,JK —+ (731‘/0..,] + 732&1,[) A]K} ,
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where we denoted
I...I by..bp I I, K _ K b
[t = retra)t ey, AL = apyDiay g (4.2)

and for later convenience we introduce

Dib, = Dib, — D7, Dyb,r = Dibyp — uDiby, (4.3)
and
fi =0+ fuuDir + fi2Di(loga) + fi3B~ ' Dy(uf) + frapB ' Di(ubB) + ..., (4.4a)
f2 = Do + fa1 Dy + faoDi(loga) + fa387 Dy(uB) + foapB ' Di(u’B) + ..., (4.4b)
f3 =no + fs51Di7 + f32Di(loga) + f3387 Di(uB) + faapB ' De(u’B) + ..., (4.4c)
fab = pop+ fa1.oDet + fazpDi(loga) + faz3p8  Di(uB) + faapeB Diu Cﬂ) (4.4d)

and 7, f’s, and X’s are all real functions of y, 7 and u®. Moreover, to zeroth order in derivatives, we have
L =511b2 + s22x2 + $3372 + 2512baXa + 2513baVa + 2523 XaVa
+2 (814,bba + 524,6Xa + S34,6Va + 3844,@@2) b (4.5)
+r R Z, Bk + 11V Vo +raachea s + 2raVi ear + f1F (tisVayr + tascar) Sa ik

Before taking the classical limit and physical spacetime, which turns out to be more convenient, we can already see
the structure of the stress tensor and current from variation of (4.1). Using (2.31), we arrive at

B — e
T, =Tle,

oL oL o LN o 0L 0 oL 1 6L oL 0
= o — ut T M - _ )\H
(5b sut " M(S,ua) utey + 5 O —ute) + St g5 T Hae. s ) M (4.6)
+ ﬁ {)\IA“(é —urel) — 2(55 - u“eg)&lj} .
Identifying
0L 6L oL R oL (1 6L oL L
o L R R A il T B o
we obtain
T = —eu'ed + p(6! — ured) + myur'ed + ¢el + " | (4.8)
where X" v” = 0. Similarly, from variation of A, we obtain the U(1) current
JH = nut + ¥, (4.9)
where
oL oL
- = T 3 4.1
n 6/14117 .] 6ba7l )\] ( 0)

Explicit expressions for the above quantities are listed in (4.15) and (4.18) in physical spacetime, as one can check
they are identical to the one by variation.

Now, let us take the classical limit and work in the physical spacetime. The transformation of derivatives from the
fluid spacetime to physical spacetime is

0y = b0, Or = bv;0 + )\76“, (411)
where we denote

9 = uho,, (4.12)
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thus
Di;r =01, Dy(log a) = epdey, + Oyutt = e 10 (eut), Di(uB) = 0(up),

Dyb, = —bdv; = )\ Bub—urNyel . Db = 0N AL) + bpdvr = MO,ut A, + NOA, + ub " A20,b,  (4.13)

pv
Al = aT thaTJ = ab/\“ (86 + uPw® cp€y, T €, PO,  Dy(u’B) = 0(u’B) + u'w’ e, u’p.
Then, the classical Lagrangian (2.43) reads

TY = —fuu = fo(u = €f) + M’ + \iaw? + yrfu’ + p, b + 1 [0S (Des + 58,07 ) ,  (4.14a)

T} = faey + faput —nrf' —ppfPesde, (4.14b)

JH = faul — hagwh — Agro¥ + 330 fHP €l By (56,0, + eiapu’\> : (4.14c)
where

e = fi=co+ fu107 + f120 + f13TO(uB) + frapTO(u"B), (4.15a)

P=fo=po+ f2107 + fo20 + fosTO(uB) + f21,TO(u"B), (4.15Db)

n = f3 =m0+ f3107 + f320 + f3370(uB) + f31,,TO(u"B), (4.15¢)

T = fap = T + fa1,607 + fa2,00 + fa3pTO(uB) + faapcTO(uB), (4.15d)

with § = e~19,,(eu”), w" = W w,, W = h*w, and

p =0T+ Gy, W, =0 u+u<9 T4+ U Fpu, Py = M13Wy + Y2300,
IU, H c C p b/ _— b/ # (4-16)
= f,%° ecec, (86 + d,uve ) fC b Er ((%p —i—apuuel,) ep.
In the above equations, we defined
froe = fhedeterel P ul = d,ut — uuf G, (4.17)

and the spatial spin connection vanishes properly due to contractions with invariant tensors. Straightforwardly, we
obtain (4.8) and (4.9) by identifying various thermodynamic quantities as in (4.15) and dissipative coefficients with

" = M + Aot + g1 fP 5y (ae; + egapuk) , (4.182)
= —Agrwh — Mgt + g [P el Sy (aec + eiapuA) , (4.18b)
IH = — (7 4+ ppfrrreSdm) €b (88 — uvel). (4.18¢)

Moving to the order O(a?), from (4.5), we obtain

Wi = siiuru” 4 saa(u — e)*(u — eg)” — 2510u (u — eg)”) + rinh™ + rII! ubu® — t13f“p”el;5bcuc, (4.19a)
Wlfg' = —szgeéu(u - 60)1/) + slgu(“ez) + s1apufu’ — saqp(u — eo)(“u") - rUé‘cyuc + tlgf“’”’eZécb, (4.19b)
Wl = 52261() V) 4 Saapeutu’ + 2894, be(“u”) + Iy, (4.19¢)

Y = sigutu” — sog(u — eo)(“u V) 4 ppghHY — tog fHPY eZ(Sbcuc, (4.19d)

Y = szgel(fu”) + szapulu” + toz f1'P €50, (4.19¢)

ZM = gazutu” + rooht, (4.19f)

where®

I = £ < eller) —fd & b) &) + = = fddf e, (4.20)

8 We assume fo1bab3by = fosbabiby, and we leave discussions about fp, p,b,64 = —fbzb4b b, t0 the end of this section.
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Then, the dynamical KMS condition (2.48b) and (2.48c) tells that

st = fuid, s22 = —foT, 533 =—f33T, Saapc=—faapcT

s12 = f12T = —fuT, s13= f13T = —f31T, s23 = —fo3T = —f32T,

s14p = frapl = —fa T,  Soap = —foupT = —faopT, 8320 = —faa T = — fazpT, (4.21)
t13 = 13T = 31T, t23 = yo3T = 32T,

ri1 = —MT, 12 =XT, 7119=—-X2T =T, r=nT.

All the equations include both Onsager relations due to the symmetries Wiy = W75, Y4 = Y/#, and ZM = Z¥*
(which were enforced by the two a-fields in the noise terms), and the fluctuation-dissipation theorem relating noise to
dissipative transport coefficients.

Defining
KR = —/\1, o= /\27 o= /\12 = —/\21, (422)

we identify them as the thermoelectric conductivities [65]. Since we work in the non-relativistic case, there are no
relativistic Ward identities to relate these 3 coefficients. The bulk viscosity ¢ is defined through field redefinition (see
Appendix C) in (C11). If there exists a rank-3 invariant tensor, we define

Ye =Y13 =731, Yo = V23 = V32 (4.23)

We find that the thermoelectric conductivitivity matrix is now generalized to a 3-by-3 matrix with x,o,n on the
diagonal, and «, 7., v, on the off-diagonal. The Onsager relation then says that the matrix is symmetric. As in the
conventional transport theory, we expect both the transport coefficient matrix as well as the bulk viscosity to be
positive semidefinite. This is realized by the unitarity (2.25b), which, together with (4.21), implies that

>0, >0, ¢>0, k>0, a®<ko, ngmy, Wigon. (4.24)

So far, we have focused on a microscopic theory that is symmetric under the combination of inversion and time
reversal symmetry, i.e. © = Z7T. It is possible to have different underlying symmetries. In particular, when @ = T,
all the above results hold true, except for the coefficients of terms involving invariant 3-tensors. We find that the
dynamical KMS condition (2.26) with @ = T requires that t13 = to3 = 0, thus v13 = Y23 = 731 = 732 = 0.
As emphasized in [42], it appears that typically when the rotation symmetry group does not include inversion, in
practical applications to electron fluids one will choose ©® = ZT .

We might also consider antisymmetric tensors: fu,bybsby, = — fosbabibs (DUt parity-even). An example with a Do fluid
could be fyyze = — fzayy- These tensors does not generate terms in £ 2.0) and according to the KMS invariance with
the above O, the terms in £(1)) would also vanish. However, if we take the anti-unitary operator to be @ = Py T
with

Poyy:z =y, y—, (4.25)

the terms in £ would not be constrained by KMS invariance and could realize further coefficients in non-dissipative
hydrodynamics. This can be regarded as a generalization of non-dissipative parity-violating fluid (Section 5). We will
not consider this case further.

4.2. Application to O(2) invariant fluid

Let us first consider an O(2) invariant fluid in d = 2 spatial dimensions as a sanity check of our formalism. Using
the “building block” dp., we have my, = podpcu’, and so the thermodynamic relation (3.24) becomes

2 _ ap() o 8p0 - 8p0
€0 +po — pou” — png = —f—o~

93 no—mv 00—2W7 (4.26)

where u? = §p.ubu is the “squared velocity potential” [43] and pg is known as the momentum susceptibility [65]. The
nontrivial rank-4 invariant tensor is

O(2
fbll(;2373b4 = Oby by Obaby + Oby by Obabs (4'27)
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while the tensor €y €. leads to violation of angular momentum conservation. To see such constraint at the action
level, it is most direct to employ the coset construction [66] in the non-relativistic limit [67]. The details of this are
too technical to expand on here, but in a nutshell, the existence of angular momentum conservation in the coset
construction will require that =,y is a symmetric tensor.” Hence, we cannot couple to ebCEa,bc. Therefore, we find
the shear viscosity tensor as

v v

- . 9 .
Yh=—p { ("9 0hgp + WX ONuhgy + AY 0u”) (80 — uPel) — p (65862 + A” d,u”) (04 — u“eo)} ; (4.28)

where we used the “metric” of a rotationally invariant theory (2.34), and defined

AP = hFPhy,, = WAL = 68 — eled (4.29)

v

In flat spacetime limit, we obtain (up to the treatment of bulk viscosity in Appendix C)
29(2) = -7 ((%Uj + 6jui - 8kuk(5ij) = -7 (Ufjozl + Ufjdfl) OLuy. (4.30)

)

This agrees with the results in [70].

4.3. Application to fluids with dihedral symmetry

Next we turn to fluids with D,, point group.
As the first example, the Dy group contains three rank-4 invariant tensors

Dy _ Dy _ -z z Dy _ x

Forbabsbs = E0102€03bas  Gbibobsbs = TbibaTbsbas M bobybs = ThibsTbsba (4.31)

Taking myp = pggllfc‘iczcgucluc2uC3 and mp, p = phhl]?c‘icw?’ utu®u, the thermodynamic relation becomes

0 0 0 0 0

2 4 4 Po Po Po Po Po
€0 + Po — Pou” — Py, — PruUp — png = —f——, Ng = —— 0 =2— =4— h=4—F 4.32
P Pg g Pntp, H 8ﬁ ’ aﬂ s P 6’[1/2, Pg auga P 8u;§’ ( )
where
4 _ Dy b1, by, bs, by 4 _ 3Dy by, b2, bz, by

Ug = Gy bbb WU PU g = Ry G Tt uu et (4.33)

are the “quartic velocity potentials” and p, j are corresponding “susceptibilities”. Since there is no invariant rank-3
tensor, the shear viscosity becomes, in the flat spacetime limit,

EE“ =— (nofi]?,‘;l + 77193}2! + 772h?j7cz) Opu; = — (noeijekl +moj;on + ngafjazl) Orug, (4.34)

where we identified 7., 71 and 72 as the rotational, plus and cross viscosity [36]. Note that when 7; = 72 = n and
7o = 0, it reduces to the isotropic O(2) viscosity tensor (4.29). The presence of the rotational viscosity 7, breaks
the symmetry of the dissipative contribution to the stress tensor: EE“ #* Eﬁ“. This is because X;; = Xj; is only
guaranteed by continuous O(2) rotational symmetry, and is unstable to any discrete rotational subgroups [35]. On the
other hand, the symmetric part of the viscosity tensor is relatively stable against rotational symmetry breaking (see
a thorough group theory discussion in [35, 36]). More generally, for even N, the viscosity tensor of a Dy>g-invariant
fluid looks just like an O(2)-invariant fluid, up to the rotational viscosity 1, (which is nearly invisible in simple fluid
flow experiments [36, 71]); while for D <4, anisotropy appears in the symmetric viscosity as shown in (4.34). However,
this is not true for odd N as discussed below.
The invariant tensors for D3 are

D3 _ z T D3 _ D3 _ =z x z z
Ib1babs — 5b1r‘7b2b3 - 5b1y0b2b37 fb1b2b3b4 = €b1by€bsby > hb1b2b3b4 = Ob1boObgbs T b1y Tbgbys (4.35)

9 A more exotic interpretation is that angular momentum conservation is a type of “dipolar” charge conservation law. Because of this,
we must restrict the form of the momentum current to those functions which are compatible with this dipolar conservation law. At
sufficiently low order in derivatives, the only such possibility is to mandate the stress tensor be symmetric [68, 69].
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The rank-3 tensor gﬁ%2b3 satisfies two properties: it is fully symmetric, 91?1%2 by = 912%1 by = 912%2 p, and it is traceless
ggfc = 0. We find that the thermodynamic relation becomes

9po Ipo 9po Ipo
2 3 _ _ _ _
€0+ Po — pou” — PD; U —/mo——ﬁaﬂ, nog = on p0—28u2, pD3_38u3’ (4.36)

where u? = g£%2b3ub1ub2ub3 is the “cubic velocity potential” and pp, is the corresponding momentum susceptibility.

Now with the rank-3 invariant tensor, the shear viscosity tensor becomes, in the flat spacetime limit,

TR =- (noff;il + nhg-*};l) Oy — g (713TOkB + Y23TOr (Bra))

(4.37)
= — (ﬁoﬁigfkl +n (Ufjafl + ofjozl)) OLuy — ((5moj-k — 5iyof-k) (YT OwB + T Ok (Br)) -

As we discussed above, the rotational viscosity 7, indicates the breaking of O(2) symmetry; otherwise, the symmetric
part of the viscosity tensor coincides with the O(2) invariant fluid. However, there are new dissipative coefficients [42]
which couple gradients of temperature and density to the traceless symmetric velocity strain tensor:
T = e (35207 — diyoiy) Opur, (4.38a)
I = (85207 — Siyoy) Okt (4.38b)
and similarly, which cause stress in the presence of temperature or velocity gradients. The coefficients are related by

KMS, or equivalently, Onsager reciprocity. From a representation theory perspective, this coupling is possible because
foca converts a traceless symmetric tensor into a vector: they are in the same irrep of Ds.

4.4. Normal modes

In this section we work out the linearized hydrodynamics of a discrete rotational fluid at rest (u” = 0 in equilib-
rium)!%. The hydrodynamic normal modes are defined as non-vanishing solutions to the equation of motion [65, 73].
Consider the linearization,

ut = (1,0u"), p=po+op, T =Ty+0T. (4.39)

To linear order in the perturbations, with the reference frame being the Landau frame (see Appendix C), the stress
tensor and charge current read, combining (4.1), (3.7) and (C12),

TOO = _557 Tio = pO5ZJ5uJ + pO,Xfij5uj7 JO = 5”7

T§ = — (g0 + po)du’ + \O'6T + M2To0'(1uB) + e £ O ou?,

It = nodu’ — \p10'67 — X Tod'8(uf3) + vy 1R 0007, (4.40)

. . . 1 . .
T} = 5 (6p — COpdu™) — < fiosu® — 35;. fmmklalauk) — (Ve O0k0T + Y To0kS(113)) ¥4,

where f; ’s are invariant tensors. Note that the external fields are turned off and we work in the flat spacetime limit.
We have changed the hydrodynamic variables from d7', du to de, dn, thus the variations should be expressed in terms
of them: for example, ép = (0:p),, 0 + (Onp). dn, where the derivatives are taken in fixed value of the other variable,
which is implicitly assumed below. Then, plugging it into the conservation laws

0.TH =0, 9,J" =0, (4.41)

we obtain d + 2 coupled equations (see Appendix D). In a rotationally invariant fluid, one has a shear mode with
multiplicity d — 1, which controls transverse momentum diffusion, a longitudinal diffusion mode, and two sound-like
modes [65]. However, we find that such classification needs to be modified when the continuous rotational symmetry
is broken. We consider d = 2 in the following.

10 This condition simplifies the expressions; for example, the internal energy é = ¢ — ﬂ(i)u(i) ~ e [43]. We expect a more sophisticated
discussion would be necessary to generalize to a non-stationary fluid [72].
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Let us first consider on a Ds-invariant fluid and consider the leading order contribution to the sound modes. Taking
Jij = o;, we obtain

w=tuvs(kg, ky) + ..., (4.42)

where the dots include dissipative corrections of order O(k?). The sound velocity is anisotropic:

k2 k2
Vs (k. ky)? = [(€0 + po)Oep + 10Oy T 4 Y , 4.43
(kayky)™ = [(€0 + P0)O=p + noOnp] (pOijW o pos (4.43)

reminiscent of similar effects in anisotropic elastic solids. For a general dihedral group (D3 or Dy), the sound modes
have an isotropic dispersion relation at leading order:

w = v, ok — il(ka, ky), (4.44)
where k = | /k2 + k2 and the speed of sound is

2 (g0 +p0)0ep + no0np
Vi = .

Po

Note that this formula is equivalent to the result in a rotation-invariant fluid.
The attenuation constant generically becomes anisotropic in momenta. In this paragraph we will include transport
coeflicients allowed both by D3 and D4 to save space in the formulas below, but will continue to take pg x = 0:

(4.45)

[ ks, ky) = ﬁ [k k2 + CR2) 02 + A2 (4.46)
where
il ) = LR B Z ) (4.47)
and
A= (M0zp — M20np) (€ + p)O-T + n0nT) + (A20np + M120:p) (€ + p)To0= (1) + nTo0n (1B)) - (4.48)

We cannot detect the rotational viscosity through these modes as there is no dependence on 7, '!. The diffusive modes,
defined as

w = —iDy (kg, ky)k?, (4.49)
are “coupled together” and exhibit the rather cumbersome anisotropic diffusion constant:
Dy (ky, ky) = m (77(/%, ky)vio + A=+ \/(n(km, ky)vio + A)2 - 41}303(1%, ky)> , (4.50)
where |
e, k) = ot 1) ) + 2+ 2m — )k (4.51)

k4 ’
A = (Mno + Mz2(go + po)) (0TOnp — 0=p0nT) 4 (A2(€0 + po) — A2n0) (0epTo0n (1B) — OnpT00: (1)) (4.52)

and

3k2k, — k3)°
% [ (%21(50 + pO) + ”Yn’st) (85pT08n(u[3) - ainOas(,Uﬂ))

- (752”0 + YnVe (50 + po)) (657'6"]9 - 5nT55P) ] :

Blke, ky) = (4.53)

Explicitly, the two diffusion modes are coupled through -, and . because they now carry both momentum, heat and
charge. Moreover, the rotational viscosity contributes to the two diffusive modes in the same way. When 1, = 1o = n'2,
one can absorb the rotational viscosity into the total viscosity as neg = 7o + 7 and we recover the conventional shear
mode; when 71 # 72, the rotational viscosity is not removable. Finally, the positivity of the attenuation and diffusion
constants follow from (4.24) and [35].

11 Recall that we denote 7, 71 and 72 as coefficients for invariant tensors €€k, ofjcrzl and ofjcrzl.

12 To meet this condition, it is not necessary to have a rotationally invariant fluid, but D3 or Dpn>¢ does. Hence, it might be the reason
why experiments are not able to detect the rotational viscosity even in a discrete rotational fluid.
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5. PARITY-VIOLATING HYDRODYNAMICS

In this section we will briefly remark on breaking the parity symmetry, which is present in Dy. The parity (mirror)
symmetry is defined as

Pz — —x, y—vy, (5.1a)
Py:iy— -y, x—zx. (5.1b)

Breaking the parity symmetry is fulfilled by reducing the dihedral group Dy to its subgroup Zy which contains only
the N-fold rotations.

The invariant tensors under symmetry group Zy are listed in Table 1 by allowing parity odd tensors to appear.
Again, for the continuous symmetry group SO(2) = O(2)/Zz, angular momentum conservation will require that the
action can only couple to the symmetric part of =, ;;, thus restricting the appearance of coefficients such as rotational
viscosity.

In order to obtain the hydrodynamic constitutive relations, one needs to repeat the steps of the previous section,
but now including these parity-violating invariant tensors. Since there are no surprises when applying this method,
we will simply present the results without details of the calculation, focusing on the parity-odd coefficients which
we will denote with overbars. The equilibrium effective action is similar to Section 3.2 with only the momentum
susceptibility becoming anisotropic by of, (ep. is not permitted, as it is antisymmetric). At the first derivative
order, we have dissipative terms generated by symmetric tensors fbcde = fdebc (with © = T or ZT). However,
unlike the parity-even fluids, there are non-dissipative hydrodynamics in parity-violating fluids; they are generated
by anti-symmetric tensors: fbc = — fbc, fbcde =— fdebc. For the Zy-invariant fluid, we have:

f_bc = €be; f_dee = Ulfco'ée - Uﬁealfm (52)

though we keep the notation more generic as the general principles would hold in other dimensions as well. For
example, we have'?

Tio = M fij 057 + MafigB70;(uB),  Ji = Aaa fig05m + Ao fi B105(uB), Ty = —ifijradpw, (5.3)
These antisymmetric contributions to the viscosity tensor, by construction, do not lead to any new terms in £(>9);
as such, our effective field theory will not constrain the sign or values of any parity-odd coefficients (except possibly

to 0). Note that alternative considerations can lead to strong constraints on these coefficients [74-79].
When © =T or Z7T, we have

5\1 = 5\2 = 5\12 = 5\21 =7n=0. (54)

While for ©® = P, , T, all the coefficients A1,A2,M12,A21,77 are unconstrained, except for Adj2 = Xo1. In this case,
PryT is the symmetry in the presence of an external magnetic field, therefore, A1, A2, A2 = Aop correspond to the
thermoelectric Hall conductivities and 7 is identified as the Hall viscosity. Further work on anisotropic Hall viscosity
can be found in [38].

6. CONCLUSION

We have extended the effective field theory formalism proposed in [4-6] to non-relativistic fluids with only discrete
rotational symmetry (point group). These fluids most naturally couple to the vielbein, whose indices transform in
representations of the point group. By contracting properly the vielbein indices with invariant tensors, we are able to
write down general effective actions whose variation gives the stress tensor and current; moreover, the action contains
information about stochastic effects, both in and beyond linear response (though in this manuscript, we have not
carefully studied the nonlinear terms in the noise a-fields).

We illustrated the consequences of anisotropy on thermodynamics and first-order dissipative hydrodynamics, focus-
ing on fluids with dihedral point groups. We argued that due to the factorizability constraint, there will be very few
new thermodynamic quantities even in highly anisotropic fluids. In contrast, transport coefficients associated with the
discrete rotational symmetry were largely unconstrained, and here our results appear to agree with earlier literature

13 For simplicity we present results in the flat spacetime limit, in the stationary fluid frame, and without external electrical field.
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in overlapping regimes. In tandem with a concurrent paper [42], we have also emphasized the possibility for novel
new hydrodynamic phenomena in fluids with discrete rotational symmetries without inversion. In these dihedral-
symmetric fluids, with a small enough point group, terms that seem to be compatible with Landau’s hydrodynamic
phenomenology (an entropy current can be constructed) are nevertheless forbidden by factorizability, or alternatively,
the ability to couple the theory to background gauge fields.

We end with some future directions for further investigations. (1) It is desirable to detect the anisotropic hy-
drodynamic phenomena we have predicted in experiments, either through viscometry [36] or by careful analysis of
quasinormal modes (this is likely only achievable in engineered anisotropic fluids, e.g. in liquid crystals or active
matter [80, 81]). (2) We expect generalizations of our formalism to other exotic fluids, e.g. superfluids and fracton
fluids [7], especially when including hydrodynamic fluctuations [62, 82]. (&) Studying driven open quantum systems
will also be of interest[49], as it is possible that factorizability is no longer a symmetry of the effective action. (4)
It would be interesting to extend the non-relativistic anomaly [83, 84] to a more general setting with the discrete
rotational symmetry. We anticipate that the torsional anomaly [85] will induce new chiral transport coefficients in
the non-relativistic limit due to the velocity density u?.
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Appendix A: Kinetic theory model

In this section we will show that most anisotropic ideal hydrodynamic coefficients must vanish in simple kinetic
theory models (without Berry curvature). The notation and methodology in this appendix follows closely [86, 87],
and here we just provide a very terse summary. We will study toy models of electronic Fermi liquids, in which we
neglect spin. The equilibrium distribution function is the Fermi function:

1
feq(x,P) = 1+ Bl —n)’ (A1)
where e(p) is the dispersion relation. We consider a weakly perturbed system with
Ofe
[ = fua— S5, (A2)

where @ denotes the linearized perturbation. If we define the inner product

(D1]P2) = / (;j—;:)d <—%> DDy, (A3)

and the matrix

L=ik- &, (A4)
op
then the equation of ideal hydrodynamics are simply
O|P) + L|®) =0, (A5)

projected onto the hydrodynamic slow modes: charge density |p), energy density |e¢) and momentum density |m;):

d
0= [ Geale) (Ata)

d
0= [ Geacle) (A6D)
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d
m) = [ Gepanie) (A6c)

The currents within ideal hydrodynamics correspond to charge current |.J;), energy current |JF) and stress tensor
|T;;) defined as

d €
d €

7 = [ Grpacg o) (ATh)
d €

1) = [ Geparige o (AT0)

The coefficients of ideal hydrodynamics within linear response may be found as follows: for example,
oT
0J; = {Jilp)op + {Jile) = + {Jilm;)6v;, (A8)

with dp, T and év; corresponding to the changes in equilibrium in chemical potential, temperature and velocity
respectively. We find that

o) = [ ol (%) 2, (A90)

dp 0fe Oe
Ul = () = [ (<2 ) e —0, (A9h)
dp [ Ofus)\ Oe
(716} = / @rh) <_ aeq) on (A9)
B B d%p Ofeq) O d%p B
(i) = (Tlo) = [ e (<2022 ) 2y = [ 5B iy = o (A%d)
d‘p Ofe Oe d%p Oe
(JP|m5) = (Tyjle) = / (@rh)? <_ geq) ap e /W (fcq€5ij +pja—p) = (€0 + po)dij, (A9e)
dip Dfeq) Oc d’p
(Tij|my) = / [2nh)? (— 8eq) ap; PPk = / erq (Pr0ij + pjdir) = o k05 + 70,504k (A9f)
where
d%p .
po=— /(2 AL log (1+e ). (A10)

Most of the integrals above vanish because they are total derivatives of a function of e integrated over a compact
Brillouin zone. Here 7o ;, po, €0 and po correspond to the background expectation values for momentum density,
charge density, energy density and pressure respectively. We conclude that within the thermodynamic currents, there

are no possible contributions of the form Tj; ~ fi;rvr, Tij ~ fijp, Ji ~ fijv; etc., as noted in the main text.
In contrast, the susceptibilities can in general be anisotropic. For example the inner product
0 fcq
7T1|7TJ // 27Th ( pipj = Oéij + poyxfij + - (All)

can be as anisotropic as the dispersion relation allows. Similarly, when some part of the vector representation is
trivial, susceptibilities such as (p|m;) can be non-vanishing.

Appendix B: Factorizability for discrete rotational symmetry

In this appendix, we show that the integrability condition

s(eTr) O0(eTg)  5(eTH)  6(ed”) (B1)
5@5 B 583 ’ (SAV B 683 ’
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which is equivalent to the factorizability in (3.2) [4], forbids the pg x term. To do so, it will be useful to note the
following identities within ideal hydrodynamics:

ob = bu“éeg, Sut = —uru e, et = —egegéef, op=utdA, — uu“éeg. (B2)

From explicit calculations, we obtain, from the second integrability condition,

Op OP0,x e
3 T g foe = ot (B3a)
87‘(0 b 8710

C = B3b
o~ o0’ (B3b)

880 8710 b 871'0 b 8710

Y LA B

o Pop T o ar (B3c)

and we find exactly the thermodynamic relation (3.24) as well as the constraint dpg «/0u = 0. Then the first
integrability condition gives, taking a = b and 8 = 0 for example,

19) / 10
O foetu u” 4 u SR e, (B4)
where we have used the thermodynamic relation to cancel other terms. Obviously, the function pg x ~ T from the
dynamical KMS condition in the flat spacetime limit does not satisfy the above equation, and the solution can only
be po,x = 0.

0 = po,x (fc,u e[” —|— fbe[” — fretu ”) —

Appendix C: Field redefinition

In this appendix, we show how to arrive at the Landau frame by a proper field redefinition. The Landau frame is
defined as

THu® = —&put, J“eg = ny, (C1)

where &( is the internal energy, and, in our case, it is modified as &y = g9 — po,bub.l4 The field redefinition consists of
two parts: one by removing terms proportional to the zeroth order equation of motion, and two by proper shifting of
r-fields

ut = ut +out, B—>B+08, u— pu+ou. (C2)

Here we will focus on redefining the first derivative Lagrangian through (derivatives of) the zeroth order Lagrangian
(for more general discussion see [5]). We focus on flat spacetime for simplicity.
The thermodynamic relation (3.24) can be written as

dpo _, Opo . Opo
Eo—I—po——ﬁ(aﬂ) no—ﬁm, po’b_ﬁ—a(ubﬂ)' (C3)

Then we find the zeroth order equation of motion in flat spacetime to be

E.=-0r+90 <%) =0,E, = To(uB) + 0 (‘91’0) = 0,E% = To(u"B) + 0 ( Opo ) =0, (C4)
660 m0,00 8n0 €0,P0 apo’b T0,€0

where the E,, E, and FE, are related through

B 3710 ong .y
a 680 (960 . 6&:0 b _
0TI = 55 B = BB = B B =0, (C5b)

14 This holds true as long as the boost symmetry is broken [43].
15 There is also a transverse equation of motion for the stress tensor, which is not shown, as it will not be used in this discussion.
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where we denoted déy = deg — ubdpoi, as the internal energy. In the above equations, we used the Maxwell relations:
for example, we applied

P € R C o I € ) )
0B uBubp 3(uﬂ) ﬁ,ubgj 8(ubﬂ) PEN:; 8(#5) B,ubB

o (Cbha). Now, let us consider the field redefinition of r-fields. The leading order Lagrangian becomes

5r£(170) = Ea,uéuu + Ea,so 550 + Ea,pg,b 5P0,b + Ea,no 5”07 (07)

where deg = 080ge0 + 0pud g0 + Subd e (similar for ng, pop), and with

Equ=—(c0+po)E, , + po,bEg# +10Ca,u, (C8a)
dpo 0 8pO b

FEaey = < H+ 380( ut 65)) Ea,u a MEa Ny (CSb)

E,,,6 =— Ipo (ut — e“)EO + u“Eb 3po etES (C8c¢)

,P0,b 5P0,b 0 apo c™a,pur
dpo dpo
Eom, = u"C, u' — eb)Eq. ey EY csd
o = W Cay— SR = e)ED, + 5P (Csa)

Although the first equation will not be used, the coupling with the momentum susceptibility implies that one can no
longer “rotate” g into j* to define a frame-independent vector as in the case of relativistic fluids [4] — this means we
need a thermoelectric matrix with four transport coefficients. Note that one part of the first derivative Lagrangian
can be rewritten as

L= —heuEY , + hppu'E} |, + hou Cap — hyp(ul — eO)E + hpeb

= —heBycy +hppEapy, + hnFan, — hp(u“ —ef)E? ut hpeb - u’ (C9)
where
hy = hy — gpzh - g—fféhn a‘iiobhpo,b = —¢o, (C10)
and in the last step we used (C4) and defined the bulk viscosity as
¢ =f11(0p)* = foz = F33(0up)” + f1a.0000,00p.0 + 2120 — 2f150-pOnp (1)
— 2 f14,50:p0), 0 + 2 230D + 2 f2450,,D — 2f34,50,00,, -
Therefore, by eliminating the first three terms in (C9) with an appropriate choice of du*, §3 and du, we have
L= (0(u" — eb)ED (965 . (C12)

Appendix D: Linearized hydrodynamics

Here we provide a few more details for the calculations in Section 4.4. The linearized equations of motion for
hydrodynamics are

0 = odn + nodidu’ — Ao10*67T — M Tp0*6(uB) + Yn f*}" 0:0k0u7 (Dla)
0 = —0dode — (0 + po)Didu’ + M O*67 + MaTo0*6 (1) + V= ;" 0:0k0u? (D1b)
0 = p0di;000u? + po,x gijOodu’ + 0;(5p — (Oxou™)
. 1 . .
-1 ( i 0;06u" — Efjjkl 5i5l5uk> — £ (40,0107 + 1 To0; 000 (11B)) (Dlc)

where 92 = 9;0°. Letting

Jij =05, fijk = 0ix05, — 0iy0ik,  Nfijki = No€ij€rl +MO;05 + 1N207;05 (D2)
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and applying Fourier transformation, we obtain a 4-by-4 matrix M (w, k, k) acting on the vector (du®, du?, §e, dn)”
returning zero. The hydrodynamic normal modes are defined as the solutions of

det M (w, kg, ky) = 0. (D3)
We find
det M (w, kg, ky) = go(O(K®)) + g1(O(k*))w + g2(O(K?))w? + g3(O(k?))w® + ga(O(K°))w?, (D4)

where g;(O(k™)) = gi(k}}, k™ ky, ..., k}). If we substitute the ansatz w = vy (ke, ky) with vg(ks, k) ~ O(k) into the
equation, we find

92(O(k)v + g4 (O(k°))vy = 0. (D5)

The solution is given in (4.43). After finding v, = %wvs0, we take the ansatz w = tv, (ks ky) — i (ks, ky) with
I'(ky, ky) ~ O(k?). This boils down to solving

g1(O(kY)) — 12T g2(O(k?)) + g3(O(k*))v2 o — 4L ga(O(k°))v3 o = 0. (D6)

When pg,x = 0, the solution is given by (4.46) with pg x = 0. Next, for the diffusion modes, we take the ansatz
w = —iD(ky, ky) with D(ks, ky) ~ O(k?). The equation needs to be solved is

90(O(k°)) — iDg1 (O(k*)) — D?g2(O(k?)) = 0, (D7)

and the two solutions are given by (4.50).
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