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restricted diffusion problem where the flux across the interface depends on its conductance
and the difference of the concentration on each side. The diffusive interface phase-
field framework used here has several advantages over the sharp interface method.

Keywords: First of all, explicit tracking of the interface is no longer necessary. Secondly, interfacial
Phase field method conditions can be incorporated with a variable diffusion coefficient. Finally, topological
Mass transport changes of interfaces can be handed easily. A detailed asymptotic analysis confirms the
Restricted diffusion diffusive interface model converges to the existing sharp interface model as the interface
Sharp interface limit thickness goes to zero. An energy stable numerical scheme is developed to solve this

highly nonlinear coupled system.Numerical simulations first illustrate the consistency of
theoretical results on the sharp interface limit. Then a convergence study and energy
decay test are conducted to ensure the efficiency and stability of the numerical scheme.
To illustrate the effectiveness of our phase-field approach, several examples are provided,
including a study of a two-phase mass transfer problem where droplets with deformable
interfaces are suspended in a moving fluid.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

Mass transfer through a semi-permeable or conducting interface is a common phenomenon in biology [17,12] and ma-
terial science [11,18]. A representative example is that cell membranes are permeable to oxygen [33], ATP [42] and ions
[22,24]. In this case, the domain consists of intracellular space denoted by Q% and extracellular space denoted by Q~ with
a cell membrane I' in between (see Fig. 1). The transport process can be described by the following diffusion equation in
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Fig. 1. Schematic of mass transport across the membrane.

the bulk [37],

dc* + + +o 1t
W—kV-(uc):V-(D Vo), (1.1)

where ¢*,u* and D* are the concentration of the molecule, velocity of fluid and the diffusion coefficient in Q%, re-

spectively. Here c¢* may be discontinuous cross the boundary, like the ion concentrations in [30]. At the interface T, the
trans-membrane flux is set to be continuous

—DtVct -n=-D"Vc -n=K[Q(0)], (1.2)

where K is the permeability, [f] = f* — f~ denotes the jump of concentration across the interface and n is the unit normal
vector of the interface. Here Q (c) can take a variety of functional forms, such as Q (c) =c in [12] or Q (¢) =Inc in [37].

For fluid-structure interaction problems, a variety of methods have been developed over the past decades. There are two
most popular classes of techniques, the sharp interface methods, including the level set methods [1], immerse boundary
method [23], immerse interface method [20], front tracking method [31], diffusive interface (or phase field) method [41]
and boundary integral method [29]. For mass-transfer across liquid-gas interface, volume of fluid and immerse interface
methods have been proposed for phase change problems [34,8], CO,/Nay-water system [21] and water transport across a
moving interface [19].

The immerse boundary method, due to its simplicity, has been applied to many fluid flow problems and has become
one of the main numerical techniques for scientific computation. Gong and Huang et al. [12,33] extended the immersed
boundary framework by including mass transfer in order to understand oxygen transport across permeable membranes. In
order to ensure the restrict diffusion on the membrane (1.2), an additional equation is introduced to describe the temporal
evolution of diffusive flux.

Unlike sharp interface methods, where the interface are handled separately by using § function or local reconstruction,
the diffusive interface method models the two phase flow and the interface in a uniform way by a label function ¢ [4,3,5].
The basic idea can be dated back to van der Waals in the late 19th century [32]. The main advantage of diffusive interface
method is that it follows the energy dissipation law such that the obtained model is thermal-dynamical consistent. This
makes it possible to design efficient energy stable schemes for long time simulation. However, to our best knowledge, there
is not a diffusive interface model for mass transport through a semi-permeable membrane. The main challenge is how
to impose the restricted diffusion near interface such that as interface thickness goes to zero, the sharp interface limit is
consistent with interface condition (1.2).

In this paper, a thermal-dynamical consistent diffusive model is proposed by using energy variational method [28],
which starts from two functionals for the total energy and dissipation, together with the kinematic equations based on
physical laws of conservation. The key is to modify the diffusion coefficient as a function of ¢ and interface permeability
K. The restricted diffusion is modelled by a changing rate of energy near the interface, following a specific dissipation rate
functional. Following Xu et al. [39], a detailed asymptotic analysis confirms that the proposed diffusive interface model
converges to the existing sharp interface model (1.1) and (1.2) as the interface thickness goes to zero. Based on the energy
dissipation law, an efficient energy stable scheme is proposed to solve the obtained system numerically.

The structure of the paper is as follows. In section 2, a phase field model for mass transport through a semi-permable
interface is proposed by using energy variational method. In section 3, the sharp interface limits of the phase field model
are presented by asymptotic analysis. A decoupled, linear and unconditional energy stable numerical scheme is developed
in section 4 by means of a stabilization technique and pressure correction method. In section 5, numerical experiments are
carried out to validate our theoretical results and explore the effect of the membrane permeability. Finally, conclusions are
drawn in section 6.

2. Phase field model for mass transfer with hydrodynamics

In this section, energy variation method is used to derive our diffusive interface model for mass transport through a
semi-permeable membrane with restricted diffusion.
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2.1. Model derivation

First, phase field variable ¢ is introduced to label the entire domain,
1, inQT,
¢(x7 t)_ { _1, lI'l Q_. (2'1)

The interface between the two domains is described by the zero level set I' = {x: ¢ (x,t) = 0}.
We start from the following kinematic assumptions on the laws of conservation: in domain = QT U Q™

D¢ .

Y =—-V.j,, 2.2
Dt Jo (2.2a)

Dc

—=-V-j., 2.2b

Dt Je (2.2b)
Du—V oy,+V-o (2.2¢)

Ppe =0 % ¢ '

V.-u=0, (2.2d)

where p is the density, ¢ is the concentration of a substance, u is the fluid velocity, and %{ = %—{ + (u-V)f is the material
derivative. Here, jg and j. are two unknown mass flux of label function and concentration of the substance, respectively.
oy and oy are two unknown stresses induced by the viscosity of the fluid and by two-phase flow interface, respectively.
Eq. (2.2a) and Eq. (2.2b) are the conservation of mass for label function and the substance; Eq. (2.2c) is the conservation of
momentum of the fluid; Eq. (2.2d) is the incompressibility of the fluid.

The boundary conditions are given as

Jo-mlaa=0, je-nlpa=0, V¢ -no=0 ulze=0, (2.3)

where n is the outward normal on the domain boundary 92. Then system (2.2) conserves the local mass density, i.e.
4 fycdx=0and & [, ¢dx=0.
The total energy consists of kinetic, entropy and phase mixing energy

1 c 2
Etotal = Ekin + Eent + Emix = 5 / P|u|2dx+ / RTc(In a —Ddx + f MG(®) + %|V¢|2)dx, (2.4)
Q Q Q

where G(¢) = %(1 —¢%)? is the double well potential. R is the universal gas constant, T is the thermodynamic temperature,
co is the reference concentration, X is the density of phase mixing energy, y is the thickness of the interface.
Corresponding to the total energy, we could define the chemical potentials

% _Rrrm S (2.5)
He=%c= co’ )
SE 2 ,
Mo =35 = —2y2 A+ AG (). (2.6)
The dissipative functional consists of fluid friction, and irreversible mixing of the substance and two phases in the bulk
Dc
A=/2v(¢)|DV|2dx+/ﬁ|VMC|2dx+/M|V,u¢|2dx. (2.7)
Q Q Q
friction diffusion mixing

T
where v(¢) is the viscosity of the fluid, D, = m is the strain rate, M is the phenomenological mobility.

In order to model restricted diffusion due to the permeability of the interface, the diffusion coefficient D is given as
1 (1-9¢%%* 1- 1+
1_(1-¢% o 1+ 28)
D AKqy 2D_ 2D,

where K is the permeability for the membrane, A is a constant to be determined, g = ‘2—% and D, and D_ are the diffusion
coefficients in domain Q% and Q™ respectively.

Remark 2.1. First, the harmonic average form is used for the effective diffusion in Eq. (2.8) due to the continuity of the flux
across the boundary. Also, in the bulk region, i.e. ¢ = +1, the effective diffusion is D = D*. Near the interface, i.e. ¢ =0,
the first term on the right is the leading term such that the membrane permeability K dominates due to small parameter
y. The unknown constant A will be shown in next Section such that the sharp interface limit of the phase field model is
Eq. (1.1) with interface condition Eq. (1.2).
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The energy dissipative law [9,37,28] states that without external force acting on the system, the changing rate of total

energy equals the dissipation

d E —A
dr total = .

The definition of total energy functional (2.4) yields
dEtot _ dEent | dEgin + dEmix

dt dt dt dt
=1l +1;+1s.

By using the definitions of chemical potential (2.5) and conservation law (2.2b), the first term yields

ac Dc
11:/,uc(§>dx:/,uc<a—u~Vc>dx
Q Q

:—/,LLCV~_]'CC1X
Q
=_/Mcjc'ndx+/vﬂc’jcdx
Q2 Q
=/Vuc~jcdx,

Q

where the nonflux boundary condition for j. and incompressiblity are used here.
For the second term, by using Eqs. (2.2c) and (2.2d), we have

h=g 2/p|u|2dx>

ou
2
== [ — d - —d
2/8t|u| x—i—/,ou p: X
Q

Q
1 (dp o, Du u |2
_2/ P |u| dx—i—/pu- Dtdx—i—/V (pu) dx
Q Q Q
=/u-(V'Gn+V~o¢)dx—/pV~udx
Q Q

——/Vu:(an+a¢)dx—/pv-udx.
Q Q

where pressure is induced as a Lagrange multiplier for incompressibility.
The last term is calculated with Egs. (2.2a) and (2.6)

_d y? 2
_&/(G<¢>+7|V¢| )dx

/(c 60 4729672 )ax
Q
_ ’ % 2 ¢ 8¢ _ 2 B_¢
_/G(¢)atdx+/y o ds f -(y v¢)8tdx
Q aQ Q

d
=/<c’<¢> -v. (yzw))a—‘fdx

Q
¢
=/M¢(E+u-v¢>dx—/u¢u~v¢dx
Q Q

(2.9)

(2.10)

(2.11)

(2.12)
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:—/M¢V~j¢,dx—/u¢u~v¢dx
Q Q

= [ Vusdoin— [ nody-nis— [(©@) -V *9gnu- Vodx
Q Q

Q2

/V/qu~j¢dx—/u-VG(¢)dX+/V2A¢V¢'"d"
Q

Q Q

1
V/,L¢-j¢dx—fu-VG(¢)dx+/y2(V-(V¢®V¢)— EV|v¢|2)-udx
Q Q

Q Q

Q
2
qus “Jpdx — f u-V(G(o) + ’/7|V¢|2>dx+ f YV (Vo ® Vo) - udx
Q
/

2 2
Vitg - jpdx — / V- (G($) + ”7|V¢|2>>dx+ /(c(qs) + %szw - udx
Q Q

+/y2V-(Vq>®V¢)~udx
Q

2
=/W¢-j¢dx—/<c<¢)+’”7|V¢|2)>u.nds+/yzv-<V¢®V¢)-udx
Q Q2 Q
:fVu¢-j¢dx—fy2(V¢®V¢):Vudx,
Q Q

where the nonflux boundary of j, is used.
Substituting above three equations into Eq. (2.10) yields

d Etotal = d Eent + d Exin + d Enmi
dr total = dt ent dr kin dt mix
:/Vuc-jcdx—/Vu:(Gv+a¢)dx—/pV«udx+/V,u¢-j¢dx—/y2(V¢®V¢):Vudx
Q Q Q Q Q
Dc 2 2 2
=— ﬁw,ud dx— [ M|Vugl“dx— [ 2v|Dy|“dx.
Q Q Q

Comparing the terms in both sides of Eq. (2.14) and calculating the functional deriative, we obtain

. DcV
Je= RT Mc,

oy, =2vD, —pl,
0p=—2y2(Vo @ V).

(2.13)

(2.14)

(2.15a)

(2.15b)

(2.15¢)
(2.15d)

A diffusive interface model for mass transport through semi-permeable membrane with restricted diffusion is summa-

rized as follows

D¢

Y =V. \v4 ,
DI (MVg)
Dc V.

Dt Je:

Du 2
pE:V-(vVu)—Vp—M/ V- (Vo @ Vo),
V-u=0,
fp =—Ay*V?¢+1G'($),

(2.16a)
(2.16b)

(2.16¢)

(2.16d)
(2.16€)
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jo=_Dve, (2.16f)

1—¢%% 1-— 1
prro Ao 120, 140 (2.16g)
AKqy 2D_ 2D,

with boundary conditions

Vo -nlpa=0, Vc-nlyja=0, Vu-njo=0, ujje=0. (217)
2.2. Non-dimensionalization

Now we introduce the dimensionless variables
. X . u . t - C
X=—-, U=—, t=—=, Cc= =—, D=—, T=—. (2.18)
L U T C0 Do Do U
Here L, T, co, U Dg are the characteristic length, time, concentration, velocity and diffusion coefficient. For convenience,
the tilde symbol will be removed in the dimensionless quantities, and the dimensionless version of (2.16) is given by

KL - D L

=t

R(a—u+uVu +V —v2u+l \% (2.19a)
e ot ( : ) ) p= Ca'u ¢’ Jdda
V-u=0, (2.19b)
Loy

T u-Vyg=vV-(MVu), (2.19¢)
n=—evi¢+ 1¢><¢2 -1, (2.19d)
ac 1 .

E—Hu V)c = _P_ev.L (2.19e)
j=-DvVc, (2.19f)

—62)2 _
pri (=) 1-¢ 1+¢ 2199

AKqe 2D-  2Dt’

with the boundary condition

ulpo=0, V¢ -nlze=0, Vi -nlze=0 Vc-njho=0. (2.20)
with the dimensionless parameters
UL vU UL
e=C, Re=""" ca="", pe=—". (2.21)
L v rY Do

Remark 2.2. In the non-dimensionalization procedure, we use the fact that
V- (Vo® Vo)
2 1 2
=V pVe + EVIVd)I
1 5 1
=—uVo+ V(v + ZG@)).

and redefine pressure function

1
p=p+ —|V¢| + fc(fﬁ)

Theorem 2.1. If ¢, ¢, u and p are smooth solutions of the system (2.19) with boundary condition (2.20), then the following energy law
is satisfied:

%&omz:—/(lwl + = |Vu| + Dc|Vuel?)dx, (2.22)
Q
where
Re
gma,=/( lu |2+—( IVo|> + ( —¢?) )+c1nc)dx. (2.23)

Q
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Proof. By taking the L2 inner product of (2.19a), (2.19¢), (2.19d), (2.19¢) and (2.19f) with u, u, aa—f e and % respectively,
one obtains immediately (2.22). O

3. Sharp interface limit

In this section, a detailed asymptotic analysis is presented by using the results in [39] to show that the sharp inter-
face limits of the obtained system (2.19). Here we assume viscosity is a constant and M = €2, where « is a constant
independent of €.

3.1. Outer expansions

Far from the two-phase interface I', we use the following ansatz:

uf =uf +euy +€2uxy +o(e?), (3.1a)
pE =py +epy +€2py +o(ed), (3.1b)
bz =y +€d + €20y +0(€?), (3.1¢)
nE =€ Uy + uy +eus +o(e), (3.1d)
czc :ca[—i—ecf +€ZC§E+O(€2), (3.1e)
JE =t eit + €2 +oed). (3.1f)
The leading order of Navier-Stokes-Cahn-Hilliard system is
9 +

% + V- (uF¢r) =0, (3.2a)
KEVey =0, (3.2b)
V.u3 =0, (3.2¢)

a¢6t + ,+ +
7+V~(u (f)o)=0[A,LLO (3.2d)
o = @)’ — oy (3.2¢)

Combining Egs. (3.2b) and (3.2e) yields [39]

o5 =C3, (3.3a)
ny = (CH? - 5. (3.3b)
The €© order of Navier-Stokes equation is
duy + + + 2,4, 1 4o+
Re(W + (uy - Vyug) + Vpy = Voug + gt VT (34)

Substituting (3.1e),(3.1f) into Eq. (2.19f) yields
[2DTD~(1 — (¢ + €9 + €5 +0(e2))*)* + AKge(D* + D7)
+ AKqe(D™ — D) (¢F + €¢i + €295 +0(€2) (i + €§ + €25 +0(e?))

1
= —2AKeDD7[q(cT) + €4 (c5)cs + ez(iq”(coi)(cf)z +q (D)) + 0(€HIV(cE + ect + €%cF +o(e?)),

(3.5)
The leading order term of the above equation is
(1—(¢5) iy =0, (3.6)
and the next order term is
AKq(eH)I(DT + D7)+ (D™ — DN$31i5 +2DTD~(1 — (¢7)H?j7 = —2AKDTD~q(cF)Vcy. (3.7)

The leading order of (2.19e) gives



Y. Qin, H. Huang, Y. Zhu et al. Journal of Computational Physics 464 (2022) 111334

ﬁ_‘_ui.VCi:—iv.‘ii (3.8)
ot 0 0 Pe 0 ’
In summary, for the outer region, (c§, ¢)§ ,uf)t, p§) satisfy the following system

+

ac, 1 .

a—f—l—u(ﬁf-ch:—EV']gt, (3.9a)
8“oi + + + S
Re(W + (uy - Vug) + Vpg = Viug + gt VT (3.9b)
V-ui=0 inQ% (3.90)
9 +

% + V- (uFey) =0, (3.9d)
oy =Cy. my =(Cy)°* —C5. (3.9¢)

3.2. Inner expansions

We first introduce the signed distance function d (x) to the interface I'. Immediately, we have Vd = n. After defining a
new rescaled variable

£=1® (3.10)
€

for any scalar function f (x), we can rewrite it as

f@=Ff&é, (311)

and the relevant operators are

Vf(x)=Vxf +€ "0 fn, (3.12a)
VIR =V2if+e 10: FK+2€7 1 (n- Vi) e f + € 20 f, (3.12b)
df=0f +€ 10 ford, (3.120)

and for a vector function g (x), we have
V- 8X)=Vx-g+e€ '9:8n, (313)

Here Vy and Vfr are the gradient and Laplace operators with respect to x, respectively. We use the fact that Vi -n =« for
x € I'(t), the mean curvature of the interface. In the inner region, we assume that

ite = iy + €y + €%y +O<€2), (3.14a)
fe =do+€dr + €2y +0(e?), (3.14b)
Pe=Po+epr+e*h2+0(e?), (3.14¢)
Ce=0Co+€t +€%5 +o0 (62) , (3.14d)
Je=lJo+e€jr+€; +0(62), (3.14e)
fie =€ flo+ fi1 +€fia +0(€), (3.14f)
where
fio = —debo — bo + 3, (3.15a)
fir = —dee 1 — Dz ok +2 (- Vi) d:do — 1 + 3h1. (315b)

It can be shown that
- - et 1 e .t
A5 =qE5) +€q €E + ez<5q”<c§)(c$>2 +q CEHED) +o(e?). (3.16)

Using the results in [39], the phase field equations and Navier-Stokes equations can be transformed into the following
forms:
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depe + € O peded + 1 - (Vadpe + € Mg fe)
=M(V2jic + € "¢ fiek +2€71 (- Vy) 0 fie + € 2 dee fle), (317a)
Re (dite + €' eitedpd + it - (Vylle + € 'mdgile)) + VaPe + €Oz pent
=VZite 4+ € 1dsticic + 27 (n- Vy) Bl + € 2Ogeilc + éﬂe (Wﬁe + e*lagéen) , (3.17b)
The leading order terms of Eq. (3.17) are
(3¢d + 1o - m)ds o = tdge flo, (3.18a)
detlo + éﬁoagéon =0. (3.18b)
Intergrating the first equation and using the matching condition of ¢, 9¢ flo yields [39]
9:d+11p-n=0, (3.19)
which means on the interface I'
Vi=ug-n (3.20)
Combining Eqgs. (3.18a) and (3.19) yields
e flo = 0. (3.21a)
Then combining above equations and the matching conditions yield [39]
fo=0 (3.22)
By the equation (3.15a), we have
~dgsdo — do + ¢g = 0. (323)

The solvability condition for this equation leads to [39]

lim ¢ = +1 3.24
E—iTood)O , (3.24)
and the solution of (3.23) is
Jo = tanh —>—_ (3.25)
V2
It means
d(x,t)
¢ (x, t) =tanh . (3.26)
V2e

This is the profile of the ¢ in the diffuse-interface layer.
The matching condition lim ¢g = ¢§ gives
E—>+o00

oF = +1. (3.27)
Therefore, Eq. (3.9b) is reduced to
auoi + + + 2, +
Re(W + (uy - V)ug) + Vpy = Vug. (3.28)

Thanks to Eq. (3.27), Eq. (3.7) yields
joi _ —DchaE. (3.29)
Combining Eq. (3.22) and Eq. (3.18b) yields
deellg =0, (3.30)
which means [ug] =0 on the interface by the matching condition.

9
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The first order of Eq. (3.17b) could be rewritten as follows
- - 1 . ~
—0g polt + Oge U + a,uﬁ);d)on =0,
which leads to the jump condition
[—pon+ (n- V)ug] = 1a/cn
Po ol = Ca )

with the surface tension o = ffooo(agéo)zdg = ¥
The concentration equation can be transformed into the following form

~ — ~ ~ ~ — ~ 1 e — e
dCe + € ' 0sCcdpd + e - (Vale + € 'ndsCe) = —P—e(Vx Jet+e o] -m),
. 2AKeD+Dq(E.)

Je=— — (VaCe + €19z Cem),

2D+D—(1 — ¢2)2 + AKqe(D* + D) + AKqe(D~ — D+)¢be

The leading order term of equation (3.33a) is
dCoded + Hg - ndsCo = —Pieagj‘o -n.
Using Eq. (3.19), we have
—d¢jo-m=0

which means j, - n = const.
Integrating the equation (3.35) in (—o0, 00), we obtain
oo
lio-n]=— / 0t jodé -n=0.
—00
Therefore the flux of concentration is continuous across the interface.
Eq. (3.33b) could be written as follows

2D D™ (1 —¢2)? + AKqe(DT + D7) + AKqe(D™ — DM)pe)je = —2DT D~ AK€q(Ec)(Vale + € 15Cen).

and the leading order term gives us that

(1= 3% jo - n = —AKq(€0)dCo.

Integrating this equation in (—oo, o) we have

+00
AK[Q (co)] =AK / q(€0)deCode
+o<:oo
= [ a2 nae
e B
=jo-n / (1 — tanh? %)st.
By setting
A= +/00(1 — tanh?® %)ng = 43£ =20.

we obtain
Jo-n=K[Q(co)].

10

(3.31)

(3.32)

(3.33a)

(3.33b)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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Combining the above results, we obtain the following at the leading order

out

Re(a—to + W3 - Vyug) +Vps = Vg, inQu, (3.41a)
V.uf=0, inQu, (3.41b)
3‘:3[ + + 1 +o .+ .

W—k(uo -V)eg = P—eV~(D Vc©), inQ4, (3.41¢)
[uo] =0, onT, (3.41d)
—D*Vey -n=-D"Vc, -n=K[Q(co)], onT, (3.41e)

1

[=pon+ (n- Vyug] = aalm, onT, (3.411)
Vai=ug-n, onT. (3.41g)

This illustrates that our diffusive interface model converges to the sharp interface model for mass transport with restricted
diffusion condition (2.15b).

4. Numerical method

Equations in (2.19) form a coupled nonlinear system. In this section, we propose an unconditionally energy stable nu-
merical scheme for our proposed mathematical model based on the stabilization method [36,26,43,27,25].

In order to assure volume conservation, we need to rearrange some terms in system (2.19) by taking into account the
following relations

1wV =V(pu) — pViL, )
u-Vo=V-(pu). '
We introduce a new pressure as
- 1
p=p— L P1 (4.2)
a

To simplify notations, we will use p instead of p in the rest of the paper.
Before the semi-discrete numerical scheme, we assume that the double-well function G(¢) satisfies the following condi-
tion: there exists a constant L such that

max |G (¢)| < L. (4.3)
lpleR

It has been a common practice to consider the Cahn-Hilliard equation with a truncated double-well potential by quadratic
growth at infinities (see [10,26]), so that the maximum norm of the solution for the Cahn-Hilliard equation is bounded
which is proved in [2]. It is then obvious that there exists a constant L such that (4.3) is satisfied with the truncated
double-well function G(¢).
Given initial conditions ¢°, 9, u, p® and ¢, we compute (¢"+1, u1, @1, w1, prtl 1) for n > 0 by three steps.
Step 1. We solve for the phase field variable ¢"t! by the following scheme with the help of stabilization method and
Navier-Stokes equation by pressure correction method [6,13]:

"t —yn 1
Re( —+ @"-vya") 4 vp" = A"t — C—¢>”w“+1, (4.4a)
a
Pt — " “nl 41
T+V~(u ¢ =V -(MVu', (4.4b)
S 1
P =—eag™ 4 2" - ¢ + —G'9"), (4.40)
with the boundary condition
Vo™ nje =0, V" nje=0, @[ =0. (4.5)
Step 2. We apply projection to ensure incompressiblity
un+1 _ ﬁn+l
Re— vt —p"h =0, (4.6)

V.u"l =0, (4.6b)

11
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with boundary condition

u" e =0. (4.7)

Step 3. We update c™t! by a fully implicit Euler scheme:

Cn+1 —cn 1 ’ 1
T @t vt = —v. jrt, (4.8a)
jn+l DI’H—] n+1v“/11+1 (48b)
w1 =Inc"™1, (4.8¢)
1 B (l _ (¢n+1)2)2 1— ¢n+1 1 +¢Tl+] (4 8d)
D1 T AKq(che 2D~ 2D+ )
with boundary conditions
VA njy =0, Vi .njpe=0. (4.9)

Theorem 4.1. If assumption (4.3) holds and let s > L/2, then system (4.4) — (4.9) is uniquely solvable, unconditionally stable and obey
the following discrete energy law:

Re st?
5 ("2 = %) + e (VP2 — V")

1 1
+—( (V" — ||V¢>”||2)+g(cw"“)—cw"),l))

+(c"“ Inc™! —c"Inc™, 1)
- M
< —8t||V 11+1|| a”v'u/n-'rlnz _8t/Dn+1cﬂ+1|vM2+1|2dx’ (410)
Q
where | - || denotes the discrete L? norm in domain .

Proof. Taking the inner product of equation (4.4a) with 25tﬁ”+1. we have

Re([l@" |12 — u™)|? + @™+ — u||>+ (¢ vt @ty 4 2se(vpt, ity 4 28t vt 12 = 0. (411)

We rewrite projection step (4.6a) as

e Re .
Eun—H + Vpn+] — EunJrl + Vpn (4.12)
By squaring both sides of the above equality, we obtain
n+1 n+1 n+1 a2, 2Re _niq n
5t2 ||u I+ 1vp™? = 2 |Iu I>+1vp"I* + W(u ,VpY), (413)

namely, by multiplying 5t%/Re for the above equation, we have

5t2 5t2 .
Refu™)? + EIIVP"“ I = Rella" " + = IVP" I + 28t @™, vph. (4.14)
By combining (4.11) and (4.14), we obtain
41,2 2 it _ g2 3t? ni12 Ot )
Re(u™ || — |u" | + ||u ')+ —IVp" |© = —IVD"|l (415)
Re Re
5 268t 5
+ 28t Va2 + E(‘W“M Lt =o. (4.16)

It now remains to deal with the last term in the above. Taking the inner product of the first equation of (4.4b) with 28tu*1,
we get

2™ — ", w28t @, TV 4 26t MIIV TP = 0. (417)

Taking the inner product of (4.4c) with —2(¢™t! — ¢"), we obtain

12
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=2(u" M — 9" + (VP2 — [V 2 + | V" — V%)

2 2
+ fn«p”“ — "%+ ~(G@", " — 9™ =0. (4.18)
For the last term in (4.18), we use the Taylor expansion
G@@"™) — G(p") =G ("M@ — ") + (g GG g1 _ gy, (4.19)

Finally, combining (4.15), (4.17), (4.18) and (4.19), and using the assumption, we obtain
Re(lu" 1|12 — u™)? + @™ — u™)?) + 28t V"2

st2 28t M
+ R—e<||w;"+1 12 = 1IVp" %) + =—— V"2

Ca
+ %(IIW”H 12— | Ve" ||2 + V" — Vo)
+—S||¢>"+1 "I A (G(¢"”) G(M, 1)

_ G”(s )

ca e VA ¢"||Zsa||¢"+‘—¢"||2. (4.20)

Taking the inner product of (4.8a) with stu*!, we have
(CI‘H—l c" /'LC+1) + 8t(un+1 vcn-‘rl n-H) + 8t(V . jn-‘rl’ Mg-‘r]) —=0. (42-1)
Taking the inner product of (4.8b) with SIV[L"'H we have

StV iy 4t / DM vt 2dx = 0. (4.22)
Q

Taking the inner product of (4.8c) with ¢"*1 — ¢, we have

(Mn-H mHL_eny = (¢ e In ™ 4 1). (4.23)

’

Noting the fact that

Minc” — "' Inc™ = —(nd" T+ D = + — 26 (c”“ — M2 (4.24)
Combining the above four equalities, we obtain
@' Incd™! —c"Inc", 1) + — T ||c”+1 — "2 = —(Stf DM v+ 2 dx. (4.25)
Q

Combining (4.20) and (4.25), we have

~n+1

Re 11,2 n2 2y, O 412 n2
7(”11 12 = 1+l — u™)® + @™ -l )+—(||VP 1= =1vp"I9

+zeﬁﬂwqﬂ“nz—||v¢>"||2+||w)"+1 Vo'l + <c(¢"“> G@", 1

1
+ ™ Ind™ =" Ind", 1) + — 2 ™1 — ™2
- M
= — st Va2 - sra V™% - 3t/ DM v T 2dx, (4.26)
Q

This completes the proof. O

Remark 4.1. Numerical scheme (4.4) is a coupled system for ¢"t! and "1 In the following numerical simulations, Block

Gauss iteration method is used to solve this system and s is set to be 2 in practice.

13
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3.5H--¢=32h r!"'l/' -
—--¢ = 16h 1
—--¢ = 8h ’.’
3H~--e=4h H i
---e =2h ]
025 i
i
i
2F I B
!
.l.
L
1.5 L i
1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Fig. 2. Sharp interface limit test.

Table 1

The discrete L' error and convergence rate.
€ 64h 32h 16h 8h 4h 2h
L'-error  3.93E-02  198E-02  100E-02 5.13E-03  2.70E-03  1.49E-03
rate - 0.99 0.98 0.96 0.93 0.86

5. Numerical results

In this section, numerical experiments are conducted to illustrate the validity of our model. We first check the sharp
interface limit in Section 3 by choosing a relatively small value for ¢ and comparing the numerical solutions with the
analytical ones when available. Then we compute the convergence rate and energy stability of the numerical scheme in
Section 4. Finally, the calibrated model is applied to the problem with suspended droplets in the shear flow to study the
effect of interface permeability.

Block-centered finite difference method based on stagger mesh is adopted to discretize equations (2.19) in space. Vari-
ables ¢, c and p are located in the center of mesh, however velocity variables u and v are located on the center of edge.
The main advantage of the block-centered finite difference method is that it approximates the phase function, concentration
and pressure with Neumann boundary condition to second-order accuracy, as well as, it guarantees local mass conservation.

5.1. Sharp interface limit test

In this example, we consider the steady state solution in 1D to verify sharp interface limit of concentration function c.
For simplicity, we first fixed the interface and only solve concentration equation (2.19e) where interface is at xo = 0.5 in
domain (0, 1). The diffusion coefficient is taken as D1 = D, = 1 and Dirichlet boundary condition co =1, ¢y =4 is used.
The exact solution model (1.1)-(1.2) is

{x—i—l, X < X, 51)

X+3, X>Xxo.

In Figure 2, the exact solution is shown in black solid line and the dash lines are the solutions of Eq. (2.19e) where
the phase field function is chosen as ¢ = tanh("’z"é’) with five different interface thickness €. In the bulk region, solutions
of two methods fit very well. As € — 0, the proposed diffusive model solutions change much sharper near the interface
and convergence to the sharp interface solution, which is consistent with our analysis in Section 5.4.1. In Table 1, we
test the convergent rate of the diffuse interface model to sharp interface model under L! norm. A fixed spatial step as
h= 20]W is used for the different thickness of the interface €. The result shows that our diffuse interface model is first order
convergence to sharp interface model.

5.2. Comparison with the immersed boundary method

In this subsection, we conduct two numerical tests to compare the results using immersed boundary methods [15] and
phase field method. The first experiment is 1D the steady state Eqs. (1.1)-(1.2) with Q(c) =c¢, K = 1/5. The locations of
interfaces are chosen at x; =7/18 and x, =11/18, i.e. Q1 = (x1, %) and Q~ = (0, x1) U (x2, 1) and diffusion coefficient are
DT =D~ =1. In this case, the exact solution can be obtained as

14
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I A Phasle field sollution
- Sharp interface solution
—Exact solution
1.8 T
1.6 T
)
141 b
1.2F b
1 1 1 T
0 0.1 0.2 0.8 0.9 1

Fig. 3. Steady state solution with the linear law on the interfaces located at x; =7/18 and x, =11/18 with K =0.2, D =1, co =2 and ¢; = 1. The black
solid line is the exact solution, and the red dash with square is the numerical solution by phase field method, but the blue dash with circle is the numerical
solution by immersed boundary method. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

1
- —Xx+2, X < X1,
1 + 1
1 17
=1 — —X+— X1 <X <X 5.2
TRRETE 1 <X <X, (5.2)

1
——(kx-1 1, x>x.
TR =2

In Figure 3, the solid black line is the exact solution, blue line with circle is the immersed boundary solution and the
red line with square is the phase field solution with interface width € = 0.01. We can see that the numerical both solutions
agree with the exact solution.

In the second example, the interface is fixed as a circle with radius r = 11/18 and center at Xy = (0.5, 0.5). The initial
condition of the concentration (see Fig. 4 (a)) and parameters are set to be same as those in [15], c(tg, X) = G(tg, X — Xp),
where

1 X—Xo
G(t,x—Xxp) = 27 D; XP (-

7 Dt 4Dt )- (5:3)

with

to=10"% D=1, K=10. (5.4)

The computational domain is discretized by a uniform grid with size 1/128 and interface thickness € = 0.01.

Fig. 4 (b) shows the contour lines of concentrations by using immersed boundary (dash lines) [15] and phase field
methods (solid lines) at time t = to 4+ 10~2. It indicates that our diffusive interface model solutions agrees with the immerse
interface results.

5.3. Comparison with experimental results

In this section, we calibrate our phase field model with an experimental study on drug delivery in [16]. To model the
penetration of nanoparticles into the tumor, we can use our restricted diffusion framework. For simplicity, we only consider
the effect of cell membrane on particles penetration and the effect of fluid flow and deformation of cells are neglected.

As shown in Fig. 5, fixed cells with an interface thickness § =0.005 and the radius r = 0.04 are arranged in the domain
as Q=1Lx x Ly =[0,1] x [0, 0.2], using label function ¢ as follows,

42 r— Jx = (5 Lx+ £Lx)2 + (v — 4 Ly»?
20 5 2
¢(x,0) = ZZ tanh +1.0
i—0 j=0 V2e
4.1 r— (= (s Lx+ X)) 4 (y — (ALy + LLy))?
+3°3" | tanh \/ 20 10 a7 2 +10]|-1.0. (5.5a)
i=0 j=0 V2e

The nanoparticles concentration is initially set to be c(x, 0) = 0 with boundary condition

15
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(a) Initial condition of concentration. (b) Snapshot of level curves of concentration at t = to + 1072,

Fig. 4. Comparison between phase field method and immersed boundary method for mass transfer. The fixed interface is expressed with bold cure marked
by 0. (a): The initial condition of concentration that concentrates in the centre. (b): Snapshot of level curves of concentration t = tq + 10~2 by using
different methods. The dashed lines are level curves obtained by immersed boundary method [15] and the solid lines are the level curves obtained by
proposed diffusive interface method.

0.2 1
0.15 O 0.5
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X
Fig. 5. Initial setting of the cells.
cx=0=1, c(x=1)=0, Vc-nly—o=Vc -nly—p2=0. (5.6)

The parameters are

Dt=1, D =18, K=1, (5.7)

to model the effects of cell permeability on distribution and penetration of drug in biological tissues in [16,40].
In Figs. 6 and 7, we present the concentrations at the steady states with g =1 — ¢ and q = (1 — ¢)2. The latter case fits
better with the experimental data in [16].

5.4. Convergence and unconditional energy stability

In this section, we conduct convergence and unconditional energy stable tests to illustrate the effectiveness of our pro-
posed numerical scheme. Here we use the a uniform mesh with the mesh size Ny= Ny, =N.

5.4.1. Convergence rate
We use a uniform Cartesian grid to discretize a square domain Q = (0, 1)2 c R2. The initial condition is chosen as
follows,

¢(x,0) =0.2 + 0.5cos(2mx) cos(2m y), (5.8a)

c(x,0) =0.6 4+ 0.2 cos(2mx) cos2mr y), (5.8b)

u(x, 0) = —0.25sin® (7rx) cos(2w y), (5.8¢)

v(x,0)=0.25 sinz(r[y) cos(2mrx). (5.8d)
Periodic boundary conditions are used for all variables. The parameters in model (2.19) are set as

€=008, Re=1, Ca=1, Pe=1, D*=D"=1, K=A"', Q) =c. (5.9)

The Cauchy error [35] is computed to test the convergence rate, where error between two different spacial

mesh sizes h and h/2 is calculated by |lec|| = [¢p — &ny2ll, for the solution ¢. The mesh sizes are set to be h =
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(a) The average of ¢ in y direction at steady state.

(b) The 3D profile of ¢ at steady state.

Fig. 6. Profile of ¢ at steady state with =1 —c.
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(a) The average of ¢ in y direction at steady state.

(b) The 3D profile of ¢ at steady state.

Fig. 7. Profile of ¢ at steady state with g = (1 —c)2.

1/16, 1732, 1/64, 1/128, 1/256 and time step is fixed at §t = 10~%. The L? and L™ numerical errors and convergence
rate at time T = 0.1 are displayed in Table 2 and Table 3, respectively. The second order spatial accuracy is apparently for
all the variables.

5.4.2. Unconditionally energy stable test

In this subsection, we carry out a numerical experiment to survey the unconditionally energy stability about our numer-
ical scheme with the same initial condition and boundary conditions. The result is listed in Figure 8. Time steps are chosen
from 8t = 0.1 to 8t =0.1 x =& with fixed spacial mesh size h = 1/128.

The total energy over time with different time steps are shown in Fig. 8. It illustrates that energy is monotonic decrease
as time step is reduced, which confirms the unconditional energy stability of the proposed scheme.
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Table 2
The discrete L? error and convergence rate at t = 0.1 with initial data (5.8) and the given parameters.
Grid sizes Error (¢) Rate Error (c) Rate Error (u) Rate Error (v) Rate Error (p) Rate
16 x 16 4.01e-02 - 1.01e-02 - 1.15e-04 - 1.15e-04 - 1.57e-03 -
32 x32 8.90e-03 217 4.91e-03 1.90 3.23e-05 1.83 3.23e-05 1.83 1.24e-04 3.66
64 x 64 2.22e-03 2.01 6.80e-04 1.99 8.06e-06 2.00 8.06e-06 2.00 3.00e-05 2.05
128 x 128 5.54e-04 2.00 1.70e-04 2.00 2.01e-06 2.00 2.01e-06 2.00 7.46e-06 2.01
256 x 256 1.38e-04 2.00 4.26e-05 2.00 5.04e-07 2.00 5.04e-07 2.00 1.86e-06 2.00
Table 3
The discrete L™ error and convergence rate at t = 0.1 with initial data (5.8) and the given parameters.
Grid sizes Error (¢) Rate Error (c) Rate Error (u) Rate Error (v) Rate Error (p) Rate
16 x 16 7.64e-02 - 1.89e-02 - 1.83e-04 - 1.83e-04 - 3.99e-03 -
32 x 32 1.69e-02 217 4.91e-03 1.95 5.00e-05 1.88 5.00e-05 1.88 2.53e-04 3.98
64 x 64 4.18e-03 2.02 1.23e-03 1.99 1.25e-05 2.00 1.25e-05 2.00 5.89e-05 210
128 x 128 1.03e-03 2.02 3.07e-04 2.01 3.12e-06 2.00 3.12e-06 2.00 1.50e-05 1.98
256 x 256 2.55e-04 2.01 7.61e-05 2.01 7.80e-07 2.00 7.80e-07 2.00 3.71e-06 2.01
25 I T T T T T T T T 1
3t =ty = 0.1
0t =271 x tg
\ St=2"2xt
245 o0t = 273 x o]
\ o6t =274 x t,
\ St=2""xt
24 i o0t = 270 x to|
oy <0t =2"Txt
5 -6t =278 x t,
= |
5}
235F
23F
225 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time

Fig. 8. Unconditional energy stability with different time steps represented by different markers and colors.
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Fig. 9. Conservation of volume of the numerical scheme with time step 8t =0.1 x 278,

1

We utilize the result computed with time step §t = 0.1 x 3 to verify conservation of volume in Fig. 9. This result

demonstrates the volume of ¢ is conserved over time.
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(a) Initial condition of c. (b) Initial condition of ¢.

Fig. 10. Initial condition for Example 5.10. We set the concentration as a linear function in the y direction.
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Fig. 11. Snapshots of ¢ at steady state with different permeability: K = % 55 and %

5.5. Effect of interface permeability

We first consider a single drop with high (K = 2;—5), medium (K = -L) and low ((K = - ) permeability with § = 0.01,

=20 =2
is suspended in a shear flow. The initial profiles of concentration and interface are given as follows (see Fig. 10),

0.25 —/(x—0.5)2 + (y — 0.5)2

¢(x,0) =tanh , (5.10a)
2€

c(x,0)=0.6y 4+ 0.2, (5.10b)
with boundary condition

Vo -nly—o=Veé-nly_1=0, ¢0,y.t)=¢(1,y,0),

Vi -nly—o=Vp -nly=1=0, n@,y.t)=pn,y,t),

Ve nly=o=Vc-nly=1=0, c0,y,t)=c(1,y,t),

uly—o=(-1,0", uly1=(1,07,
and periodic boundary conditions are used on the left and right boundaries. The parameters are given as

Re=1, Ca=0.1, Pe=1, D*=1, D =1, €=001, M=10"% (5.11)

The 2D and 3D profiles of concentration at steady states are shown in Figs. 11,12. For a interface with relative large
permeability, the distribution of concentration is almost the linear. This could also be observed by the direction of flux in
Fig. 13 (a) and magnitude of flux in Fig. 15(a). When the permeability decreases, the flux across the interface decreases (see
Fig. 15(b-c) and Fig. 13(b-c)). Fig. 14 illustrates this restriction does not effect the water flow pattern at the steady state
since water is not permeable for the interface in this work. At the steady state, due to limited flux through the interface,
the concentration inside the inner region QT is nearly uniform (see Figs. 11,12 (c)) due to diffusion, while the profile of
concentration in the out region Q~ is similar to that of diffusion in a perforated domain.

In the next, we consider the case with two droplets suspended in the shear flow with a rectangular area Q = [0, 2] x
[0, 1]. The initial condition for ¢ is given by

0.2—/(x—0.5)2+ (y —0.7)2 0.2—/(x—1.5)2+ (y —0.3)2
h
e ) + tanh ( e )

¢(x,0) :tanh( + 1.0, (5.12)

and the parameters are
Re=100, Ca=1, Pe=1, Dt =D~ =1, € =0.02, M =0.02.
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Fig. 12. 3D profile of ¢ at steady state with different permeabilities K = 515, ;- and .

(a) Higher permeability (b) Medium permeability (c) Lower permeability

Fig. 13. Snapshot of the magnitude for flux at steady state with different permeabilities K = 51, ;L and .

(a) Higher permeability (b) Medium permeability (c) Lower permeability

Fig. 14. Snapshot of the streamline at steady state with different permeabilities K = 23? % and 5
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Fig. 15. Snapshot of the magnitude for flux at steady state with different permeabilities K = 515, ;L and .
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(a) c(z,0). (b) ¢(=,0).

Fig. 16. Profile of initial condition.

The permeability is chosen as K = % The initial conditions of ¢ and u and all the other parameters are chosen the same
as in the previous example (5.10). The initial profiles of concentration and droplets are shown in Fig. 16
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Fig. 18. Evolution of the concentration at different time t =0.5, t = 1.1, t = 1.2 and t = 5.0. The black circles show the location of membrane.

In Fig. 17, the magnitude of flux overtime are plotted. Due to the shear flow, the droplets move closer and merge into
one droplet around time t = 1.2. Before t = 1.2, the restrict diffusion are observed on two interface. After the merge time,
the droplet achieves new equilibrium of concentration, where the inner region flux is close to zero.

Fig. 18 reveals the evolution of concentration. We can see there is a concentration difference between inside and outside
of membrane because of the restrict diffusion.

6. Conclusions

In this paper, we propose a phase field model for mass transfer through a semi-permeable membrane with the restricted
diffusion, coupled with fluid flows. The derivation is based on energy variation method and thermally consistent. The sharp
interface limit is obtained by using asymptotic analysis and supported by numerical simulations. Our results show that as
the interface thickness approaches to zero, the diffusive interface model converges to the sharp interface one. We established
a linear and unconditional energy stable numerical scheme to solve the model equations, which form a coupled nonlinear
system. The centered-block finite difference method with a staggered grid is used for spacial discretization. Numerical
computations are carried out to study to the effect of interface permeability. The results show that our diffusive interface
model could be applied to solve restricted diffusion problems efficiently and handle interface topological changes easily.

Both Immersed Boundary Method and Phase Field Method are carried out on Cartesian grids and simplicity to implement
for fluid-structure interaction problems. Immersed Boundary Method has the principal advantage that it can use a large
number of interfacial marker points to accurately handle the interface geometry. However, it is the difficulty of topological
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change unless the additional work for geometric problems is considered [14]. The first advantages of Phase Field method
is that it follows energy dissipation law such that we could design energy stability schemes for long time simulations.
The other advantages is that Phase Field method could easily handle the topological changes, like merging and breaking.
However, it is not easy to handle open curve problems [7].

In this paper, we mainly focus on the passive flux of neutral particles, which is determined by difference on both
sides of interface. The restricted diffusion through biological membrane may also evolve absorption or electrical properties,
such as capacitance and resistance, and active pumps to maintain the concentration difference [44,16]. In Section 5.3, we
only considered the simplest case. In the future, coupling with the Poisson-Nernst-Planck [38], the penetration of charged
nanoparticles through deformable tissue cells under fluid will be studied to compare with the experiment data.
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