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We characterize the triples of interior angles that are possible in non-self-crossing triangles 
with circular-arc sides, and we prove that a given cyclic sequence of angles can be realized 
by a non-self-crossing polygon with circular-arc sides whenever all angles are ≤ π . As a 
consequence of these results, we prove that every cactus has a planar Lombardi drawing (a 
drawing with edges depicted as circular arcs, meeting at equal angles at each vertex) for 
its natural embedding in which every cycle of the cactus is a face of the drawing. However, 
there exist planar embeddings of cacti that do not have planar Lombardi drawings.

© 2023 Published by Elsevier B.V.

1. Introduction

Artist Mark Lombardi drew beautiful diagrams of international political and financial conspiracies, often using curved 
edges and circular layouts [1]. His name is commemorated in Lombardi drawing, a style of graph drawing in which the 
edges are drawn as circular arcs that meet at equal angles at each vertex [2,3]. Many kinds of graphs are now known to 
have Lombardi drawings, including for instance all 2-degenerate graphs, the graphs that can be formed from a single edge by 
repeatedly adding a new vertex incident to at most two previous vertices [3]. Beyond their aesthetic quality, these drawings 
can be considerably more compact than straight-line drawings of the same graphs [2], and they have found application in 
the realization of soap bubble foams [4] and in the visualization of knots and links [5].

In this style of drawing, it is of interest, when possible, to avoid any crossings or intersections of edges other than 
at shared endpoints, forming a planar drawing [6]. Obviously, this requires that the graph is drawn planar, but not every 
planar graph has a planar Lombardi drawing [3]. The planar graphs known to have planar Lombardi drawings include the 
trees [2], the subcubic planar graphs [4], the 4-regular polyhedral graphs [4], the Halin graphs [3], and the outerpaths [6]. 
However, examples of planar graphs with no planar Lombardi drawing have been found for graph classes including the 
4-regular graphs [4], planar 3-trees [6], and planar bipartite graphs [7]. In addition, for planar graphs with a fixed choice of 
embedding, a planar Lombardi drawing might not exist even when the given graph is series-parallel [7].

For some of the simplest classes of planar graphs (notably, the outerplanar graphs) the existence of planar Lombardi 
drawings has remained unknown. In this work, we tackle an even simpler class of graphs, the cacti. Intuitively, a cactus is 
a tree of cycles; it can be defined as a graph in which each edge belongs to at most one cycle. These graphs have a natural 
class of planar embeddings in which their cycles form faces of the embedding, with the rest of the graph always drawn 
outside of the cycle. In this paper, we show that these embeddings of cacti always have Lombardi drawings. However, we 
find examples of other embeddings of cacti (including one as simple as a triangle with four leaf vertices attached to each 
triangle vertex) that have no planar Lombardi drawing.
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Fig. 1. Roger Boscovich’s arc-triangle formed from three semicircles has the property that every line through its cusp partitions the perimeter into two 
equal lengths.

The cycles of any planar Lombardi drawing form simple closed curves in the plane, with sides composed of circular arcs; 
we call these shapes arc-polygons. The constraints of a Lombardi drawing translate into constraints on the vertex angles 
of these arc-polygons, and naturally raise the question of which systems of angles can be realized by an arc-polygon and 
what other geometric properties their realizations have. For instance, the analysis of arc-quadrilaterals with equal angles 
at all vertices, and the key property of these arc-quadrilaterals that their vertices are all cocircular, figured heavily into 
our previous work on Lombardi drawings of 4-regular graphs [4], planar bipartite graphs, and embedded series-parallel 
graphs [7]. Here, we focus on arc-triangles, the simplest (and therefore most highly constrained) shapes needed for the 
faces of Lombardi drawings of cacti. We completely characterize the triples of angles that can be realized by simple arc-
triangles; this characterization forms the basis of our proof that some embedded cacti have no planar Lombardi drawing. 
We also use the same characterization to prove a natural sufficient condition for the existence of a simple arc-polygon with 
specified interior angles: such an arc-polygon exists whenever all of the specified angles are at most π . Larger angles than 
this are not needed for the Lombardi drawings of the natural embeddings of cacti, from which it follows that all cacti have 
planar Lombardi drawings for their natural embeddings.

1.1. New results

The main results that we prove in this work are the following.

• We completely characterize the triples of angles that can be realized as the internal angles of arc-triangles, in terms of 
a system of linear inequalities on the angles (Theorem 7).

• We prove that every cyclic sequence of three or more angles, all of which are in the range [0, π ], except for the triple 
(0, 0, π), can be realized as the internal angles of an arc-polygon (Theorem 12).

• We prove that every cactus graph has a planar Lombardi drawing in its natural planar embedding, the embedding in 
which every cycle is a face (Theorem 18).

• We find an embedded cactus graph that does not have a planar Lombardi drawing for that embedding (Theorem 19).

1.2. Related work

In addition to Lombardi drawing, circular arcs have been incorporated in other ways into graph drawing; see for in-
stance [8–12]. Force-directed methods can often achieve good but not perfect angular resolution for arc-based graph 
drawings [13–15], and the effectiveness of curved edges in graph drawing has been tested through user studies [16–18].

The cactus graphs whose drawings we study here are an old and well-studied class of graphs [19,20]. Cactus graphs 
are one of the most basic minor-closed families of graphs, defined (as simple graphs) by the absence of a diamond graph 
minor or (as multigraphs) by the absence of a 3-edge dipole graph minor. In graph drawing, cactus graphs play a key role 
in the proof that polyhedral graphs have greedy embeddings [21], in the visualization of minimum cuts [22], and in the 
approximation of maximum planar subgraphs [23]. The question of whether cactus graphs have Lombardi drawings was 
explicitly posed by our previous work on the non-existence of Lombardi drawings for certain bipartite planar graphs [7]; 
this question was the main motivation for our present work.

Beyond our work’s contributions to graph drawing, we believe that it contributes to the fundamental study of arc-
polygons. These are a natural and important class of two-dimensional shapes whose long history of study can be traced back 
to the work of Archimedes and Pappus on the arbelos, an arc-triangle formed by three semicircles on the same side of a 
line, to the use of the Reuleaux triangle in Gothic architecture and by Leonardo da Vinci for map projection and fortress floor 
plans, and to the work of 18th-century mathematician Roger Boscovich on shapes that have a center through which every 
line bisects the perimeter (Fig. 1) [24]. It has been stated that “more than 90% of machined parts” have arc-polygon shapes, 
because of their ease of manufacturing [25], and arc-polygons have been used to model the shapes for irregular parts to be 
packed into and cut from metal sheets [26]. Arc-polygons can accurately approximate arbitrary smooth curves [27,28], and 
2
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their approximations of non-smooth curves form a useful stepping stone to the Riemann mapping theorem [29]. Aichholzer 
et al. [30] argue that for approximating irregular shapes in this way, arc-polygons have significant advantages over straight-
sided polygons in allowing more concise and accurate representations while still allowing efficient computations of basic 
geometric primitives such as medial axes. For additional work on the computational geometry of these shapes see [31–33].

2. Preliminaries

2.1. Arc-polygons

Definition 1. We define an arc-polygon to be a cyclic sequence that alternates between points and closed circular arcs in 
the Euclidean plane, with each arc appearing in the sequence consecutively with its two endpoints. The points of the arc-
polygon are called its vertices and the arcs are called its edges.

Here, we allow line segments to count as a degenerate special case of circular arcs.
A special case of Definition 1 is an arc-triangle:

Definition 2. An arc-triangle is an arc-polygon with three vertices and three edges.

An arc-polygon is simple if the only points of intersection between pairs of its edges are shared vertices consecutive 
with both edges. The union of the arcs in a simple arc-polygon forms a Jordan curve, which separates the plane into two 
components; we call the bounded component the interior, and the unbounded component the exterior, of the arc-polygon. 
We define the interior angle of a vertex of a simple arc-polygon to be the angle between tangent lines to its two arcs at that 
vertex, spanning the interior of the arc-polygon in a (possibly empty) neighborhood of the vertex.

Unlike classical straight-sided polygons, it is also possible to form arc-polygons with only two vertices and two sides. As 
in [7], we call these bigons.

A bigon with two different arcs as sides is automatically simple: two different circles can cross in at most two points, 
and these two crossing points are used up by the vertices of the bigon, so no more crossings are possible. The two interior 
angles of a bigon must be equal, and can be any angle in the open interval (0, 2π). It will be convenient to consider an 
arc-polygon with two identical arcs to be a kind of degenerate bigon, with interior angle 0.

2.2. Lombardi drawings

Definition 3. We define a Lombardi drawing of a given graph to be a mapping from the vertices of the graph to points in 
the plane, and from the edges to circular arcs or straight line segments, with the following two properties:

• For each edge, the two endpoints of the edge in the graph are mapped to the two endpoints of its arc in the plane.
• For each vertex v , the incident edges form arcs that are equally spaced around the point representing v , forming angles 

of 2π/ deg(v) between each consecutive pair of arcs.

A Lombardi drawing is planar if the only points of intersection between pairs of its arcs are shared vertices.

2.3. Möbius transformations

By the extended plane we mean the Euclidean plane augmented with a single point at infinity, denoted ∞. An inversion
of the extended plane, with respect to a circle C , maps each point p to another point p′ , so that p and p′ both belong to a 
single ray from the center of C , with the product of their distances from the center equal to the squared radius of C . The 
center of C is mapped to ∞, and vice versa. We consider a reflection of the plane to be a degenerate case of an inversion, 
and we consider the line of reflection to be a degenerate case of a circle with infinite radius. A Möbius transformation
is any functional composition of inversions. These transformations map circles (or degenerate circles) to other circles (or 
degenerate circles), and preserve the angles between any two curves. For an introduction to these transformations, and the 
geometry of circles under these transformations, see e.g. [34].

Because Möbius transformations map circular arcs (or straight line segments) to curves of the same type, and preserve 
angles, they map simple arc-polygons to other simple arc-polygons and Lombardi drawings to other Lombardi drawings. 
It is possible for a Möbius transformation to map the interior of a simple arc-polygon to its exterior and vice versa, but 
otherwise these transformations leave the angles of arc-polygons unchanged. As previous work on Lombardi drawing has 
already shown [4], these properties make Möbius transformations very convenient as a tool for bringing pieces of arc-
polygons and of Lombardi drawings into a position where they can be glued together.
3
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Fig. 2. A simple arc-triangle (blue/dark gray), the circle through its three vertices (yellow/light gray), and the three bigons between the arc-triangle and the 
circle, labeled with vertices vi , arc-triangle angles θi , and bigon angles φi . (For color figure(s), the reader is referred to the web version of this article.)

3. Arc-triangles

Consider an arbitrary simple arc-triangle with vertices vi and interior angles θi (for i ∈ {0, 1, 2}), for instance the one in 
Fig. 1 (for which the interior angles are 2π, π, π ) or the one in Fig. 2. Any three points are contained either in a unique 
circle or a straight line, but for the following definitions we need to know which side of the circle is its inside and which 
its outside, so we assume (by perturbing the triangle by a Möbius transformation, if necessary) that the three vertices are 
not collinear, and are clockwise as v0, v1, and v2 on the circle C through them. We assume also that these three vertices 
have the same clockwise ordering on the arc-triangle, as shown in Fig. 2, meaning that when traveling along the arcs from 
v0 to v1, from v1 to v2, and from v2 to v0, the polygon is consistently on the right side of each arc; if necessary, this can 
be achieved by an inversion with respect to C .

Let θi be the interior angle of the arc-triangle at vertex vi , as labeled on the figure. Each arc of the triangle is separated 
from C by a bigon, and (in the case that the arc is contained in C ) we let φi denote the angle of the bigon opposite vertex 
vi . It is also possible for an arc to lie on C , defining a degenerate bigon with φi = 0. If an arc of the arc-triangle lies outside 
C , it still defines a bigon, but in this case we define φi to be a negative number, the negation of the interior angle of the 
bigon. The case φi < 0 can also happen in the case of triples producing non-simple arc-triangles: see Fig. 3.

Observation 4. For angles θi and φi defined as above from a simple arc-triangle, and for i ∈ {0, 1, 2},
θi + φ(i−1) mod 3 + φ(i+1) mod 3 = π.

Proof. The three angles on the left hand side are the angles at vi measured clockwise from the arc of C clockwise of vi to 
the side of the arc-triangle clockwise of vi (namely φ(i−1) mod 3), from this side of the arc-triangle to the other side (θi), and 
from the other side of the arc-triangle to the arc of C counter-counterclockwise of vi (φ(i+1) mod 3). Therefore, their sum is 
the total angle at vi between the two arcs of C , which is just π . �
Corollary 5. Let ψ = (π − ∑

θi)/2. Then φi = ψ + θi for i ∈ {0, 1, 2}.

Proof. Simple algebra verifies that this is the solution to the system of three linear equations in three unknowns given by 
Observation 4. �
Lemma 6. For three given angles θi with 0 ≤ θi ≤ 2π , at most one of the angles φi calculated from the formula of Corollary 5 can fail 
to satisfy −π ≤ φi ≤ π . If φi < −π then θi must be the only angle of the three given angles that is less than −π ; if φi > π then θi
must be the only angle of the three given angles that is greater than π .

Proof. Consider the three angles θi and the angle π , listed in sorted order. Each φi is obtained by adding two of these 
angles, subtracting the other two, and dividing the total by two; in terms of the sorted ordering of the angles, we can 
represent this (up to the sign of φi) as one of the three sign patterns + + −−, + − +−, or + − −+. However, only the first 
of these can produce a value of φi that is out of range. The other two sign patterns describe the difference of the smallest 
4
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Fig. 3. For some triples of angles θi , using Corollary 5 to compute angles φi and then drawing arcs with these angles may not produce a simple arc-triangle. 
Left: θi = 0, 4π/3, 5π/3 (at the top, right, and left vertices, respectively) and φi = −π, π/3, 2π/3. The arc with angle φi = −π overlays the opposite vertex. 
Right: θi = 0, 3π/2, 11π/6, φi = −7π/6, π/3, 2π/3. The arc with angle φi = −7π/6 crosses the other two arcs.

two angles, plus or minus the difference of the largest two angles. Because these two differences span different ranges of 
angles, they can sum to at most 2π (and must sum to at least −2π ). Therefore, for these other two sign patterns, division 
by two produces a value in the range between −π and π .

For the sign pattern + + −−, π cannot be the maximum or minimum of the three angles, because if it were then each 
difference of angles would be at most π , and so would the average of two differences. So when this sign pattern leads to a 
value of φi that is out of range, there is a unique angle θi with the same sign in the sign pattern, implying the second part 
of the lemma. �

The definitions above of θi and φi are only for simple arc-triangles, but one can also plug in other choices of θi , compute 
φi from them, and examine the arc-triangles that result, which may not be simple. Examples of what can go wrong are 
depicted in Fig. 3: the left arc-triangle of the figure has a vertex on the opposite side arc, and the right arc-triangle has two 
crossing pairs of arcs.

Theorem 7. Three given angles θi with 0 ≤ θi ≤ 2π can be realized as the interior angles of a simple arc-triangle if and only if the 
angles φi , as calculated by Corollary 5, satisfy the inequalities −π < φi < π .

Proof. By Corollary 5, a realization must have the form shown in Fig. 2: three circular arcs making angles of φi to the 
circumcircle of the three vertices. The location of these vertices on the circumcircle, and the location of the circumcircle, 
are not important, as any three points may be transformed into any other three points by a Möbius transformation. The 
important question for the realizability of these angles by an arc-triangle is whether these three arcs form a simple arc-
triangle �, or whether they have undesired crossings.

First, let us disprove the existence of a realization when the angles φi do not satisfy the inequalities. There are three 
cases:

• Consider the case that some φi = ±π . In this case, the arc with angle φi , opposite vertex vi , coincides with an arc of 
the circumcircle passing through vertex vi . Since a simple arc-triangle is not allowed to have one of its sides passing 
through the opposite vertex, the angles in this case cannot come from a simple arc-triangle.

• Next, instead suppose that there is an angle φi that is out of range: φi < −π or φi > π . By Lemma 6, it must be the 
only angle with this property. See the right-hand example in Fig. 3. In the case that φi < −π , consider continuously 
increasing φi (and decreasing the two given angles that are not θi to match) until it is greater than −π . (It transitions 
in this process through a state of the form in the left-hand side in Fig. 3.) By the second part of Lemma 6, this decrease 
in the given angles cannot cause them to become negative. At the end of the sequence, the angles meet the conditions 
−π < φi < π . As we will show in the other direction of the proof, this produces a simple arc-triangle. However, at the 
point in the sequence where φi becomes equal to −π , and the arc with angle φi crosses over vertex vi , two crossings 
with the other two arcs are removed. There is no combinatorial change to the configuration of arcs and their crossings 
anywhere else in the sequence, so these two crossings must have been present in the configuration with the given 
angle φi .

• In the case when φi > π , instead continuously decrease φi until it is less than π ; the remaining argument is similar.

Finally, let us prove that angles φi satisfying the inequalities must be simple. Suppose all φi obey −π < φi < π . Then it is 
impossible for the two arcs at vi to cross. If the values of φ corresponding to these two arcs have opposite signs, then one is 
inside the circumcircle and the other outside, and if one has sign zero, then it lies on an arc of the circumcircle inaccessible 
to the other. If both arcs have values of φ with the same sign, then they leave the circumcircle at vi in a relative ordering, 
5
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Fig. 4. Polyhedral visualization of the subset of triples of angles that can be realized by simple arc-triangles. With (0, 0, 0) at the lower left and (2π, 2π, 2π)

at the upper right.

Fig. 5. Arc-quadrilaterals with interior angles (0,0,π,π) (left, yellow) and (0,π,0,π) (right, blue).

determined by their angle at vi , that is consistent with the relative ordering at which they reach the circumcircle again at 
the other two vertices, determined by the positions of those two vertices. Since circular arcs can meet only twice, and these 
two arcs meet once at vi , any additional crossing would swap their relative positions, so they cannot cross. �

The linear inequalities 0 ≤ θi ≤ 2π can be thought of as defining a cube in a three-dimensional space having the angles 
θi as Cartesian coordinates. For this interpretation of these numbers, the additional linear inequalities −π < φi < π cut off 
six of the eight corners of the cube (the corners where not all coordinate values are equal), replacing them by equilateral 
triangle faces whose vertices are midpoints of the cube edges. The result of this truncation is a feasible region of triples of 
angles that can be realized by simple arc-triangles, bounded by six pentagonal faces (the truncated faces of the cube) and 
six triangular faces (the inequalities on φi ). It is depicted in Fig. 4. The result in Lemma 6 that only one of the inequalities 
on φi can be exceeded corresponds geometrically to the fact that the triangular faces meet only in vertices, not in edges. At 
the vertices where two triangular faces meet, two of these inequalities on φi are exactly met but neither is exceeded.

We remark that it is straightforward to implement this construction of a simple arc-triangle for given angles and given 
triangle vertices, by computing the circumcircle of the vertices and the angle made by the triangle arcs to this circumcircle.

4. Arc-polygons

We do not have a complete characterization of the angle sequences of higher-order simple arc-polygons, as we do for 
arc-triangles. Instead, we prove a sufficient condition, which will be enough for our application to Lombardi drawing: with 
a single exception, an angle sequence can be realized by a simple arc-polygon whenever all angles are ≤ π . For triangles, 
this follows from our previous characterization:

Lemma 8. If a triple of given angles θi all lie in the range 0 ≤ θi ≤ π , and the triple is not a permutation of (0, 0, π) then there exists 
a simple arc-triangle having these interior angles.

Proof. For these angles, the values of φi calculated according to Corollary 5 range from a minimum of −π/2 (when θi = 0
and both other given angles are π ) to a maximum of π (when θi = π and both other given angles are 0). Because the 
angles (0, 0, π) are the only combination achieving this maximum, all other triples of angles result in −π/2 ≤ φi < π . The 
result follows from Theorem 7. �

We also need the following two special cases:
6
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Fig. 6. Gluing together two simple arc-polygons with cusps at infinity, realizing angle sequences σ0 and τ0, to produce a single arc-polygon realizing angle 
sequence στ .

Observation 9. The sequences (0, 0, π, π) and (0, π, 0, π) can be realized as the interior angles of arc-quadrilaterals.

Proof. See Fig. 5, which realizes these sequences using four vertices equally spaced along a line, with semicircular arcs. �
For higher-order polygons, we will prove the existence of a simple realization by induction on the order of the polygon, 

gluing together arc-polygons with fewer vertices at cusps, vertices of interior angle zero.

Definition 10. If σ and τ denote sequences of angles, we let στ denote their concatenation, and we let σ0 and τ0 denote 
the sequences of angles obtained from σ and τ respectively by including one more angle equal to zero.

With this notation, the following lemma describes the process of gluing together two arc-polygons.

Lemma 11. Let σ and τ both be sequences of angles such that the augmented sequences σ0 and τ0 are realizable as the sequences of 
interior angles of simple arc-polygons. Then the concatenation στ is also realizable by a simple arc-polygon.

Proof. Let S and T be simple arc-polygons realizing σ0 and τ0 respectively. Apply inversions separately to S and T , 
centered respectively on the cusps of S and T , producing arc-polygons S ′ and T ′ . Both S ′ and T ′ have their cusp transformed 
to lie at ∞, and the circular arcs incident to these cusps transformed into infinite rays. All other vertices and edges of S ′
and T ′ remain finite. The condition that the angle at the cusp be zero in S and T corresponds, in S ′ and T ′ , to the condition 
that these two rays be parallel. By adjusting the radii of the inversions we can additionally ensure that in both S ′ and T ′
the rays lie on lines at distance one from each other. By rotating S ′ and T ′ so that their pairs of rays both lie on the same 
two lines, in opposite directions, and translating them far enough apart along these two parallel lines, we may glue them 
together into a single simple arc-polygon, as shown in Fig. 6, giving a realization of στ . �

Theorem 12. A finite sequence of three or more angles θi can be realized as the interior angles of a simple arc-polygon whenever all 
angles satisfy 0 ≤ θi ≤ π and the sequence is not a permutation of (0, 0, π).

Proof. We use induction on the number of angles, with Lemma 8 as a base case for sequences of exactly three angles and 
Observation 9 for the two four-angle-sequences (0, 0, π, π) and (0, π, 0, π) and their cyclic permutations.

For any other sequence of more than three angles that includes π as one of its angles, we form a shorter sequence by 
removing the π , realize the shorter sequence as the interior angles of a simple arc-polygon by the induction hypothesis, 
and then reinsert the vertex with angle π anywhere along the circular arc between its two neighbors in the resulting 
arc-polygon.

For a sequence of more than three angles that does not include π as an angle, partition the sequence into a concatenation 
στ where both σ and τ contain at least two angles. By the induction hypothesis, both σ0 and τ0 are realizable, so by 
Lemma 11 their concatenation στ is also realizable. �

It is tempting to guess that all sequences of four or more angles are realizable by simple arc-polygons, but this is not 
true, as the following example demonstrates.

Observation 13. In a simple arc-polygon, if the two interior angles at the vertices of a given arc A are 0 and 2π , then the two adjacent 
arcs lie on opposite sides of the circle through A.

Proof. The arcs are tangent to A, and two circles that are tangent cannot cross. The choice of angles ensures that, near the 
point of tangency, the arcs are on opposite sides of the circle, and because they cannot cross this circle they remain on 
opposite sides for their entire length. �
7
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Fig. 7. Interior angles that alternate between 0 and 2π force the arcs of a simple arc-polygon(black) to be confined to a sequence of nested circles (shaded 
yellow and blue regions).

Corollary 14. It is not possible for a simple arc-polygon with an even number of sides to have its angle sequence alternate between 0
and 2π around the polygon.

Proof. The alternation would cause the sides to form a sequence of nested circles (Fig. 7), from which it would be impos-
sible to loop back around from the innermost to the outermost circle. �
5. Lombardi drawing

5.1. Existence

As stated in the introduction, a cactus is a graph in which each edge belongs to at most one cycle. In the natural 
embedding of a cactus, each cycle forms a face, with the other edges that are incident to each cycle vertex placed outside 
the face. At a vertex of degree d ≥ 2, the interior angle of the cycle will be 2π/d. Because all angles are positive and at 
most π , the sequence of interior angles meets the conditions of Theorem 12, allowing the face to be drawn as a simple 
arc-polygon. Each edge belongs to at most one cycle, and the edges that do not belong to cycles are even easier to draw 
(on their own) as line segments. To construct a Lombardi drawing for the entire graph, we glue these pieces of drawings 
together using Möbius transformations, similar to the gluing process used to construct arc-polygons in Lemma 11.

We call these pieces of drawings partial Lombardi drawings:

Definition 15. If G is an embedded graph, and H is a subgraph of G we define a partial Lombardi drawing of H with respect 
to G to be a drawing of the vertices and edges of H as points and circular arcs, in the manner of a Lombardi drawing, with 
pairs of circular arcs that meet at a vertex having the angle that they would be required to have in a Lombardi drawing of 
G . We define a partial Lombardi drawing to be planar in the same way as for a full Lombardi drawing: the only intersection 
points of arcs are shared endpoints.

Definition 15 does not require that G be a cactus graph, although our main purpose is to apply it to cactus graphs.
The biconnected components of a cactus are its cycles and its edges that do not belong to cycles. Its articulation points are 

the vertices that belong to more than one biconnected component. The reasoning above proves the following observation:

Observation 16. Each biconnected component of a cactus has a planar partial Lombardi drawing with respect to the natural embedding 
of the cactus.

Lemma 17. Let Hi be a collection of subgraphs of a given graph G that all share a common vertex v, with no other pairwise intersec-
tions, let G be given a planar embedding in which the edges of each subgraph Hi that are incident at v appear consecutively at v, and 
let each Hi have a planar partial Lombardi drawing with respect to G. Then the union ∪Hi also has a planar partial Lombardi drawing 
with respect to G.

Proof. Perform an inversion centered at v on each drawing of Hi , producing a drawing where v is at ∞ and its incident 
edges have become rays, radiating outward from the finite part of the drawing, with relative angles equal to the angles they 
should have at v in a Lombardi drawing of G .

Let v have degree d in G , and draw a system of d rays meeting at the origin in the plane, separated from each other 
by angles of 2π/d. Assign consecutive subsets of rays to each subgraph Hi , according to its number of edges incident to v . 
Additionally assign to each subgraph Hi a wedge of the plane, with the apex as the origin, extending beyond these assigned 
rays to an additional angle of π/d on both sides. This assignment produces open wedges for each Hi , within which (after 
8
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Fig. 8. Left: an attempt to “glue” together partial Lombardi drawings {⋃Hi = G}, some of which may cross. Right: The inversion applied to Hi (here, H3) 
in the proof of Lemma 17.

Fig. 9. Top left: allocation of wedges in the proof of Lemma 17. Top right: a placement of each Hi in its respective wedge in the proof of Lemma 17.
Bottom: the final inversion in the proof of Lemma 17.

a suitable rotation) each may be placed; we place each Hi so that its rays are parallel to the rays it is assigned, but we do 
not require these rays to coincide. Because the wedges are open, they are disjoint from each other and from the origin.

Once all of the drawings of subgraphs have been placed in this way, another inversion centered at the origin returns the 
drawing to a state in which all vertices and arcs are finite. All of the angles within each drawing of each subgraph Hi have 
been preserved, and the rays to ∞ invert to circular arcs meeting at v at the desired angles. �

Figs. 8 and 9 illustrate the process described in the proof of Lemma 17.

Theorem 18. Every cactus has a planar Lombardi drawing for its natural embedding.

Proof. We construct planar Lombardi drawings for each biconnected component of the cactus by Observation 16, and glue 
these partial drawings into partial drawings for larger subgraphs by applying Lemma 17 at each articulation point of the 
cactus, until the entire drawing has been glued together. Each step preserves planarity, so the resulting Lombardi drawing 
is planar. �
5.2. Nonexistence

While cactus graphs all have planar Lombardi drawings for their natural embeddings, not every embedding of a cactus 
graph has a planar Lombardi drawing.

Theorem 19. The embedded cactus depicted in Fig. 10, consisting of a 3-cycle with four pendant vertices at each 3-cycle vertex, em-
bedded so that the pendant vertices are outside the 3-cycle at two 3-cycle vertices and inside at one, has no planar Lombardi drawing.
9
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Fig. 10. An embedded cactus that has no planar Lombardi drawing.

Proof. A planar Lombardi drawing of this embedded graph would draw its 3-cycle as a simple arc-triangle with angles θi of 
π/3, π/3, and 5π/3. A calculation following Corollary 5 shows that these angles produce corresponding angles φi of −π/3, 
−π/3, and π , respectively. Since one of the angles φi is π , Theorem 7 shows that this simple arc-triangle cannot exist. �

Additional pendant vertices only make the angles farther from realizability, producing an infinite family of examples 
without planar Lombardi drawings.

6. Conclusions

We have completely characterized the triples of internal angles of simple arc-triangles, and proven that for higher-order 
simple arc-polygons (with one exception) all sequences of angles that are at most π are realizable. We have used these 
results to find planar Lombardi drawings for the natural planar embeddings of all cacti, and to prove that certain other 
embeddings of cacti do not have planar Lombardi drawings. In particular, this shows that it is possible for an outerplanar 
graph, embedded in a non-outerplanar way, to fail to have a planar Lombardi drawing.

This work leaves the following questions open for future research:

• Can we find a characterization of the sequences of angles that can be realized by simple arc-polygons instead of only 
subsets of arc-polygons? (Corollary 14 shows that this question has a nontrivial answer.) What is the computational 
complexity of finding such a realization?

• Similarly, what is the computational complexity of determining whether an embedded cactus has a planar Lombardi 
drawing?

• In previous work, for trees with fixed embeddings, we were able to prove the existence of Lombardi drawings whose 
area is a polynomial multiple of the minimum separation between vertices, compared to the exponential area require-
ment for straight-line drawings with uniformly spaced edges at each vertex [2]. What are the area requirements for 
Lombardi drawing of cacti?

• As already discussed in our previous work on Lombardi drawing, do all outerplanar graphs have planar Lombardi draw-
ings? Do they have planar Lombardi drawings for each outerplanar embedding? What is the computational complexity 
of finding these drawings?
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