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Locked and Unlocked Smooth Embeddings of Surfaces
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Abstract

We study the continuous motion of smooth isometric
embeddings of a planar surface in three-dimensional
Euclidean space, and two related discrete analogues of
these embeddings, polygonal embeddings and flat fold-
ings without interior vertices, under continuous changes
of the embedding or folding. We show that every star-
shaped or spiral-shaped domain is unlocked: a contin-
uous motion unfolds it to a flat embedding. However,
disks with two holes can have locked embeddings that are
topologically equivalent to a flat embedding but cannot
reach a flat embedding by continuous motion.

1 Introduction

Much research in computational geometry has concerned
smooth deformations of a shape that preserve its geomet-
ric structure. This includes bloomings, continuous and
collision-free unfoldings from polyhedra to flat nets that
preserve the shape of each face [6,9,15,18,21, 26], the
carpenter’s rule problem on continuous collision-free mo-
tions that straighten a polygonal chain while preserving
segment lengths [8,20,22], and the closely related study
of continuous rigid motions of single-vertex origami pat-
terns [1,19,23]. When the carpenter’s rule problem is
generalized to to more complex linkages or three dimen-
sions it can have locked configurations, unable to reach a
straightened configuration even though there is no topo-
logical obstacle to their reconfiguration [3-5,7,11,16].
Demaine, Devadoss, Mitchell, and O’Rourke studied
“folded states” of simple planar polygons in 3d, con-
sisting of a surface-distance-preserving mapping to 3D
together with a consistent “local stacking order” at parts
of the polygon that are mapped onto each other. As they
show, any folded state can be continuously transformed
to any other folded state: the configuration space of
these states is connected [10,12].

In this work we examine reconfigurability for three
natural restricted forms of folded states:

e Smooth embeddings into R?, where the embedded
surface is doubly differentiable (having a tangent
plane everywhere) without self-contact.
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e Polygonal (piecewise linear) embeddings into R?
without interior vertices, so all “fold lines” where
the mapping is not locally linear extend entirely
across the surface. There should be finitely many
connected linear pieces and no self-contact.

e Planar folded states (flat foldings) without interior
vertices. We again require that the mapping be
piecewise linear with finitely many pieces and that
the fold lines extend entirely across the surface.

At each interior point of a smoothly embedded flat sur-
face in R3 that is not locally flat, the surface bends
along a straight “bend line” that continues to the sur-
face’s boundary [14]. As an everyday example of this
phenomenon, when holding a slice of pizza at its crust,
keeping the crust flat allows the slice to droop, but bend-
ing it extends rigid bend lines lengthwise through the
slice, preventing drooping [25]. Our restriction against in-
terior vertices of polygonal embeddings and flat foldings
provides a combinatorial model of the same phenomenon.
We have studied flat foldings with this restriction (but
not their reconfiguration) in previous work [13].

In all three models of bending and folding we allow
continuous motions that stay in the same model; in par-
ticular, in the polygonal embedding model, folds may
“roll” along the surface rather than remaining fixed in
place. Our folded states are special cases of the ones
previously considered by Demaine et al. [10,12], and we
retain their notion of a continuous motion as a mapping
from the closed unit interval [0, 1] to folded states that
is continuous under the sup-norm of the distances of
mapped points and (for flat foldings) consistent with
respect to the local stacking order. The initial configura-
tion of a motion is the mapping for the parameter value
0, and the final configuration is the mapping for the
parameter value 1. For all three of our restricted models
of folded states, we prove the following new results:

e A compact subset of the plane with a continuous
shrinking motion has a connected space of restricted
folded states: every folded state can be continuously
unfolded to a flat state. These sets are topological
disks and include the star-shaped domains.

e There exist subsets of the plane, topologically equiv-
alent to a disk with two holes, that can be locked:
they have embeddings that are topologically equiva-
lent (ambient isotopic) to their flat embedding, but
cannot be continuously deformed to become flat.
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Figure 1: A polygon that has a continuous shrinking
motion into itself, but that is not star-shaped.

2 Shapes that can shrink into themselves

A star-shaped polygon, or more generally a star-shaped
domain, is a subset S of the plane such that, with an
appropriate choice of one point of the plane to be the
origin, every scaled copy pS for p € [0,1] is a subset of S
itself. These are widely studied in computational geom-
etry, and can be recognized in linear time [17]. However,
these are not the only shapes that have a continuous
shrinking motion of scaled copies of the shape into them-
selves. Fig. 1 depicts a different type of continuous
shrinking motion, in which the shape spirals inwards
while shrinking. Such a motion can be described by
coordinatizing the plane by complex numbers, again for
an appropriately chosen origin (the center of the spiral
motion), choosing a complex number ¢ of absolute value
less than one, and considering the family of scaled copies
ePqS for p € [0,00). The linear shrinking motion of star-
shaped domains is a special case of this type of motion
in which ¢ is a positive real number. If any shape S has
any continuous shrinking motion of its scaled copies into
itself, the start of the motion can be approximated to
first order by an inward-spiraling shrinking motion of
this type, which can then be continued to a complete
inward-spiraling shrinking motion of the same shape. In
this sense, this family of continuous shrinking motions
is completely general, in the sense that all shapes with a
continuous shrinking motion have a continuous shrinking
motion of this type, although we will not use this fact.
Following Aharonov et al. [2], we call a compact set S
that has a continuous shrinking motion of this type a
spiral-shaped domain.

In an inward-spiraling shrinking motion, each point
of the set S traces out a logarithmic spiral, which meets
every ray from the center of the motion in a fixed an-
gle 6. The existence of a spiraling motion for a given
simple polygon and a fixed choice of 6 can be tested by
intersecting polygonal regions, one for each edge, that
describe the set of locations for the center where a spiral
of this angle would leave the edge towards the interior

of the polygon, rather than towards the exterior. This
characterization leads to a polynomial-time algorithm for
testing the existence of an inward-spiraling motion, by
continuously varying 6 over the range (—m, ) and deter-
mining the combinatorial changes in the corresponding
intersection of polygonal regions. It is plausible that
finding a feasible angle 6 and a center point for that
choice of # is an LP-type problem of bounded dimension,
solvable in linear time, but we have not proved this.

The main results of this section are that every spiral-
shaped domain S has connected spaces of smooth embed-
dings, polygonal embeddings without interior vertices,
and flat-foldings without interior vertices. Equivalently,
every embedding can be continuously unfolded. The
simplest case concerns smooth embeddings.

Theorem 1. FEvery smooth embedding of a spiral-shaped
domain has a continuous motion, through smooth em-
beddings, to a flat embedding.

Proof. Let S be the given spiral-shaped domain, and
f: S — R? be its smooth embedding. Parameterize an
inward-spiraling shrinking motion of S as s; : S — S
where ¢ € (0, 1], s1 is the identity, and each s; scales S
by a factor of i, converging as ¢ — 0 to a single central
point of the motion (which may or may not be on the
boundary of S).

Our proof converts this parameterized family of scal-
ings to a parameterized family of smooth embeddings
of S at a single scale, by composing s;, f, and a func-
tion that expands R3 by a factor of 1/i to restore the
original size of S. The obvious expansion function R3
by (z,y,z) — (x/i,y/i,2/i) does not work, because of
the following issues:

e Composing s;, f, and an expansion by 1/i does
provide a continuous motion of smooth embeddings
on the half-open interval (0,1], whose curvature
tends towards zero as the parameter goes to zero.
However, we need a continuous motion on the closed
interval [0, 1] for which the limiting embedding at
parameter value zero exists and is completely flat.

e When the origin of R? does not belong to all of the
rescaled and smoothly embedded copies of S, the
composition with R? by (x,v,2) + (x/i,y/i,z/i),
as i — 0, will produce smooth embeddings of S
whose distance from the origin is inversely propor-
tional to 4, preventing them from having a limit.
We can prevent this by choosing coordinates for R3
that have as their origin f(p), where p is the limit
point of the inward-spiraling shrinking motion on
S. In this way, the composition of s;, f, and an
expansion by 1/i will act as the identity on this
point, and more strongly will preserve the tangent
plane of the surface at that point.
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Figure 2: A spiral-shaped domain between two logarith-
mic spirals, whose shrinking motion cannot be shortcut
to a linear shrinking motion.

e This still does not complete the proof, because a
spiral inward-shrinking motion of the domain, com-
posed with f and (z,y,2) — (z/i,y/i,z2/i), wil
cause the embeddings to rotate at increasing speed
as ¢ — 0, preventing the continuous motion from
having a flat limiting surface at ¢ = 0. For the
polygonal domain of Fig. 1, this problem can be
circumvented by switching from the spiral inward-
shrinking motion to a linear scaling transformation
in S, once the scaled copies of S become small
enough that this linear scaling stays entirely within
S. However, for some other shapes, such as the
domain between two logarithmic spirals depicted in
Fig. 2, switching to linear scaling is never possible.

Instead, we address this third issue by choosing a ref-
erence vector tangent to S at f(p). We compose s;,
f, an expansion by 1/i, and a rotation of R? (with
axis perpendicular to the tangent plane at f(p))
that restores this vector to its original direction.

Let f; denote the resulting composition of s;, f, an
expansion of R? with a careful choice of origin, and a
rotation that restores the original directions of vectors
in the tangent plane to the embedded surface. Then f;,
for values of 4 in the half-open interval (0, 1], describes
a continuous motion with f; = f as one endpoint of the
motion. The maximum curvature of the surface f;(5)
equals i times the maximum curvature within the i-
scaled copy of S within f(.5), which in the limit becomes
arbitrarily close to ¢ times the curvature at p in f(S) and
therefore has limiting value zero. The transformations f;
preserve the tangent plane to the surface and directions
within the tangent plane.

For each point ¢ € S, fi(¢) can be obtained by the
exponential map: follow a curve on f;(S) of length |[p—gql|,
starting from p, in the direction given by the image of
the tangent vector ¢ — p. This length and direction
are invariant through the motion, and as ¢ — 0 the
curvature of this path approaches zero. Therefore, f;
converges pointwise to a flat embedding fo(S), obtained
by the exponential map on the tangent plane of f(.5) at p.

Appending fjy to our continuous sequence of smooth em-
beddings f; for ¢ € (0,1] gives us a continuous sequence
on i € [0,1], flat at « = 0 and equal to our starting
embedding at ¢ = 1, which therefore shows that these
two embeddings are reconfigurable to each other. O

This proof uses compactness to ensure that the limit
point of the spiral shrinking motion is asymptotically flat
and that sufficiently small copies of the entire domain
fit into any neighborhood of that point. Non-compact
surfaces can have self-similar embeddings, smooth every-
where except the limit point, that are invariant under
shrinking and re-expansion. For polygonal embeddings
we handle the same issue of avoiding self-similar em-
beddings differently, using the requirement that these
embeddings have finitely many connected linear pieces.

Theorem 2. Every polygonal embedding without inte-
rior vertices of a bounded spiral-shaped domain has a
continuous motion, through polygonal embeddings with-
out interior vertices, to a flat embedding.

Proof. The same idea as above comes close to working:
compose the inward-spiraling shrinking motion of the
domain, the initial embedding f, an expansion of R3 cen-
tered at the limit point of the motion, and a rotation of
R3 that cancels any spinning motion the inward-spiraling
motion might have. However, the limit point p of the
inward-spiraling shrinking motion might be a point on a
fold line of the polygonal embedding, or worse, it might
be a boundary point of S where multiple fold lines meet.
In this case, there is not a unique tangent plane of f(S)
at p, and when the same composition can be made to
have a limit, this limit will be folded at p in the same
way as it was in f(p) rather than being flat.

To address these issues, when p is a folding point of
the embedding f(S), we choose one of the polygonal
faces incident to p to determine the tangent plane for
the previous construction. Then as above we compose
the inward-spiraling shrinking motion of the domain,
the initial embedding f, an expansion of R3 centered
at the limit point of the motion, and a rotation of R3
that cancels any spinning motion of this tangent plane.
The resulting composition defines a continuous motion
over the half-open interval of parameter values (0,1],
which can be extended with a well-defined limit at 0, a
polygonal folded state that has the same fold lines and
fold angles as f(S) at p and is flat everywhere else.

We distinguish three cases:

e If p is not a folding point of the embedding f(5),
then the previous proof applies directly.

e If p belongs to a single fold line of the embedding
f(S), then we can concatenate two continuous mo-
tions. First we perform the motion from the previ-
ous proof that transforms f(.S) into a folded state
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that contains this fold line. Because this folded
state has only one fold line, it cannot self-intersect,
and forms a valid polygonal embedding. Next, we
perform an additional continuous motion that lin-
early changes the angle of this fold from its initial
value to 7 (unfolded into a flat angle). Again, none
of the intermediate states of this second continuous
motion can self-intersect.

e In the remaining case, p is a boundary point of S
that belongs to multiple fold lines within S. For a
line from p to intersect .S in a line segment, it must
necessarily be the case that the inward-spiraling
shrinking motion is actually the linear shrinking
motion of a star-shaped domain. The link of this
folded state at p, the intersection of fo(S) with
a small sphere centered at p, is a polygonal chain
consisting of arcs of great circles. Because it remains
invariant throughout the motion, it does not self-
intersect. Any two distinct points of S at distance
d from p lie on distinct points of a scaled copy of
this link, on a sphere of radius d, and for this reason
cannot coincide. Therefore, the folded state at fy
is again a valid polygonal embedding.

By known results on the spherical carpenter’s rule
problem, there exists a continuous motion of the
link, as a polygonal chain of fixed-length great-circle
arcs on the sphere, from its folded state to a com-
pletely flat state. This motion induces a continuous
motion of fy to a flat-folded state [23]. Perform-
ing the continuous motion from f(S) to fo(5), and
then using this carpenter’s rule solution on the re-
sulting single-vertex surface, produces a combined
continous motion from f(S) to a flat state. O

To apply the same method to flat foldings without
interior vertices, we cannot use the carpenter’s rule prob-
lem, as 1d flat-folded polygonal chains with fixed edge
lengths cannot change continuously. Instead, we use a
one-dimensional version of Theorem 2:

Lemma 3. Let P be line segment, folded flat by a
piecewise-isometry f : P — R with a finite number
of fold points and a consistent above-below relation for
points with the same image. Then there exists a contin-
wous motion of flat foldings of P that transforms folding
f into an unfolded state.

Proof. Chose any point p of P that is not a fold point,
and form a continuous family of one-dimensional folded
states of P, f;(P) for i € (0,1], by scaling P by a factor
of i centered at p, applying f, and scaling the result by
a factor of 1/i centered at f(p). When i becomes less
than the distance from p to the nearest fold, the result
will be an unfolding of P, so this provides a continuous
transformation from f to an unfolding. O

Figure 3: Two disks connected by a knotted band. This
surface can be flattened by a continuous motion of
smooth embeddings.

Theorem 4. Fvery flat folding without interior ver-
tices of a bounded spiral-shaped domain has a continuous
unfolding motion through foldings of the same type.

Proof. The proof follows the same outline as Theorem 2,
combining shrinking and unshrinking to reach a folded
state in which all folds pass through the center p of
the spiral shrinking transformations. If the result has a
single fold through p we roll this fold to the boundary
of S rather than changing its fold angle. If p lies on
the boundary of the domain and belongs to multiple
fold lines, we apply Lemma 3 in place of the spherical
carpenter’s rule. O

3 An instructive example

Fig. 3 shows two large disks connected by a short thin
band, embedded with the disks spread flat and the band
tied into an open overhead knot. If the disks could
be crumpled, it would be easy to untie and flatten, by
crumpling the disks into small enough balls that they
could be passed through the knot, and then uncrumpling.
However, our model of smooth surface embeddings does
not allow crumpling. In every smooth embedding, the
center point of each disk lies in a flat subset of the disk
with large diameter: either a diameter of the disk, or
a triangular subset of the disk with the vertices of this
triangle on the boundary of the disk.

Rolling up either disk around a diameter makes that
diameter act like a rigid line segment, but gives the
rest of the disk a smaller overall shape. Rolling both
disks in this way can produce an embedding like the
locked polygonal chain with long “knitting needles” at
its ends from Figure 1 of Biedl et al. [4]. Any other rigid
configuration for the two disks would be similarly locked.
However, this surface is unlocked! It can be unfolded
through the following sequence of transformations:

e Let D be a diameter of one of the two disks, touching
the boundary of the disk at its attachment point
p with the knotted band. Roll up the disk around
D, starting at one of the points of the disk that is
farthest from D, and leaving the semicircle opposite
that point exposed on the outside of the roll.
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Figure 4: A flat surface with two holes and a config-
uration that cannot be flattened. Intuitively, the two
interlocked loops prevent the rolled center region from
unrolling, the bend lines of the roll make it act like a
rigid rod, and the length of this rod prevents the loops

from being pulled around its ends. For the way the two
loops on the hidden side of the roll interlock, see Fig. 5.

e Poke p into the hole made by the knotted band, so
that if the rolled-up disk around D were not rigid,
it could pass through the hole and untie the knot.
However, because D is made rigid by the bending
of the embedding as it rolls around D, only the very
end of diameter D near p can pass into the hole.

e Continuously spin the parallel family of bend lines
on the rolled-up disk, so that it rolls up around a
different diameter than D. Choose the direction
of spin that causes p to travel along the exposed
semicircle along the rolled-up disk. As it does so,
this will allow more of the diameter of the rolled-up
disk to poke through the hole in the knot.

e When the bend lines have spun on the disk through
an angle of 7, causing p to reach the other end of
the exposed semicircle, the rolled-up diameter will
have traveled all of the way through the hole in the
knot, which will become unknotted.

e Unroll the disk so that it lies flat with the rest of
the surface.

Thus, although bend lines of a smoothly embedded
surface are rigid, the underlying pattern of these lines on
the surface can change continuously, complicating the
search for a proof that a surface is locked.

4 A locked surface

Fig. 4 depicts a smoothly-embedded unit square with two
small loops on midpoints of opposite sides, wrapped into
a spiral roll with the loops interlocked. Fig. 5 provides
a cutaway view showing how the loops interlock.

Figure 5: Cutaway view of the two loops and centerline
of the rolled-up part of the surface of Fig. 4, showing
their topological equivalence to the Borromean rings

This rolled-up and interlocked surface is topologically
equivalent (ambient isotopic) to a flattened surface. As
can be seen in Fig. 5, the interlocking pattern is that
of the Borromean rings, three unknotted loops in space
that cannot be separated from each other, in which any
two of the loops become unlinked if the third loop is
removed. In the figure, the role of one of these three
loops is taken by the center of the spiral roll, which
does not actually form a loop, so this embedding is not
topologically linked. From the arrangement of the loops
in Fig. 5, it is possible to unlink it by pulling the right
half of the red band to the right and up, around the
right end of the yellow spiral center, passing this part of
the red band around the right half of the blue band, and
then passing the same part of the red band back to the
right and down around the right end of the yellow spiral
center. This sequence of motions reverses the front-back
order of the two red-blue crossings on the right half
of the red band, after which it is straightforward to
flatten the whole surface. We have also verified that this
configuration is topologically unlocked using a physical
model of two rubber bands attached to a pen.

As a smoothly-embedded surface, Fig. 4 is locked: it
cannot be flattened while preserving its geometry. To
prove this, we use three interlocked properties of the em-
bedding that, like the Borromean rings, are interlinked:
as long as any two of the properties remain valid, the
third one must remain valid as well, so none of the three
properties can be the first to break in any continuous
motion of the embedding. The first two properties are
parameterized by a parameter €, which we will be able
to make arbitrarily small by making the length of the
loops sufficiently small:

A. The two loops are bounded within distance ¢ of each
other.

B. The nearest bend line on the square to its center
point has distance < & to the center point, and
crosses the top and bottom sides of the square at
distance > 1/4 — ¢ from its left and right sides.

C'. The nearest bend line on the square to its center
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Figure 6: Bend lines for a deformed version of Fig. 4 in
which the (heavier) bend line through the center of the
square crosses the top and bottom sides of the square
at distance 1/4 from the sides. For these bend lines, the
two loops still meet near the center of the rolled surface.

point can be completed into a loop by a curve, on a
sphere with it as diameter, forming Borromean rings
with the other two loops.

The reason for the 1/4 in property B is that it is
possible to deform Fig. 4, keeping the two loops inter-
locked in the center of the roll, so that the center bend
line crosses the top and bottom sides of the square at
distance 1/4, as shown in Fig. 6. However, as we will
prove, it is not possible to move this center bend line
significantly farther from vertical.

Lemma 5 (AA B = C). For all sufficiently small loop
lengths 6 and all sufficiently small €, continuous motion
through states where A(e) and B(g) hold, starting from a
state where C' holds, cannot reach a state where C does
not hold.

Proof. Let b be the bend line of property B. Then
(Fig. 7) the attachment point p of the right loop must
lie within the intersection of two spheres centered at
the endpoints of b, with radii equal to the distances
from p to those endpoints, because the embeddings we
consider are not allowed to increase distances. Similarly,
the attachment point of the left loop must lie within
the intersection of another two spheres. By property
A, these attachment points must be near each other,
and until C stops holding, they must also lie near line
b. This limits their nearby locations to points of line b
that are far from its endpoints on the square, so they
cannot reach the sphere through the endpoints of b on
which the connecting curve of property C' lies.

As the smooth embedding deforms continuously, the
bend line nearest the center point can change, but (as
long as B continues to hold) only by small amounts,
and the connecting curve can be changed by similar
small amounts to maintain property C. As the other
two loops cannot reach the sphere containing this curve,
they cannot cross this curve (even though it does not
form a physical obstacle to them) and cannot change
the knotted topology that it forms with them. O

Figure 7: For a bend line through the square’s center, the
attachment point of the right loop must be in the shaded
intersection of circles centered at the bend endpoints, to
avoid having greater distance to those endpoints than
in the flattened surface.

Lemma 6 (AAC = B). For all sufficiently small €
there exists a § such that, for loop lengths less than 0§,
continuous motion through states where A(2¢) and C
hold, starting from a state where B(g) holds, cannot
reach a state where B(e) does not hold.

Proof. Let b be the bend line nearest the center of the
square. While A and C hold, b must pass through the
Borromean link formed by it and the two loops, and so
(if the center point itself does not lie on a bend line) it
must lie on a flattened part of the surface whose width is
at most proportional to the loop length. Therefore, b is
close to the center point, as part of property B demands.
For a bend line that is close to the center point, the same
reasoning used in Fig. 7 and Lemma 5 shows that it must
be at distance at least 1/4 — ¢ from the left and right
sides, for otherwise the two intervals on this bend line
where the left and right loop attachment points must be
near would not intersect. O

Lemma 7 (BAC = A). For all sufficiently small €
there exists a § such that, for loop lengths less than &,
continuous motion through states where B(2¢) and C
hold, starting from a state where A(e) holds, cannot
reach a state where A(e) does not hold.

Proof. By assumption C, the two loops of the surface
and a third loop formed by bend line b form Borromean
rings, and by assumption B, line b is near vertical and
near the square’s center, forcing the attachment points
of the two loops to be far from the endpoints of b.
Each loop of the surface has small diameter, so if
the two loops could be far from each other it would be
possible to make two small spheres (of radius ¢), one
containing each loop. The loop containing b lies on a
straight line within each of these two spheres. Although
Borromean rings can have two loops in two disjoint
spheres [24] (Fig. 8), the third Borromean ring cannot
pass through either sphere as a straight line. If it could,
we could deform a loop within its sphere to a circle (as it
is not pairwise linked with the line passing through the
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Figure 8: Borromean rings with links in separate spheres

sphere) and span it by a disk not crossed by the other
two loops, impossible for the Borromean rings. This con-
tradiction shows that the two loops cannot be separated
by a distance larger than ¢, as stated in property A. O

These properties together prove that the surface of
Fig. 4 is locked: for versions of this surface with short
enough loops, it is impossible to deform it as a smoothly
embedded surface to its flattened state. The same is true
for the same reasons for approximations to this surface by
polyhedral embeddings or flat foldings without interior
vertices. As a result, we have the following theorem:

Theorem 8. For smooth embeddings, polyhedral embed-
dings without interior vertices, and flat foldings without
interior vertices, there exist flat surfaces with the topol-
ogy of a disk with two holes that are ambient isotopic
to their flattened form but cannot reach that form by a
continuous sequence of folded states staying within the
same class of folded states.

Proof. Choose a sufficiently small 6 > 0 and ¢ > 0
for the lemmas above. The surface of Fig. 4, in the
configuration of the figure, has properties A(e), B(e),
and C. As it continuously moves, all three properties
remain true; none can be the first to fail, because at the
instant it failed, the weaker properties A(2¢) and B(2¢)
would still be true, which by the lemmas would imply
all three of C, A(e), and B(e). However, the flattened
configuration does not obey the three properties, so it
cannot be reached. O

5 Conclusions and open problems

We have shown that, for smooth embeddings, polyhedral
embeddings without interior vertices, and flat foldings
without interior vertices, every spiral-shaped domain can
be flattened. However, there exist more complex planar
shapes whose configuration spaces are disconnected: they
have locked embeddings that, although topologically
equivalent, cannot be flattened.

Is every topological disk flattenable? Can the method
that we used to flatten Fig. 3 be generalized to other

disks? What about surfaces with a single hole? Ad-
ditionally, we have only investigated the existence of
flattenings, but not their algorithmic complexity. For
polyhedral embeddings and flat foldings, how hard is
it to determine whether a continuous flattening exists?
What about for smooth embeddings represented as a
piecewise cylindrical and conical surface?
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