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Constraints from isoscaling on the source size in energetic heavy ion collisions
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In the framework of the statistical multifragmentation model, the nuclear isoscaling analysis is extended to
constrain the ratio between the sizes of the decaying sources formed in a collision between two heavy ions. It
is found that the ratio between the probabilities of observing n fragments in each event, for each of the sources,
follows a scaling law, similar to the traditional nuclear isoscaling. However, the corresponding slope is sensitive
to the source sizes. This property is explained analytically using the grand-canonical ensemble. The extent to
which our findings are affected by finite size effects and by the deexcitation of the hot primary fragments is
investigated. The scaling turns out to be robust and weakly affected by effects implied by these two aspects.
We also find that the Poisson distribution is a fairly good approximation to the above mentioned probabilities,
associated with both the primordial fragments, produced at the breakup stage, and the final ones, found at the

end of the fragment deexcitation process.
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I. INTRODUCTION

When a collision between two nuclei is violent enough
to allow the deposition of an amount of excitation energy
comparable to their binding energies, nuclear matter disag-
gregates into many hot chunks after the most violent stages of
the reaction [1-6]. The properties of the system at this point
are of particular interest as they may provide information on
the nuclear equation of state and the possible occurrence of a
liquid-gas phase transition in nuclear matter [1-3,7].

Dynamical treatments [3—6,8,9] are designed to describe
the collision process from the early approximation of the nu-
clei to the point the fragments are formed due to the growth of
dynamical instabilities. Some dynamical calculations suggest
that these fragments are formed in the very early stages, while
the system is still compressed [10]. A few of them survive
until the freeze-out configuration is reached, when the system
is dilute enough for the fragments to be well separated from
one another. In both cases, most of these fragments are found
in particle unstable excited states in the freeze-out configura-
tion, so that they should emit many particles on a timescale
compatible with their detection in actual experiments. This is
also the case of the primary fragments predicted by statistical
models [11-13], which assume that, after the ejection of mat-
ter in the preequilibrium stage, a thermally equilibrated source
is left and undergoes a prompt statistical breakup. Therefore,
whichever scenario is assumed, meaningful comparisons to
most experiments require the treatment of the deexcitation of
the hot primary fragments. The effects of this deexcitation
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process may, therefore, blur important signatures of the pri-
mordial configuration whose properties are investigated.

One alternative for overcoming this shortcoming is the re-
construction of the freeze-out configuration, as has been done
in some experiments [14—16]. Another option is the construc-
tion of observables which are weakly affected by the fragment
deexcitation process. In this context, the nuclear isoscaling
(see below) [17-19] fulfills this expectation to a large ex-
tent and has been employed in many studies to examine the
properties of the multifragmenting system. This is because it
involves the ratio of the yields of fragments produced in two
similar reactions, with different isospin composition. Owing
to the similarity of the systems, the distortions caused by
the fragment deexcitation process in each case are not too
different and, therefore, they cancel out significantly in the
calculation of the ratios [19]. Taking into account some limi-
tations of this analysis [20,21], the isospin composition of the
decaying sources, as well as the symmetry energy coefficients
of the fragments, may be investigated [19].

In this work, we extend this scaling analysis to obtain infor-
mation on the size of the selected sources. A simple relation,
similar to that employed in the traditional isoscaling analysis,
is derived, and the effects of the fragments’ deexcitation are
investigated through Monte Carlo simulations. Our results
suggest that they are small enough to allow the application
of the proposed analysis in actual experiments.

The paper is organized as follows. The statistical treatment
employed in this work is briefly recalled in Sec. II, where the
main result of the present study is derived. It is then applied
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to a test case in Sec. III and the robustness of the analysis is
investigated. We conclude in Sec. IV with a summary of our
main findings.

II. THEORETICAL FRAMEWORK

In the statistical multifragmentation model (SMM)
[22-24], it is assumed that a source with mass and atomic
numbers Ay and Zj, respectively, is in thermal equilibrium at
temperature 7' and has expanded from its normal volume Vj
to a breakup volume V = (1 + x)Vy, where x is a parame-
ter usually in the range 2 < x < 8. We adopt x = 2 in all
the calculations below as it does not play an important role
in the present study. In this scenario, the system undergoes
a prompt statistical breakup. The properties of the possible
fragmentation modes {f} may be calculated employing dif-
ferent statistical ensembles, conveniently chosen to examine
the features under consideration [11,25]. The grand-canonical
ensemble is particularly useful as it allows one to calculate
some properties of the fragmentation modes analytically. For
this reason, it will be briefly reviewed below and applied to the
derivation of the main analytical results of the present work.

A. The isoscaling

In the framework of the grand-canonical ensemble, the
probability ps of observing a fragmentation mode f reads [11]
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are defined to simplify the equations.

In Eq. (4), g4z denotes the spin degeneracy factor of the
species with mass and atomic numbers A and Z, respectively.
The free volume V; is calculated as the difference between the
breakup volume V = (1 4+ x)Vj and the volume V; occupied
by the fragments, i.e., Vy = x V. The thermal wavelength is

given by Ay = /2 h*/m,T, where m, is the nucleon mass.
The contribution Fy z = F4 z(T,V), to the Helmholtz free
energy, due to the species (A, Z), has terms corresponding
to its binding and internal excitation energies, besides the
Coulomb repulsion between the charged fragments. The latter
is taken into account in the framework of the Wigner-Seitz
approximation [23,26]. The values to the different parameters
which enter in the actual calculation of the quantities above

are given in Refs. [13,27], where prescriptions for incorporat-
ing empirical information in the Helmholtz free energies are
presented.

The baryon and charge chemical potentials, g and pp,
respectively, are determined through the conditions

Y azA=4y and Y YizZ =12, )
AZ AZ

where the average yields of a species Y4 z, at the breakup
stage, may be easily obtained from the above expressions and
are given by [11]

Yoz =1{az. (6)

The isoscaling analysis [17-19] considers two reactions
which lead to two sources of different isospin composition
at similar breakup temperatures. From Egs. (3), (4), and (6),
one calculates the ratio between the yields of a species (A, Z),
associated with the ith source Y, /ff)z, which leads to
(2)
AZ

D
YA,Z

Ry1(A,Z) = = CexpleA + (B — a)Z]. (M

In this expression, C is a normalization constant. The
isoscaling parameters are related to the chemical potentials
through Aup/T = o and Aug/T = B — o, where Aug =
,ug) — ug), Apg = ,ug) — ug), and the superscripts label the
sources. As a consequence, the parameter « is also connected
to the symmetry energy coefficient of the fragments [19].
Experimentally, « and § are determined by carrying out a best
fit to the ratios obtained through the measured yields [19].
Further information from this scaling property may be ob-
tained by noting that Eq. (1) allows one to write the probability
of observing n fragments of species (A, Z) in each event as

[11]

Ya,z)"
nl

Py z(n) = exp(—Ya z) )
which is readily identified as the Poisson distribution, and 4 7
has been replaced by Y4 z. For the sake of clarity, the notation
na,z has been simplified to ny z — n. By inserting Eq. (3)
into the above expression and replacing the free volume by
Vi = X(47rr8/ 3)Ap, where ry is the nuclear radius parameter,
the ratio FX‘)Z = Pf} (n) /P/S% (n) between the probabilities in
reactions 2 and 1 reads

Iy, =C'exp{n[ad + (B —a)Z +In (AP /A)]}. )
where
C'=exp {=¢17 + 6] 10

is independent of the fragment multiplicity »n and, therefore,
does not play a relevant role in the scaling analysis. This result
shows that the ratio between the probability of observing n
fragments of species (A, Z) in each event in reactions 2 and 1
follows a scaling law, similar to the standard isoscaling, with
the same scaling parameters. However, an extra term related
to the size of the sources appears in the present formulation
and it plays an important role as will be discussed below.

034606-2



CONSTRAINTS FROM ISOSCALING ON THE SOURCE ...

PHYSICAL REVIEW C 106, 034606 (2022)

B. Finite size effects

In the grand-canonical ensemble, constraints on the mass
and charge of the multifragmenting sources are imposed only
on the average through Eq. (5). Therefore, deviations from
the predictions made by the formulas derived in this context
might be observed when such constraints are strictly taken
into account [28]. To investigate whether this aspect is relevant
in the present case, we also consider the canonical formulation
of the SMM so that these constraints are imposed on each
fragmentation mode. In order to eliminate fluctuations due to
statistical sampling, we employ the version of SMM [29,30]
based on the recurrence relations developed by Das Gupta and
Mekjian [31,32]. In this case, the statistical weight associated
with the source reads

szAn,zO:Z]"[i’—f;, (n

feFR ief

where Fy denotes the ensemble with all the partitions strictly
consistent with charge and mass conservation of the source
(Ao, Zp) and i is a shorthand notation to (A, Z). The probabil-
ity P4 z(n) may then be written as
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with F; symbolizing the partitions which exclude the species
(A;, Z;) and fulfill the constraint

Z Awp = Ag — nA; and Z Zing = Zo — nZ;  (14)
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one may finally write
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This expression may be efficiently evaluated and includes all
the possible partitions. Therefore, it is not subject to statistical
fluctuations as it is not evaluated through Monte Carlo sam-
plings.

The probability of observing different species with a given
multiplicity in each event, obtained with Eq. (15), is depicted
by the circles in Fig. 1, for the breakup of the Ap = 124
and Zy = 50 source at T = 5 MeV. The triangles correspond
to the probabilities obtained after the fragment deexcitation
process and will be discussed in the next section. The fairly
good agreement with the Poisson distribution, represented by
the lines in the figure, reveals that finite size effects are not
important in the present analysis, as long as one focuses on
small fragments and on not too high multiplicities, as we con-
sider below. These results thus suggest that such probabilities
may be safely employed in the scaling study performed in this
work.
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FIG. 1. The symbols represent the probability of observing se-
lected species with a given multiplicity in each event, predicted
by Eq. (15) (circles) and calculated directly from the yields after
secondary decay (triangles), for the breakup of the Ay = 124 and
Zy = 50 source at T = 5 MeV. The lines correspond to the Poisson
formula given by Eq. (8). For details, see the text.

III. RESULTS

In order to investigate the sensitivity of the scaling pre-
dicted by Eq. (9) to the finite source sizes, r};f’z is shown in
panel (a) of Fig. 2 for the breakup of the A(()Z) = 124, Z(§2) =50
and A(()l) =112, Zél) = 50 sources at T = 5 MeV. This system
corresponds to 50% of the total mass and charge for ''%124Sn
+ 11212481 collisions, studied experimentally [33]. Usually,
it is assumed that 25% to 30% of the system is ejected in
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FIG. 2. (a) Ratio between the probabilities calculated employing
Eq. (15) (symbols) and using Eq. (9) (lines) for the (124,50) and
(112,50) sources at T = 5 MeV. (b) Same as (a) but the ratio A /A{"
in Eq. (9) is calculated with 20% error. For details, see the text.
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the preequilibrium stage. We used smaller sources in order
to reduce the size of the available phase space which would
lead to important fluctuations in the Monte Carlo simulations
discussed further below, requiring, in this way, an extremely
large number of events. Since we are interested in semiquanti-
tative aspects, this choice should not impact our conclusions.

The symbols in Fig. 2 represent FX”Z calculated with
the probabilities given by Eq. (15). The lines correspond to
Eq. (9), using the isoscaling parameters o = 0.50 and 8 =
—0.69, obtained through a fit to the ratios given by Eq. (7), for
the species shown in the figure. Although the model is able to
calculate very low probabilities, we only consider those higher
than 1079, in order to focus on ranges of experimental interest.
The results exhibited in panel (a) show that a very good agree-
ment between the two calculations is obtained. This should
be expected from the findings of the previous section, which
revealed that correlations associated with constraints due to
the finite size of the system are not important in the cases we
consider. In order to simulate effects associated with inaccu-
racies in the determination of the source sizes, in panel (b)
we introduce a bias by increasing by 20% the ratio A(()z) /Af)l)
which enters into Eq. (9), while keeping the isoscaling pa-
rameters @ and 8 unchanged. One sees that the slopes of the
different lines are appreciably affected. This suggests that the
present analysis is sensitive enough to allow the constraining
of the sizes of the decaying sources.

In the framework of SMM, fragments, except for very light
ones which have no internal structure [13], are created in par-
ticle unstable excited states. Therefore, most of them decay by
emitting smaller fragments. Thus, it is important to investigate
the extent to which our findings might be affected by this
deexcitation process. To this end, we employ the decay model
described in Refs. [34,35], based on the Weisskopf-Ewing
treatment [36]. In order to attenuate the statistical fluctuations,
5 x 107 primary events have been generated with SMM [13]
and the corresponding fragments allowed to deexcite through
this Monte Carlo treatment on an event-by-event basis.

Once the final yields are obtained, the probabilities {Pj’%}
are calculated for the different species, by counting the cor-
responding multiplicities event by event, taking into account
the statistical weight of the partition with which they are
associated. The probabilities calculated in this manner are
represented by the triangles in Fig. 1. The error bars in the
symbols correspond to statistical errors. Our results show that,
despite the fact that the yields are appreciably affected by
secondary decay [13,19], the Poisson distribution is a fairly
good approximation to P4 z(n), at least for not too large
multiplicities. As discussed above, for n large, correlations
implied by the finite size of the system should be relevant.
One also notes that the probabilities calculated with the pri-
mary and final yields are very similar in the case of the Li
isotopes. This is because, although most of their primordial
population decays by particle emission, side feeding from the
decay of heavier fragments repopulates their yields. The two
effects approximately balance out one another for these Li
isotopes in the particular case we consider. Whether this is
a particular feature of our deexcitation treatment should be
investigated using more realistic ones, such as that described
in Refs. [12,13].
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FIG. 3. Comparison between the ratios T'|") calculated directly
from the yields (symbols) and obtained using Eq. (9) (lines) for
the (124,50) and (112,50) sources at T = 5 MeV. Final yields, after
the deexcitation of the hot primary fragments, are employed in the
calculations. For details, see the text.

The final yields are used to obtain the isoscaling parameters
a = 0.55 and g = —0.72, which are inserted into Eq. (9).
The comparison between the ratios calculated in this man-
ner (lines) and those obtained directly from the probabilities
P4 z(n) as just described above (symbols) is exhibited in
Fig. 3, for the same sources considered in Fig. 2. The agree-
ment between the two calculations is very good and suggests
that the fragment deexcitation process should not invalidate
the present analysis. The important deviations observed in the
case of the *He for n > 4 are due to constraints associated
with the finite size of the system, amplified by the correlations
entailed by the deexcitation treatment. Protons have been ex-
cluded from the present analysis as their yields appreciably
deviate from the Poisson distribution after secondary decay.
One of the reasons is the fact that they originate from many
different fragments at different stages of the decay chain.
Furthermore, their abundance reflects the isospin composition
of the source and, therefore, proton rich fragments tend to
produce more protons after secondary decay, which causes the
final probability to depart from the Poisson distribution.

We thus propose the following strategy. First, the
traditional isoscaling analysis should be carried out and
the parameters o and S determined from it. Then, a scaling
plot, like that shown in Fig. 3, should be made and the ratio
ABZ) /Ag)l) estimated through a best fit to the data employing
Eq. (9), with the same isoscaling parameters obtained
previously. The latter should not be appreciably affected by
the fragment deexcitation process, as long as the two sources
are similar. This is because the changes to the yields implied
by the side feeding should cancel out to an appreciable extent
in the ratios as they should be similar in the two systems.
This is actually found in our calculations and first pointed
out in Ref. [19]. Furthermore, the systems and species should
be selected such that A + (8 — «@)Z is not much larger than
ln[Ag)z) /A(()l)] or the effect of the latter would be negligible.
For this reason, light fragments are particularly well suited
for this purpose. The present scaling analysis should be useful
under these conditions. We have checked that our findings
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remain valid for other pairs of sources, such as
(88,40)/(80,40) and (132,50)/(124,50), which fulfill
the requirements just discussed.

IV. CONCLUDING REMARKS

The grand-canonical version of the statistical multifrag-
mentation model has been applied to derive the properties
of the ratio between the probabilities of finding n fragments
of a given species in each event, produced by two simi-
lar sources. We found that this ratio follows a scaling law,
similar to that observed in the traditional isoscaling with
an extra term related to the source sizes. The probabilities
used in the calculations are found to be well approximated
by a Poisson distribution. This property remains valid, to a
good extent, even when the deexcitations of the primordial
fragments are taken into account. Therefore, the scaling is
preserved when the final yields are employed to calculate the
ratios, as in actual experiments. Our results also suggest that
correlations due to the finite size of the systems might not
affect the analysis, as long as light fragments are employed
and not too high multiplicities are considered. We thus sug-
gest that the sensitivity of this scaling to the sources’ sizes

be employed to help to constrain the latter in experimental
analyses.
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