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Abstract

We calculate the target normal single-spin asymmetry caused by two-photon exchange in inclusive electron-nucleon scattering in the
resonance region. Our analysis uses the 1=N. expansion of low-energy QCD and combines N and intermediate and final states using
the emerging spin-flavor symmetry. The normal spin asymmetry is found to be of the order. 10 2 and has dierent sign in ep and en
scattering. It can be measured in electron scattering at lab energies 1-3 GeV and provides a clean probe of two-photon exchange

dynamics.

1. Introduction

Electron scattering represents a principal tool for exploring
hadron structure and strong interaction dynamics. The process
is traditionally described in leading order of the electromagnetic
coupling (one-photon exchange approximation), where the am-
plitude is proportional to the transition matrix element of the
electromagnetic current operator between the hadronic states.
Recent developments in experiment and theory point to need to
include higher-order interactions between the electron and the
hadronic system (two-photon exchange) in certain observables
[1]. Measurements of the proton form factor ratio GE=G|F\’/I at
Jeerson Lab using the Rosenbluth separation and polarization
transfer methods show discrepancies that have been associated
with two-photon exchange [2, 3, 4]. A direct demonstration of
two-photon exchange becomes possible through compari-son
of electron and positron scattering in experiments at DESY [5, 6]
and Jeerson Lab [7]. Two-photon exchange is also dis-cussed in
connection with muon scattering at MUSE [8]. It also plays
an important role in radiative corrections to observ-ables of
parity-violating electron scattering [9]. Two-photon exchange
has thus become as field of research in its own right.

A particularly interesting observable is the target spin depen-
dence in inclusive electron-nucleon scattering,

e(ki) + N(p1) ! e(kz) + X(p2); (1)

where X denotes the hadronic final states accessible at the in-
cident energy, which are summed over. If the electron is un-
polarized, and the nucleon is polarized with a spin 4-vector as,
with ai = 1 for complete polarization, the dependence of the
dierential cross section on the nucleon spin is of the form [10]
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(d 2 denotes the invariant phase space element of the final elec-
tron and will be specified below). Here ey is the normalized
pseudovector formed from the initial and final electron and the

inital nucleon momenta,
N .2 .
e P = N plkzkl, e = 1 N (3)

NZ

In the nucleon rest frame, p1 = 0, the polarization vector is

a1 = (0;2S1), with jS1j = 1=2 for complete polarization. The
vector ey is the normal vector to the scattering plane

k, k
en = (Ojen); en= ——2

= = (4)
jka ki

and the cross section Eq. (2) depends on the normal component
of the nucleon spin, (enai) = 2en Si. [The same form ap-
plies in any frame in which the 3-momenta ki; k; and p; lieina
plane, e.g. the electron-nucleon center-of-mass (CM) frame,
where p1 + ki = 0.] The spin-dependent cross section y is zero
in one-photon exchange approximation, as a consequence of the
hermiticity of the electromagnetic current operator [11], and
represents a pure two-photon exchange observable. It is
proportional to the imaginary (absorptive) part of theeN | eX
two-photon exchange amplitude, which is given by the product
of on-shell matrix elements between the initial, intermediate,
and final electron-hadron states. Unlike the real (dispersive)
part, the imaginary part of the two-photon exchange amplitude
is infrared—finite and can be considered separately from real
photon emission into the final state [10].

Measurements of the normal spin asymmetry (the ratio of the
N and U cross sections) have been performed in deep-inelastic
electron scattering on proton [12] and 3He targets [13]. The-
oretical calculations in this kinematics have employed the par-
ton picture and QCD interactions and produced a wide range
of estimates [10, 14, 15, 16]. Further measurements at few-
GeV energies are planned at Jeerson Lab [17]. Calculations
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in the resonance region need to account for the contributions of
individual hadronic channels to the inclusive cross section, in-
cluding elastic scattering and resonance excitation, and require
appropriate methods.

In this work we analyze the normal spin dependence of in-
clusive eN scattering in the resonance region using the 1=N.
expansion of QCD. The method organizes low-energy dynam-
ics (hadron masses, couplings, form factors) based on the scal-
ing properties in the limit of a large number of colors in QCD
and has been successfully applied in many areas of hadronic
physics [18, 19, 20, 21, 22, 23, 24]. Low-lying baryon states are
organized in multiplets of the emerging contracted spin-flavor
symmetry, with the baryon masses O(N¢) and the splitting in-
side multiplets O(N 1). The ground-state multiplet contains the
N and , and transitions between them are governed by the
symmetry and can be computed by expanding the transition op-
erators in the group generators. In this way the parameters for
the N— and — transitions are fixed in terms of measurable N-N
transitions.

The 1=N. expansion oers specific advantages for studying
two-photon exchange and the normal spin dependence of inclu-
sive scattering. The method treats N and states on the same
basis and enables a consistent description of inelastic chan-
nels and inclusive scattering in resonance region. The group-
theoretical techniques permit ecient calculation of the sums
over channels in intermediate and final states. The parametric
ordering of the kinematic variables gives rise to a physical pic-
ture that enables an intuitive understanding of the two-photon
exchange process. Finally, the study of the Nc¢-scaling of the
two-photon exchange observables can help to connect the res-
onance region with the DIS region and explain the transition
between them.

In this letter we present the leading-order 1=N. expansion and
describe the calculational techniques and physical picture spe-
cific to this situation. A full analysis, including 1=N. correc-
tions and suppressed structures, will be presented elsewhere.

2. Method

2.1. Kinematics and final states

Inclusive electron scattering Eq. (1) is characterized by three
independent kinematic variables, corresponding to the incident
energy, the momentum transfer, and the energy transfer of the
process. They can be chosen as the invariant variables

s (ki + p1)* = (ka + p2)% (5)t
(ki ka)®=(p2 p1)*=d’ (6)
my = (a+ p1)® = p3: 7)

In the following we use the CM frame, where the 3-momenta
in the initial and final state are p1 = k1 = Piny;;p2 = ko =
P2ny, with ni; unit vectors indicating the direction, and (m is
the nucleon mass)

. - X
z-p-ryz-, P, R_? ; (8)

t= 2PP1(1 nymg): (9)

When analyzing the process Eqg. (1) in the 1=N¢-expansion,
we have to specify the scaling behavior of the kinematic vari-
ables in the parameter 1=N.. Dierent choices are possible,
leading to dierent types of expansions. Here we consider the
domain where the CM momenta in the initial and final state are

P1;P2 = O(NY); (10)
and final-state masses are such that

mx m = O(N.'); m;mx = O(Nc): (11)

In this domain the only accessible final states are ground-state
baryon multiplet containing the N and states,

X=N;: (12)

Other baryon multiplets, as well as N states, have masses mx
m = O(N?) and are not accessible as final states. Furthermore,
Egs. (10) and (11), together with Eq. (8), imply that

2 2

m- My 1
—E O(N.") Pia: (13)

P, Pi =

In leading order of 1=N. we can therefore neglect the dierence
between the initial and final CM momenta and write P1 = P, P.
For reference we note that, in this domain,

p p

§=0(Nc); s m=O(N?); t=O(N?): (14)

The parametric ordering in 1=N. gives rise to an interesting
physical picture of the scattering process. The electron with en-
ergy O(Nf) scatters from the heavy nucleon with mass O(Nc),
losing a small fraction O(N_ ') of its energy. The nucleon re-
mains in ground state or gets excited to a by absorbing a small
energy O(N_'). The can be regarded as stable at this order (its
width is negligible), and inelastic scattering consists simply in
the transition from N to . The velocity of the initial/final
baryons is small O(N_ 1), and their kinetic energy is negligi-
ble compared to the electron energy. However, the momentum
transfer is O(N?), so that the process probes the internal struc-
ture of the baryons. This picture will be further substantiated in
the following calculations.

2.2. Currents and amplitudes

In the group-theoretical formulation of large-N. QCD, the
N and are described as states in the multiplet of ground-state
baryons, characterized by the spin/isospin S = | = 1=2 and 3=2,
the spin projection S3, and the isospin projection 13, denoted
collectively by B fS = 1;53;13g. The electron scattering
process takes the form of a transition between baryon states
hB,j:::;jB1i. We denote the electron-baryon scattering amplitude
in the CM frame (with relativistic normalization) by

M(P; nz; n1j; B2; B1)  Mos: (15)

is the electron helicity (i.e., the spin projection on n; and
ny), which is conserved in the scattering process. Note that



the baryon spins are quantized along a fixed direction (the 3-
direction in the CM frame); in this way the initial and final
states have the same quantization axis, and the spin transitions
can be computed using algebraic identities [23, 24].

The amplitude Eqg. (15) can be computed as an expansion in
the electromagnetic coupling,

Moy = M;z) + M;‘” +o (16)

The e? term (one-photon exchange) is given by the product of
the electron and baryon currents,

2
€= .
ME = £ (j)an(d)as; 2 (17)
(j)21 = h nz;jjj ni;i;
o ) (18)
(J)21 = hng; B2jljny; Bu1i;
(19)

where all particles have the common CM momentum P in lead-
ing order of 1=N.. The minus sign in Eq. (17) comes from
the negative electric charge of the electron. The electron cur-
rent Eq. (18) is the standard current of the spin-1/2 particle; its
explicit form can be derived from the spinors in the CM
frame. The baryon current Eq. (19) can be constructed using
the large-N¢ spin-flavor symmetry and expanded in the genera-
tors f1;12; S'; G@g [23, 24]. Their matrix elements are

hBojf1; 12; S'gjB1i = O(N?); hB,jG?jB1i = O(Nc):  (20)
The full 1=N. expansion of the current is given in Ref. [25]. In
the present calculation we focus on the leading-order contribu-
tion to the cross sections, which is produced by the isovector
magnetic current proportional to G®. This current is given by

(1921 = 0; (21)
(J)21 = 2mp Gy, (ta1)
( i)ijk (n2 n1)j thijsjBﬂ: (22)

The factor 2m results from the relativistic normalization of the
baryon states and drops out in final results. Note that Eq. (22)
satisfy the transversality condition g(J)21 = 0 for all transi-
tions between multiplet states, without corrections in 1=Nc.

The function GY,(t) in Eq. (22) (dimension mass !) is the
large-N¢ form factor, which describes the dynamical response
of the large-Nc baryon to the momentum transfer t1, = O(N?).
It can be determined by matching the N ! N matrix element of
the large-Nc current Eq. (22) with the empirical nucleon current
at Nc = 3. At leading order in 1=N¢ one obtains

mev () = @Y (23)
M 6 N=3 M
where G\,\/A(t) is the empirical isovector magnetic form factor,
with @‘,{A(O) = %p ") (P" are the magnetic moments of the proton
and neutron). In this way the spin-flavor symmetry fixes the N
I and ! form factors in terms of the empirical N ! N form
factor, showing the predictive power of the 1=N. expansion.
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Figure 1: Inclusive eN scattering in the 1=N_ expansion in the domain Egs. (10)
and (11). (a) Spin-independent cross section from square of e2 amplitudes. (b)
Spin-dependent cross section from interference of e* and e? amplitudes. (c)
Interference of real photon emission from electron and baryon.

The e* term in the electron-baryon scattering amplitude
Eq. (16) results from two-photon exchange interactions. The
absorptive part arises from on-shell rescattering and can be
computed as the product of two e? amplitudes, integrated over
the phase space of the intermediate state (see Fig. 1b),

z
& (e~ d 5%
M= em 4 g,

M M) (24)
We use the shorthand notation Eq. (15) for the amplitudes of the 1
I 3and 3! 2transitions. The integral is over the momen-tum
direction ns3 in the intermediate state 3, and the summation over
the full set of baryon quantum numbers Bs, including N and
and their spin/isospin projections. The form of Eq. (24) has
been simplified according to the large-N. limit.

The energies reached in the intermediate states in integral
Eq. (24) extend up to p§ m = O(N?), which is parametri-
cally larger than the mass of the final states considered in our
domain, mx m = O(Ncl), Eqg. (11). In principle therefore ex-
cited bayon states with mass dierence mg  m = O(N°) (N
states) can contribute to the two-photon exchange amplitude in
our domain. However, the electromagnetic couplings of these
states to the ground state multiplet are suppressed by 1=N¢ rel-
ative to those between ground state baryons []. In leading order
of the 1=N¢ expansion it is thus justified to retain only ground
state baryons N and as intermediate states.

The two-photon exchange amplitude Eq. (24) is free of
collinear divergences, because the large-N¢ baryon currents in
thel! 3and3 ! 2 amplitudes satisfy the transversality con-
ditions without corrections in 1=N. [10]



2.3. Cross section

Cross section for inclusive eN scattering Eq. (1) in the 1=N.
expansion in the domain Eq. (10) and (11) is obtained from the
amplitude Eq. (15) as

d 1 1X X s 3
- - (s %s™)
2 642m2 2 o Sts
X 1 1
M, (; B2; B, f Mas(; B; Ba): (25)
B,

We write the cross section as dierential in the solid angle of
ny, similar to elastic scattering. The inclusive scattering is
expressed through the summation over the final baryon states
B, = N;. The initial baryon is a nucleon, By = fl;§3; I13g and B°
=, 1 5230; lI3g,1 with I31 = 1 for proton/neutron. The spin
projections are averaged with tﬁe nucleon spin density matrix,
which is normalized as tr = 1. It consists of an unpolarized and
a polarized part, = y + n. The unpolarized part is

b= 535 (26)

In the case of polarization along the unit vector ey, Eq. (3), the
polarized part is (' are the Pauli matrices)

1
N = §N(sl; $*9);, (27)

such that the expectation value of the spin operator in the state
is
X 1
nhS39isjs %) = on: (28)
SEH
The spin-independent cross section in Eq. (2) is obtained
from the product of e? amplitudes in Eq. (25) and given by (see
Fig. 1a)
d y 1 1 1

2

21 21

_ (e2)py(e2),
T em2 2 2 MM (29)
1

the expression will be evaluated further below. For the spin-
dependent cross section, one can easily verify that it is zero
at the same order in e?, because the e2 amplitude is real and
the average with the density matrix ey = VY requires an
imaginary part in one of the amplitudes (this is how the Christ-
Lee theorem [11] is realized in our formulation). The spin-
dependent cross section appears instead from the product of e?
and e* amplitudes, i.e., the interference of one- and two-photon
exchange (see Fig. 1b)
dn 11X X g
7 eamzz2 "
S1S1

g i
(e2)p 4 (e4) (ed4)pq(e2) .
M21 M 21 +M 21M 21° (30)
B,

With the e* amplitude given by Eq. (24), the spin-dependent
cross section is completely expressed in terms of the e ampli-
tude Eq. (17), and thus in terms of the large-N. baryon current
matrix elements.

3. Results

3.1. Spin-dependent cross section and asymmetry
We now extract the leading 1=N. term of the spin-dependent
cross section. It results from the isovector magnetic current
Eq. (22) proportional to spin-flavor generator G*. The e? am-
plitude Eq. (17) produced by this current is
M2 = ezG\,(/m
21

= —MA S hB,iG3jB1i; 31
2P2(1  npng) 2t R IEA (31

az az(nz;ng;) (i)(n2  n1) ja; (32)

where j1 is the spatial part of the electron current Eq. (18). The
product of e? and e* amplitudes in Eq. (30) then becomes

z
2 ()P d
Mge )Mell) -y

—G Gy Gy jaja a
21 21 8m 4 M21 M23 M31 21 23 31
X X _ ‘
h B ° jG*3jB,ihB2jG 3B3ih B3jG"jBi: (33)
B, Bs

It represents a sequence of isovector magnetic transitions, with a
tensor structure governed by the electron current and the tran-
sition geometry. We evaluate it using algebraic methods based
on t-channel angular momentum considerations []. For the in-
termediate states in the e* amplitude, we sum over Bz = N;
using the completeness relation in ground state representation

X

jB3ihB3j = 1; (34)
B3

and the product on the last line of Eq. (33) becomes

X
h B®,jG**jB2ihB2jG *GHjB1i: (35)
B,

For the final states, we distinguish two cases:

(i) Nucleon final state, B, = N. In this case the matrix ele-
ment of GG’ in Eq. (35)isa 3 | 2 spin transition, and the
tensor formed by the operator product can only have t-channel
angular momentum J = O or 1. The J = 1 part, antisymmet-ric
in ij, is suppressed in 1=N. because the commutator of the
operators is [G?;G*] = O(N?). The tensor can therefore be
projected on J = 0 (we show only leading term in 1=N.)

L 1. ! N2
GJ3GI3 ! -n G|3G|3 - . C 36
3 3 16’ (36)
and Eq. (35) becomes
L %B"jp”jali- (37)
3 16 '

(ii) Sum of nucleon and Delta final states, B, = N +. In this
case the summation over B; can be performed with the com-
pleteness relation [see Eq. (34)], and Eq. (35) becomes

hB,jGGEGRBi  TH!: (38)
Because the commutator of the G operators is suppressed in
1=N,, see above, the tensor T*' can be regarded as completely



symmetric in leading order. As such it can be projected on over-
all J = 1 using

TH ls(ij‘+kiTj+”Tk); (39) T*

2
TH = %hB‘ij'@jBli: (40)

The two cases thus lead to similar contractions of the tensor
Eqg. (35). The remaining matrix element of G*3 in Egs. (37) and
(40) is proportional to the initial nucleon spin and and isospin
and evaluates to (in leading order of 1=N)

3.0 . _ N e ke 3
hBYjG*3jB1i = ?Chsfojskjsfu(zﬁ); (41)
which can be averaged with the spin density matrix in Eq. (33).

Altogether, we obtain the spin-dependent cross section in lead-
ing order of 1=N.

dv (213)>N*P Gy,
T =
2 9%(1
n2n1)3:2(1 + mn1)1:27 g . (42)
3 Gp23Cma
4 (1 nan3)(1 n3ng)
1 X
=[] = ey (dy, 5335, '+ C.C.)  [final NJ; (43)

K (ke 4l | K
e (@ayay; + a'aypst

[final N + ]: (44)

=[]

[P P
+ ay;a,3a3; + C.C.)

2
1 X
2

Here e2=4 is the fine structure constant. The angular func-tions
can be evaluated using the specific form Eq. (32) of the axial
vectors a' ;a' ,.ang,a’ ; explicit formulas will be pre-sented
elsewhere. The spin-dependent cross section Eq. (42) is
proportional to initial nucleon isospin (ZIi) = 1 and has
dierent sign for ep and en scattering

dn = dnfep] = dnlen]: (45)

We can also compute spin asymmetry

’

N U
Ay —% 2

; (46)

by dividing by the unpolarized cross section computed in the
same approximation. In leading order of 1=N¢, the unpolarized
cross section Eq. (29) arises from the isovector magnetic cur-
rent in the e amplitude. In the case of summation over N and
final states, B2 = N;, the result is

f\IfGV)Z 1X

E U M2 [
1 2
- 47
2 T 192P2(1 nng)2 2 Cnfa (47)
ZN? (3 nam)(G,Y,)? i
N 48(1 nyni) ) (48)

The spin-independent cross section Eq. (48) is independent of
the initial nucleon isospin; the asymmetry Eq. (46) therefore
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Figure 2: Transverse normal single-spin asymmetry in inclusive eN scattering,
Eq. (46), in leading order of the 1=N. expansion, for several CM energies P, as a
function of . Dashed lines: Ay with N final state in j in the numerator. Solid lines:
An with N + final states in . In both cases, y in the denominator is the sum N +

has the same isospin dependence as the spin-dependent cross
section in the numerator,
An = An[ep] = Anlen]: (49)
Some comments on these result from the perspective of the
1=N. expansion. First, the spin-dependent cross section is para-
metrically large in N¢, as it appears from the maximal prod-
uct of isovector magnetic currents with matrix elements O(N¢).
Second, our calculation provides an example of the “I = J rule”
of large-N. QCD, according to which leading structures appear
with t-channel quantum numbers | = J. The spin-dependent
cross section (as a matrix element between the nucleon states
1) is a structure with overall J = 1, and its leading large-Nc
result has | = 1. It arises as the product of an e? amplitude
with | = J = 1 (for both final N and ) with an e* amplitude that
is either projected on total | = J = 0 (for final N) oronl| =
J = 2 (for final ), as can be observed in the algebraic
calculation above.

3.2. Numerical results

We now evaluate the asymmetry numerically and study its
kinematic dependence using the leading-order 1=N. expan-
sion results, Eqs. (42)—(44) and Eq. (48). The large-N. form
factors GV (t) appearing in the expressions are fixed by the
matching "Condition Eg. (23), and we use the standard dipole
1=(1 t=0:71 GeV?)? to model the empirical t-dependence.

Figure 2 shows An for several values of P . 1 GeV as a
function of = angle(n2n1). Results are shown for the cases of
N and N + final states in N in the numerator; y in the
denominator is always for N + final states; in this way one can
add/subtract the results for Ay in the graph and see the contri-
butions of the various channels to y. (The intermediate states in
the two-photon exchange amplitude in y are always N +.)



One observes: (i) An vanishes at = 0 and, which is nat-ural,
as at these angles the normal vector n; n; vanishes. (ii) The
contribution of final states (the dierence of the results for N +
and N final states) is small at small but becomes sig-nificant at
=2, causing the Ay for final N + to be several times larger than
that for final N. (iii) An reaches values of the order 10 2 at =2
and P 1 GeV and has definite sign.

Some comments on the region of applicability of the large-
N expressions. First, the present 1=N. expansion refers to the
parametric domain Eq. (11) and assumes that the channel
is open; the expressions should therefore be applied at CM
energies above the empirical threshold, Ps m P >
(m  m)[empirical] = 0:3 GeV. Second, the leading-order re-
sults for y and Ay arise entirely from magnetic transitions,
which are proportional to the momentum transfer at the ver-
tices. They are not expected to be accurate at small =2 and P
1 GeV, where the momentum transfer is kinematically sup-
pressed, and corrections from electric currents are large (those
can be computed as part of the 1=N. corrections). Altogether,
we expect the leading 1=N. expansion to be a fair approxima-
tion at large angles =2 and momenta P 0.5-1 GeV. The
accuracy in this domain can be expected to be of the typical
accuracy of the 1=N¢ expansion in hadronic observables [].

4. Extensions

We have computed the target normal single-spin asymme-
try in inclusive eN scattering in leading order of the 1=N. ex-
pansion, in the parametric domain where the energy transfer is
O(N, 1) and allows for excitation of N and final states, and the
momentum transfer is O(Nf) and probes the internal structure
of the baryons. The results of the present study can be extended
and applied in several ways.

The method developed here, particularly algebraic approach
in Sec. 3, can be used to compute 1=N¢ corrections to leading-
order result in the same parametric domain. These corrections
will quantify the numerical accuracy of the leading-order result
for the isovector n, and provide estimates of the isoscalar y,
which appears only at subleading order.

The cross section for inclusive eN scattering includes also
real photon emission into the final state (Fig. 1c). The process
can be analyzed in 1=N. expansion in the same manner as two-
photon exchange (Fig. 1b). Preliminary analysis suggests that
the emission cross section is suppressed in 1=N., because the
emitted photon is soft, p = O(N 11, and the emission through the
leading magnetic vertex is suppressed. A full analysis of the real
emission process will be presented elsewhere.

The 1=N. expansion can also be performed in dierent para-
metric domains than Eqgs. (10) and (11). For example, the
choice P = O(N_!) leads to a “low-energy expansion” in which
the electric currents enter in the same order as the magnetic
ones, giving rise to dierent physical picture.

The results of the present study can be used to study the tran-
sition between the resonance and DIS regions and the realiza-
tion of quark-hadron duality in the target normal single-spin
asymmetry. Theoretical estimates of Ay dier by up to 1-2 or-

ders of magnitude between the resonance and DIS regions, be-
cause of large eects of anomalous magnetic moment that are
present in the resonance region but disappear in the DIS region.
The Nc scaling behavior and the “mean field picture” emerging
in the large-N¢ limit may help to explain the transition. (For ap-
plications of the 1=N. expansion to DIS and partonic structure,
see Refs. [26, 27].)

The methods developed here could also be applied to the
beam spin asymmetry in electron-nucleon scattering, an eect
proportional to the electron mass, which is being studied in its
own right and as a background to parity-violating electron scat-
tering [28, 29, 30]; and to other observables in electron-nucleon
scattering.

This material is based upon work supported by the U.S. De-
partment of Energy, Oce of Science, Oce of Nuclear
Physics under contract DE-AC05-060R23177.
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