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ARTICLE INFO ABSTRACT

Keywords: Many important problems in elasto-hydrodynamic lubrication arise when one of the contacting
Transient elasto-hydrodynamics bodies is elastically soft. An example is the squeezing of a thin liquid film between a rigid sphere/
Lubrication

cylinder and a soft elastic substrate, in which the sphere may not be sliding and be subjected only
to normal loads (stationary contact), or it can be sheared at the same time and undergo steady or
non-steady sliding. These problems are notoriously difficult to solve for soft solids under large
loads and thin lubricant films. For this reason, indentation and sliding problems have usually been
analyzed separately, and solutions for transient sliding problems are few. Here we develop a
numerical method that avoids difficult-to-converge iterative methods and is able to solve both
normal indentation and/or transient sliding lubrication problems. The scheme is fully automatic,
stable, and efficient and requires only a linear matrix equation to be solved at every time step. We
present solutions of two transient sliding problems: in the first of which, a rigid sphere undergoes
transient normal lubricated contact followed by transient sliding on an elastic half space. In the
second, a rigid cylinder undergoes transient lubricated sliding on an elastic foundation.

Numerical Method
Soft matter

1. Introduction

Lubricants, for example a thin layer of oil on contacting surfaces, reduce friction and adhesion, and prolong the life of engineering
components such as gears and pistons. An important class of problems in lubrication is when a coherent liquid film exists between two
contacting surfaces and the hydrodynamic pressure is sufficiently large to support the normal and shear load without solid-solid
contact. Elasto-hydrodynamic lubrication (EHL) is an important subclass of this problem in which the pressure is sufficient to cause
significant elastic deformation in the solids. EHL theory has been applied extensively, traditionally, with a heavy emphasis on stiff
metal contacts such as in bearings (Okrent, 1961; Tzeng and Saibel, 1967) and pistons (Martz, 1947; Mcgeehan, 1978). EHL theory is
also of great importance to the understanding of filtration, coagulation and adhesion of small particles (Davis, 1984; D’Ottavio and
Goren, 1982; Esmen et al., 1978). Of particular recent interest is the lubricated contact between soft elastic materials and a hard
surface, such as the sliding of rubbery tires or shoe soles on wet roads (Hutt and Persson, 2016; Li et al., 2006), and the lift forces of
cylinders near compliant walls (Bertin et al., 2021; Essink et al., 2021; Saintyves et al., 2016). Soft structured surfaces have been
designed to increase friction during lubricated sliding (Mourier et al., 2006; Moyle et al., 2022, 2020, 2018; Rivetti et al., 2017;
Touche et al., 2016; Wu et al., 2022b, 2019). Lubrication between a soft and hard surface (soft lubrication) is also important to the
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proper functioning of joints, eyelids and eyeballs with contact lenses (Dowson and Jin, 1986; Jin and Dowson, 2005).

Conventional problems in EHL can be roughly grouped into two classes: In the first, the thin liquid film is squeezed by two
approaching cylinders (line contact) or spheres (point contact). Previous work in this part includes: (Christensen, 1962), (Herrebrugh,
1970), (Lee and Cheng, 1973) (Hamrock and Dowson, 1976a), (Evans, 1981), (Davis et al., 1986) and (Wang et al., 2017). These
problems are intrinsically transient, i.e., time-dependent. The second class considers steady state rolling or sliding of spheres or cyl-
inders. Here, the steady state assumption allows one to bypass the difficulty of solving a transient problem. The governing equation for
EHL is the nonlinear Reynolds equation. This equation is often coupled to the elasticity of the contacting bodies via an integral
equation which relates the elastic displacements to the hydrodynamic pressure. Because soft elastohydrodynamics problems are
difficult to solve, little attention has been paid to general transient problems. There is therefore a need for a method that can solve a
broad range of EHL problems.

To the best of our knowledge, the computational techniques designed to solve these coupled problem all require some iteration. In
the traditional iteration approach, one starts with the pressure field, and the shape of the liquid film is calculated in two different ways:
one by elasticity and the second by inverting the Reynolds equation. The difference between the two calculated film shapes is used to
iterate the actual pressure field, that is, the pressure is adjusted until the two shapes agree with each other. This iteration procedure
typically fails when the film thickness becomes too small or the pressure is too high. In this regime, convergence can be very slow and
can involve many iterations. A common way to alleviate these difficulties is to use the inverse solution method first introduced by
(Dowson and Higginson, 1959). In this method, direct iteration is applied only in the low-pressure domain and the pressure is solved
inversely in the high-pressure region. This method is found to be successful in handling high pressures. For example, (Lee and Cheng,
1973) have obtained the pressure and deformation profiles between two normally approaching lubricated cylinders using direct
iteration in the low pressure (inlet) region and using Newton-Raphson to solve the nonlinear equation in the high-pressure region.
However, this procedure often requires manual adjustments, and the region of high/low pressure could change continuously
depending on the loading history. As a result, this method is not fully automatic. Likewise, in the point contact sphere collision
problem, Davis reported that their iterative procedure breaks down when the elastic displacement of the colliding spheres is com-
parable to the initial film thickness (Davis et al., 1986). In their case, convergence in this regime was obtained using a relaxation
technique. The relaxation method was first introduced by Hamrock and Dowson to study point EHL contact problems (Hamrock and
Dowson, 1976a, 1976b). Again, this procedure usually requires manual adjustment of the relaxation parameters. Recently, a new
iterative numerical technique was used by (Wang et al., 2017) to study the deformation of elastic coatings under stationary normal
lubricated contact. In this scheme, the thickness of the liquid film is used as the iterant. Once the thickness is specified, the pressure is
computed by solving the Reynolds equation. The force acting on the indenter and the elastic displacement are then determined using
this pressure. From this displacement one can update the film thickness. The film thickness is iterated until force balance is satisfied.

Although widely used in EHL problems (Ai and Yu, 1988, 1989; Hamrock and Dowson, 1976b; Wu et al., 2020, 2022a) due to its
ease of implementation and relatively light computational resource needs, the relaxation method has inherent numerical instabilities
for general EHL problems. Additionally, in the transient EHL problem, more than one relaxation parameter is needed (Hui et al., 2021).
This makes the selection of the relaxation parameters very difficult, to be carried out by trial and error. Failing to choose proper
relaxation parameters results in numerical divergence when solving the coupled Reynolds and elasticity equations under force balance
conditions. Since the relaxation factors usually vary from problem to problem, it is also difficult to transfer the learning of the
relaxation parameter selection from one study to another. In addition to the relaxation method, there are also other iteration tech-
niques such as the multigrid method which iterates the intermediate solutions of Reynolds and elasticity equations between coarse and
fine grids (Brandt and Lubrecht, 1990). More recently, FEM which fully coupled the Reynold’s equation and elasticity has been applied
to solve EHL problems. However, we note that FEM methods face the same numerical issues, the necessity to iterate and spurious
instabilities associated with large loads. For example, (Stupkiewicz, 2009) developed a fully-coupled finite element formulation for
steady-state problems and found that the formulation was susceptible to spurious instability and oscillations. Similarly, (Habchi et al.,
2012) presented a coupled finite element method which, however, also requires special attention to handle spurious oscillations. These
papers focused on steady sliding problems. Even though the basic numerical techniques for transient normal indentation and transient
sliding and steady sliding problems are similar, there is no unified method to solve both types of problems in a single operation. This
motivates us to develop a more general numerical scheme which is able to solve different EHL problems such as transient normal
indentation, steady-state sliding and transient sliding without iteration.

In addition to numerical studies of the contact mechanics in the EHL regime, here we also mention some closely related theoretical
and experimental studies. For example, (Sekimoto and Leibler, 1993) proposed a mechanism for non-contact repulsive interaction
between elastic bodies lubricated by a thin fluid film. (Skotheim and Mahadevan, 2005) modeled the lubrication of fluid-immersed soft
interfaces and showed that elastic deformation couples tangential and normal forces and thus generates lift. (Leroy and Charlaix, 2011)
showed that forcing oscillatory flows of confined liquid in elasto-hydrodynamic interaction provides a unique method to determine the
elastic properties of the supported soft layers. (Villey et al., 2013) studied the rheology of nanometric liquids and found that the elastic
deformation of confining surfaces must be taken into account when calculating the hydrodynamic impedance; (Snoeijer et al., 2013)
studied lubricated sliding of a rigid cylinder under Hertz-like conditions and proposed a useful scaling for the fluid thickness in the
Hertz-like limit; (Chandler and Vella, 2020) studied the lubricated sliding and rolling of a rigid cylinder on a Winkler foundation.
(Kargar-Estahbanati and Rallabandi, 2021) studied the lift forces on three-dimensional elastic and viscoelastic lubricated contacts and
used the Lorentz reciprocal theorem to directly link the lift force with the underlying linear response function of the bulk material. In a
recent study, (Zhang et al., 2020) directly measured the elastohydrodynamic lift force at the nanoscale using atomic force miscroscopy,
and their results were in a good agreement with scaling arguments and a quantitative model of soft lubrication theory.

In this paper, we propose a novel method to solve the EHL problem without resorting to iteration. The method boils down to solving
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a linear system of equations at each time step. The numerical scheme is stable and can be implemented using standard matrix solvers
such as those found in MATLAB (The MathWorks, 2020). The solution scheme is fully automatic and can be applied to transient
problems. We demonstrated this technique by studying a fundamental problem: the transient contact mechanics of a rigid sphere on a
lubricated elastic half space under time dependent normal and shear loads. The plan of the remainder of the paper is as follows: Section
2 gives the governing equations for a point contact problem which works for both normal indention and sliding. The numerical method
is presented in section 3 and we use it to solve a point contact problem in which the sphere first undergoes normal contact, followed by
transient sliding, that then reaches steady state. Section 4 validates our numerical method by solving the problem of a rigid cylinder
undergoing transient sliding on an elastic foundation. We conclude in Section 5 and discuss the superiority and the potential appli-
cations of this new numerical method, specially to transient soft-EHL problems.

2. Governing equations for a rigid sphere in lubricated contact with an elastic half space

Figure 1 shows the geometry. Material points of the elastic substrate occupy the half space Z < 0. Here (X, Y, Z)is a Cartesian
coordinate system fixed in space. The rigid sphere, of radius R, is sliding with velocity V(t) in x direction relative to the half space,
where t is time. Without loss in generality, we assume t > 0 andV(t = 0) = 0. Note h.(t= 0) > 0 is the initial liquid layer thickness at
the tip of the sphere (x =y = 0) andw(x,Y,t) < 0 is the vertical elastic displacement of the elastic half space caused by the hydro-
dynamic pressure p(x,y,t). For lubrication problem, since the hydrodynamic pressure is dominant over viscous shear, the horizontal
displacement is neglected. Although the Reynolds equation can be written with respect to the stationary frame, it is more convenient to
rewrite the equation in a moving frame (x,y, z) that is attached to the sphere. The two coordinate systems are related by

x=X—D(1),y =Y,z = Z where D() = /v(t’)dz’ e))
0

is the horizontal distance travelled by the sphere at time t. With respect to this moving coordinate system, the Reynolds equation is (see

SD):
pud’ pyd® _ (V@
(). (). = (L) 20

where 7 is the liquid viscosity, the comma denotes partial derivative, i.e., d(e)/dx = (), etc., p(x,y,t) is the hydrodynamic pressure,
and

d=h—w, (2b)

is the thickness of the liquid layer defined in the moving frame and

7x2+y2
2R ’

h = h(f) (20)

is the position of the sphere surface relative to the undeformed flat surface of the substrate, (see Fig. 1). The vertical elastic
displacement w = w(x, y, t) is related to p by (Johnson, 1985):

© ©

1 p(x,y)dxdy
)= —— 3
M G l l (=2 +-y) ?

where G is the shear modulus of the substrate, which we assume to be incompressible, which is a good assumption for most soft
materials. For compressible solids with Poisson’s ratio v, one merely replaces 1/G in (3) by 2(1 — v)/G. Equations (2a-c) and (3) are the
governing equations. These equations can be easily modified to study transient sliding of a cylinder (see derivation and the validation
example in SI).

4Z
> o >
hc (t) 0 X hc (tw X

w(x,y,t)

Fig. 1. A schematic of a rigid sphere in lubricated contact with an elastic half space. Normal contact when sliding velocity V = 0. Sliding contact
occurs when V > 0.
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The advantage of Eq. (2a) can be illustrated by considering a situation typically encountered in experiments (see Fig. 2): At time t =
0, the sphere is moved downwards at a constant rate F and with no sideway motion, i.e.,

he(t) =hy—ht, 0 <1<t (42)
V(i >t>0)=0eD(t,>t>0)=0 (4b)

where h.(t = 0) = hy. For the case 0 < t < t; the indenter has no sideway motion, i.e. D=0andx =X,y =Y,z =Z. Next, att > t;, we

fix the vertical position of the sphere so that hc(t > t;) = hy — ht; = —h, (here we assume indentation is large enough so A, is positive)
and then impose a sliding velocityV(t > t;) > Oto the sphere. For example, one can prescribe the following velocity history:

0, t<t 0, t<t

O (S e PO wam(es(59), e N

where T is a characteristic loading time to be specified. Note since the tanh function approaches 1 rapidly for t — t; > T, we expect that
for t >> t; + T, the transient solution should converge to the steady state sliding solution (with velocity V). This example illustrates
that the present formulation can solve realistic transient problems. In addition, it also provides a simple method to determine steady
state solutions, thus avoiding the need to develop separate numerical methods for transient and steady sliding problems.

In the following, we will use our newly developed numerical method to simulate the transient sliding of a rigid sphere with loading
history described by Egs. (4a,b) and Eq. (5) above (see Fig. 2). The final results will be validated using the steady state solution shown
in (Wu et al., 2020).

3. A unified numerical method to solve EHL problems

In this example, we solve the complex transient problem described earlier by Egs. (4a,b) and (5). Briefly, the loading history
consists of three steps: transient normal indentation (TNI), transient sliding (TS), which goes to steady-state sliding (SS). The history of
the sphere’s horizontal translating velocity V(f), vertical indentation depth hy(f) are shown in the Fig. 2 (see also Egs. (4a,b) and (5)).

Note that the solution is not axisymmetric during the sliding phase; however, it is still useful to use a cylindrical coordinate system
(r,0,2); then Egs. (2a) and (3) are replaced by (Wu et al., 2020)

1o0/1 op , 1o/1 1dp 5\ V(@) od sinf od\ od
rdr(landr d>+r06(1211r00 )=\ ) Ta .
e (r.0) drdd
p\r, rar
wird) == [ [ : , @
S \/(rcosﬁ — rcost )* + (rsind — r'sind )?

The use of a cylindrical coordinate system reduces the number of elements in the finite difference mesh since the fluid pressure
varies slowly in the 6 direction. We introduce the following normalization:

_ r_ . Vel w W h q d P (8a-g)
7= = , W= —, =—,d=—, = -
Riw'  2J/Rhy © he " h T h U T anG R &

This normalization is motivated by the classical result of Hertz contact theory where the contact radius ay is given byay = vRh,,
(Johnson, 1985). Recall that the Hertz pressure distributionpy is axisymmetric and is given by

Transient '} Transient Slidiné }‘ Steady-st;;te Sliding
1 Normal | 1
s Indentatio i i __}_lc ®
e : | —V®
/' 1 I
>~ 0.6 ! i il
© : 1
— 04 | | )
Q I I
S ! |
I 02 | | 1
! i
0 : | ]
! i
-0.2 ‘ : : ‘ :
0 1 2 3 - 4 5 6
t = hr

Fig. 2. A loading history consisting of a transient normal indentation process (V = 0), a transient sliding phase (V > 0) and a steady-state sliding
phase V = V/V = 1 (see Egs. (4) and (5));
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The normalized forms of Eqs. (6) and (7) are:
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andpis a dimensionless parameter defined by
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merical scheme. Using Eq. (11), Eq. (10c,d) becomes

ho B\ B}
1 t 2, <1
im{ e <+hm> +’/’ =
-1+7/2, i>1
h ho \ - _
o i—(ﬂri)w?z/zﬂ—v, i<l
_1+72/2__ t>1
_ 0, <1
V(D) = } }
tanh(7 —1), 7>1

/P represents the normalized loading rate before sliding occur

This simplification reduces the number of parameters to 2; these are § and . We note that the dimensionless parameter 4 plays a
$l

3.1. Numerical method: Reynolds equation

dual role in our calculation. First, 1/f represents the normalized velocity in the steady state sliding problem. Second, due to Eq. (11), 1

rewritten as:

p

027 ’p

where

e

op od  sinf od od
0 3,0 2)] = 10 (TS0

~I

Note that, for convenience, we have chosen T = t; in Eq. (5). In the following, we choose
h

The choice specified by Eq. (11) reduces the number of parameters in the simulation and does not affect the viability of the nu-
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(10a)

(10b)

(10c)
(10d)

(10e)

11

(12a)

(12b)

(12¢)

In this section we present the details of our numerical method to solve the nonlinear Reynolds equation. Equation (10a) can be
P N

(13a)
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The pressure and displacement are even functions of 6, hence onlyQ = [0, 7] x [0,L] is used. The calculation domain and the

boundary conditions are shown in the Fig. 3.
We use a uniform mesh in both the radial and 6 direction (see Fig. 3), i.e.,

(14a)

Pl =K+ ARF =0,j=1,..,n

Oy = 0, + 00,0, =0,i = 1,...,m. (14b)
We use equal time steps, with time at step k at t, = kAt, k = 0,1,.... The pressure and displacement at t, are denoted byp(6;,r;,t)

= pk,w(6i,15,t) = wf, respectively.
At time t; 1, we evaluate all the nonlinear terms N(7,0,t) = 32 (g +3 %), M, 0,t) = 3323% and 33 in the LHS of Eq. (13a) using their
values at the previous time step, i.e., at ty. Denote N(0;,7j,tx) = N’fj, M(6;,7,t) = M{Fj andd (03,75, t) = (711-(_1)3. The numerical scheme for

the pressure and displacement at time step k + 1 is

o\ (N e (BT e (P
|(B) i (B), @)+ ((53), @) v ()

15
T3 _ ow\ ! sin [ ow “*! od\ ! . . 1s)

= —V(tx1) | cost| 75 — (E)i.j +?—j(%)w + <E)m (I<i<m, 1<j<n)

where:
hO aw k+1 B
—\1+—) == g < 1
— 0, L <1 od K+ ( +hoo> (at)u‘ » e <

V(ti) = - ~ ; (6_> = o (16a,b)

tanh(fyy — 1), fyr > 1 7/ i ow\ ,

7(5) ) 1 > 1
ij

Note thatj > 1 in Eq. (15) so7; = 0 presents no difficulty. To deal with the singularity due to the use of cylindrical coordinates at 7 =

0, we use the condition % lr—o = 0, which is:

Pij1 =Pijar (17a)

AQ ap —0
Pzl
Vs
p p=0
at i ~
0;—1
0 771—1 77} 771+1 AN ap L r

|
Il
[EnN
%)
53

Fig. 3. A schematic of the calculation domain, the finite difference mesh and the boundary conditions.
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On the boundary 6 = 0 and 6 = z, reflective symmetry requires d—‘)‘; = 0. Therefore:

1_7{'(:14‘ = 1_7{'(:24'7 Isf:m.j = ﬁf:m—l.j (17b)
The boundary condition that pressure vanishes at distances far from the origin is satisfied by

Py =0 (s
The initial condition that pressure vanishes everywhere is:

ﬁf-j:n —0 (18b)
We applied standard finite differences for the first and second derivatives at 6 = 6;,r = r; at time t, that is:

—x , [ =
(‘TP> k _ l’?ﬁ] - Pif.j <32ﬁ> _ pf‘{,/‘ﬂ - 2175';‘ JFP?J'—I
ij

oF A7 ), (A7)
k 3 13 k 3 3 13 (19a-d)
(@) _ ﬁiﬂ.j _ﬁi.j (@) _ 1_7i+1.j - 21—71‘,;‘ +1—7i—1J
0 ; A9 06°) (20)?
@LM a_wk:M (19¢,d)
o) NN OT Af ?
The finite difference for the time derivative is:
o\ K W{_‘-_ﬂ 7Wf.‘.
) = (19¢)
ot ), At
Substituting Eq. (19) into Eq. (15) gives:
Ai;fﬁf'{jll.j + Bidﬁj’(j—]l + Cid‘ﬁ?f] + Di-.fﬁf‘(ﬁl + Eidﬁﬁll‘/ (20)
HEW A+ Wi+ Hgwill = 1
where:
A2 N3 i\ 3 3 2 L AME|
Ay =55(d,) s By = (4,), co==2(d) |1+5] - [N+ a7
J J J
—\3 b oAe L[, 7=¢)2 C Am
Dij = (d;) +N5a7, Ey = |2 () +ami a7 (21a-e)
7
o 2sing; AF)? s o
Fij=p"'"AF - V(1) (cosé‘,- — = ) + (ﬁA)i . Gij = —B ' AF - V(1 )cos6;,
— Asing;
Hiy = A7 V(i) = (22a-¢)
Tj
1 2 hO Y7 /3 (A?)z k =z
7/}7 (A?) |:<1 +7) “F?j . V(tk+])0059[:| + ﬁAi Wi.j7 ho1 <1
fii= N (23)

(@an)°
pAT

—p (AP [0+ 7, Tz )cosh)] +

where 1 = AL . Since the coefficients A;j, Bij, Cij, Djj, Eij, Fij, Gij and f;; are completely determined at time step k, Eq. (20) is a linear

system of equations with n x m unknowns ﬁf_fl and n x m unknowns M_/{fjrlat the k +1 time step.

3.2. Coupling hydrodynamic pressure to substrate surface displacement

The linearized equation Eq. (20) is coupled to substrate deformation through Eq. (10b), which provides a linear relation relating w
top in the form of a double integral. In a previous work (Wu et al., 2020), we have developed a numerical scheme to discretize this
linear relationship at any time step. Here we modified this scheme slightly. We divided the surface into many small quadrilaterals (such
as [JBCDE in Fig. 4). On each of these quadrilaterals the pressure is uniform. For the purpose of illustration, consider point A at (¢;, ;)
with the center at the grid point (6x,7). Ok = (0 + 0g)/2and 7; = (Fs +7¢)/2 where 0 and 0 are the 6 coordinate of vertices of B and E;
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7p and 7¢ are the T coordinate of B and C. The vertical displacement at point A at (6;, 7j) due to the uniform pressurep, ; on the [JBCDE is
denoted by Wa mpcpE OF Wi j) k1) - The calculation of w(;;) 1) has been shown in our previous work (Wu et al., 2020) by decomposing the
quadrilateral [JBCDE into a linear combination of four triangles: [IBCDE = —AACB + AADC + AADE — AAEB and adding the
displacement due to the pressure on each of these triangles, the result is:

W(i)).(ki) = WADBCDE = —Wa,aacB T Wa.aacp + Wa aaDE — WA AAEB
—n [m (1 + S?“‘””) ~1In (1 ha S?“‘”‘Bﬂ +hy [m (1 ha S?”‘/’w) —In (1 i S?“‘/’ZC)}
P 1 —sing,¢ 1 — sing,» 1 — sing,, 1 — sing,¢

872G Shy|In 1+ 5%“‘/’30 —In 1+ S%n¢3E —ha|In I+ S%n§”4E —In I+ S%nf/’43
1 — singy), 1 — sing;; 1 — sing,; 1 — sing,,

= X (i) ()Pt

(24)

The total deformationw;; at the point (¢;,7;) is then obtained by summing the displacement due to the pressure on all the quad-
rilaterals, i.e.,

m n

Wi = Z Zw(i.j)‘(k.l) = Z Zx(ij),(k,l)l_?k‘l (25)

k=1 I=1 k=1 I=1

3.3. The EHL linear system

Combining Eqgs. (20-23) and Eq. (25), we obtain the full linear system of equations for the transient EHL problem. They can be
written as:

D ! (26)

The coefficients vectors F;, Fy and coefficients matrices of K1, K12,K21,K22 are given in the supporting information. The unknown
pressure and displacement vectors are:

— - = - = = - . e — — = — — T
p= {Pl,]v]’l‘zﬁ PP P22y Pt P 1,15 P12 7 P10 *P 1y P 2 "",Pm.n} (27a)

JE— — .= — — . . — — . — — T
= Wi, Wia, - Wi i W01, Wa,y o Wad o W 1, Wi .25 % Wone 1 3 Wi s Wn2, %, W (27b)

€|

We solve the linear system Eq. (26) using a standard matrix solver such as those in MATLAB. Specifically, we start from the initial
condition specified in Eq. (18b). Then the linear system is solved for p and wat the next time-step. After that, one increments the time,
and the process is repeated to implement time-marching. The numerical scheme is stable and is fully automatic and can be applied to
any transient or stationary problems. For completeness, we also provide the numerical setup for the imposed normal force case in the

o - > 5 0| > x

Fig. 4. (a) To calculate the substrate deformation at A point when a uniform pressure is applied at the quadrilateral [JBCDE; (b~e) The decom-
position of [JBCDE into 4 triangles AACB, AADC, AADE, AAEB. The pressure acting on all four triangles are the same and is py ;.
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supporting information.

3.4. Numerical results

In the numerical calculation, we fixed the values = 200 and hy/h,, = —0.1 . Since  >> 1, we expect the solution would be
confined at the region of 7 < 1. We choose L = 2 so the calculation domain Q = [0,7] x [0,2]. The mesh size in 7 and 6 direction is dr =
0.01, d9 = #/60 respectively. The time increment At = 0.01. we focus on the three different phases of lubricated contact: stationary
indentation, transient sliding and steady-state sliding.

3.4.1. Transient Normal Indentation phase (t < 1)
In this phase, the sphere moves downwards with no sideway motion, hence all field quantities are axisymmetric. The pressure

profile and the fluid thickness profiles at different times are shown in Fig. 5. The hydrodynamic pressure increases with increasing
indentation depth |ho|. The fluid layer is thinnest at the exit since the fluid velocity is fastest there.

3.4.2. Transition from transient normal indentation to transient sliding (1 < t< 4)

As indicated by Eq. (5), sliding occur for t > 1. During this phase, the solution is no longer axisymmetric. In particular, as shown in
Fig. 6 the pressure peaks at the exit (x ~ — 1), whereas in the s case, the pressure decreases smoothly to zero. Note this peak pressure
increases with sliding speed. The larger pressure gradient changes in this region also indicates the fluid exits at a faster rate as sliding

speed increases.

3.4.3. Steady-state sliding (t > 4)
For the long-time case, both the normal indentation and transient sliding has finished. The sphere is expected to be under pure

steady-state sliding. The numerical results of # = 200 at ¢ = 5 are compared with the steady state solution (obtained using relaxation
method (Wu et al., 2020)) as shown in the Fig. 7. The numerical results obtained by directly solving the Eq. (33) at the long time
matches the steady solution very well for both pressure and film thickness profile.

The steady state sliding results in this work agree well with the similarity solution of (Snoeijer et al., 2013), as shown in our previous
work which only considered steady state sliding (Wu et al., 2020). We also noted that the scaling for steady sliding is in agreement with
the result of (Zhang et al., 2020). The details are shown in the Supplementary information.

4. Further check on new numerical method
Since there is no exact solution for the sphere problem, we check our new numerical method against a simpler problem: a rigid

cylinder sliding on an elastic foundation. We choose this problem since an exact steady state solution (up to quadrature) is available
(Hui et al., 2021) and serves as a check of our numerical method. The agreement between the exact steady state solution based on

(b .25
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Fig. 5. The hydrodynamic pressure profile and film thickness profile during the transient normal indentation process at different times ¢ = 0,0.5,
0.8,1.0. The bottom figures indicate the vertical positions of the sphere as a function of normalized time.
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Fig. 6. Transition from transient normal indentation to transient sliding at different times ¢ = 1.0,1.5,2.0. (a) Pressure profile (b) fluid thickness.
The bottom figures indicate the sliding velocity of the sphere as a function of normalized time.
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Fig. 7. Comparison of long time solution of our new numerical scheme (solving Eq. (26)) with the steady state solution obtained by the relaxation
method (Wu et al., 2020): (a) pressure profile, (b) film thickness profile forp = 200 and hy/h,, = —0.1 .

quadrature and our numerical method is excellent. Details of implementation and comparison are given in the Supporting information.

5. Summary

The conventional way to solve EHL problems requires iterations of the intermediate solutions between the coupled Reynolds and
elasticity equations until all the pressure and displacement fields satisfy both equations and boundary conditions. The stability of these
iteration schemes is sensitive to the initial guess of the solution and the iteration parameters such as relaxation factors. Numerical
difficulties often occur under high loads or when the elastic displacement is comparable to the film thickness. In addition, conventional
solution methods consider normal contact and sliding separately, with much less emphasis given to transient sliding problems.

In this work, we propose a novel numerical scheme to solve the coupled Reynolds and elasticity equations. Our numerical scheme
has no iterations and can be fully automated to solve a broad range of EHL problems such as transient normal indentation, transient or
steady state sliding. In this paper, we demonstrate this numerical scheme for two EHL problems: Transient lubricated sliding of
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cylinder on an elastic foundation, and the transient normal indentation, transient and steady sliding of a point-contact EHL on an
elastic half space. The steady state solutions of both cases are validated using established results.

The proposed numerical scheme can be incorporated into homemade and commercial finite element models to solve much more
complicated lubricated sliding problem such as transient lubricated sliding on structured surfaces. Our numerical method can also be
extended to viscoelastic (Carbone and Putignano, 2013; Putignano, 2020; Wu et al., 2022a) or poro-elastic substrates which is
important in real applications (Ciapa et al., 2020). Finally, there is no difficulty to including pressure dependent viscosity in our
numerical method. We have not included this effect in this work since our focus is on soft materials.
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